Introduction to Linear Algebra 2270-2
Final Exam 4:30pm 1 May 2007

Instructions. The time allowed is 120 minutes. The examination consists of six problems, one for each of
chapters 3, 4, 5, 6, 7, 8, each problem with multiple parts. A chapter represents 20 minutes on the final exam.
Each problem represents several textbook problems numbered (a), (b), (¢), ---. Please solve enough parts to
make 100% on each chapter. Choose the problems to be graded by check-mark ; the credits should add
to 100.

Calculators, books, notes and computers are not allowed.

Answer checks are not expected or required. First drafts are expected, not complete presentations.

Please submit exactly six separately stapled packages of problems.

Keep this page for your records.



Name KE \/ 2270-2 Final Exam, 4:30pm, 1 May 2007

Ch3. (Subspaces of R" and Their Dimensions)

1 01 1
211 0 } . Find bases for the image and kernel of A.
1 10

[ ] [30%] Ch3(a): Let A =
-1

1 01
D [40%] Ch3(b): Let vq, vg, v3 the columns of the matrix A = | 0 1 1 } Define T'(x) = Ax.
110

Find the matrix of T relative to the basis vy + vo, vo + v3, v3 + v1.
D [30%] Ch3(d): Let V be the vector space of all functions f(z) defined on 0 <z < 1. Let S be the
subset of V defined by f(1) = f(0) + fo zf(z)dz, f(0.5) = 0. Prove that S is a subspace of V.

f

D [40% or 30%] Ch3(d): Let V be the vector space of all data packages v = ( To ), where [ is a
Yo

continuous function defined on 0 < ¢ < 1 and zg, yo are real values. Define and [} componentwise.
Let S be the subset of V defined by f(0) = f(1), 2z¢ + yo = 0. Prove that S is a subspace of V.
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Ch4. (Linear Spaces)

1
[ ] [30%] Chd(a): Let x = | 1

0
Let W be the linear space of all 3 x 3 matrices. Let V be the set of all 3 x 3 matrices A such that x
belongs to the image of A. Prove or é%%??au§ : -V is a subspace of W.

D [40%)] Ch4(b): Let V be the linear space of all functions f(z) = co+c12+coz?. Define T(f) = cax?

from V to V. Find the image, kernel, rank and nullity of T'.

D [30%)] Chd(c): Let V be the linear space of all real 4 x 4 matrices M. Let T be defined on V' by
T(M) = N where N = M except for the last row, which is all zeros. Find the image and kernel of T'.

[ ] [40%] Cha(d): Let A = (1) ) s= ( (1) ‘2 and D = diag(l,~1). Then AS = SD.

Define V to be the linear space of all 2 x 2 matrices R satisfying AR = RD. Find a basis for V.

Chu® Zoro iy mat vn V. m,u Subsouer
0}\‘-{@ a(T) = S{’h\'\{ ) I (T = ,Afwquzj Nui/«‘f7 =2, rank = |

i® m (5] momf(39) s

U\q@ Lo;\’ K= ) %ga %RMQ@3§<$§ (c 1?%?&} E{i \}’
e a5 4) B 4 v= 4 (18), (22)].

Please start your solutions on this page. Staple on additional pages.
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Ch5. (Orthogonality and Least Squares)

D [30%)] Ch5(a): Find the orthogonal projection of v onto V = span(vy, va), given
Expected meTlod -
v A gfa"‘\'( \/IJ vl-)
=) PWJ = 0

<
il

OO O W
<
fl

O o O

D [10%] Ch5(b): Let A be 4 x 5. Prove or give a counterexample: dim (im(A)i) = dim (ker (AT>>.
D [10%] Ch5(c): Let A be n x m. Prove or give a counterexample: ker(A) = ker (AAT) .

D [30%] Ch5(d): Consider the linear space V of polynomials f(t) = co +c1t + ot +estPon0<t <1
with inner product

< fig>= /f g(t)dt.

Find a basis for the subspace S of all f in V orthogonal to both ¢ and 1 + ¢.

D [30%] Ch5(e): Find the Gram-Schmidt orthonormal vectors wy, w2, W3 for the following indepen-
dent set:

1 0 1

vy = L vy = -1 vy = 0

0|’ 0|’ 0

0 1 1
4 10 0
D [30%] Ch5(f): Find the QR-factorization of A= | 0 0 -1
3 —-10 O

[ ] [30%] Ch5(g): Derive the normal equation in the theory of least squares.
Chs® Prody(3)=© becamse u = vi/uva Sy e Vel and y VsV,
chs D Trw, brema ma)t = 'w»(h”‘\ o Neorbar
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Please start your solutions on this page. Staple on additional pages.



