Differential Equations Preliminary Examination

Department of Mathematics
University of Utah
Salt Lake City, Utah 84112

August 2002

Instructions: The examination consists of two parts. Part A consists of exer-
cises concerning Ordinary differential Equations and Part B consists of exercises
concerning Partial Differential Equations.

To obtain full credit, please complete three exercises from part A and three
exercises from part B, a total of six (6) exercises. All exercises are equally
weighted and partial credit applies to each. A passing score is 60% of the total
possible score.

Sound and detailed solutions are expected, but bear in mind that too many
details are time-consuming. Judgement of what is essential will be an important
factor in determining the final score.

Part A
Ordinary Differential Equations
Do three (3) exercises from Part A for full credit.

Exercise A-1. Consider the initial value problem

a' = f(t7 l‘), l‘(to) = To

on the set X: [t —ty| < a, |z — zo| < b. Below, outline the proof means a sequence



of statements and lemmas and very brief details. In the outlines, you may freely use
the statement and details of proof from the Picard—Lindel6f existence and uniqueness
theorem, which says that there exists a unique solution z(t¢) defined on the interval
|t —to] < o =min(a,b/m), m = max{|f(t,z)| : (¢t,z) € X}, provided f satisfies some
special conditions. Select with a check—mark and solve either A-1.1 or A-1.1I:

I:l A-1.I. Let f(¢,z) be measurable in ¢ for each fixed z, continuous in z for fixed ¢
a.e. and for some m € L!(ty—a,to+a), |f(t,7)| < m(t) whenerever (t,z) € X. Outline
the proof of Carathéodory’s existence theorem: There exists an absolutely continuous
function z(t) defined on an interval |t —to| < h with h < a such that z/(t) = f(t,z(t))
a.e., and z(tg) = xo.

I:l A-1.1II. Assume that f is continuous on X. Outline the proof of the Peano
existence theorem: There exists for some h > 0 at least one solution z(t) defined on
the interval |t — to| < h.

Solution:

A-1.T: It will be shown that the initial value oble has a solution z(t)
ontinuousl i eentiableon = {t:|t—1t) < a} o so ea<a tobe
ete ine late on b ana liationo the haue e ointtheoe
onstut z =x9+ f(,z()) asinthe ia 00 et =

{z(t) € ():|z(t)—=zo| < b} e bethe anahsae () with
z = max{|z(t)] : t € }  he set is lose boun e an onve
he haue e ointtheoe will bea lie to the o eato ivin

a solution z(t) ontinuous on |t —tp| < a  he solution z(¢) has b vi tue
o the inte al e uation a itional s oothness hen e it is a ontinuousl
i e entiable solution o the initial value oble

h eele as have to be establishe to o lete the o0
e he a in is ontinuous on

etails: he o osite ¢ f(t,xz(t)) is ove easuable b onsiea

tion o haa teisti un tions o intevals st then si le un tions then
easu able un tions ebes ues o inate onve en etheoe a liesto
ove the ontinuit o

e he a in as into
etails: he o ain easue2a o inteval ={t:|t—tpg|<a}lis eue
until - m( ) <b hen| z(t)—zo| < [f(,z()) < m() <b
oves that as into
e | {z } is a boun e se uen e in then { z } is unio
| boun e in  an it sati es the e ui ontinuit ine ualit z (t1) —
z (t) < m( ) hen e it hasano  onve ent subse uen e

etails: o above r —x9 < b sothese ueneis boun e an
b the e ui ontinuit ine ualit it is e ui ontinuous | the ela s oli
theo e to the se uen e



