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1. (rref)
(a) Determine a, b such that the system has a unique solution, infinitely many solutions, or no solution:
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2. (vector spaces)
(a) [20%)] Give an example of a vector space V of functions and a subspace S of V, such that S has a
basis of size five. Display explicit definitions of V, § and define addition and scalar multiplication

[[Jon V.
Ty

(b) [40%)] Let V be the vector space of all column vectors | z | and let S be the subset of V' given
z3

by the equations z1 = 0, 2 +2z3 = 0. Prove that S is a subspace of V. Edwards and Penney Theorem

2, if used to shorten the proof, must be stated.

(c) [40%] Find a basis of vectors for the subspace of R* given by the system of equations

T1 4+ 219 — 223 +24 = 0,
Ty + 29 —3xz3+24 = 0,
o +x3 = 0.
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3. (independence) Do only two of the following.

1 0 2 1
-1 1 1 2
(a) [50%] Let u; = 1 |,up=]11{,us=1| 0], ug=] —1 |. State and apply a test that
1 1 1
1 0 1 0

decides independence or dependence of the list of four vectors.
(b) [50%] State the pivot theorem. Then extract from the list below a largest set of independent vectors.

1 2 3 0 1
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a= . b= 0 | e= 0 ,d= o le=1o |
1 2 5 2 3

(c) [50%] [If you did (a) and (b) already, then 100% has been attained: skip this one!] Assume that
3 x 3 matrix D is not invertible and has rank 2. Prove:

There exist independent vectors x;, xo such that Dx;, Dx4 are dependent.
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4. (determinants and elementary matrices)
(a) [50%)] Assume given 3 X 3 matrices A, B. Suppose B = E3E.E1 A and Ey, Es, E3 are elementary
matrices representing respectively a swap, a combination and a multiply by 4. Assume det(A) = 5.

Find det(5B2).
(b) [50%] Let A and B be 5 x 5 matrices such that AB — A contains a row of ones and a row of twos.

Assume det(B — I) = —11. Find the value of det(A?).
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5. (inverses and Cramer’s rule)

1 2z-1

2 -3

(b) [40%] Apply the adjugate formula for the inverse to find the value of the entry in row 3, column 4
of A-1, given A below. Other methods are not acceptable.

(a) [20%] Determine all values of z for which A1 exists: A =

1 2 0
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(c) [40%)] Solve for z in Au = b by Cramer’s rule. Other methods are not acceptable.
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