




















366 KENMNETH GOLDEN

induced by (8,,08,,6,) — (6, +1,6,.8,) on T°. Thus o"(k) is
interchange invariant, [

As an immediate consequence of (3.4) and Lemma 3.1, we have

TueoreM 3.2. Let o {x,8) =68 +kx), x € R*, where & isa
checkerboard of ¢, and o, on T . Then for all irrational k&,

(3.6) det (o7 (k)) = 0,0, .

We now obtain the discontinuity. Let the cube nearest the origin
in 7° (~ [0, 133 y have conductivity ¢,. Consider the plane passing
through (1,0, 0), (0, 1, 0),and (0, 0, 1), and then translate it down-
ward so that it passes through (0,0, 3/4). Let k, span this plane
and let 8, =1(0,0,3/4). The resulting patiern %ﬁ(ia 8,) is a peri-
odic array of six~§}0in‘iaé stars with a central hexagon of ¢, , which is

“isotropic”, (ko i) =0 (%; 8,)9;; ;> dueto the six-fold symmetry
about the cemar of ﬂ}ﬁ hexagon. Eﬁewmer this array is not interchange
invariant, since p, 2 while p, = 3, which indicates that we should

4
not expect that dei{@’ (ky: 84)) =0, m .

Lemma 3.2. There exist o, and o, such that for the resulting &
and k,, 8, as above,

(3.7) det (5" (k,; 84)) # 0,0, .

The proof is obtained by using the isotropy of 55}(%{@ LB, =04, ;
and the arithmetic mean upper bound on ¢ .

Theorem 3.2 and Lemma 3.2 together vield a discontinuity in
det (o7 (k)) at k = k,. Since det{g”™) is a continuous function of &,
we have

Cororiary 3.1. Let o, and o, be as in Lemma 3.2. Then " (k)
is discontinuous at k= K,

We have constructed here only one example of a rational k for which
the discontinuity can be proven. When the denominators in the rational
numbem in k are much larger, so that p, and p, are both very close to

, the groef mveimﬁg the simple bound will not work, as much ‘{1ghfier
bemnﬁs on o° would be required. Nevertheless, we expect that o (k)
is discontinuous at “most” rational k.

3.3, d > 3. For 4 > 3, the inequality

(3.8 al(o,, 0,)0,(0,, 0,) 2 0,0,
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replaces {3.4), for all pairs of eigenvalues o, and f:?; . which was first
proved by Shulgasser [18]. Since Lemma 3.1 holds for 77 as well as
73 , slight manipulation of (3.8) yields

TurorEm 3.3. Let a,(x, ) = 6(8+kx), x € RY, d 23, where
5 is a checkerboard of o, and o, on T", n 2 d+ 1. Then for all

irrational k,
(3.9) det (" (1)) > (0,0,)""

The discontinuity is established by finding rational k for whach there
are o, and o, such that det (g" (k) < (5,. 52)df z

We remark that whenever interchange of o, and ¢, in the ambient
environment & on R is induced by a change in realization £ — g,
which, in fact, can be assumed to be a translation, the conclusions of
Theorer 3.2 for d = 2 or Theorem 3.3 for 4 2 3 hold. This observa-
tion vields a large class of media which exhibit the discontinuity in the
same way as the checkerboard.

3.4. Phase averaging. Let us consider explicitly the “vhase” § of the
tocal conductivity field, for example in one dimension with o, (x, 8) =
A+cos(x+8,)+cos(kx+6,), 4> 2. Then o"(k, ) will depend on
g for k rational but not for k& irrational. For the = 2 checkerboard
example one can see this as well by observing that for k irrational the
relative volume fractions p, and 7, = 1—p of g, and o, are mde-
pendent of phase, with p, =7, = i, while for k rational they depend
on phase. In other words, the discontinuity in ¢" arises from a discon-
tinuity in the microgeometry, as characierized by the volume fraciions.
Tt is surprising that even after averaging over phase, the discontinuity
persists, which we can prove in d=1. Given ¢,(x, 8) = 5(8 + kx),

§eT", define
(3.10) o7 (k) = _[ (&, 0)d8 |
Tﬁ

where o (k, 8) is the effective conductivity of a,{x, §). Also let
{5’}“1 be given by the right side of (2.11). Then, using Jensen’s in-
equality, we can prove

THEOREM 3.4. For d =1,

(3.11) g k> 7.

