Examples: Solving nth Order Equations
e Atoms
e L. Euler’s Theorem
e The Atom List
e First Order. Solve 2y’ + 5y = 0.

e Second Order.
Solvey” + 2y +y =0,y + 3y’ + 2y =0andy” 4+ 2y’ + 5y = 0.
e Third Order. Solve y"” — y’ = 0 and y"" — y” = 0.

e Fourth Order. Solve y** — y” = 0.



Atoms
An atom is a term with coefficient 1 obtained by taking the real and imaginary parts of

x'e*(coscx + isinex), j=0,1,2,...,

where a and ¢ represent real numbers and ¢ > 0. By definition, zero is not an atom.

Theorem 1 (L. Euler)
The function y = x?e™” is a solution of a constant-coefficient linear homogeneous

differential of the mth order if and only if (» — r;)?*! divides the characteristic
polynomial.

Euler’s theorem is used to construct solutions of the nth order differential equation. The
solutions so constructed are 1 distinct atoms, hence independent. Picard’s theorem implies
the list of atoms is a basis for the solution space.



The Atom List

1. If 7, is a real root, then the atom list for ; begins with €"'*. The revised atom list is
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provided 7, is a root of multiplicity k. This means that factor (» — 71)* divides the
characteristic polynomial, but factor (7 — r;)*** does not.

2.If 1, = o + 23, with 3 > 0 and its conjugate r, = « — t3 are roots of the
characteristic equation, then the atom list for this pair of roots (both 7 and 75 counted)
begins with
e*” cos Bx, €%’ sinGx.

For a root of multiplicity k, these real atoms are multiplied by atoms 1, ..., *71 ¢

obtain a list of 2k atoms

0)

e*® cos Bx, xe**cosPBx, ..., £~ le*® cos Bz,
e*®sin Bx, xe**sinBzx, ..., " 1e*® sin Bz.



1 Example (First Order) Solve 2y’ + 5y = 0 by Euler’s method, verifying y;, =
616—550/2.

Solution

2y’ + by = 0  Given differential equation.

2r +5 =20 Characteristic equation. Find it by replacement y™ — r™.
r=—5/2 Exactly one real root.

Atom = e~>*/2  For a real root r, the atom is e™*.

Yy = c,e %2 The general solution v, is written by multiplying the atom list
by constants cq, ¢, ....



2 Example (Second Order ) Solve y” + 2y’ + y = 0 by Euler's method, showing

€T

Yp = c1e”* 4 crxre™”.

Solution
vV +2y+y=0 Given differential equation.
r’4+2r4+1=0 Characteristic equation. Use y™ — r™.
r=—1,—1 Exactly two real roots.
Atoms =e™*, xe™™® For a double root r, the atom list is €™, xe™™.

Yy, = cie” * 4+ cexe ™  The general solution yj, is written by multiplying the
atom list by constants ¢, ¢, . ...



3 Example (Second Order Il) Solve y”+3y’+2y = 0 by Euler's method, showing
Yy, = cie” % + ce” ",

Solution

y' +3y +2y=0 Given differential equation.

r’24+3r+2=0 Characteristic equation. Use y™ — r™.
r=—1,—2 Factorization (r + 2)(r +1) = 0.
Atoms = e~ %, e *® For a real root r of multiplicity one, the atom is e"™.

yn = c1e”% + coe™?®  The general solution vy, is written by multiplying the
atom list by constants ¢, ¢, .. ..



4 Example (Second Order lll) Solve y”+2y’+5y = 0 by Euler’'s method, showing
Y = c1e *cos 2x + coxre " sin 2.

Solution
y' '+ 2y +5y =0 Given differential equation.
r’4+2r4+5=0 Characteristic equation. Use y™ —
i
r=—1+2¢,—1— 22 Factorization ( + 1)? +4 = 0.
Atoms = e~ * cos 2x, e " sin 2x For a complex root r = «a + 10

of multiplicity one, the atoms are
e*® cos Bx and e** sin Bx.

Yy, = cie *cos2x + ce *sin2x  The general solution y,, is written by
multiplying the atom list by constants
C1,Co, ....



5 Example (Third Order I) Solve y"’ — y’ = 0 by Euler's method, showing y;, =
c; + ce” + cze™ .

Solution
y'—y' =0 Given differential equation.
r>—r =0 Characteristic equation. Use y™ — ™.
r=0,1,—1 Factorization »(r + 1)(r — 1) = 0.
Atoms=1,e7 %, €” For a real root  of multiplicity one, the atom is

e,
Yy = c; + coe™® 4+ c3e®  The general solution y;, is written by multiplying
the atom list by constants c;, c», c3, . ...



6 Example (Third Order Il) Solve ¥/ — y” = 0 by Euler's method, showing y; =
c; + cox + c3e”.

Solution
y" —y" =0 Given differential equation.
r>—r?=0 Characteristic equation. Use y™ — ™.
r=20,0,1 Factorization r?(r — 1) = 0.
Atoms =1, x, e” For a real root 7 of multiplicity one, the atom is e".

Yyn = c1 + cax + c3e®  The general solution y, is written by multiplying
the atom list by constants ¢, c», c3, .. ..



7 Example (Fourth Order) Solve y** — y” = 0 by Euler’'s method, showing vy, =
ci + crx + c3e” + cqe™ .

Solution
y? —y" =0 Given differential equation.
rt —r2=0 Characteristic equation. Use y™ — .
r=20,0,1,—1 Factorization r?(» — 1)(r + 1) = 0.
Atoms=1,x,e*,e™™® For a real root r of multiplicity one, the

atom is e"*. For a double root, the atoms
are e"*, xe'.

Ynp = C1 + cax + c3e” + ce™” The general solution y, is written by mul-
tiplying the atom list by constants c;, ¢,
C3, Cyqy ....