A-1.II: It will be shown that the initial value oble has a solution z(¢)

ontinuousl i eentiableon ={t:|t—t] <a}b ana Iiationo the
hau e e oint theoe onstut z==z9+ f(,z()) asin
the ia oo et ={z(t)e ():|x({t)—zo] <b} et bethe

anahsae ( )with z =max{|z(t)]:|t—t <a} heset s
lose boun e an onve he hau e e ointtheoe willbea lie

to the o e ato ivin a solution z(¢) ontinuous on |t — | < a  his
solution has b vi tue o the inte al e uation a itional s oothness hen e
it is a solution o the initial value oble he etailso 00 e uiesthe

ollowin le as
e as into

etails: | z(t) — zg| < lf(,z())] <am<b hiswo uliates
the i a 00 an hen e the etails oul be o itte

e he o e ato is ontinuous on that is lim r —z =0
with z € an z € i lies lim z — z =0

etails: | ebes ues o inate onve en e theoe

e | {z } is a boun e se uen e in then { z } is unio |
boun e an sati es the e ui ontinuit ine ualit z (t1)— = (t) <

m|ty —t | hen eithasano  onve ent subse uen e

etails: heine ualit ollows b e eatin the ine ualit ste suse to ove
as into | the ela s oli theoe

Exercise A- . Assume that the eigenvalues of a real matrix  have negative
real part. Select with a check—mark and solve either A-2.1 or A-2.1I:

[ ] A2l

(a) Prove that positive constants  and « exist such that for all z € andt O
r < x

(b) Prove that the ero solution of ' = is asymptotically stable.

I:l A-2.11. Prove that for h(t) continuous and -periodic, the equation "= +h(¢)

has a unique -periodic solution ().

Solution:

A- Ia: sin = 1 o el o an o = 1 it

su esto ovetheine uvalit o a eal o an o ah o anblo

o es on s to a blo in the e onential ite = whe e
isa o anblo with uel o le ei envalue m( ) hile a

ontain ol no ial te s the ne ative ¢ onential a to i lies the

esie ine ualit b hoosin asu hthat e( ) < —a <0 o allei envalues
In the evelo ento this oo the ollowin le asae use

e | 2| < || whee = 1 1le ]



e lim (t) =0 o an ol no ial
A- I : olutionso '= alea eist o ¢ 0 theeo e the issue
isli it eoatin nit o an non eosolution at a i liesthat| (¢)| =

0) < | (0)] hen e the esultis ove

A- II: ist the uni ueness et ¢(t) be a eio i solution  hen
(t) = + oft) is the ene al solution hee isa onstant ve to It
ollows that the i een ez(t) = o(t)— 1(¢t) o e io i solutions ¢ an
1 satis es z(t) = 0 so e onstant ve to e ause lim|z(t)] = 0

att = the eioiit o z(t)i liesz(t)=0 ene o= 1an the
e io i solution is uni ue

isten e o the eio i solution will be ove b n in an initial value

(0) su h that (¢) satis es the eio iit e uie ent (0) = ( ) he
eio i e tensiono (t)to(— , )willthenbeo lass ! itwillsatis
the i e ential e uation an hen e it will be the esie e io i solution

he e uie ent (0) = ( ) istanslate via the vaiation o aa etes
o ulainto the elation

©= O+ k)
he ati — has ete inant e ual tothe o uto itsei envalues
=1- whi haenoneo ueto e ) <O Invetibilit o —

theeoe i lies that (0) e ists su h that (0) = ( ) an the oo is

o lete

Exercise A- . Let the system 2’ = f(r) definea ' ow  on the open set

contained in . Prove that the positive limit set () of a tra ectory z(¢) with
z(0) = is closed. Then, select with a check-mark and solve either A-3.I or
A-3.11:

I:l A-3.1. Consider the autonomous planar dynamical system

= -2z — =z, "=~ 42z —

(a) Compute the four rest points (=equilibrium or stationary points) of the system
and the lineari ation about each rest point.

(b) Make a table in which each row contains a rest point, the classification stable or
unstable, and the geometric classification node, spiral, center or hyperbolic point.

(c) Sketch the phase diagram showing the rest points and the local behavior of solution
curves (rough and brief ).

I:l A-3IL.Let =2 + , =( —1)( —4) and consider the planar system
2=—- 4z , '"=z+ ('= , '=11inpolar coordinates). Apply the Poincaré-
Bendixson theorem to prove that =1 and = 2 are limit cycles (a periodic orbit
with = ()or = () for nearby ).



