Bifurcation Points

Let X and Y be real Banach spaces and let
F: X xR —Y bea mapping with F(0,\) =0,
A€ R, and F of class C2 in a neighborhood of
{0} x R.

We shall be interested in obtaining existence
of solutions u # 0 of the equation F'(u,\) = 0.

A number \g a bifurcation value or a point
(0, \g) is a bifurcation point provided every
neighborhood of (0,)g) in X x R contains so-
lutions of F'(u,A\) = 0 with u # 0.

Theorem. If the point (0, \g) is a bifurcation
point for the equation F(u,\) = 0, then the
Fréchet derivative F,(0, A\g) cannot be a linear
homeomorphism of X to Y.
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Fredholm Operators

Definition. A linear operator L : X — Y is
called a Fredholm operator provided:

e ker(L) = {z : L(x) = 0} is finite dimen-
sional.

e im(L)={y:y=L(x)} is closed in Y.

e cokerL =Y/im(L) is finite dimensional.

Lemma. Let F,(0,)\g) be a Fredholm opera-
tor with kernel V and cokernel Z. Then there
exists a closed subspace W of X and a closed
subspace T of Y (not necessarily unique) such
that X =V aeWandY =2Z2&7T. The operator
F, (0, \g) restricted to W is a linear homeomor-

phism of W onto T.
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Splitting Equations

Let L = Fy(0,)\g), V = ker(L), Z = coker(L).
Due to the decompositions X =V W, Y =
Z®T the equation F(u,A) = 0 is split into two
equations 7 = 0 and F>=0. The first is solved
by implicit function theory and the second by
finite-dimensional methods. In terms of linear
projections P : X — V. and @Q Y — Z, the
splitting equations may be written as

(I — Q)F(uy + up,A) =0,
QF(’LL]_ + un, >‘) =0,
up = Pu, wup= {1 — P)u.
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Theorem (Implicit Equation). Assume that
Fy(0, o) is a Fredholm operator with W non-
trivial. Then there exist ¢ > 0, § > 0 and a
unique function uos(uq, A) defined for |\ — Ag| +
|lut]] < e with [|up(u1,M)|| < § which solves the
equation

(I — Q)F(’U,l + ’UQ(’U,]_,)\),)\) = 0.

Proof: The implicit function theorem will be
applied. First of all, U1 = 0, A\ = )\0, Uy =
O solve the equation. The Fréchet derivative
with respect to uo at this point is the identity
mapping on W. Therefore, implicit function
theory applies to give us(ui, \).

Bifurcation Equations

Solve for the finite-dimensional variables w1,
A whenever |A — Ag| + ||lu1||] < € in the finite-
dimensional equation

QF (u1 + ua(u1,A),\) = 0.
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Bifurcation at a Simple Eigenvalue

Theorem (Simple Kernel and Cokernel).
Let L = F,(0,)\g) and assume the kernel and
cokernel of L have dimension one with span-
ning elements ¢ and 1, respectively. Let Q :
Y — coker(L) be a linear projection. If

QE,A(0,A0)(0,1) # O,

then (0,\g) is a bifurcation point and there
exists a unique curve u = u(a), A = AM«), de-
fined near « = 0 so that «(0) = 0, u(«a) # 0 for
aF# 0, AM(0) =X and F(u(a),A\(a)) = 0. The
curve equations have for some function u(a)
the special form

u(a) = ag + uz(ag, ),
AMa) = Ao + u(a).
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Simple Eigenvalue Example

The 2m-periodic solution problem

" + AMu+u3) =0,

w(0) = u(27w), 4/ (0) =/ (2n),
can be placed in the framework above by defin-
ing X to be the subspace of C2[0,2x] with 27-
periodic boundary conditions. The space Y is
the subspace of C[0,27] with «(0) = w(2w).
Operator F is F(u,\) = u” + A(u+ u3). The
Fréchet derivative L = F,(0,\g) has the one-
dimenional requirement only for A\g = 0. We
show Qh = (27)~ ! [Z™ h(t)dt and im(L) = {h :
f0277h = 0}. The simple eigenvalue theorem ap-
plies. The problem has a 2nw-periodic solution
branch u(a), A(a) near a = 0.
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