Three Examples.

It is possible to solve a variety of differential equa-

tions without reading a differential equations textbook:

Growth-Decay

Newton Cooling

Verhulst Logistic

dA

= = kA(t), A(0) = A

A(t) = Age™’

% = —h(u(t) = u1), u(0) = yo

u(t) = u; + (ug — uy e

%t’."’. = (a - bP(8))P(t), P(0) = Py

P(t) = abPy

T bPy + (6 — bPp)e%t

Like the multiplication tables in elementary school, these models and
their solution formulas should be memonrized, in order to form a founda-
tion of intuition for all differential equation theory. The last two solu-
tions are derived from the growth-decay equation by variable changes:
A(t) = u(t) — u; and A(t) = P(t)/(a — bP(t)).
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1 Example (Decay Law Derivation) Derive the
dA
decay law o= kA(t) from the sentence

Radioactive material decays at a rate
proportional to the amount present.

Soiution: The sentence is first dissected into English
pnrases 1 to 4.

1: Radioactive material The phrase causes the in-
vention of a symbol A
for the amount present at
time t.

2. decays at a rate It means A undergoes de-
cay. Then A changes.
Calculus conventions im-
ply the rate of change is
dA/dt.

3: proportional to Literally, it means equal
to a constant multiple of.
Let £ be the proportional-
ity constant.

4: the amount present The amount of radioac-
tive material present is
A(t).



Solution: Continued . ..

The four phrases are translated 'ihto mathematical nota-
tion as follows.

Phrases 1 and 2 Symbol dA/dt.
Phrase 3 Equal sign ‘="' and a constant k.

Phrase 4 Symbol A(t).

Let A(t) be the amount present at time t. The translation

dA
is — = kA(t).
is — (t)



Background

Ine* =z, 'Y=y

(ea)b — eab

(+0) = (e

INAB=InA+InB

BIn(4) = In (AP)

u'(t)

(nfu(®)l) = 73

In words, the exponential and
the logarithm are inverses.
The domains are —oo < z < o0,
0<y<oo.

Special values, usually memo-
rized.

In words, the exponential of a
sum of terms is the product of
the exponentials of the terms.

Negatives are allowed, e.g.,
(ea)“lxe"a.

The chain rule of calculus im-
plies this formula from the
identity (e®)' = e®.

In words, the logarithm of a
product of factors is the sum
of the logarithms of the fac-
tors.

Negatives are allowed, e.g.,
—InA=In—.
A

The identity (In(z)) = 1/z im-
plies this general version by the
chain rule.