Solution:

()is lose : heset () istheseto allli it oints lim z(t )
wheet 0 lim t = an z(t) is the uni ue solution o z' = f(z)
z(0) = et zo be ali it oint o the set hen 2y = lim z whee
z belon sto () ite z = lim z(t ) whe e lim t =

hoose 1 =t17 In utivel o eah >1 hoose =t with = ()
su hthatt > ran |z —z(t )| <1/ hen zp = lim r =
lim z( )+ lim (z —z( )) = lim z( ) so xo belon s to

()

A- I a: he est ointssatis the a toe e uationsz( —2 — z)=0
(— +2x— )=0 olvin ives est oints (0,0) (0,— ) (1,0) (2,—-3)
he linea i ation about a est ointis ' = whe e isthe a obian ati

o the nonlinea s ste evaluate atthe est oint

he a obian ati is

-2 —12z -2
2 - —-2 42z

t the ou est ointsthis ati be o es es e tivel

0 - =2
(070) - 0 — ’ (150) - 0 — ’
20 0 -12 -4
(03 - ) - —14 ) (27 _3) - _ 3

b he est oints thei stabilit an thei lassi ations a e:

(0,0) unstable h e boli oint

(1,0)  stable no e

(0,— ) unstable no e

(2,—3) unstable h eboli oint

he awin o itte hee shoul havea a hwin owatleastasla e

as -1 <z <3 8K <1 eain on the a h shoul be the
est oints thei stabilit an thei lassi ation tionall the se ia es
o the h e bolas at the h e boli oints an be awn usin ei enve to
ino ation ows showin the ie tiono ow aeo tional

A- II: he est ointso ' = f()ae oun o the e uvations 0 =

— 4+z O0=z+ heeoe theonl est ointisz= =0 thatis
f()=0i lies =(0,0)
he ola o o thesste i liesthat =1 an = 2 a e inva iant sets
he o eson eatl to eio i solutions (cost,sint)an (2cost,2sint)
hese eio i solutions will be ove to beli it lesa o in to the

state ento the oin ae en i sontheoe whihis:



f(z) =(0)
0
() fCo) =0 ()
"=f0)

e eel use the at that solutions o a ! autono ous two i ensional
sste annot oss et satis 0< || <1 he ola o "=
i lies that '(t) > 0 hen e () in eases nea t =0  he non ossin
oet i lies (t)in easesto 1l ast heeoe thetaeto o
"= f() (0= ot 0 oesnotintesetitsel an it sta s insi e
the o atsetz + <1 eause f(o)=0i lies o=(0,0) we

an satis theh othesiso the oin ae en i sontheoe b showin that
() oesnot ontaintheoiin his ollows ietl o /(t)>0 he
oinae enisontheoe a liestoshowthat ( )isa eio i obit

thatis = () o all0< || <1 hea u ent anbe e eate o
1<||<2to ovethat (f) e easestolast an aan = ()
hat| |=1 o all €  ollows o thea u ent ust a e so istheunit
i le thesa einvaiantset o all hoieso 0<||<lo 1<||<2
heinvaiantset =1lisali it le b thea u ent ust esente

he li it le esult o = 2isobtaine b a lin thesa e in o
a u entstoa elate s ste obtaine o the han eo in e en entvai
able = —t he hane elaesthesste b / = —f()an the
ola sstet b |/ =- / =-1 anslatin ba totheoi inal
s ste theset =2isali it |le

Exercise A- . Select with a check—mark and solve either A-4.1 or A-4.1I:

I:l A-4.1: Assume f : is continuous and f is bounded by a constant m on
a subdomain . Let (t) be a solution of ' = f(¢, ) with (¢, (¢)) € ¢ on
a<t<b.

(a) Prove that (¢) satisfies a Lipschit condition | (t1) — (¢ )| < mlt; —¢ |.

(b) Prove that (¢) has one-sided limits at ¢t = a and ¢t = b: lim (t) and
lim (t) exist and are finite.

