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Bounds for Effective Parameters of
Heterogeneous Media by Analytic Continuation

K. Golden* and G. Papanicolaou**
Courant Institute, New York University, New York, NY 10012, USA

Abstract. We give a mathematical formulation of a method for obtaining
bounds on effective parameters developed by D. Bergman and G. W. Milton.
This method, in contrast to others used before, does not rely on a variational
principle, but exploits the properties of the effective parameter as an analytic
function of the component parameters. The method is at present restricted to
two-component media.

1. Introduction

Once the notion of an effective parameter of a composite or heterogeneous medium
has been properly established, it becomes clear that even in simple cases, for example
in periodic structures, these effective parameters are very difficult to calculate.
Consequently one turns to the determination of qualitative properties such as
bounds for these parameters under various assumptions about the microscopic
properties of the medium under study.

Recently Bergman [1-6] introduced a method for obtaining bounds which does
not rely on the availability of variational principles. The method of Bergman has
been elaborated upon in detail and applied to several problems by G. W. Milton [7-
10]. Bounds obtained previously, in particular the Hashin-Shtrikman bounds [11-
13] required variational principles. The scope and utility of variational methods for
obtaining bounds is analyzed in [14], while extensive analysis and use of variational
methods has been made by Willis [15, 16], Dedericks and Zeller [17], as well as
many other authors referred to in these papers.

Our purpose here is to give a mathematical basis for Bergman's method, in
particular for the key step in it which is a representation formula for the effective
parameter. This formula is restricted at present to two-component inhomogeneous
media.

* Supported by a Hertz Foundation fellowship
** Research supported by the Air Force Office of Scientific Research under Grant AFOSR-80-0228



474 K Golden and G Papanicolaou

The reason the representation formula is important is as follows. When the
microscopic medium is nearly homogeneous (its parameters differ little from
constant values), one can derive approximations for the effective parameters by
direct perturbation analysis. The information contained in the perturbation
expansion can then be used together with the representation formula to yield global
results not restricted to nearly homogeneous media.

Our interest in Bergman's method was stimulated by the very interesting lectures
of Bergman and Milton given during a meeting in New York in June 1981 and by
discussions with Luc Tartar who has yet another very interesting method for
obtaining bounds without the use of variational principles.

2. Formulation of the Problem

We shall consider the determination of bounds for the effective dielectric constant
(or conductivity) of a two or several-component microscopically isotropic material.
For the formulation of effective parameters we shall consider a general dielectric (or
conducting) medium.

Let (Ω, J ,̂ P) be a probability space and let eί7 (x, ω) be strictly stationary random
fields of xe Ud, ij=l,2,...9d such that

d d d
α Σ &= Σ εij(χ>ω)ξiξj = β Σ £'2? (2>1)

where α and β are constants independent of x and ω and ξ fe(R, i = 1 , . . . , d.
By strict stationarity we mean that the joint distribution of £ij(xl9ω),
εij(x29ω)9...9εij(xN9ω) for any points x i ? x 2 , . . . , xNεUd and that of
εij(χι + Λ, ω),..., εij(xN + Λ, ω) for any he (Rd are the same. More specifically, we shall
assume as in [18] that there is a group of transformations τχ9 xeUd, from Ω into Ω
that is one to one and preserves the measure P. That is, τxτy = τx+y and for any Ae3P,
P(τ_xA) = P(A). We shall suppose that there are measurable functions εtj(ω) on Ω
satisfying (2.1) such that

ε t j ( x 9 ω) = ε0 (τ_xω), xeRd, ωeΩ, ij = 1,2,..., d. (2.2)

We consider the following problem in electrostatics. Find two stationary
random vector fields Et(x9 ω) and D.(x, ω), i = 1,2,..., d such that

/>,.(*, ω) = X eιv(x, ω)Ej(x, ω), i = 1,2,..., d9 (2.3)

-j-Et(x, ω) = ^-Ej(x9 ω) ί j = 1,2,..., d, (2.4)
oXj dx{

Σ — D j ( x 9 ω ) = 09 (2.5)
j = L d X j

j P(dω)Ei(x, ω) = Ei9 i=\,2,...,d. (2.6)
Ω

The constant vector E is given. The existence of a unique solution to (2.3)-(2.6) is
proved in the next section since the setup of the proof will be needed for the
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representation formula we want. Once Ei and Di have been obtained, the effective
dielectric constant εfj is defined by

d
£ εfjEj = f P ( d ω ) D i ( x 9 ω ) , i=l,2,...,d. (2.7)

Problem (2.3)-(2.6) is the usual electrostatic problem for the electric field E and
the dielectric displacement D (or the negative temperature gradient and the heat flux
respectively for the thermal conductivity problem) in a stationary random dielectric
medium when the mean electric field E is a given constant vector. The average
dielectric displacement for unit mean electric field is the effective dielectric constant
as expressed by (2.7) and is independent of xeUd.