EY N
Furthermore, equality holds in (3.11) if and only if ok, 8) is indepen-
dent of 8 (almost surely with respect to d§ on 7.
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While we believe but have not yet proven that the discontinuity is
generally present in higher dimensions for g, (k), which is the analog
of (3.10) for d = 1, we can prove

TueorsM 3.5. For d 2 1, @, (k) is upper semicontinuous in k.

4. Arbitrarily slow approach fo limiting behavior, We now discuss the
consequences of the discontinuity for the rate of approach 10 limiting
hehavior of diffusion and conduction in guasiperiodic media. First, we
present a general result about functions with discontinuous limit from
which a1l the results about diffusion and conduction follow.

4.1. General resulis on approach to limits. The statement of the basic
theorem is aided by the following

DerFmITION. For two functions g{f) and A(¢) with lim,_ __ g(6) =0
and lim,_ __ A(f) = O, we say that g(f) is greater than A{¢) infinitely
ofien,

(4.1) glt) > At}
if there is a sequence {, — oo such that
{4.2) glty>n(t,), ¥n.

We now state the principal result,
TueoreM 4.1. Ler flk, 1) : RY x [0, o0) — R satisfy the following
conditions:
(i} flk,t) is jointly continuous in k € rY ezfza’ t€{0, )},
(i) lim _ _ flk, 1} = F{k) exisis forall k € R”
(iiiy F (%;) is discontinuous on a dense set A C E
Then for any sequence of functions {g{1}, 1 € g, 90)} with lim,_ gj{f)
= 0 foreach j, there exists adenseset I C RY such that foreach ke I,

(4.3 Sk, -Fl> g, YJ.

The idea of the proof is to construct each k in T as the lmit of
a sequence {k_} such that F is discontinuous at each k . Because
of the discontinuity at k,, F(k,) can be bounded away fmm Flk)
while k, is arbitrarily close 1o k. Then for a corresponding arbitrarily
long time f(k, 1) is close to F{k,), which serves as 2 “plateau” for
f{k, t}. These arbitrarily long plateaus give rise to the slow decay of
I f(k, 1) — F{k)| as stated in the theorem.
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A rather striking consequence of Theorem 4.1 involves the notion of
an expressible function, i.e., one which can be defined, either explic-
itly or implicitly, using standard mathematical symbols. An example
of such an implicitly defined function is one that satisfies, say, a dif-
ferential or integral equation which has 2 unigue solution. Since any
expressible function is determined by a finite string of symbols from a
finite alphabet, there are only countably many such functions. Clearly,
then, we have

CoroLrrary 4.1, Ler flk, 1) satisfy the conditions of Theorem 4.1,
Then there exisis a dense set T C R such that for each b €T,

(4.4) ik, - Flk)] > gz .
for every expressible function g with im,__ g(f) = 0.

We remark that there is no contradiction here because for k € I,
|/ {k, ) — F{k}| is not expressible.

To appreciate how slowly | f(k, 1) — F(k)| decaysfor k€T, observe
that 1f(k, 6)~F(k}| > {log--- k}gz}”i , { — oo, for any fixed number of
iterations of the logarithm. Indeed, no law, be it algebraic, logarithmic,
or whatever can capture the behavior of |f{k, ) ~ F(k)|, not even in
the weak sense of upper bounds.

While T in the above resulis is dense, it is presumably of Lebesgue
measure zero, so that it is analvtically “small”. However, by replacing
condition (i) above with a slightly stronger one, namely that F{k) =
w(k) for some continuous ¢ when k ¢ A and F{k) # ¢{k} when
k € 4, I’ can be shown to be a dense E%. That is, it iz a densg,
countable intersection of open sets, which is (fopologically) generic,

4.2. Diffusion in guasiperiodic potentials. We now apply Corollary
4.1 t0 Z{k, 1) and related functions. While conditions (i} and (ii) are
clearly satisfied by, say, @ (k, 1}, we must discuss condition (ii1). In one
dimension, given any ¥, one can in principle check the explicit formula
for D"(k) to see if it is discontinuous on a dense set in R. Typically
there is a dense set of rationals on which D"(k) is discontinuous. (In
fact, typically D({k) satisfies the sironger condition mentioned at the
end of the previous section.) In higher dimensions, although an explicit
formula for D7(k) is lacking, we believe for the following reasons that
typically I¥" (k) is discontinuous on a dense set in ®" . First, as argued
in [1], the integrals involved in representation formulas for D" are
averages over trajectories on tori which depend discontinuously on k, as
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in one dimension. Secondly, the findings of Section 3 for o (k) (which
can be defined via a diffusion process) suggest that the discontinuity is
generic. Accordingly, we shall state our resuits for systems with this
property, and make the following

DEFINITION. A potential 7 on T" is “typical” if D"(k) is discon-
tinuous in k on a dense set in Y.

