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2.4 Linear Equations II

Studied here are the subjects of variation of parameters and undeter-
mined coefficients for linear first order differential equations.

Variation of Parameters

A particular solution y;(x) of the non-homogeneous equation

(1) v +p@)y =r()
is given by equation (5) in 2.3. Literature calls it the variation of
parameters formula or the variation of constants formula.

Theorem 3 (Variation of Parameters)
A particular solution of the differential equation y’ 4+ p(x)y = r(x) is given
by either of the formulae

x €T t
(2) yi(e) = ¢ Jro PN / r(t)elaoPO% gp

0

(3) Yp(x) = e~ Jp@)de /r(w)efp(m)d”” dz.

Indefinite Integrals. The indefinite integral form (3) is used in sci-
ence and engineering applications. The answers (2) and (3) differ by a
solution of the homogeneous equation: y,(z) = y,(z) + yn(z) for some
choice of the constant ¢ in yj,. Both answers (2) and (3) are solutions
of the nonhomogeneous differential equation, even though (2) generally
contains an extra term. While (2) satisfies y(zo) = 0, (3) may not.

Integrating Factor Formula. An integrating factor for (1) is
Qz) = ef P

Formula (3) can be written in terms of Q(z) as

1
(@) = g [ rEQE)ds.

Compact Formula. Because [/ f = [% f + f;o fand [[°f=—["f,
the exponential factors in (2) can be re-written as

(4) w(e) = [ roelr O ar

0
The reader is warned that using indefinite integrals in (4) results in the
WIONg answer.

Terminology. The name variation of parameters comes from the idea
of varying the parameter ¢ in the homogeneous solution formula y, =
cR(z), where R(z) = e~ [ P@)dz, Historically, ¢ is replaced by an un-
known function yo(x), to define a trial solution y(x) = yo(x)R(z) of (1).
A derivation appears on page 93.
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The Method of Undetermined Coefficients

The method applies to ¥’ + p(z)y = r(z). It finds a particular solution
yp without the integration steps present in variation of parameters. The
requirements and limitations:

1. Coefficient p(x) of y' + p(x)y = r(x) is constant.

2. The function r(x) is a sum of constants times atoms.

An atom is a term having one of the forms

™, e, 2™ cosbr, ™ sinbx, x™ e cosbr or a2 e sinbz.
The symbols a and b are real constants, with b > 0. Symbol m > 0
is an integer. The terms 2%, xcos2z, sinz, e™*, 28~ are atoms.
Conversely, if r(x) = 4sinz 4 Sze®, then split the sum into terms and
drop the coefficients 4 and 5 to identify atoms sinz and xe”.

The Method.

1. Repeatedly differentiate the atoms of (x) until no new atoms ap-
pear. Multiply the distinct atoms so found by undetermined co-
efficients dy, ..., di, then add to define a trial solution y.

2. Fixup rule: if solution e ?* of ¥/ + py = 0 appears in trial so-
lution gy, then replace in y matching atoms e P*, xe™P*, ... by
e P¥ g2e7P . (other atoms appearing in y are unchanged).
The modified expression y is called the corrected trial solution.

3. Substitute y into the differential equation ' + py = r(z). Match
coefficients of atoms left and right to write out linear algebraic
equations for the undetermined coefficients dy, ..., dj.

4. Solve the equations. The trial solution y with evaluated coefficients
dy, ..., di becomes the particular solution .

Undetermined Coefficients Illustrated. We will solve

Y + 2y = e + 2z + 1+ 3sinx.

Solution:

Test Applicability. The right side r(z) = ze® + 22 4+ 1 + 3sinx is a sum of
terms constructed from the atoms xe®, x, 1, sinxz. The left side is y' + p(z)y
with p(z) = 2, a constant. Therefore, the method of undetermined coefficients
applies to find y,,.

Trial Solution. The atoms of r(x) are subjected to differentiation. The dis-
tinct atoms so found are 1, z, e*, ze*, cosx, sinx (drop coefficients to identify
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new atoms). The solution e=2% of ' + 2y = 0 does not appear in the list of

atoms, so the fixup rule does not apply. Then the trial solution is the expression
y =di(1) + da(z) + d3(€”) + da(xe®) + ds(cos x) + dg(sin z).

