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institutionalized once the seed money disappears 
[Bacchetti and Ehrlich, 2006]. We believe that 
changes prompted by the CID will stick because 
these were choices made by the department itself, 
rather than as a response to an external agent” 
(page 165). As a dean I view this as the “if they 
really want to do it, they can do it on their own 
and thus they don’t need the college’s scarce re-
sources” approach.

On the other hand, there is, for example, the 
approach of the NSF Division of Mathematical Sci-
ences through its workforce program. So where 
does the truth lie?

Of course the truth is somewhere in between. I 
agree that reform needs to be a grassroots move-
ment from faculty, staff, and students as a funda-
mental cultural shift is necessary. But oftentimes 
these shifts require more than just will. So how 
do you convince your administration or the NSF? 
I think the answer is similar for both. Further, 
most deans think alike on this point and it is no 
secret—but it is amazing to me at least—how few 
department chairs provide us the information we 
want/need to invest scarce resources in a depart-
ment. We are looking for evidence that you have 
done your homework, that you have reflected on 
the issues, that you have well-thought-out plans, 
and that you have ways to evaluate the success of 
these plans if you are able to implement them. We 
are also looking for evidence that you have done 
all that you can do on your own. Everyone could 
use more resources, but what have you done to 
conserve the resources that you have? How high a 
priority is this to your department, as evidenced 
by a serious investment of your own time and 
resources? These issues can require serious and 
often delicate discussions, but progress is made 
not just by adding on but sometimes also by cut-
ting back.

I’ll step off my soapbox now and return to the 
book at hand. I highly recommend it to all faculty 
members interested in improving their graduate 
programs. It is a relatively quick read. Indeed, por-
tions most relevant to other disciplines can often 
be skipped, although the cross-cultural enlighten-
ment these sections can provide can be both amus-
ing and worthwhile. The authors and the Carnegie 
Foundation for the Advancement of Teaching are 
to be commended.
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About the Cover

Real analysis in polar coordinates

The cover image shows Ken Golden (author 
of the article on the mathematics of sea ice 
in this issue) measuring the fluid permeabil-
ity of first year Antarctic sea ice. He writes 
about it:

“The fluid permeability of porous sea ice 
controls brine drainage, melt pond evolution, 
surface flooding, and snow-ice formation. 
Melt pond evolution, for example, in turn 
controls sea ice reflectance, a key parameter 
in understanding the dramatic decline of the 
summer Arctic ice pack. Snow-ice formation, 
a dominant process in the Antarctic, may well 
become more prevalent in the Arctic as the 
ice pack thins. The permeability also controls 
microbial colonization and nutrient fluxes, 
which are important in gauging the response 
of polar ecosystems to climate change. The 
permeability measurements I made on this 
expedition were the first such measurements 
done in the Antarctic ice pack. The photo-
graph was taken by Jan Lieser.”

—Bill Casselman, Graphics Editor
(notices-covers@ams.org)



Climate Change
and the Mathematics
of Transport in Sea Ice
Kenneth M. Golden

A
s the boundary layer between the ocean
and atmosphere in the polar regions,

sea ice is a critical component of the

global climate system. As tempera-
tures on Earth have warmed, the Arctic

sea ice pack in particular has exhibited a dramatic
decline in its summer extent. Indeed, the polar sea

ice packs are harbingers of climate change. Pre-
dicting what may happen over the next ten, fifty,

or one hundred years requires extensive modeling

of critical sea ice processes and the role that sea
ice plays in global climate. Currently, large-scale

climate models in general do not realistically treat
a number of sea ice processes that can signif-

icantly affect predictions. Moreover, monitoring

the state of Earth’s sea ice packs, in particular
their thickness distributions, provides key data

on the impact of global warming. Mathematics is
currently playing an important role in addressing

these fundamental issues and will likely play an

even greater role in the future. Here we give a brief
bullet-by-bullet summary of the contents of this

article.

Question 1. What is the role of polar sea ice in

global climate?

• Sea ice forms the boundary between the
polar oceans and the atmosphere, and me-

diates the exchange of heat, gases, and
momentum between them. The polar sea

ice packs help regulate Earth’s climate and

are acute indicators of climate change.
• While sea water absorbs most incident

solar radiation, sea ice reflects most of
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it. Earth’s sea ice packs act as solar heat
reflectors, as well as ocean insulators,
keeping significant heat from escaping to
the atmosphere.

