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This introduction to linear algebraic equations requires only a college
algebra background. Vector and matrix notation is not used. The sub-
ject of linear algebra, using vectors, matrices and related tools, appears
later in the text; see Chapter 5.

The topics studied are linear equations, general solution, reduced eche-
lon system, basis, nullity, rank and nullspace. Introduced here are the
three possibilities, the frame sequence, which uses the three rules
swap, combination and multiply, and finally the method of elimi-
nation, in literature called Gauss-Jordan elimination or (Gaussian
elimination

3.1 Linear Systems of Equations

Background from college algebra includes systems of linear algebraic
equations like

3z + 2y = 1,
(1) {x—yzZ.

A solution (z,y) of non-homogeneous system (1) is a pair of values that
simultaneously satisfy both equations. This example has unique solution
r=1y=—1.
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The homogeneous system corresponding to (1) is obtained by replacing
the right sides of the equations by zero:

3 + 2y = 0,
(2) {xy:().

System (2) has unique solution x = 0, y = 0.

College algebra courses have emphasis on unique solutions. In this chap-
ter we study in depth the cases for no solution and infinitely many
solutions. These two cases are illustrated by the examples

No Solution Infinitely Many Solutions
€T —_ y = 0’ €T —_ y = 07

4
(3) { 0 = 1 (4) { 0 = 0.

Equations (3) cannot have a solution because of the signal equation
0 = 1, a false equation. Equations (4) have one solution (x,y) for each
point on the 45° line z — y = 0, therefore system (4) has infinitely many
solutions.

The Three Possibilities

Solutions of general linear systems with m equations in n unknowns may
be classified into exactly three possibilities:

1. No solution.

2. Infinitely many solutions.
3. A unique solution.

General Linear Systems

Given numbers ai1, ..., Gmn, b1, - .., by, a nonhomogeneous system
of m linear equations in n unknowns x1, x2, ..., T, is the system
a11ry +apre + - +awpr, = by,
a21%1 + a2%2 + - -+ + a2y = by,

()

Am1T1 + Qa2 + -+ + GpnTy = by

Constants a1, ..., am, are called the coefficients of system (5). Con-
stants b1, ..., by, are collectively referenced as the right hand side,
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right side or RHS. The homogeneous system corresponding to sys-
tem (5) is obtained by replacing the right side by zero:

a1171 + a1prs + - +apr, = 0,
a2171 + a2 + -+ + agpr, = 0,
(6)
m1%1 + am22 + - + GmnTn = 0.
An assignment of possible values x4, ..., x,, which simultaneously satisfy

all equations in (5) is called a solution of system (5). Solving system
(5) refers to the process of finding all possible solutions of (5). The
system (5) is called consistent if it has a solution and otherwise it is
called inconsistent.

The Toolkit of Three Rules

Two systems (5) are said to be equivalent provided they have exactly
the same solutions. For the purpose of solving systems, there is a toolkit
of three reversible operations on equations which can be applied to obtain
equivalent systems. These rules neither create nor destroy solutions of
the original system:

Table 1. The Three Rules

Swap Two equations can be interchanged without
changing the solution set.

Multiply An equation can be multiplied by m # 0
without changing the solution set.

Combination A multiple of one equation can be added to

a different equation without changing the
solution set.

The last two rules replace an existing equation by a new one. A swap re-
peated reverses the swap operation. A multiply is reversed by multipli-
cation by 1/m, whereas the combination rule is reversed by subtracting
the equation—multiple previously added. In short, the three operations
are reversible.

Theorem 1 (Equivalent Systems)

A second system of linear equations, obtained from the first system of linear
equations by a finite number of toolkit operations, has exactly the same
solutions as the first system.

Exposition. Writing a set of equations and its equivalent system under
toolkit rules demands that all equations be copied, not just the affected
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equation(s). Generally, each displayed system changes just one equa-
tion, the single exception being a swap of two equations. Within an
equation, variables appear left-to-right in variable list order. Equations
that contain no variables, typically 0 = 0, are displayed last.

Documenting the three rules. In blackboard and hand-written work,
the acronyms swap, mult and combo, replace the longer terms swap,
multiply and combination. They are placed next to the first changed
equation. In cases where precision is required, additional information is
supplied, namely the source and target equation numbers s, t and the
multiplier m # 0 or ¢. Details:

Table 2. Documenting toolkit operations with swap, mult, combo.

swap(s,t) Swap equations s and .

mult (t,m) Multiply target equation ¢ by multiplier m # 0.
combo (s,t,c) | Multiply source equation s by multiplier ¢ and add
to target equation t.

The acronyms in Table 2 match usage in the computer algebra system
maple, for package linalg and functions swaprow, mulrow and addrow.

Inverses of the Three Rules. Each toolkit operation swap, mult,
combo has an inverse, which is documented in the following table. The
facts can be used to back up several steps, unearthing a previous step to
which a sequence of toolkit operations were performed.

Table 3. Inverses of toolkit operations swap, mult, combo.

