Mathematics 2210 Fall 2019
PRACTICE EXAM III SOLUTIONS

1. Evaluate the integral

//R(x +y)dA,

where R is the triangle with vertices (0,0), (0,4) and (1,4).

Solution. The only difficulty is in determining the limits of integration. The triangle
can be described by x going from 0 to 4 and y going from 0 to 1/4x. So,

/A(x+y)dA=AZ$/4(x+y)dydx

4 4
:/(acy+y2/2)g/4da::/x2/4+x2/32d3:
0 0

= (1/3)(92%/32)s = 6

2. Evaluate the iterated integral,

2 4—x2
/ / (x + y)dydz.
o Jo

Solution.

2 VAa—z2 2
/ / (z +y)dydx = / (zy + )" da
0 0 0

= /2 e\V/4 — 22 + 2 — 22 )2dx = (—(1/2)(2/3)(4 — 22)%/? + 22 — 22 /6)3
0

= 16/3

3. Evaluate the following integral by changing to polar coordinates,

V2 a—y?
/ / xdxdy.
0 y

Solution. By drawing the line z = y and circle x = /4 — y2 you can see that the
region we are integrating over is the wedge of the circle of radius 2 in between angle
0 and 7/4. Thus, changing the limits and integrand appropriately,



V2 4—y 7/4 2
/ / xdxdy = / / r cos Ordrdf
0 y 0 0

m/4 w/4
— / (3 /3 cos 0)2dH = / (8/3 cos 0)do
0 0
= (8/3sin6)7/* = 4v/2/3

4. Compute the surface area of the bottom part of the paraboloid
z = x? + y? that is cut off by the plane z = 9.

Solution. The region over which we are integrating is the circle z? +y? = 9 of radius
3, denoted by R. We begin with the formula for the surface area integral:

//R V(22)2 + (29)2 + 1dA

The numbers and region suggest using polar coordinates:

2T 3
/ / rv/4r2 4+ 1drdf
o Jo

27

-/ 7 (2/3)(1/8) (4% + 19230 = | an2eee - na
0 0
=71/6(373/%2 — 1)

5. Compute the surface area of the part of the sphere 22 +y?+ 22 = @ inside the circular
cylinder 2 + 4% = b2, where 0 < b < a.

Solution. The region R that we integrate over is a circle of radius b. Solving the
surface equation for z, we get z = \/a? — 22 — y2. The partials we will need for the
surface area formula are

0z —x
Or  \Ja? — 22 — 2
0z —y

Ay 02— a2 — 2

Now the surface area is

SA// LA YY)
- R a2_$2_y2 a2_x2_y2
2
a
- Y B —;
//R a2 — 2% — 2

Converting now to polar coordinates,




21 b a2
= /0 /0 1/ po— TQrdrdG
27 b
:/ / a(a® — )"V 2rdrdo
o Jo
2

= / —a(a® — r?)'/2|bde
0

2
= / —a(a® = v*)Y2 + a(a)dd = 27 (a® — av/a? — b?)
0

Since this only gives us one of the two caps, multiply the answer by 2 to achieve the
final answer.

SA = 4r(a? — ava? — b?2)
. