Chapter VIII: Stability

Definition (stability). Assume f continuous
and f(t,0) = 0. The trivial solution of v/ =

f(t,u) is:

(i) stable (s) on [tg,o0), if for every € > O
there exists 6 > 0 such that any solution of
v/ = f(t,v) with |v(tg)| < & exists on [tg,o0)
and satisfies |v(t)| <€, tog <t < o0;

(ii) asymptotically stable (a.s) on [tg,00), if
it is stable and lim;_~ v(t) = O, where v is as

in (i);
(iii) unstable (us), if it is not stable;

(iv) uniformly stable (u.s) on [tg,o0), if for
every € > 0 there exists 6 > O such that any
solution of v/ = f(t,v) with |v(t1)| <6, t1 > tg
exists on [t1,00) and satisfies |v(t)| < €, t1 <
t < oo,
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(v) uniformly asymptotically stable (u.a.s),
if it is uniformly stable and there exists § > 0O
such that for all € > 0 there exists T = T'(e¢)
such that any solution of v/ = f(¢t,v) with
lv(t1)| < 6, t1 > tp exists on [t1,00) and sat-
isfies [v(t)| <€, t1+T <t < oo

(v) strongly stable (s.s) on [tg, >0), if for every
e > 0 there exists § > O such that any solution
of v/ = f(t,v) with |v(t1)| < § exists on [tg, o0)
and satisfies |v(t)| < e, tg <t < 0.

Proposition 2. The following implications are
valid for non-autonomous and autonomous equa-
tions:

u = f(t,u) u = F(u)
u.a.s = a.s | u.a.s < a.s

Y Y Y Y

sS= Uus = &. us < s.
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Stability of linear equations

Theorem 4. Let & be a fundamental matrix
solution of v/ = A(t)u. Then the equation is :

(i) stable iff there exists K > 0 such that
|P(t)| < K, tg <t < oo;

(ii) uniformly stable iff there exists K > 0
such that |[®(t)P ()| < K, tg < s <t < o0;

(iii) strongly stable iff there exists K > 0 such
that |[(t)| < K, |o71(#)| < K, tg <t < o0;

(iv) asymptotically stable iff tim |P(t)| = 0;
©.@)

(v) uniformly asymptotically stable iff there
exist K > 0, a > 0 such that |®(t)d1(s)| <
Ke—a(t=s) to <s<t< .
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Corollary 5. The equation v/ = Au is:

(i) stable iff every eigenvalue of A has non-
positive real part and those with zero real part
are semisimple.

(ii) strongly stable iff all eigenvalues of A have
zero real part and are semisimple.

(iii) asymptotically stable iff all eigenvalues
of A have negative real part.

Theorem 6. The equation ' = A(t)u is un-

stable whenever limsup [} traceA(s)ds = oo.
t—00

If w' = A(t)u is stable, then it is strongly sta-

ble if and only if liminf [} traceA(s)ds > —co.
t—00 0
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Let |- | be a norm on RY and let || - || satisfy
for N x N matrices A, B the properties

(1) ||Az|| < ||A]|x],

(2) A+ B|| < ||A
(3) llcAll = |el]| All.
Usually, (1), (2), (3) will be obtained by as-
suming (4) [|A|l = sup|z =1 |Az|.

|+ 1I1B]],

Definition 7. For an N x N matrix A, let
Q(A,t) = (||I + tA|| — ||I]|)/t. The Lozinskii—
Dahlquist measure is u(A) = lim;_o4 Q(A,1).

Proposition 8. Assume (1), (2), (3). Then
1. Q(A,t) is nondecreasing in t;

2. [u(A)] < QA )] < ||A]|
3. u(ad) = au(A), a > 0;
4. u(A+ B) < u(A) + p(B);
5. [u(A) — u(B)| < |A— B,

Lemma. Let |-| be an R¥-norm and define
|A]] = sup|g =1 [Az|. If v = A(t)u and r(t) =
lu(t)|, then the right derivative r’_l_(t) exists and
satisfies r’_l_(t) < u(A@)) r(t). Similarly, v (¢)
exists and satisfies " (t) > —u(—=A®)) r(2).
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Proposition 9. Let |-| be an RN-norm and
define ||A|| = sup|; =1 [Az|. Let A(t) be a con-
tinuous N x N matrlx and let v/ = A(t)u on
to <t <oo. Then

— [ u(A(s))ds " u(—A(s))ds
(e o AT < o)) < Ju(@)]eds” .