Operation Inverse
swap(s,t) swap(s,t)
mult (t,m) mult(t,1/m)

combo(s,t,c) | combo(s,t,-c)

To illustrate, suppose swap(1,3), combo(1,2,-3), mult(2,4) are used
to obtain the current linear equations. Then the linear system three steps
back can be obtained from the current system by applying the inverse
steps in reverse order: mult(2,1/4), combo(1,2,3), swap(1,3).

Solving Equations with Geometry

In the plane (n = 2) and in 3-space (n = 3), equations (5) have a geo-
metric interpretation that can provide valuable intuition about possible
solutions. College algebra courses might have omitted the case of no
solutions or infinitely many solutions, discussing only the case of a single
unique solution. In contrast, all cases are considered here.
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Plane Geometry. A straight line may be represented as an equa-
tion Ax + By = C. Solving the system

a1 + apy = b
a2ar + axy = ba

(7)

is the geometrical equivalent of finding all possible (x, y)-intersections of
the lines represented in system (7). The distinct geometrical possibilities
appear in Figures 1-3.

Y
Figure 1. Parallel lines, no solution.
—r+y = 1,
T —-z+y = 0.
Yy Figure 2. Identical lines, infinitely
many solutions.
—T + Yy = 17
€ —2x+2y = 2.
y Figure 3. Non-parallel distinct lines,
one solution at the unique intersection
point P.
P —T + y = 27
T z+y = 0.

Space Geometry. A plane in zyz-space is given by an equation
Ax 4+ By + Cz = D. The vector Av+ By + Ck is normal to the plane.
An equivalent equation is A(z — zo) + B(y — yo0) + C(z — 29) = 0, where
(0, Y0, z0) is a given point in the plane. Solving system

anxr + appy + azz = b
(8) a1z + axy + axsz = b
asix + aszy + aszz = bz

is the geometric equivalent of finding all possible (z,y, z)-intersections
of the planes represented by system (8). Illustrated in Figures 11-10 are
some interesting geometrical possibilities.

I
’ Figure 4. Triple—decker. Planes I, II, TII
11 are parallel. There is no intersection point.

11 [:2=92 Il:z2=1, IIl:z=0.
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Figure 5. Double—decker. Planes I, II
are equal and parallel to plane III. There is
no intersection point.

1:2z=2, II:2z=1, IIl: z=0.

Figure 6. Book shelf. Two planes I, II
are distinct and parallel. There is no
intersection point.

I:2=2 Il:z=1, IIl:y=0.

Figure 7. Pup tent. Two non-parallel
planes I, IT meet in a line which never meets
plane III. There are no intersection points.

I:y+2=0, Il:y—2=0, IIl:z=—1.

Figure 8. Single—decker. Planes I, II, III
are equal. There are infinitely many
intersection points.

I:2=1II:22=2 IIl: 3z=3.

Figure 9. Open book. Equal planes I, I
meet another plane III in a line L. There are
infinitely many intersection points.

I:y+2=0,11:2y+22=0, II]: z=0.

Figure 10. Saw tooth. Two non-parallel
planes I, IT meet in a line L which lies in a
third plane III. There are infinitely many
intersection points.

I: —y+2z=0, Il:y+z=0, III:z=0.
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11 P Figure 11. Knife cuts an open book.
Two non-parallel planes I, IT meet in a line L
not parallel to plane III. There is a unique
point P of intersection of all three planes.

L 111 I:y+z=0, II[:2=0, IIl:z=0.

Examples and Methods

T + 4z =1
1 Example (Toolkit) Givensystem| z + y + 4z = 3 |, find thesys-
z = 2
tem that results from swap(1,2) followed by combo(2,1,-1).

Solution: The steps are as follows, with the equivalent system equal to the
last display.

x + 4z =1 Original system.
r + y + 4z = 3
z = 2
r + y + 4z = 3
x + 4z =1 swap(1,2)
z = 2
Yy + = 2 combo(2,1,-1)
x + 4z =1
z = 2
T - 3z = -1
2 Example (Inverse Toolkit) Let 2y + 6z = 4 |bethesys-
z = 3

tem produced by toolkit operations mult(2,2) and combo(2,1,-1). Find
the original system.

Solution: We begin by writing the given toolkit operation inverses, in reverse
order, as combo(2,1,1) and mult(2,1/2). The operations, in this order, are
performed on the given system, to find the original system two steps back, in
the last display.

T - 3z = -1 Given system.
2y + 62z = 4
z = 3
r + 2y + 3z = 3 combo(2,1,1)
2y 4+ 6z = 4 One step back.
z = 3
r + 2y + 3z = 3 mult(2,1/2)
y + 3z = 2 Two steps back.
z = 3
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Example (Planar System) Classify the system geometrically as one of the
three types displayed in Figures 1, 2, 3. Then solve for = and y.

z + 2y = 1,
9) 3z + 6y =

Solution: The second equation, divided by 3, gives the first equation. In short,
the two equations are proportional. The lines are geometrically equal lines,
as in Figure 2. The two equations are equivalent to the system

r + 2y = 1,
0 = 0.

To solve the system means to find all points (z,y) simultaneously common to
both lines, which are all points (x,y) on = + 2y = 1.

