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Brine Mixing
Inlet

e
i Outldtigure 1. A brine tank with one inlet and one
1 outlet.

A given tank contains brine, that is, water and salt. In-
put pipes supply other, possibly different brine mixtures
at varying rates, while output pipes drain the tank. The
problem is to determine the salt z(t) in the tank at any
time. The basic chemical law to be applied is the mixture
law

dx

= = input rate — output rate.

The law is applied under a simplifying assumption: the
concentration of salt in the brine is uniform throughout
the fluid. Stirring is one way to meet this requirement.

One Input and One Output. Let the
input be a(t) liters per minute with concentration C; kilo-
grams of salt per liter. Let the output empty b(t) liters
per minute. The tank is assumed to contain V liters of
brine at ¢t = 0. The tank gains fluid at rate a(t) and loses
fluid at rate b(t), therefore V(t) = Vo + [yla(r) — b(r)]dr is
the volume of brine in the tank at time t. The mixture
law applies to obtain the model linear differential equation
dx b(t)z(t)

a = G = —oa
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Brine-Mixing One-tank Proof: The brine-mixing equa-
tion
a'(t) = Cia(t) — b(t)z(t)/V(¢)

is justified for the one-tank model, by applying the mixture
law

dz/dt = input rate — output rate

as follows,
i )
input rate = ( a(t)- “, sl 1 V9 kilog_r_ams
minute liter
kil 5
= Cla(t)m.
minute
I
output rate = | b(t) '.ters x(t) kilOgrams
minute V(t) liter

__ b(t)x(t) kilograms
~ V(t) minute
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Two-Tank MixXing. Two tanks A and B are
assumed to contain Ag and By liters of brine at ¢t = 0.
Let the input for the first tank A be a(t) liters per minute
with concentration Cy kilograms of salt per liter. Let tank
A empty at b(t) liters per minute into a second tank B,
which itself empties at ¢(t) liters per minute.

l.et z(t) be the number of kilograms of salt in tank A at

time t. Similarly, y(t) is the ambjnt of salt in tank B. The
objective is to find differential equations for the unknowns

z(t), y(t).

Fluid loses and gains in each tank give rise to the brine
volume formulas Va(t) = Ao+ [3la(r) = b(r)]dr and Vp(t) =

Bo + [4[b(r) — c(r)]dr, respectively, for tanks A and B, at
time ¢.

The mixture law applies to obtain the model linear differ-
ential equations

de Cra(t) b(t)x(t) dy _ b(t)x(t) c(t)y(t)
dt Va(t) ' dt Va(t) Va(t)
The first equation was solved in the previous paragraph,

hence there is an explicit formula for x(t). Substitute this

formula into the second equation, then solve for y(t) (by
the same method).
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