• Sea ice is a porous composite of pure ice

with liquid brine inclusions. The flow of
fluids through sea ice mediates processes
important to climate, from melt pond evo-
lution, which controls the reflectance of
the sea ice packs, to upward percolation
of sea water, which floods the surface and

then freezes, forming snow-ice, an increas-
ingly important component in the sea ice
system. Brine flow though sea ice can also
enhance heat exchange.

• Sea ice hosts algal and bacterial com-
munities which support life in the polar
oceans. Nutrient replenishment processes

are controlled by fluid transport through
the microstructure.

• The state of the polar sea ice packs—their
extent and thickness—provides important
information in monitoring climate change.

Question 2. What is the role of mathematics in
modeling transport in sea ice?

• Various techniques within the field of ho-
mogenization are used to derive macro-
scopic information about transport in sea

ice from partial information about its mi-
crostructure.

• Variational formulations for the trapping
constant and mean survival time for dif-
fusion processes which interact with the
pore boundaries are used to obtain rig-

orous bounds on the fluid permeability
tensor for sea ice, based on general mi-
crostructural information.
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• Fluid transport in sea ice exhibits a perme-

able/impermeable transition at a critical

brine volume fraction of about 5%, which

controls geophysical and biological pro-

cesses. X-ray computed tomography and

mapping of the pore microstructure onto

random graphs are used to demonstrate

that the brine phase of sea ice under-

goes a transition in connectedness at this

brine volume fraction. Percolation theory

is used to theoretically predict the tran-

sition and to mathematically characterize

the thermal evolution of the fluid pores

and their connectedness.

• Lattice and continuum percolation mod-

els are used to predict critical behavior

of the fluid permeability in sea ice, with a

universal exponent describing the behav-

ior above the percolation threshold, and

critical path analysis yields the scaling

factor.

• Hierarchical models developed for porous

rocks are used to predict the fluid perme-

ability of sea ice over the entire range of

brine porosities.

• A random pipe network, which is equiv-

alent to a random resistor network and

is solved using fast multigrid methods,

is used to numerically simulate fluid flow

through sea ice.

• Methods of complex analysis and func-

tional analysis are used to obtain rig-

orous bounds on the effective complex

permittivity of sea ice, the key parameter

characterizing its electromagnetic behav-

ior and the response of sea ice in remote

sensing applications, such as monitoring

sea ice thickness.

• Inverse methods yield microstructural in-

formation from complex permittivity data,

paving the way for electromagnetic mon-

itoring of fluid and thermal transport in

sea ice.

• We have made measurements of fluid and

electrical transport in sea ice on a 2007

Antarctic expedition in order to validate

our models and investigate new phenom-

ena.

• Large-scale sea ice and climate models cur-

rently do not generally incorporate the key

processes our work on transport describes.

These global models have grid sizes on the

order of many kilometers. Future mathe-

matical challenges include quantification

of how local transport properties on the

scale of individual floes influence pack be-

havior on much larger scales relevant to

global models.
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Figure 1. While winter Arctic sea ice extent
(blue) has decreased modestly over the past
thirty years, summer pack ice (yellow) has
experienced a dramatic decline, particularly in
the last couple of years. The dotted base line
represents the average extent during the
period 1979–2000. Some climate scientists
wonder if this critical behavior of the system
means we have passed through a so-called
tipping point into a new regime.

This paper is divided into two main parts. First
we discuss the role of sea ice in the climate system
and how transport mediates key processes impor-
tant to issues of climate change. Then we outline
how mathematics is being used to model fluid and
electromagnetic transport in sea ice. Only a small
number of key references and starting points for
further reading are given here. Many of the refer-
ences for this work can be found in [8, 9, 10], and
a Web link to an extensive bibliography is given at
the end.