(c) Explain the connection between (b) and the extension of solutions of initial value
problems to a maximal interval of existence.

I:l A-4.11: Let f: a,b ! be continuous and assume f(a)f(b) = 0. erify the
following properties of topological degree:

(a) If f(b) > 0> f(a), then (f,(a,b),0)=1

(b) If f(b) < 0 < f(a), then (f,(a,b),0) =—1

(c) If f(a)f(b) >0, then (f,(a,b),0)=0

Solution:



A- Ta: heinte al e uation (t) = o+ f(, ()) i liesthat
@) — @) < G, () <mfti—¢ ]

A- I : seuene{ (t )} with{t } e easin tot=awillb a be

a au h se uen e hen e onve ent his ovesthelethan [i ite ists
he i hthan i itis onesi ilal

A- Ic: he aseo i hte tension will be is usse Itisassu e that
o(t) solves = f(t, )an iteistsona <t<b sin theli itin value
o = lim o(t) ovie b b theinitial value oble = f(¢, )
(b) = ,issolve to ive asolution 1(t) e ne o |[t—bl<a ethen

have the tas o ovin that the at he wun tion

o(t) a<t<b,
(t) = 0 t:ba
1(t) ¢ b

solves the i e ential e uation "= f(¢, ) on (a,b+ a) o e uivalentl the
inte al e vation (t)= (to)+ f(, ()) o0 so ea<ty<b hus
the issue is the ontinuit o (¢) whi hissettle ietl b b

A- II: e ne alinea untion with (a) = f(a) (b) = f(b) hen
( ,(a,b),0) is e ne be ause (z) = 0 on the boun a o (a,b) et
al ulation uses the e nition

B 5

( ’( 7b)70) 0| I(J))‘
I (a) (b) <0 then (,(a,b),0) = 1 be ause theeise atl one oot
o (z)=0in(a,b) oe eisel (,(a,0),0)=10 (a) <0< (b
an  (,(a,0),0) = =1 o (a) >0 > (b) | (a) (b) > 0 then the

linea e uvation (z) =0 has no ootsin (a,b) theeoe ( ,(a,b),0) =0 o
(@) (b) >0

he ho oto t, )=0- &)+ () a<t<b0< <1 e uals
f(a) o f(b)ataboun a ointto a,b heneitisnon eothee an b
ho oto invaian eo theto oloial e ee (f, (a,0),0)= (,(a,b),0)

A- IT a: o above (f,(a,0),0)= (,(a,b),0)=1
A- II : o above (f, (a,b),0)= (,(a,b),0) =-1
A- I c: o above (f,(a,b),0)= (,(a,b),0)=0



Part B
Partial Differential Equations
Do three (3) problems from Part B for full credit.

Exercise -1. Consider the Sturm-Liouville problem z (z ')+ =0o0on1/2<
z < 1 with boundary conditions (1/2) = (1) =0.

(a) State without proof the main theorem on eigenfunction expansions which applies
to this example.

(b) Use the change of variables (t) = (1/t) to transform the differential equation into
/t+ = (. Then calculate the eigenvalues  and eigenfunctions , by citing
without proof a result for the Sturm-Liouville problem "+ =0, (a)=0= (b).

(c) Sturm oscillation theory and the Priifer transformation are used in the general
theory to produce the candidate eigenvalues and eigenfunctions. Sketch brie y how
this is accomplished, without proofs.