A parametric representation of this line is possible, obtained by setting y =t
and then solving for x = 1 — 2t, —oco < t < co. We report the solution as a
parametric solution, but the first solution is also valid.

r=1-—2t,
y =t.

Example (No Solution) Classify the system geometrically as the type dis-
played in Figure 1. Explain why there is no solution.

T 2y = 1
3z + 6y =

Solution: The second equation, divided by 3, gives x + 2y = 2, a line parallel

to the first line « 4+ 2y = 1. The lines are geometrically parallel lines, as in

Figure 1. The two equations are equivalent to the system

r + 2y = 1,
r + 2y = 2.

To solve the system means to find all points (z,y) simultaneously common to
both lines, which are all points (z,y) on  + 2y = 1 and also on = + 2y = 2. If
such a point (z,y) exists, then 1 =z + 2y =2 or 1 = 2, a contradictory signal
equation. Because 1 = 2 is false, then no common point (z,y) exists and we
report no solution.

Some readers will want to continue and write equations for x and y, a solution
to the problem. We emphasize that this is not possible, because there is no
solution at all.

The presence of a signal equation, which is a false equation used primarily to
detect no solution, will appear always in the solution process for a system of
equations that has no solution. Generally, this signal equation, if present, will
be distilled to the single equation “0 = 1.” For instance, 0 = 2 can be distilled
to 0 = 1 by dividing the first signal equation by 2.
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Exercises 3.1
Toolkit. Compute the equivalent sys- Y =3
tem of equations. 8. If |z + 2z = 1 | resulted
z =0
x L+ 22 =1 from swap(1,2) followed by
1. Given | =z + y + 2z =4 , find combo(2,1,-1), then find the
z2=0 original system.
the system that results from L3 1
x z =
bo(2,1,-1).
combo( ) 9. If y — 3z = 4 | resulted
x + 2z =1 z =1
2. Given T +y+ 2z2=4| from combo(1,2,-1), then find
2 =0 the original system.
find the system that results . L3y =1
from swap(1,2) followed by | g 1| , 4y + 32 =4 | resulted
combo(2,1,-1). =1
from swap(1,2) followed by
=1
. v + 32 combo(2,1,2), then find the
3. Given | x + y + 3z = 4 |, find ..
L= 1 original system.
the system that results from y+ 2z =2
combo(1,2,-1). 11. If 3y + 3z = 6 |resulted
_ y =0
) z + 3z = from mult(2,-1), swap(2,3),
4. Given Ty + 3z = le ’ combo(2,1,-1), then find the
z = o .
1 system.
find the system that results origtnat system
from swap(1,2) followed by 2y + z =2
combo(1,2,-1). 12. If 3y + 3z = 6 |resulted
y =0
. y+ z=2 from mult(2,1/3),
5. Given 3y + 32 = 6 |, find combo(1,2,-1), swap(2,3),
Y =0 swap(1,2), then find the original
the system that results from system.
swap(2,3), combo(2,1,-1).
Planar System. Solve the zy-system
) y+ z2=2 and interpret the solution geometri-
6. Given 3y + 3z = 6 |, find cally as
Y =0
the system that results from | (a) parallel lines
mult(2,1/3), combo(1,2,-1), .
swap(2,3), swap(1,2). (b) equal lines
(c) intersecting lines.
Inverse Toolkit. Compute the equiv- _
alent system of equations. 13. | ¥ Ty = 1’
y =
-y = _3
= -1
TU oty 2= 4] re|14 |0 Y7 3‘
z= 0
sulted from combo(2,1,-1), then 4 y=1
find the original system. 15.
g y T 4+ 2y = 2
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16. iiiz;l‘
17. 22123_;’
18. zii?f;:;‘
19. _ﬁ:gi_i‘
20. Qi—o.;;—oé‘
22. i_z_é‘

System in Space. For each zyz—
system:

(a) If no solution, then report dou-
ble decker, triple decker,
pup tent or book shelf.

(b) If infinitely many solutions, then
report single decker, open
book or saw tooth.

(c) If a unique intersection point,
then report the values of x, y
and z.

T — y+ z=2

23. | =1
Y =0
T+ y— 2z=3
24. | x =2
z =1
T — vy =
25. |z — vy =1
T — Yy =

3.2 Frame Sequences

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

+ + +
N

+ 4+ +

+ 4+ +

++ +
++ +

+
<

<

< e w
+ +

+ +

2z
2z
2z

2z
2z

3z

2z =

8z

o
Q
Il

o

I
=)

Il
=R

L

Imagine making a video of a linear algebra expert, who applies swap,
multiply and combination rules to a system of equations, in order to find
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the solution.

At each application of one of the toolkit operations swap, combo or mult,
the system of equations is re-written by the expert. The video captures
each new system in its own video frame. The first frame is the original
system and the last frame gives the solution to the system of equations.

The video is edited to eliminate all arithmetic details, leaving only the
frames which record the results of each computation. The resulting se-
quence of selected video frames documents the major steps. We call the
sequence of individual photos in this edited video a frame sequence.

Table 4. A Frame Sequence.