The left side of this inequality is nonincreasing
and the right side is nondecreasing, on tg <t <
Q.

Corollary 10. If A is a constant N x N matrix,
then e tH(=4) < |etA] < t(A)

Theorem 11. Let |-| be an RV-norm and
define [|Al| = sup|y=1 |Az|. The system v’ =
A(t)u is:

1. unstable if iminf;_ ft u(—A(s))ds = —o0;
2. stable if limsup;_o ft ,u(A(s))ds < 00;

3. asymptotically stable if iMoo fto u(A(s))ds =

— 00,
4. uniformly stable if u(A(t)) <0, t > tg;

5. uniformly asymptotically stable if u(A(t)) <

—a <0, t>1g.
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Stability of v/ = A()u + f(¢t,u)

Assume f : R x RN — RY is continuous and
1f(t,z)| < v()|z|, = € RN, where ~ is positive
and continuous. Let the N x N matrix A be
continuous on R. Denote by ®(t) a funda-
mental matrix solution of v/ = A(t)u. Vari-
ation of constants implies solutions of u/ =

A(t)u + f(t,u) satisfy

u(t) = (1) (71 (to)ulto) + [, 972 (s) S (s, u(s))ds) .

Theorem 12. Assume [*~(s)ds < oo and
PP 1(s)] < K, tg < s < t < co. Then
there exists a positive constant L = L(tg) such
that any solution of «/ = A(t)u + f(¢,u) is de-
fined for t > tg and satisfies |u(t)| < L|u(t1)],
t > t1 > tg. Further, limio |P(t)| = 0 implies
lim; 00 |u(t)] = 0. Therefore, ' = A(t)u +
f(t,u) is u.s., u.a.s. or s.s. whenever the same
is true for v/ = A(t)u.
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Theorem 14. Assume |d ()P 1(s)| < Ke—(t—s),
to < s <t < oo, and «v is constant, with g =
a—~vK > 0. Then any solution of v/ = A()u—+
f(t,u) exists for t > tg and satisfies |u(t)| <
Ke BU—t)|u(ty)], t > t1 > to. Further, « =
A()u + f(t,u) is u.a.s. whenever the same is
true for v/ = A(t)u.

Lyapunov stability example

Let |a|] < 1 and k be constants and consider
the example

:c’=a:1:—y—|—ka:<:c2—|—y2),
y’=:1:—ay—|—ky(:1:2—|—y2).
Lyapunov theory employs a guiding function
v, in this case v(z,y) = z2 — 2azy + y2. The
level curves v(xz,y) = ¢ meet orbits (x(t),y(t))

transversally toward the origin, indirectly es-
tablishing asymptotic stability of the example.

99



Lyapunov stability

Assume f(t,u) is continuous for t € R, u € RN
and f(t,0) = 0. Let v: Rx RY — R be given
(a guiding function) with v(¢,0) = 0.

Definition 16. The functional v is called:

1. positive definite, if there exists a contin-
uous nondecreasing function ¢ : [0,00) —
[0,0), with ¢(0) =0, ¢(r) #0, r # 0 and
¢(lz]) < v(t,z), = € RN, ¢ > to;

2. radially unbounded, if it is positive defi-
nite and limy_—oco ¢(r) = o0;

3. decrescent, if it is positive definite and
there exists a continuous increasing func-
tion ¥ : [0,00) — [0,00), with %(0) = O,
and ¥(|z]) > v(t,z), z € RN, t > tg.
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Theorem 17. Let there exist a positive defi-
nite functional v and dg > O such that for ev-
ery solution of v = f(t,u) with |u(tg)| < dp,
the function v*(t) = v(¢,u(t)) is nonincreasing
with respect to t. Then the trivial solution of
u' = f(t,u) is stable.

Proof: Inequality |u(t)| < e results from prov-
ing o(lu(t)]) < ¢(e). The latter follows from

o(Ju(®)]) < v(t,u(?)) < v(to,uo) < ¢(e), valid
for all initial conditions u(tg) = ug near zero.

Theorem 18. Let there exist a positive defi-
nite functional v which is decrescent and g > O
such that for every solution of «/ = f(t, u)
with |u(t1)| < dg, t1 > tg the function v*(t) =
v(t,u(t)) is nonincreasing with respect to ¢,
then the trivial solution of ' = f(¢,w) is uni-
formly stable.