Solution:

B-1I a: et( (¢) )'+( (t)+ (¢)) =O0have ontinuous oe ents
on a,b with () >0on a,b an (t) >0on (a,b) | boun a on itions

(a) = (b) =0aei ose thentheee istsanin nitein easin se uen e
{ }o ei envaluesan o es on in ei enun tions{ }su hthat
an an t=00 =m heeienuntionsae o lete

in the ilbets a eo un tions f satis in If(t)] () t< eu e

withinne o ut(f, )= f(t) () (¢) tan no f = (f,f)
B-1I : he han e o vaiables (¢) = (1/t) = = 1/t satis es o
"= /| x the elation /t= "(z)(—z)o '(z)=-t /|t theeoe

z(@ () =t (= /)=

= -t (=t /1)
= /t
It ollows that z (z )Y+ =01 an onl i /t + =0 he
boun a on itionstanso to (1)= (2)=0 e now this:
e he ei en aiso /]t + =0 (a)=0= (b)ae ivenb
=( /(b-a)  =sin( (t—a)/(b—a))
he ei en ais o the oi inal oble aetheeoe ivenb =( )

(r) =sin (z '-1) 1

B-1Ic: he uetano ation = (t)cos (t) (¢) '(t)= (f)sin (t)
is use to onvet the uestion o e isten e 0 an el en ai into the ossin

o (t) with lines It is shown that (¢) osses with ositive slo e an
(t) hen e the e ae an in nite nu be o ei envalues that li it atin
nit he o es on in ei enun tionista entobe = (¢)sin (¢) whi h

has the e uie o eties (a)= (b))=0 =0

tho onalit o the ei enun tionsis not a at o this is ussion be ause
it ollowsb a eneala u ent in whi hthe i e ential e uations satis e



b the two ei en un tionsae wulti lie b an el enun tion then subt a te
ollowe b aninte ationove a,b toobtainaninte ali entit hisinte al
i entit e u estothe esie otho onalit on ition

Exercise - . Select with a check mark |+/|and solve either B-2.1 or B-2.1I:

I:l B-2.I: Define the Sobolev space () for open . Then
(a) Prove that ( )isa ilbert space.

(b) ive an example of a sequence which shows that the subspace (0,1) in L!(0,1)
is not complete in the L'-norm.

(c) Compute the distributional derivatives f and f for f(z) =|z|in (- , ).
Assume results for the eaviside unit step and Delta.

I:l B-2.II: Define what it means for  to be a ilbert space. Then:

(a) Explain the meaning of the formula = and give conditions on  for
when it is true (do not give proofs).

(b) State the ies representation theorem and use (a) to prove it.

Solution:

l: et beo enin hes ae ( )isthes a eo esti tions to
o untionsin ,( ) ui thislinea s a e with theinne o ut

(f, )= f x

an let f = (f,f) e ne () to be the o letion o the linea
sae () withtheno

B- Ia: hesae isalea o lete so the issue is whethe it is an
inne outsae heinne out ene on () e ten s uni uel
un e o letiontoa un tion f, whi ha eeswith (f, J)on () he
inne out oetiestovei ae i+f, = f, + f,

L = 1 L = f I f Oan f,f =0i les
f=0 o eties an ollowb Ii itin be ausetheinne o ut
on () has these o eties i itin also shows f,f 0 in o

ove the last at o sele t a se uen e {f } in () onve entin
the no to fwith f,f =0 hen f = (f,f) onve esto

f,f =0as he eoe lim f =0in () whi hb the
o letion oessi liesf=0

B- .1 1 oet

0 0<t<0 -1/,
F@®=  (t—0)+1 0 —1/ <t<O0 ,
1 0 <t<l1



o 0 f —f <1/ whee f = 01|f(t)| t is the usual no

in L}(0,1) heeoe {f}is auh in L'(0,1) 1 the se uen e li its

toanele ent fo (0,1) then f(£) =0 o 0<t<0 an f(t) =1

othe wise whi h violates the ontinuit o f at¢ = 1/2 his oves that

{f }is auh in L' but hasan L' |i it that oes not belon to (0,1)
heeoe (0,1) ailstobe o leteinthe L' no

B- Ic: ist ibutional eivative = fis e ne b the elation

oall o lass | eassu ethe esult = o0 eavisi es un tion
Itise ete that f=—-10 x<0an f=1o0 x>0 he lai isthat
( H)= () () xwhee (z)=-102z<0 (z)=1o0oz 0

thatis (z) =—-14+2 (z)o bie f=2 —1 he oo isb e ansion
o thetwosi eso the e nin elation ollowe b inte ationb ats whih
shows the two si es e val inall f= (-142 )=2 =2

