Applied Differential Equations 2250-1
Sample Midterm Exam
Fall 2001
Exam Date: Friday, Nov 9, 2001

1. (Separable Equations) Solve the separable problem below for the implicit and
explicit solutions.

2

P
cos(u)ly =

cos Y

coty +4sinx——.
sin y
Answer:

—cosy(x) = 2(1 + 2*)Y/? — 4cosz + C.

y(z) = cos™ (4 cosx — 2V 1+ a3 — C’).

2. (Variation of Parameters) Determine the general solution y = y, + y, for the
equation 6y” — 5y — 4y = me~* by the method of variation of parameters. Leave the
answer for y, in unevaluated integral form.

Answer:
Let f(t) = me™". Then yu(z) = ¢; /% + ¢y e7%/2,
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_ 6 senys —(z—t)/2
k(z,t) = 7€ 7 ¢ .

3. (Homogeneous systems) Solve the system

1 10 T 0

101|]lyl=]0

211 2 0
Answer:
The reduced row echelon form of the coefficient matrix has one zero row, so
there is one free variable and two lead variables. The solution is x = —t,

y=1t,z=1for —oo <t < oo. The reduced echelon form is

1 0 1
01 -1].
00 O




4. (Damped Oscillator) Solve by undetermined coefficients the damped oscillator

problem
2" + 4z’ + 5z =sin(t), z(0)=0, 2'(0)=0.

Report the transient response and also the steady state response of the mechan-
ical system. Classify the unforced equation as overdamped, underdamped or critically
damped.

Answer:

1 1 1
z(t) = —3 cos(t) + 3 sin(t) + —e 2" cos(t) + ge_” sin(t).

: o1
The transient solution is §6_2t cos(t) +

.1
The steady-state solution is ~3 cos(t) +
underdamped.

Undetermined coefficients. The homogeneous solution x(t) and the trial
solution X (t) for particular solution z,(t) are

zh(t) = cre™? cos(t) + cre ? sin(t),

X(t) = acos(t) + bsin(t) (trial solution)

The constants a and b are found by the method of undetermined coefficents
to be g = —é, b= %. The constants ¢; and ¢ are determined from the initial
conditions 2(0) = 0, 2’/(0) = 0 to be ¢; = ¢; = 3.

The equilibrium method uses y = I(Ye') and [(D +1i)2+4(D+1i)+5]Y = 1.
Then Y =1/(4+4i) = (1 —i)/8 and y = S(Ye') = —4 cos(t) + g sin(2).