Proof:. Stability follows from Theorem 17. The
chain of inequalities ¢(|u(t)|) < v(t,u(t)) < v(t1,ug) <
Y (|ug|) plus ¥ (0) = 0 implies uniform stability.
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2D Uniform Stability example

Let a(t), b(t) be continuous with b(¢t) < O.
Consider the two dimensional system

' = a(t)y + bz (2% +47),

y = —a(t)z +b(t)y (22 + ¢?).

Uniform stability will be established by applying
Theorem 18.

Choose guiding function v(z,y) = z2+y2. Com-
pute
dv*
dt

— %"‘V’Uf(t,’d),

2b(t) (:U2 + y2)2

< 0.

The function v is positive definite and decres-
cent. Theorem 18 applies.
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Theorem 19 (Instability). The trivial solu-
tion of «' = f(¢t,u) is unstable, provided there
exists a continuous functional v : R x RY - R
with these properties:

1. There exists a continuous increasing func-
tion 1y : [0,00) — [0,0), such that ¢¥(0) =
0 and |v(t, z)| < ¥(|x]);

2. For all 6 > 0, and t1 > tg, there exists
ro, |ro| < é such that v(t1,xg) < O;

3. If v = f(t,u), u(t) ==z, then
im @t hult+h) —v(t,2)
h—0+ h

where c is a continuous increasing func-
tion with ¢(0) = 0.

S —C(|£U|),
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Theorem 20 (Asymptotic stability). Let
there exist a positive definite functional v(¢, )
such that

dv*  dv(t,u(t))

el n < —c(v(t, u(t))
for every solution of v’ = f(t,u) with |u(tg)| <
do, where ¢ a continuous increasing function
with ¢(0) = 0. Then the trivial solution of
v = f(t,u) is asymptotically stable. If v is
also decrescent, then the trivial solution is uni-
formly asymptotically stable.

Proof: The plan is to prove that u(t) exists
on t > tg and limiooo ¢(lu(t)]) = 0. Then

limi— o0 |[u(t)| = 0, proving asymptotic stability.
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Perturbed linear systems

Consider the equation v’ = Au+ g(¢,u), where
A is a constant N x N matrix and g : [tg,00) X
RY — RY is continuous with g(t,z) = o(|z|),
uniformly for ¢ € [tg, o0).

We seek a quadratic guiding function v(x) =
' Bz, where B is a constant N x N matrix.
The matrix C = ATB 4+ BA appears in stability
criteria, because of the following computation:

dv* dv(t,u(t))
dt dt

= uf (ATB -+ BA) u+
gl (t,uw)Bu + uf' Bg(t, u).
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Proposition 21. Let A be a constant N x N
matrix having the property that for any eigen-
value A of A, —\ is not an eigenvalue of A.
Then for any N x N matrix C, there exists a
unique N x N matrix B such that C = ATB +
BA.

Corollary 22. Let A be a constant N x N
matrix. Then for any N x N matrix C, there
exists u > 0 and a unique N x N matrix B such
that 2uB 4+ C = ATB + BA.

Proof. Apply Proposition 21 to A— ul and C,
for O < u < pg, where pg is small.

Corollary 23. Let A be a constant N x N
matrix having the property that all eigenvalues
A of A have negative real parts. Then for any
negative definite N x N matrix C, there exists
a unique positive definite N x N matrix B such
that C = ATB 4+ BA.
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Corollary 24. A necessary and sufficient con-
dition that an N x N matrix A have all of its
eigenvalues with negative real part is that there
exists a unique positive definite matrix B such
that ATB+ BA = —1.

Definition. An N x N matrix A is called crit-
ical if all its eigenvalues have nonpositive real
part and there exists at least one eigenvalue
with zero real part. It is alled noncritical oth-
erwise.

Theorem 26. Assume A is a noncritical N x N
matrix and let g : [tg, 00) x RN — RN be contin-
uous with g(t,z) = o(|z|) uniformly in ¢t. Then
the stability behavior of the trivial solution of
u' = Au+g(t,u) is the same as that of the triv-
ial solution of v/ = Auw, i.e., the trivial solution
of v/ = Au+ g(¢,w) is uniformly asymptotically
stable if all eigenvalues of A have negative real
part and it is unstable if A has an eigenvalue
with positive real part.
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