Equations. To substitute the trial solution y into y’ + 2y requires a formula
for y':
Yy = dy + dse® + dyze” + dye” — dssinzx + dg cos .

Then

r(z) =y +2y
= dy + dze® + dyxe® + dye® — ds sinx + dg cosx
+ 2d1 + 2dox + 2dze” + 2dsxe” + 2ds cos x + 2dg sin x
= (d2 + 2d1)(1) + 2da(x) + (3ds + da)(€*) 4 (3d4)(xe®)
+ (2ds + dg)(cosz) + (2dg — d5)(sin )

Also, r(z) =1+ 2z + ze® 4+ 3sinz. Coefficients of atoms on the left and right
must match. For instance, constant term ds + 2d; in the expansion of y’ + 2y
matches constant term 1 in r(x). Writing out the matches gives the equations

2dy + ds =1,
2ds =2,

3ds + dy =0,

3dy =1,

2ds + dg =0,

— ds + 2dg = 3.

Solve. The first four equations can be solved by back-substitution to give
dy =1,dy =0, dy = 1/3, d3 = —1/9. The last two equations are solved
by elimination or Cramer’s rule (reviewed in Chapter 3) to give dg¢ = 6/5,
ds = —3/5.

Report y,. The trial solution y with evaluated coefficients dy, ..., d¢ becomes

(x) 114— . 3cos +6s'
Xr) =T — —€ —-re — — X —Sinx.
Yp 9¢ 73 5 5

A Fixup Rule Illustration. Solve the equation
Y + 3y = 8¢® + 32737

by the method of undetermined coefficients. Verify that the general
solution y = yj, + yp, is given by

yp = ce 3%, yp = 2e” + z3e 3%,

Solution: The right side r(z) = 8¢” + 3z%e™3” is constructed from atoms e”,

x2e73%, Repeated differentiation of these atoms identifies the new list of atoms

e®, e 3%, ze3% x2%e=3%, The fixup rule applies because the solution e=3* of



16

92

y' 4+ 3y = 0 appears in the list. The atoms of the form z™e 3% are multiplied

by x to give the new list of atoms e®, ze 3%, 22e 3%, 23¢73%. Readers should
take note that atom e® is unaffected by the fixup rule modification. Then the
corrected trial solution is

y = d1e® + dyxe 3% + dgz?e 3% + dyade 3",

The trial solution expression y is substituted into y’ + 3y = 2e® + x%e 3% to
give the equation

Ad1e® + doe ™37 + 2dsze ™3 + 3dya?e 3% = 8e® 4 3z2e 7.

Coeflicients of atoms on each side of the preceding equation are matched to give
the equations
4d;y =8,
do =0,
2ds =0,
3dy = 3.

Then d; = 2, ds = ds = 0, dy = 1 and the particular solution is reported to be
yp = 2e” + x3e737,

Examples

Example (Variation of Parameters Method) Solve the equation 2y’ +
6y = 4ze™ 3" by the method of variation of parameters, verifying y = Y +Yp
is given by

—3x 2 —3x
Yp = ce s Yp =ZT7€ .

Solution: Divide the equation by 2 to obtain the standard linear form
Y + 3y = 2ze 37,

Solution y;,. The homogeneous equation y’ + 3y = 0 is solved by the recipe to
give ), = ce 3.