Frame 1 Frame 2 Frame 3
Original Apply Apply
System mult(2,1/3) combo(2,1,1)
rT— y= 2, r—y= 2, r = 1,
3y=-—3. y=—1. y=—

Lead Variables

A variable chosen from the variable list z, y is called a lead variable
provided it appears just once in the entire system of equations, and in
addition, its appearance reading left-to-right is first, with coefficient one.
The same definition applies to arbitrary variable lists, like z1, x2, ...,
ZTpn. Symbol z is a lead variable in all three frames of the sequence in
Table 4. But symbol y fails to be a lead variable in frames 1 and 2. In
the final frame, both x and y are lead variables.

A free variable is a non-lead variable, detectable only from a frame in
which every non-zero equation has a lead variable.

A consistent system in which every variable is a lead variable must have
a unique solution. The system must look like the final frame of the
sequence in Table 4. More precisely, the variables appear in variable list
order to the left of the equal sign, each variable appearing just once, with
numbers to the right of the equal sign.

Unique Solution
To solve a system with a unique solution, we apply the toolkit operations

of swap, multiply and combination (acronyms swap, mult, combo), one
operation per frame, until the last frame displays the unique solution.
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Because all variables will be lead variables in the last frame, we seek
to create a new lead variable in each frame. Sometimes, this is not
possible, even if it is the general objective. Exceptions are swap and
multiply operations, which are often used to prepare for creation of a
lead variable. Listed in Table 5 are the rules and conventions that we
use to create frame sequences.

Table 5. Conventions and rules for frame sequence creation.

Order of Variables. Variables in equations appear in variable list or-
der to the left of the equal sign.

Order of Equations. Equations are listed in variable list order inher-
ited from their lead variables. Equations without lead variables
appear next. Equations without variables appear last. Multiple
swap operations convert any system to this convention.

New Lead Variable. Select a new lead variable as the first variable,
in variable list order, which appears among the equations without
a lead variable.

An illustration:

y + 4z = 2 Frame 1. Original system.
r + 0y = 3
z + 2y + 3z = 4
r + 2y + 3z = 4, Frame 2.
T + oy = 3
y + 4z = 2. swap(1,3)
r 4+ 2y + 3z = 4 Frame 3.
-y — 3z = -1, combo(1,2,-1)
y + 4z = 2.
r 4+ 2y + 3z = 4 Frame 4.
-y — 3z = -1,
z = 1. combo (2,3,1)
T + 2y + 3z = 4, Frame 5.
y + 3z = 1, mult(2,-1)
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x - 3z = 2, Frame 6.
y + 3z = 1, combo(2,1,-2)
z = 1.
x - 3z = 2, Frame 7.
Y = -2, combo (3,2,-3)
z = 1
T = 5, Frame 8. combo(3,1,3)
Y = =2, Last Frame.
z = 1. Unique solution.

No Solution

A special case occurs in a frame sequence, when a nonzero equation
occurs having no variables. Called a signal equation, its occurrence
signals no solution, because the equation is false. Normally, we halt
the frame sequence at the point of first discovery, and then declare no
solution. An illustration:

y + 3z = 2 Frame 1. Original system.
r 4+ Yy = 3
r + 2y + 3z = 4.
r + 2y + 3z = 4, Frame 2.
z + vy = 3,
y + 3z = 2 swap(1,3)
r + 2y + 3z = 4, Frame 3.
-y — 3z = -1, combo(1,2,-1)
y + 3z = 2.
x + 2y + 3z = 4, Frame 4.
-y — 3z = -1, Signal Equation 0 = 1.
0 = 1. combo(2,3,1)

The signal equation is a false equation, therefore the last frame
has no solution. Because the toolkit neither creates nor destroys solu-
tions, then the original system in the first frame has no solution.

Readers who want to go on and write an answer for the system must
be warned that no such possibility exists. Values cannot be assigned
to any variables in the case of no solution. This can be perplexing,
especially in a final frame like
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r = 4,
z = -1,
0 = 1.

While it is true that x and z were assigned values, the final signal equa-

tion 0 = 1 is false, meaning any answer is impossible. There is no
possibility to write equations for all variables. There is no solution. It
is a tragic error to claim x = 4, z = —1 is a solution.

Infinitely Many Solutions

A system of equations having infinitely many solutions is solved from a
frame sequence construction that parallels the unique solution case. The
same quest for lead variables is made, hoping in the final frame to have
just the variable list on the left and numbers on the right.

The stopping criterion which identifies the final frame, in either the case
of a unique solution or infinitely many solutions, is exactly the same:

Last Frame Test. A frame is the last frame when every
nonzero equation has a lead variable. Remaining equations
have the form 0 = 0.

Any variables that are not lead variables, in the final frame, are called
free variables, because their values are completely undetermined. Any
missing variable must be a free variable.

y + 3z = 1, Frame 1. Original system.
T + oy = 5
z + 2y + 3z = 4.
r + 2y + 3z = 4, Frame 2.
r + oy = 3
y + 3z = 1. swap(1,3)
r + 2y + 3z = 4, Frame 3.
-y — 3z = -1, combo(1,2,-1)
y + 3z = 1.
r + 2y + 3z = 4, Frame 4.
-y - 3z = -1,
0 = 0. combo(2,3,1)
r + 2y + 3z = 4, Frame 5.
y + 3z = 1, mult(2,-1)
0 = 0
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x - 3z = 2, Frame 6. combo(2,1,-2)
y + 3z = 1, Last Frame.
0o = 0. Lead=z,y, Free==z.