Name KE;/ 2270-2 Final Exam, 4:30pm, 1 May 2007

Ch6. (Determinants)

D [50%] Ch6(a): Let B be the invertible matrix given below, where | 7 | means the value of the entry
does not affect the answer to this problem. The second matrix C' is the adjugate (or adjoint) of B. Find

the value of det(2B~1(BT)7?).

7770 6 6 12 0
0 -1 2 0 -6 -6 6 0
B= 1 1 00 C= -3 6 3 0
773 2 2 4 -6

D [25%] Ch6(b): Assume A = aug(vy, v, va) is 3 X 3 and B = aug(vy + v3, vz — v, 2vy — v3).
Suppose det(A + B) + (det(A))? = 0. Find all possible values of det(A).

Tj?o D [25%)] Ch6(c): Assume given 3 X 3 matrices A, B. Suppose EsEsB = EsEy [ A and Ey, Es, Es,
E,, Es are elementary matrices representing respectively a a combination, a multiply by 3, a swap and
w ultiply by 7. Assume det(4) = 5. Find det(5A%B). © Comabimakion,

D [25%] Ch6(d): Find the area of the parallelogram formed by v1, va, given

1 0
vy = 1§, ve= —1
1 2

[ ] [25%)] Ché(e): Evaluate det(A) by any hybrid method.

1 12 0

1 -1 1 0

A=11 21 o
1 1 2 -3 Y

% L 2.
db® BC oD r(zg pny2)s 4Fen)dE) AXET) = 33
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Onb(@) odfnde; Use Qna= | et (ATA))

Please start your solutions on this page. Staple on additional pages.
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Ch7. (Eigenvalues and Eigenvectors)

4 -2 112
. . . 2 4 -3 1b .
D [30%] Ch7(a): Find the eigenvalues of the matrix A = o o0 3 7| To save time, do
0 0 -1 -5 2,4
. . .
not find eigenvectors! . 1 AJ@"AI) :((L!—A)l-}u)( ‘)\L-l-l.;\"'?) Ht 2,
D [30%] Ch7(b): Given A= | 0 3 1 |, assume there exists an invertible matrix P and a diagonal
0 1 3

matrix D such that AP = PD. Circle all possible columns of P from the list below.

Test A:;':: A v

Already computed are eigenpairs

1
21 -1 1], (4]0
1 0

(1) [25%] Find the remaining eigenpairs of A.
(2) [5%] Display an invertible matrix P and a diagonal matrix D such that AP = PD.
(3) [10%] Display explicitly Fourier’s model for A. -

D [40%] Ch7(d): Consider a discrete dynamical system x(n 4 1) = Ax(n). Given A and x(0) below,
find exact formulas for the vectors x(n) and limp 00 x(n).

1 71 40
A:i—d(—z 10)’ X(O)‘_“(a))‘

33© 1) (4(1)), 1 P=( T o 7)o (350),

J Oou
(3) Al %‘\ul )4(3( ?))= 28 (..\)+Hc1(‘3)+ch(‘§)
eh3@ —5‘(")" PD!")?’éﬁ = PD x&} p=(31),p=(5o%)%
y\;ﬂ\ X(n = Pi;: ol P ,.g{f) (0)

Please start your solutions on this page. Staple on additional pages.
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Ch8. (Symmetric Matrices and Quadratic Forms)

D [50%] Ch8(a): Find an orthonormal matrix @ such that Q' AQ is diagonal:

-1 0 1
A= 0 -1 0
1 -1

D [50%] Ch8(b): Find the ellipse semi-axis lengths a, b and the unit semi-axis directions vy, vo for
the equation 32? — 4zy + 6y% = 1.

D [50%) Ch8(c): Find a singular value decomposition A = USVT for
0 1
A=111
10

Hint: U is3x 3, Vis2x 2, and ¥ is 3 x 2.

D [50%] Ch8(d): Let A=U »V7T be a singular value decomposition for an n x m matrix A and let
o1, ..., or be the positive singular values of A. Prove the formula

r
T
A= Z Oju]‘Vj 5
j=1

where U = aug(uy,...,u,) and V = aug(vi,..., vm).
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Please start your solutions on this page. Staple on additional pages.