Solution y,. Identify p(z) = 3, r(z) = 2ze73* from the standard form. The
mechanics: let y' = f(x,y) = 2ze 3% — 3y and define r(z) = f(x,0), p(z) =

—fy(z,y) = 3. The variation of parameters formula is applied as follows. First,

compute the integrating factor Q(z) = eJP@de _ 30 e

wiz) = (1/Q) / r@)Q(x)dx
_3If2xe_3we3wd:v

e
xle=3T,

It must be explained that all integration constants were set to zero, in order
to obtain the shortest possible expression for y,. Indeed, if Q = ¢3*¢1 instead
of 3%, then the factors 1/Q and @ contribute constant factors 1/et and e,
which multiply to one; the effect is to set ¢; = 0. On the other hand, an
integration constant ¢y added to [r(z)Q(z)dz adds the homogeneous solution
c2e73% to the expression for y,. Because we seek the shortest expression which
is a solution to the non-homogeneous differential equation, the constant co is
set to zero.
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Example (Undetermined Coefficient Method) Solve the equation 2y’ +
6y = 4ze™" +4ze 3% + 5sin z by the method of undetermined coefficients,
verifying y = yp, + y, is given by

1 1 3
yp = ce 3%, Yp = —ie_m +2e™? 4 2% — 7008 + 1 sin x.

Solution: The method applies, because the differential equation 2y’ + 6y = 0
has constant coefficients and the right side r(x) = 4ze™® + 4xe 3% 4 5sinz is
constructed from the list of atoms re ™%, xe 3%, sinz.

T 3

List of Atoms. Differentiate the atoms xe™", xe™>%, sinx to find the new list
of atoms e ™%, ze™ 7, e 3%, 2e73%, cosz, sinz. The solution e 3% of 2y’ +6y = 0
appears in the list: the fixup rule applies. Then 3%, xe=3 are replaced by
xe 3% 22737 to give the corrected list of atoms e™®, ze™®, xe 3%, 22e37,

cosz, sinz. Please note that only two of the six atoms were corrected.

Trial solution. The corrected trial solution is
y=die "+ dyxe " 4 dzze 3% + dyz?e 3% + ds cosz + dg sin .
Substitute y into 2y’ + 6y = r(x) to give
r(z) = 2y +6y

= (4dy + 2d2)e® + 4ddaxe " + 2dze 3% + ddywe 3"
+(2ds + 6d5) cosx + (6ds — 2d5) sinx.

Equations. Matching atoms on the left and right of 2y’ + 6y = r(z), given
r(z) = dwe™" + 4xe 3% + Hsinx, justifies the following equations for the un-
determined coefficients; the solution is dy = 1, dy = —1/2, d3 = 0, dy = 1,
ds =3/4, ds = —1/4.

4dy + 2d, =0,
4ds =4,

2d3 =0,

4dy =4,

6ds + 2dg = 0,

— 2d5 + 6dg = 5.

Report. The trial solution upon substitution of the values for the undetermined
coefficients becomes

1 1
Yp = —§e*x +xe % 4 273 — 1 cosx + 1 sin z.

Details

Historical Account of Variation of Parameters.
r=y' +py Let R(z) = e JP@d  pAcoime y =
yo(z)R(x) solves y' + py = r.
= (yoR)" + pyoR Substitute y = yo(x)R(z) but suppress .
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= yoR + yoR' + pyoR

= yoR — yopR + pyoR
=y,/Q

Apply the product rule (uv)" = u'v 4+ uv'.

Let Q = e P@= Apoly O — —pQ.
Because 1/R = Q.

The calculation gives y{(z) = r(z)Q(z). The method of quadrature applies to
determine yo(z) = ffﬂ (r(t)Q(t))dt, because yo = 0 at © = xg. Then y = yR
duplicates the formula for y5 given in (5), which is equivalent to (2).

Exercises 2.4

Variation of Parameters |. Report
the shortest particular solution given
by the formula

rQ
i) = L2 q=elr.
1.y =xz+1
2.y =2r-1

3.y +y=e*

4. y +y=e2"

5.9y —2y=1
6.y —y=1
7.2y +y=¢€"

8. 2y +y=e"
9. oy =x+1

10. 2/ =1 — 22

Variation of Parameters Il. Com-
pute the particular solution given by

cul ‘
i) = 3t auy =l

11. y =z+1,20=0

12. ¢/ =22 —1,20=0

13. Y +y=e"% 20=0

14. Y +y=e2", 20=0

15. 3y —2y=1,20=0
16. vy —y=1,20=0

17. 2y +y =€, 39 =1

18. 2y +y=e% a0 =1
19. 2y =z +1,20=1
20. 2y =1—22, 29=1

Atoms. Report the list of distinct
atoms of the given function f(z).