Last Frame to General Solution

Once the last frame of the frame sequence is obtained, then the general
solution can be written by a fixed and easy-to-learn algorithm.

Last Frame Algorithm

This process applies only to the last frame in the case of
infinitely many solutions.

(1) Assign invented symbols t1, ta, ...to the free variables.!
(2) Isolate each lead variable.
(3) Back-substitute the free variable invented symbols.

To illustrate, assume the last frame of the frame sequence is

x - 3z = 2, Last Frame.
y + 3z = Lead variables z, y.
0 = 0,

—_

then the general solution is written as follows.

z=1t The free variable z is assigned symbol ;.

T =2+3z The lead variables are z, y. Isolate them left.
y=1-3z2

=24 3ty,

y=1-—3t, Back-substitute. Solution found.

zZz = tl.

In the last frame, variables appear left of the equal sign in variable
list order. Only invented symbols appear right of the equal sign. The
expression is called a standard general solution. The meaning:

Nothing Skipped Each solution of the system of equations can be
obtained by specializing the invented symbols ¢1,
to, ...to particular numbers.

It Works The general solution expression satisfies the sys-

tem of equations for all possible values of the
symbols t1, to, . ...
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General Solution and the Last Frame Algorithm

An additional illustration will be given for the last frame algorithm.
Assume variable list order z, y, z, w, u, v for the last frame

[z]+z4+u+v = 1,

(11) [y]—u+v = 2,
[w]+2u—v = 0.

Every nonzero equation above has a lead variable. The lead variables
in (11) are the boxed symbols z, y, w. The free variables are z, u, v.

Assign invented symbols t1, to, t3 to the free variables and back-substitute
in (11) to obtain a standard general solution

xr = 1—t1—t2—t3, r = 1—t1—t2—t3,
y = 2+t—1s, y = 241y —ts,
w = —2ty+13, z = 1,
or
z = 1, w = —2y+t3,
u = tQ, u = t27
v = 3. v = t3.

It is demanded by convention that general solutions be displayed in vari-
able list order. This is why the above display bothers to re-write the
equations in the new order on the right.

Exercises 3.2

Lead and free variables. For each Ty + T2 =0
system assume variable list z1, ..., z5. | © zz =0
List the lead and free variables. 0=0
To+3x3 =0
1. s =0 T1 + X2+ 3x3 + dxy =0
0=0 7. x5=0
0=0
xT9 =0
2. xs3 +3z5 =0 Ty + 2x9 +3z4 +4x5=0
T4+ 2x5=0 8. T3+ T4+ 15=0
T2 +31’3 =0 0=0
3. zy =0
0=0 T3 + 224 =0
9 Is5 =0
1 + 229 + 313 =0 ) 0=0
4. ry =0 0=0
0=0
T, + 220 + 373 =0 z4+ 25 =0
0=0 10. 0=0
5. 0=0 0=0
0=0 0=0
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X2 +5$4 =0
11. T3 + 214 =0
Ty = 0
0=0
X + 33

12. 2 +
Ts
0

Elementary Operations.
the 3 x 3 system

r + 2y + 3z
-2z + 3y + 4z
-3 4+ Sy + Tz

o O o o

Consider

= 2
= O7
= 3

Define symbols combo, swap and

mult as in the textbook.

Write the

3 x 3 system which results from each

of the following operations.
13. combo(1,3,-1)
14. combo(2,3,-5)
15. combo(3,2,4)
16. combo(2,1,4)
17. combo(1,2,-1)
18. combo(1,2,-¢%)
19. mult(1,5)
20. mult(1,-3)
21. mult(2,5)
22. mult(2,-2)
23. mult(3,4)
24. mult(3,5)
25. mult(2,-m)
26. mult(2,7)
27. mult(1,e?)
28. mult(1,-e~2)

29. swap(1,3)

30.
31.
32.
33.
34.

swap(1,2)
swap(2,3)
swap(2,1)
swap(3,2)

swap(3,1)

Unique Solution. Create a frame se-
quence for each system, whose final
frame displays the unique solution of
the system of equations.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