B- II: linea sae iseui e withano f = (f,f)an inne
out(f, )satis in the euie ents (fi+f, )=(f1, )+(f,)

(f,)= () (£, ) =0.1) (f, f) Oan (f,f) =0
i liessf=0 hisinne outsaeis alle a e ilbetsae an i
itis o lete thenitis alle a ilbetsae o lete eansthat au h
se uen esinthes ae onve etoele entso thes ae

B- ITa: he o ula = a lieswhen isa lose subs a e
) It eans that ea h ele ent f € an be uni uel e esse as
f=m+ wheeme€ an € ={ e :(,/)=0, fe }

B- II : he ies theoe sas that ea h ontinuous linea wun tional
fona ilbets ae an be e esente as f(z) =( ,xz)inte so the
inne o ut(,)on 0 so euni ue €

ies r : o ove uni ueness o wite ( 1,2) = ( ,z) as (1 —
,z) =0 an substitute z = | — o oveeistetneo tae =0 o
the eo un tional thewise f =0an the enel ={z:f(z)=0}is
a lose subs a eo whi h oes not e ual It ollows o the o ut
theo e = that is nont ivial so we hoose € with
=1lan f()=0 ene = f() e ove that the o ula
fz)y=(,z)isvali o allze€

iven z € wite z = m+ whee m € an € e ne
=f() —f() hen € butalso f( )=0 o es € hen e

b uni ueness =0 thatis f( ) = f() he oo is o lete b

10



these ste s:

(,z) fO)( )
= fO)(,m+ )
= 0+f()(,)
= (,f())
= (,f())
= fO)(,)
= 0+ f()
= f(m)+f()
= f(=z)

Exercise - . Select with a check—mark and solve either B-3.1 or B-3.11:

I:l B-3.1: Let , h denote elements of some Sobolev space and consider the dis-
tributional differential equation — " + = h with Dirichlet boundary conditions
(0= (1)=0.

(a) ormulate an abstract boundary value problem a( , ) = (h, ), by defining the
sequilinear form a( , ), the ilbert space  and the inner product (, ).

(b) Discuss in detail how the ies theorem applies to solve the abstract boundary
value problem.

(c) Is enough known about the ilbert space solution for it to be a solution of the
distributional differential equation Explain.

I:l B-3.IL: Let € {( ) and denote by the usual norm in L ( ), open in
. Assume |z;| < forall z €

(a) Prove the Poincaré inequality <2

(b) Explain, without proof, how to use generali ations of the Poincaré inequality to
solve the abstract boundary value problem for distributional differential equations of
the form =f.

Solution:

B- Ta: et bethe ilbetsae ((0,1)eui e withno f
(f,f)an inne owut

1

(f, )= . f+f =
e ne theses uilinea o b
1

a , )= (z) (@) + (2) (z) =

0

he abstat oble istosolve o € inthe oble

11



B- .I : heabstatboun a value oble issolve b a | in the
ies theoe beausea(, J)iseatl (,) he auh hwat in
e uvalit i liesthat 01 h(z) () = e nesa ontinuous onu atelinea un
tional on hes a e  ontainstheboun a on itions (0)= (1)=0
in the abst a t sense 0 theta e o e ato as oun in howalte s te tboo

B- Ic: heabstatboun a value oble issolve o € {(0,1)

whi hisi enti e with thes a e o absolutel ontinuous un tions on 0,1

satis in  (0) = (1) =0 | h belon sto L (0,1) then e ists b the
ies theoe an theinte al e uation