Sea Ice and Its Role in the Global Climate
System
Decline of the summer Arctic sea ice pack

Up until about ten years ago, each summer most of
the Arctic Ocean was covered with sea ice of areal
extent roughly the same as the continental United
States. By 2005, this thick, perennial ice pack had
lost the areal equivalent of the U.S. east of the

Mississippi River. By the end of the 2007 summer
melt season, an area comparable to most of the
Midwestern U.S. had been lost as well, and the
Arctic ice pack had shrunk by nearly 40 percent
from its 1979–2000 average extent. The fabled
Northwest Passage was finally open to seafarers
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Figure 2. In 1980 the areal extent of the summer Arctic sea ice pack corresponded roughly to the
continental U.S. By 2005 the area shown in red was gone, and by 2007 the additional area in

purple was gone as well.

for the first time in human memory. These stun-
ning losses in the extent of summer Arctic sea ice
represent perhaps the most dramatic, large-scale
indicator of global warming on the surface of the
Earth so far.

The sea ice pack surrounding the continent of
Antarctica is mostly seasonal, meaning it melts
in the summer before returning in the cold, dark
winter. Will the Arctic become mostly ice-free in
summer like the Antarctic? If so, how long will it
take? The answers to such questions are critical
for global climate. The summer Arctic sea ice pack
serves as a major part of Earth’s polar refriger-
ator, cooling it and protecting the Arctic Ocean
from absorbing too much solar heat. One of the
central questions of climate science today is to
understand why the Arctic ice pack has declined
so precipitously and to predict how this complex
system will evolve in the coming years. In order to
see how mathematics can play a role in addressing
such fundamental issues, let’s first discuss how
sea ice forms, explore its material structure, and
then outline its role in global climate and polar
ecosystems.

Formation and structure of sea ice

Sea ice is frozen ocean water, which freezes at
a temperature of about −1.8◦C, or 28.8◦F. Initial-
ly, tiny platelike crystals called frazil form near
the sea surface. Often they aggregate into slick
patches called grease ice. When sea ice forms in
calm conditions, thin sheets of translucent ice
called nilas are seen first, which eventually thick-
en through congelation into gray ice and then
white ice in large, undeformed floes. Currents or
light winds often push the nilas around so that
pieces slide over each other, a process known
as rafting. Rafting nilas is shown in Figure 3 on
top. In turbulent conditions typical of the open
ocean, the “greasy” frazil suspension undergoes
cyclic compression in the wave field, and dur-
ing compression the crystals can freeze together

to form small cakes of slush. They grow larger
by accretion and more solid through continued

freezing between the crystals and form plates with
raised rims known as pancake ice [22]. Patches of
new grease ice are shown on the bottom in Figure
3. Pancake ice is shown in the bottom row of

Figure 8. The pancakes in the lower right of
Figure 8 are “glued” together in the process of
forming larger floes. Sea ice that melts after one
season is called seasonal ice, and sea ice that

survives a summer season is called multiyear ice.
During the austral winter the continent of

Antarctica, sitting atop the South Pole, is ringed
mostly by seasonal ice on the Southern Ocean,
with maximal ice extent in September. The Arctic

is almost the geographical opposite, with an ocean
at the North Pole, surrounded by continents, and
covered with both seasonal and multiyear sea ice,
of maximal extent in March. Sea ice should be

contrasted with icebergs, glaciers, ice sheets, and
ice shelves, which all originate on land. The great
ice sheets covering Antarctica and Greenland are
up to two miles thick and are composed of glacial

ice formed from snow that has been compressed
over thousands or millions of years into ice which
flows under great pressure.

As a material, sea ice is quite different from

glacial ice. When salt water freezes, the result
is a polycrystalline composite of pure ice with
inclusions of liquid brine, air pockets, and solid
salts. As the temperature of sea ice increases, the
porosity or relative volume fraction φ of brine

increases. Brine inclusions on the submillimeter
scale are shown in the upper left panel of Figure 8,
and its centimeter scale polycrystalline structure
is shown in the upper right panel.

Sea ice exhibits a very interesting and impor-
tant critical phenomenon [5]. For brine volume
fractions φ below about 5%, sea ice is effectively
impermeable to fluid flow, while for φ above 5%,

it is increasingly permeable with φ. This critical
brine volume fraction φc ≈ 5% corresponds to a
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critical temperature Tc ≈ −5◦C for a typical bulk

sea ice salinity of 5 parts per thousand, termed

the rule of fives. When fluid flows through sea
ice, transport is facilitated by brine channels—

connected brine structures ranging in scale from

a few centimeters for horizontal slices to a meter
or more in the vertical direction, as shown in the

middle panel of Figure 8.