(L’1+3£U2: 0
$2:—1
(L’1+2(E2: 0
$2:—2
£L'1+3$2:2
T — $2:1
xr1+ "E2:71
T1+2x9=-—2
l'1+31'2+21'3:1
To +4x3 =3
43}3:4
I =1
3r1+ To =0
201 + 229 + 33 =3
r1+ 20+ 3x3=1
xTo =2
3$3=0
1+ 312+ 2x3=1
X9 =3
31’3:0
X1 =2
1171+21172 =1
2(E1+2(E2+1’3 =0
3x1 + 629 + 23+ 204 =2
I =
$1—2$2 =1
2x1 + 219 + T3 =0
3x1+ 69 +x3+4x4 =2
xr1+ T2 =2
Ty + 220 =1
2I1—|—2I2—|—l‘3 =0
31’1+6£L’2+1’3+21’4:2
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35172352 =3 $1+3$2+2$3:1
46 T1— o = 56. To+2x3=3
" 2%y + 229 + 23 =0 T + 513 =05
3r1+6x9 +x3+4rs=1
T =2
1 =3 57, |21 + 24 =2
xr1 — X2 =1 ) I171+2£172+l‘3+21‘4:0
47. | 2x1 4+ 229 + 3 =0 T+ 620 + 23 + 224 =2
3x1 + 6o + x3 + 4y =1
3$1 T3 +2J§5 =1 1 =3
58 xr1 — 2o =1
T — "2z + 200 + 3 +424 =0
T1— o =0 3r1+6xo + 23+ 44 =2
48. | 2x1 + 229 + T3 =1 s
3x1 + 6z + 23 + 314 =1 o1 _1
3 3r5=1 L= T2 =
o s o 59. |22, + 220 + 23 —0
T+ T -9 31+ 6z +x3+44 —25=1
1 — X9 =0 —6xg —x3 —4dxy+25=0
49. | 2x1 + 229 + 223 =1
1 =3
3x1 4+ 6xs + a3+ 214 =1 1
3z + z +3x5 =2 T T2 -
! 3 5 60. |32y + 22 + 3 -0
T — o _3 31+ 620 + a3 +4xy —25=1
T — 219 -0 — 6wy — 23 — 4wy + 25 =2
50. |2z 4+ 222 + 23 =1 L ) )
321 + 69 + 3 + 324 -1 Infinitely Many Solutions. Display a
3, + 24 +as=3 frame sequence for each system, whose

No Solution. Develop a frame se-
quence for each system, whose final
frame contains a signal equation (e.g.,
0 = 1), thereby showing that the sys-
tem has no solution.

51 J;1—|—3x2=OI

T +3l’2:1
r1+2r5=1
52. 2$1 +4l‘2:2‘

I1+3I2+213:1
53. $2+4$3:3
xo+4x3 =4

X1 =0
54. 3:61 + Xro + 3:63 = 1
21[,‘1 +2£L‘2 +6£L’3 =0

1+ x2+3x3=1
55. To =2
I1+2I2+3I3:2

final frame has this property: each
nonzero equation has a lead variable.
Then apply the last frame algo-
rithm to write out the standard gen-
eral solution of the system. Assume in
each system variable list z; to xs.

T1+ o+ 323 =0
61. X2 + x4 =0
0=0
T + x3 =0
62. |1+ 22+ 23 + 325 =0
T4+ 225 =0
To + 3x3 =0
63. T4 =0
0=0
T1 + 2z + 323 =0
64. T4 =0
0=0
Ty + 2z + 323 =0
65. T3+ Ty 0=0
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and the given operations, find the orig-

T1+ T2 =0 inal system in the first frame.
66. To + X3 =0
0=1
3 73. combo(1,2,-1), combo(2,3,-3),
67 T, + 22+ 3x3 +5rs + 225 =0 mult(1,-2), swap(2,3).
) 1'5:0
68 r1+ 222 + 23+ 3x4 + 425 =0 74. combo(1,2,-1), combo(2,3,3),
. T3+ T4+ x5=0 mult(1,2), swap(3,2).
2+ 2rg + 5 =0 75. combo(1,2,-1), combo(2,3,3),
69. | 225+ 224 + 225 =0 mult(1,4), swap(1,3).
1‘520
T4+ x5=0 76. combo(1,2,-1), combo(2,3,4),
70. 0=0 mult(1,3), swap(3,2).
0=0
0=0 77. combo(1,2,-1), combo(2,3,3),
To+a3+51, =0 mult(1,4), swap(1,3),
z3+2x4 =0 swap(2,3).
71.
.1‘520
0=0 78. swap(2,3), combo(1,2,-1),
bo(2,3,4), mult(1,3),
x1 + 3w =0 o ‘(’é 5 ), mult(1,3)
_ pls,2).
T+ X2 + x4 =0
72.
x5:0
0=0 79. combo(1,2,-1), combo(2,3,3),

mult(1,4), swap(1,3),
Inverses of Elementary Operations. mult(2,3).
Given the final frame of a sequence is

3z 4+ 2y + 4z = 2 80. combo(1,2,-1), combo(2,3,4),
r 4+ 3y + 22 = -1 mult(1,3), swap(3,2),
2t 4+ y + 5z = 0 combo(2,3,-3).

3.3 General Solution Theory

Consider the nonhomogeneous system

a1 + apxe + - - +awmr, = by,

a1 + agxe + - -+ agmry, = ba,
(12)

Am1T1 + AmaX2 + - + AGmnTn = bm

The general solution of system (12) is an expression which represents
all possible solutions of the system.

The example above for infinitely many solutions contained an unmoti-
vated algorithm which expressed the general solution in terms of invented
symbols t1, to, ..., which in mathematical literature are called parame-
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ters. We outline here some topics from calculus which form the assumed
background for this subject.