21. x+e*

22. 14 2z + 5e”

23. z(1+ z + 2¢%)

24. 222+ 22) + 2% ®

25. sinxcosx + e*sin2x

26. cos?z — sin’ x + z2e” cos 2z

27. (1 + 2z + 4ad)e®e3%er/?

28. (142z+4x°+€” sin 2z)e~3%/4e7/2
T +et

29. — sin 3z + 3 cos 3z

e—2

x + e®sin 2z + 23
8721

30. sin bx

Initial Trial Solution. Differentiate
repeatedly f(x) and report the list of
distinct atoms which appear in f and

all its derivatives.
31. 12+ 522 + 627
32, 28/x7% +102% /26
33. 22 + e
34. 23 + 5e*

35. (1+a+2%)e® + cos2x
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36. (x+e®)sinx + (x — e *)cos2x

37. (z +e® +sin3x + cos 2z)e2®

+ 4 cos3x + 5sin 2x)e 3¢

39. (1+ 2?)(sinzcosx — sin2x)e®

3z

(

(
38. (z%e7*

(
40. (

8 — 2°)(cos? z — sin® z)e3®

Fixup Rule. Given the homogeneous
solution y, and an initial trial solution
Yy, determine the final trial solution ac-
cording to the fixup rule.

41. yu(z) = ce®®, y = dy +dox +d3e®

42. yh(a:) = ce®, y = dy + dye*® +
dsze?®

43. yp(z) = e’ y = dy + dax + d32®

44. yu(z) = ce®, y = dy + dox + d3z?

45. yp(x) = ce®, y = dycosz +
dosinx + dze”

46. yp(r) = ce®®, y = d1e** cosx +
dye®® sinx

47. yh(I) = 062;37 y = d162$ +
doxe®® + dsz?e?®

48. yp(r) = ce %% y = die % +

doze™2% 4 dge®® + dyze?®

49. yu(z) = ca?, y = dy + dax + dsa?

50. yn(v) = ca®, y = dy + dox + d32®
Undetermined Coefficients: Trial
Solution. Find the form of the cor-
rected trial solution y but do not eval-
uate the undetermined coefficients.

51. 3y = 23 +5+22e%(3+22 +sin 27)

52. ¢y = 2% +5x+ 2+ 2%e*(2 + 3z +
5 cos4x)

53. v —y = 2® +2r + 5+ zte®(2 +

4x + T cos 2z)

54. y' —y = 2 + 52 + 2 + 23e%(2 +

3x + 5 cosdx)

55. ¢ —2y = 23+ 2%+ 3¢ (2e* + 37+
5 sin4x)
56. y' — 2y = 2%e?* + 12e% (3 + 4e® +

2 cos 2z)
57. y' +y = 2?4+ 5r+2+ 23 % (62 +
3sinz 4 2cosx)
58. y' —2y = 2° + 523 + 14+ 23e®(5+
Tze 37)
59. 2y +4y = ot 4525+ 228+ a3 (T+
Sxe® + 5sinllx)
60. 5y +y = % + 5z + 2e*/° +
23e®/5(7 4 9z + 2sin(92/2))

Undetermined Coefficients. Com-
pute a particular solution y, according
to the method of undetermined coeffi-
cients. Report (1) the initial trial so-
lution, (2) the corrected trial solution,
(3) the system of equations for the un-
determined coefficients and finally (4)
the formula for y,,.

6l. y +y=zc+1
62. Y +y=20—1
63. vy —y=e*+e*
64. y —y=xe* +e*

65. y —2y=1+x+€2* +sinx

66. vy —2y =1+ + xe* + cosx

67. y +2y =xe 2 423

68. ¥ +2y = (2+ x)e 2 + xe®

69. v =22 + 4+ xe®(3 + cosx)

70. v/ = 22 + 5+ 2e%(2 + sinx)