Ice-ocean-atmosphere interactions and global
climate

As the boundary layer between the ocean and

atmosphere in the polar regions, sea ice is a key
player in global climate and the world’s ocean sys-

tem and is a leading indicator of climate change

[23, 12, 19, 17]. The sea ice pack mediates the
exchange of heat, moisture, and momentum be-

tween the ocean and atmosphere, the two prinicpal

geophysical fluids on Earth. For example, as winds
push sea ice around on the ocean surface, mo-

mentum is transferred to the water below; the
rougher the ice, the more efficient the transfer.

This process can cause large-scale overturning in

the upper ocean, bringing warmer water to the
surface. As another example, when sea ice freezes,

it rejects cold, dense brine, forming descending

plumes in the polar oceans. In the Southern Ocean,
this process leads to the formation of Antarctic

bottom water, which then flows like a complex riv-

er through the world’s oceans. Another important
process in atmosphere-ocean interactions is the

transfer of heat between them. In winter when the

ocean is warmer, heat flows to the atmosphere
through the sea ice itself, which forms an insu-

lating blanket over the ocean, as well as through

leads or openings in the pack. The thermal con-
ductivity of sea ice is thus an important transport

coefficient helping to quantify atmosphere-ocean

interactions in coupled climate models.
Roughly speaking, most of the solar radiation

which is incident on snow-covered sea ice is re-

flected, while most of the solar radiation which is
incident on darker sea water is absorbed. Sea ice

is both ocean sunscreen and blanket, preventing

solar rays from warming the waters beneath and
thwarting ocean heat from escaping to warm the

air above. The ratio of reflected sunlight to inci-

dent sunlight is called albedo. While the albedo of
snow-covered ice is close to 1 (larger than 0.8),

the albedo of sea water is close to zero (less than

0.1). If warming temperatures melt sea ice over
time, fewer bright surfaces are available to reflect

sunlight, more heat escapes from the ocean to

warm the atmosphere, and the ice melts further.
As more ice is melted, the albedo of the polar

oceans decreases, leading to more solar absorp-

tion and warming, which in turn leads to more
melting, in a positive feedback loop. It is believed

that this so-called ice-albedo feedback has played

Figure 3. Sea ice forming in Antarctica, with
nilas on top and grease ice on the bottom.

an important role in the marked decrease in Arc-

tic sea ice extent in summer [16]. Thus, even a

small increase in temperature can lead to greater

warming over time, making the polar regions the

most sensitive areas to climate change on Earth.

Global warming is amplified in the polar regions.

Indeed, global climate models consistently show

amplified warming in the high latitude Arctic, al-

though the magnitude varies considerably across

different models. For example, the average surface

air temperature at the North Pole by the end of the

twenty-first century is predicted to rise by a factor

of about 1.5 to 4 times the predicted increase in

global average surface air temperature.

In the summer of 2007, the extent of the sum-

mer Arctic ice pack reached a record minimum.

Ice mass balance observations show that there

was an extraordinarily large amount of melting

on the bottom of the ice in the Beaufort Sea

during that summer [16]. Calculations indicate

that solar heating of the upper ocean was the

primary source for the observed melting. An in-

crease in the open water fraction resulted in a

500% positive anomaly in solar heat input to the

upper ocean, triggering an ice-albedo feedback,

accelerating the pack ice retreat. Also of concern

is that there has apparently been a significant

reduction in the relative amount of thicker, mul-

tiyear ice in the Arctic basin. Many authors have

recently acknowledged that a relatively younger,
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Figure 4. Sea ice was observed in 1975 by Cox and
Weeks (see [5]) to be effectively impermeable to brine

drainage for φ below about 5% and increasingly
permeable with φ above 5%.

thinner ice cover is more susceptible to the ef-

fects of atmospheric and oceanic forcing [17].

In the face of predictions for continued warm-

ing, the persistence of recent atmospheric and

oceanic circulation patterns, and the amplification

of these effects through the ice-albedo feedback

mechanism, it is becoming increasingly likely that

the Arctic Ocean will eventually change from

perennially ice-covered to ice-free in the summer.