Equations for Points, Lines and Planes

Background from analytic geometry appears in Table 6. In this table,
t; and to are parameters, which means they are allowed to take on
any value between —oo and +o00. The algebraic equations describing the
geometric objects are called parametric equations.

Table 6. Parametric equations with geometrical significance.

xr =d, Point. The equations have no parameters
y = da, and describe a single point.

Z = d3.

xr=di + aity, Line. The equations with parameter t;
y = dog + asty, describe a straight line through (dy,ds, d3)
2z =ds + asty. with tangent vector a17+ a7+ ask.

xr =di + aity + bito, Plane. The equations with parameters t1,
y = dg + asty + bots, to describe a plane containing (di, dz,d3).
z = d3 + agty + bsts. The cross product (a17+ ag]+ agk) x (b17+

bo7+ bsk) is normal to the plane.

To illustrate, the parametric equations * = 2 —6t1, y = —1 —t1, 2 = 8t
describe the unique line of intersection of the three planes

x + 2y + =z = 0,
(13) 20 — 4y + =z = 8,
3r — 2y + 2z = &

Details appear in Example 5.

General Solutions

Definition 1 (Parametric Equations)
Equations of the form

x1 = di+citr + -+ ety

xo = do+corty + - + coptr,
(14) )

Tp = dn + cp1ts + -+ cprle

are called parametric equations for the variables z1, ..., x,.
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The numbers dy,...,d,, c11,. .., Cu are known constants and the sym-
bols t1,...,t; are parameters, which are treated as variables that may
be assigned any value from —oo to oo.

Three cases appear often in examples and exercises, illustrated here for
variables x1, xo, z3:

No parameters One parameter Two parameters

1 = d r1 = di+aity 1 = dy+aity + bits
T2 = do xy = da+ ast; xy = da+ asty + bats
r3 = d3 r3 = dz+agty x3 = d3+asty+bsts

Definition 2 (General Solution)
A general solution of a linear algebraic system of equations (12) is a
set of parametric equations (14) plus two additional requirements:

(15)  Equations (14) satisfy (5) for all real values of t1, ..., t.

Any solution of (12) can be obtained from (14) by special-
izing values of the parameters tq, to, ...%x.

(16)

A general solution is sometimes called a parametric solution. Require-
ment (15) means that the solution works. Requirement (16) means
that no solution was skipped.

Definition 3 (Standard General Solution)
Parametric equations (14) are called standard if they satisfy for distinct

subscripts ji, i2, ..., jr the equations
(17) fL’jl :tl, :UjQ :tg, ceey CL‘jk :tk.
The relations mean that the full set of parameter symbols t1, to, ..., tg

were assigned to k distinct variable names (the free variables) selected
from x1, ..., Tn.

A standard general solution of system (12) is a special set of para-
metric equations (14) satisfying (15), (16) and additionally (17). Frame
sequences always produce a standard general solution.

Theorem 2 (Standard General Solution)
A standard general solution has the fewest possible parameters and it repre-
sents each solution of the linear system by a unique set of parameter values.

The theorem supplies the theoretical basis for the method of frame se-
quences, which formally appears as an algorithm on page 185. The proof
of Theorem 2 is delayed until page 206. It is unusual if this proof is a
subject of a class lecture, due to its length; it is recommended reading
for the mathematically inclined, after understanding the examples.
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Reduced Echelon System

Consider a sequence of toolkit operations and the corresponding frame
sequence. The last frame, from which we write the general solution, is
called a reduced echelon system.

Definition 4 (Reduced Echelon System)

A linear system in which each nonzero equation has a lead variable is
called a reduced echelon system. Implicitly assumed are the following
definitions and rules.

e A lead variable is a variable which appears with coefficient one
in the very first location, left to right, in ezactly one equation.

e A variable, not used as a lead variable, is called a free variable.
Variables that do not appear at all are free variables.

e The nonzero equations are listed in variable list order, inherited
from their lead variables. Equations without variables are listed
last.

e All variables in an equation are required to appear in variable list
order. Therefore, within an equation all free variables, if any, are
to the right of the lead variable.

Detecting a Reduced Echelon System. A given system can be
rapidly inspected, to detect if it can be changed into a reduced eche-
lon system. We assume that within each equation, variables appear in
variable list order.

A nonhomogeneous linear system is recognized as a reduced
echelon system when the first variable listed in each equation
has coefficient one and that symbol appears nowhere else in
the system of equations.?

Such a system can be re-written, by swapping equations and enforcing
the rules above, so that the resulting system is a reduced echelon system.

Rank and Nullity

A reduced echelon system splits the variable names x1, ..., x, into the
lead variables and the free variables. Because the entire variable list
is exhausted by these two sets, then

lead variable count + free variable count = number of variables.

2Children are better at such classifications than adults. A favorite puzzle among
kids is a drawing which contains disguised figures, like a bird, a fire hydrant and
Godpzilla. Routinely, children find all the disguised figures.
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Definition 5 (Rank and Nullity)

The number of lead variables in a reduced echelon system is called the
rank of the system. The number of free variables in a reduced echelon
system is called the nullity of the system.