0
issatis e o all € his is a o the oi inal boun a value
oble
| solves the ist ibutional oble — "+ =h then "= —heL (0,1)
heeoe € willbene essa i itis ossibleto e ove the ist ibutional
i eential e uation o the wea o ulation howalte h iS usses

how to o this inavaiet o was

e r oe lassi ala oa h on the oble woul stat with the
va iation o aa etes elation

() = sinh(z) —  sinh(z — )A()
0
he onstant is hosen to ae (1) =0 ossible be ause sinh(1) = 0
ssu in h ontinuous aes " ontinuousan — "4+ =h
B- Il a: ensit i liesthatitisonl e uie to ove the oin ae

ine ualit o € () onsie thei entit

o1 (@) (2) =] (@) +m (z)  (z)+ (=) (z)

hisi entit will be inte ate ove he ive en etheoe a liesto the
te z1 (z) (z) to obtain eo beauseo (z)=0 o z €
Inte atin ove then ives the o ula

- @ 2= = (@) (2)+ (2) (z) =

ua e both si es an esti ate the inte an onthe i htb 2 | || |
| the au h hwa t ine ualit to obtain

| (@) = <4 [ @ =z | (o)) =

ivi ean ta es uae ootsto nishthe oo

B- .I1 :  ene ali ations o the oin ae ine ualit taethe o o an
i be in ine ualit o the o
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u hine ualitiessa thatane uivalentno tothe 1! no an be obtaine

b o in thete s o su ationine |a/] =0 heinne o ut an
be elae b asi ila tun ationo te s he esultisthata i e ential
e uation li e = fhasanabstat o ulationa( , )= f 1z whee
a( , )isthis e ene inne outon ! he ies theoe a lies
ietl ivin e isten e o asolution tothe absta t oble

Exercise - . Sobolev proved an imbedding inequality of the form f < f
where = ( ) and is the set of functions such that is uniformly contin-
uous on  for |a] < . ive, without proof, the conditions on the open set

and the integers m and

Select with a check-mark and solve either B-4.1 or B-4.1I:

I:l B-4.1: Under Sobolev’s conditions on , m and , each f € () satisfies
f= a.e. for some -times continuously differentiable function , || <

(a) Prove this, assuming the imbedding inequality above.

(b) Determine for = 2 the least m such that an element in ( ) has 4 continuous
derivatives (  as above).

I:l B-4.II: egularity theory implies that certain abstract boundary value problems

a( , ) =( , ) can be solved for € ( ) provided € (). Consider the
Dirichlet problem for = ,zTE€
(a) Assume isa diskin . ive without proof a smoothness condition on  for

the existence of solutions

(b) Assume is bounded and open in . ive without proof conditions on  and
, and a smoothness condition on , for the existence of solutions

Solution:
on itions: he set is o en boun e in an satis es a one
on ition eanin thatthe aius > 0an volu e > 00 a one an
beseie suhthatea h oint ¢ is the vete o a one o a ius
an volu e that lies enti el in he inte e s m an ust satis
m> + /2
B- ITa: ivenm> 4+ /2 boune oenin  with one on ition

obolevi be in sa sthat

sup|  (2)] < el <,
whee istheno in () oeah € = () thelatte istheset
o su hthat isunio | ontinuouson o |a/< I € ()
then ensit i lies anbea oi ate b un tions in € ()
thatis =lim eause isboun e an m> eah  Dbelons
to et = — in the obolevi be in ine ualit to show that
{ }is auh in et =lim inthe ana hs ae hen ea h
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ist ibutional e ivative bein in L hastoa ee ae with o
la| <

B-1I : e =2 e ete ine the least m su h that an ele ent
in ( ) has 4 ontinuous e ivatives e ause m > + /2 e uesto
m> +1lan wewant =4 thenm > is euie he least is m =
B- ITa: ehave € () ovie € () a o in to
e ulait theo oa | obolevi be in with =2an =2 to et
solutions wenee > + /20 >3 lea the is satis es the
one on ition i ewise the oe ients oothness on itionsan  aniol
on itions on  ae satis e heeoe € ()i lies € () o
a is
B- II  :Itis nown that boun e o en satis es the one on ition i
isa ! aniol e ulait theo euies € () toobtain €
() asin a butwe usta that is a aniol whee =4

oa itional e uie entssu ae o the i e ential e uation be ause its
oe ientsaeo lass
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