As evidenced from the previous discussion, a

key determining factor in predicting the future

trajectory of Arctic sea ice is understanding how

ice pack albedo evolves. Melt ponds which form

on the surface of the ice, as shown on the right

in Figure 6, determine its albedo. Whether or not

these ponds spread, deepen, or drain is controlled

largely by the fluid permeability of the sea ice,

which is one of the main motivations for our

studies of fluid transport in sea ice discussed

below.

Another motivation for studying fluid flow in

sea ice is the importance of sea ice production

from freezing of flooded ice surfaces, particularly

in the Antarctic, where it is ubiquitous through-

out the pack. As snow loading increases during

a storm, a pressure head develops. Sea water is

forced upward through the sea ice, as constrained

by its permeability. Net flux to the surface can oc-

cur only if the temperature throughout the entire

sea ice layer has exceeded the critical temperature

Tc for fluid flow. Once the surface of the ice is

flooded, the slushy mix of sea water and snow

freezes into snow-ice, which is a dominant form of

ice production in the Antarctic. In fact, witnessing
this process during a powerful winter storm in the
Eastern Weddell Sea while on the Antarctic Zone
Flux Experiment (ANZFLUX) in 1994 and watching

sea water flood the ice surface in a rather dra-
matic fashion were what motivated the author to
begin studying fluid transport in sea ice. Recent
models have even suggested that with increased
polar precipitation accompanying global warming,

the Antarctic winter sea ice pack could thicken
and that snow-ice production could become more
important in the Arctic. Fluid flow through sea
ice also facilitates convection-enhanced thermal

transport and the input of brine and fresh water
into the upper ocean from freezing, melting, and
drainage processes [23, 19].

Sea ice ecology and fluid transport processes

The brine inclusions in sea ice host extensive algal
and bacterial communities [14, 19] that are essen-
tial for supporting life in the polar oceans, such as
krill, which themselves support fishes, penguins,

seals, and Minke whales, and on up the food chain
to top predators like killer whales, leopard seals,
and polar bears. Nutrient replenishment process-
es for sea ice microbes are facilitated by fluid

flow through the porous microstructure. For ex-
ample, an algal bloom during the Antarctic fall in
the Weddell Sea was fueled by nutrient-laden sea
water replacing cold dense brine draining from

freezing slush at the surface in a convective over-
turning process. The bloom effectively shut down,
however, once the critical isotherm—above which
the ice was impermeable and below which the ice
was permeable—passed through the algae layer

during the fall freeze-up [5].

Multiscale structure of sea ice over ten orders
of magnitude

One of the fascinating yet challenging aspects of
modeling sea ice and its role in global climate
is the sheer range of relevant length scales of
structure, over ten orders of magnitude from the

submillimeter scale to hundreds of kilometers.
In Figures 8 and 9, we show principal examples
of sea ice structure illustrating such a range of
scales. Modeling sea ice on a large scale depends

on understanding the physical properties of sea
ice at the scale of individual floes and smaller.
Today’s climate models challenge even the most
powerful supercomputers to their fullest capacity.
However, even the largest computers still limit the

horizontal resolution to tens of kilometers and
require clever approximations to model the basic
physics of sea ice. One of the central themes is
how to use information at a smaller scale to pre-

dict behavior at a larger scale, such as in classical
statistical mechanics. In the sections to follow we
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Figure 26. Antarctica is not only of great scientific interest, but is a place of unique beauty and
exciting adventures.

Elizabeth Hunke, and Cecilia Bitz for helpful dis-

cussions and input and for providing some of the

figures shown here. We are grateful for the support

provided by the Division of Atmospheric Sciences,

the Division of Mathematical Sciences, and the

VIGRE and REU Programs at the U.S. National Sci-

ence Foundation (NSF), as well as the Australian

Antarctic Division and the Antarctic Climate &

Ecosystems Cooperative Research Centre.

To find out more: If you are interested in finding

out more about math and sea ice, you can visit the

author’s webpage, http://www.math.utah.edu/

∼golden. There you will also be able to link

to a video on the SIPEX expedition to Antarc-

tica produced by the author, located under

http://www.math.utah.edu/∼golden/media.

html. A list of additional references for this article

is located under http://www.math.utah.edu/

∼golden/publications.html. If you are inter-

ested in learning about how math is being used

to address the big questions in climate science,

including more about sea ice, you are encour-

aged to visit the Math Awareness Month April

2009 website at http://www.mathaware.org on

“Mathematics and Climate”.
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