Determining rank and nullity. First, display a frame sequence
which starts with that system and ends in a reduced echelon system.
Then the rank and nullity of the system are those determined by the
final frame.

Theorem 3 (Rank and Nullity)
The following equation holds:

rank + nullity = number of variables.

Computers and Reduced Echelon Form

Computer algebra systems and computer numerical laboratories compute
from a given linear system (5) a new equivalent system of identical size,
which is called the reduced row-echelon form, abbreviated rref.

If the newly computed equivalent system has no signal equation, then
it is a consistent linear system, which is a reduced echelon system. A
frame sequence starting with the original system has this system as its
last frame.

If the new system has a signal equation, then it is an inconsistent sys-
tem. There is only one signal equation allowed, it must be 0 = 1 and
immediately precede any 0 = 0 equations.

Every computer-produced rref for a consistent system is a reduced
echelon system. For inconsistent systems, the computer-produced
rref gives a final frame with a signal equation, causing us to halt the
sequence and report no solution.

To use computer assist requires matrix entry of the data, a topic which
is delayed until a later chapter. Popular commercial programs used to
perform the computer assist are maple, mathematica and matlab.

Elimination

The elimination algorithm applies at each algebraic step one of the three
toolkit rules defined in Table 1: swap, multiply and combination.

The objective of each algebraic step is to increase the number of
lead variables. Equivalently, each algebraic step tries to eliminate
one repetition of a variable name, which justifies calling the process
the method of elimination. The process of elimination stops when a
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signal equation (typically 0 = 1) is found. Otherwise, elimination stops
when no more lead variables can be found, and then the last system of
equations is a reduced echelon system. A detailed explanation of the
process has been given above in the discussion of frame sequences.

Reversibility of the algebraic steps means that no solutions are created
nor destroyed throughout the algebraic steps: the original system and
all systems in the intermediate steps have ezxactly the same solutions.

The final reduced echelon system has either a unique solution or infinitely
many solutions, in both cases we report the general solution. In the
infinitely many solution case, the last frame algorithm on page 177 is
used to write out a general solution.

Theorem 4 (Elimination)

Every linear system (5) has either no solution or else it has exactly the same
solutions as an equivalent reduced echelon system, obtained by repeated use
of toolkit rules swap, multiply and combination (page 165).

An Elimination Algorithm

An equation is said to be processed if it has a lead variable. Otherwise,
the equation is said to be unprocessed.

The acronym rref abbreviates the phrase reduced row echelon form.
This abbreviation appears in matrix literature, so we use it instead of
creating an acronym for reduced echelon form (the word row is missing).

1. If an equation “0 = 0" appears, then move it to the end. If a
signal equation "0 = ¢ appears (¢ # 0 required), then the system
is inconsistent. In this case, the algorithm halts and we report no
solution.

2. ldentify the first symbol z,., in variable list order x1, ..., x,, which
appears in some unprocessed equation. Apply the multiply rule to
insure . has leading coefficient one. Apply the combination rule
to eliminate variable x, from all other equations. Then x, is a lead
variable: the number of lead variables has been increased by one.

3. Apply the swap rule repeatedly to move this equation past all pro-
cessed equations, but before the unprocessed equations. Mark the
equation as processed, e.g., replace z, by boxed symbol .

4. Repeat steps 1-3, until all equations have been processed once. Then
lead variables z;,, ..., x;,, have been defined and the last system is
a reduced echelon system.

Uniqueness, Lead Variables and RREF

Elimination performed on a given system by two different persons will
result in the same reduced echelon system. The answer is unique, because
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attention has been paid to the natural order of the variable list z1, ...,
Tp. Uniqueness results from critical step 2, also called the rref step:

Always select a lead variable as the next possible variable
name in the original list order zy, ..., z,, taken from all
possible unprocessed equations.

This step insures that the final system is a reduced echelon system.

The wording next possible must be used, because once a variable name
is used for a lead variable it may not be used again. The next variable
following the last—used lead variable, from the list x1, ..., x,, might not
appear in any unprocessed equation, in which case it is a free variable.
The next variable name in the original list order is then tried as a lead
variable.

Numerical Optimization

It is common for references to divide the effort for obtaining an rref into
two stages, for which the second stage is back-substitution. This divi-
sion of effort is motivated by numerical efficiency considerations, largely
historical. The reader is advised to adopt the numerical point of view in
hand calculations, as soon as possible. It changes the details of a frame
sequence to the rref, which most readers find equally advantageous. The
reason for the algorithm in the text is motivational: to be an expert, you
have to first know what you are trying to accomplish. Exactly how to
implement the toolkit to arrive at the rref will vary for each person.
The effect for us is the following recommendation:

Don't bother to eliminate a lead variable from the other
equations. Go on to select the next lead variable and pre-
pare that equation accordingly. Do the elimination of a lead
variable from other equations at the end of the frame se-
quence, from last lead variable to first lead variable in reverse
variable list order (called back-substitution).

Avoiding Fractions

Integer arithmetic should be used, when possible, to speed up ha