In the appendix, we show that the above definition coincides with the usual and
perhaps more intuitive one. There, a finite cube of dielectric material with edges of
length 2N is considered and the average dielectric displacement D^ is computed
under suitable boundary conditions. If εfj>N(ω) denotes the average dielectric
displacement in the Ith direction due to a unit mean electric field in the 7th direction,
we show that as N -> oo it tends to the εfj of (2.7), which is what one expects.

The reason that we consider an infinite stationary medium and work with it
directly is because ε? is a local quantity that has nothing to do with macroscopic
boundaries. Moreover, the finiteness of a domain conflicts with the properties of
stationarity and isotropy which simplify the analysis considerably.

The microscopic dielectric constant ε (or tensor εI7) must be positive in
accordance with (2.1). In some situations the fields as well as ε can be complex-
valued and (2.3)-(2.6) is still well posed. Complex dielectric constants arise from the
time harmonic form of Maxwell's equations when ε is replaced by ε + σ/iγ, where σ is
the conductivity and γ is the radian frequency of oscillation of the fields.

The object of this paper is the determination of the range of values of εfj under
various hypotheses on εij(x,ω). We return to this in Sects. 5 and 6.

3. Existence and uniqueness for the Electrostatic Problem

We shall show that (2.3)-(2.6) suitably formulated has a unique stationary solution
Eι(x9ω)9 Df(x,ω). The analysis is similar to the one in [18].

The group of transformations τx acting on Ω induces a group of operators on the
Hubert space of real-valued functions H = L2(Ω, J%P) with inner product

(7 3) = f P(dω)J(ω)g(ω\ 7 §eH.
Ω

The group of operators Tx on H is given by

(Tj}(ω)=J(τ_xω\ xeUd. (3.1)

Since τx is measure preserving, the operators Tx form a unitary group. Therefore
they have closed densely defined infinitesimal generators Li in each direction
i=\929...9d9 with domain Q)i c H. Thus

, i = l,2,...,d, (3.2)
x = 0
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with differentiation defined in the sense of convergence in H for elements of S>t. The
closed subset of H

(3-3)
ϊ = l

becomes a Hubert space with the inner product

(u9 v) = j P(dω)ύ(ω)ϋ(ω) + £ J P(dω)Liύ(ω)Liϋ(ω). (3.4)
Ω i=lΩ

We return to (2.3)-(2.6). Since everything involved with this problem is to be
stationary, we look for solutions Ei9 D in the form

) = Di(τ_xω). (3.5)

In fact, let 2? be the Hubert space

# = {7;(ω)e//, i=l ,2 , . . . ,d\Ljj = L& weakly and J Ji(ω)P(dω) = 0},
Ω

(3.6)

and consider the following variational problem: find Gt(ω) in 3? such that

\P(άω) £ είj(ω)(Gj(ω) + Ej)fi(ω) = 0 (3.7)

for all JLe^. In view of (2.1) this problem has a unique solution by the
Lax-Milgram lemma. Clearly

Et(ω) = e£(ω) + Ei9 D.(ω) - Σ ε£J(ω)£/ω) (3.8)
j = ι

is the unique solution of (2.3)-(2.6) via (3.5).
The effective dielectric constant defined by (2.7) can also be written in the form

Σ εfjEj= Σ !P(dω}SiJ(ω)£J(ω). (3.9)
j=l j=lΩ

Choosing the components of the constant vector Ej equal to δjkj = 1, 2, . . . , d for
some k = l,2,...,d, and denoting the corresponding field E by Ek

j9 (3.9) is
transformed to

4= Σ JP0ω)filV(ω)£J(ω) i , fc= 1,2,...,A (3.10)
7 = 1 β

In view of (3.7) we can write (3.10) also in .the symmetric form

4= Σ f/WMω)fi}(ω)Eί(ω), U= 1,2,..., d. (3.11)
», j=l Ω

One can equally well formulate (2.3)-(2.5) with (2.6) replaced by

J P(dω)Dt(x9 ω) = Di9 i = 1, 2, . . . , d, (2.6')