Now, applying Corollary 4.1 to Z(7), we have

Tuporem 4.2. Let V on T" be typical. Then for diffusion X, in
RY sarisfying (2.12) with Vy(x, ) = P(@+kx), x € B, £ €T,
there is a dense sei T C RY such that for every k€T,

(4.5) 2k, ) D ()} > g1},
Jor every expressible function g(t) with im,___g{1)= 0.

We remark that the k’s in I' here are irrationals that are very well
approximated by rationals. Furthermore, in one dimension, and pre-

sumably in higher dimensions, Theorem 4.2 holds for a dense ¥ set
as well,

We now wish 1o state results corresponding to Theorem 4.2 for other
functions of interest, namely the “velocity autocorrelation” functicn
and the frequency dependent diffusivity. The “velocity autocorrelation”
function {VAF) is defined by

(4.6) c()=E[VV(X) - VVX)]Z0,
which is related 1o Z'(k, ) via
H o0
(4.7) Gk, D) :@*(gwé f ds j cluydu .
a s

Now, frora Theorem 4.2 and (4.7) we can prove

TueoreM 4.3, Letf V oon T betypical with X, asin T, heorem 4.2.
Then there is a dense sei I C RY such that for every k€T,

(4.8) clk, 1) > Ay,
1.0,
for every expressible h which is integrable on 0, o},

In order 1o state our last result of this subsection, we iniroduce the
frequency dependent diffusivity

o~ e 2 -
(4.9) Dk, w) = a}f TUE X,

Lt
¢
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which can also be written in ferms of the VAF

(4.10) Bk, w)=1- jf ek, 1) dr |
[

By applying an @ — 0 version of Corollary 4.1 10 D(k, w}, where

tim,_,D(k, @) = D'(k), we have

TusorEM 4.4, Let V on T" be typical with X, as in Theorem 4.2.
Then there is o dense set T C R" such that for every ke T,

(4.11} 1Dk, ) - D'(K)| > g{w) , @—0,
for every expressible function g(w) with im ,_,glw)=0.

4.3. Conduction in guasiperiodic media. Recall from Section 2 that
" (L,k, §) is the effective conductivity of a sample of side 2L of
g, (x, @), which in d = 1 has the form (2.10). W are interested in
averaging ¢ (L, k, 8} over T7 to obtain

-~

(4.12) ok, L) :J{ o'k, L, 8)dd |
?-fz

which is continuous in k, as well as L. Then

(4.13) 5%&195’ (k,L)y=e_ (k) ,

where o, (k) is the same as in Section 3.4.

As in Section 3, we say that & on 77 is “typical” if &, (k) is discon-
tinuous in k on a dense subset of R" . We have again using Corollary
4.1,

Tuzorem 4.5, Let & on T7 betypical. Thenfor & (k, L} in{4.12)
arising from a local conductivity field o, {(x , §) = ¢{8 +kx}, there exisis
a dense set T ¢ RY such that for each k€T

(4.14) o (k, ,zi}——a;{g);iz gLy, L—ooc,
for every expressible function g{L) with im, | g(L)=0.

4.4. Quanium transport in guasiperiodic potentials, We consider the
time dependent Schridinger eguation on the lattice Z in one dimension
defined by the Hamiltonian

{415} Ef-——f_\.+sccs,2;zkxj s xjﬁz ,
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where A is the discrete Laplacian in d=1. When k is rational, H
has purely absolutely continuous spectrum, and

. . = i 2 2
(4.16) ble,ny=3 le" flxpl'x;
je=—oo
which is a quantum analog of the mean squared displacement for some
initial f of compact support, has “hallistic” asymptotic behavior. That
is, when k is rational,
. . k,t *
(4.17) hmx@{k,f}zhmﬁ‘——z’——}?zﬁ (k) >0.
Fromr [ el i
However, when ¢ is large enough and k is irrational with good dio-
phantine properties, then H has only localized states [1%,28]. In this
case it can be shown [21] that

(4.18) lim Z(k, =0,

so that F(k, 1) apparently displays discontipuous limiting behavior
similar to @k, 1) for classical diffusion, with & (k, t) continuous in
k and ¢. Presumably B"(k) is discontinuous on a dense set. Then
shere exists 2 dense set I such that for each kel,

(4.19) Bk, 1)~ B0 2, £(0)

for every expressible function g with lim, __ g{f) = 0. Presumably
the ks in such a I are irrationals that are very well approximated by
rationals.
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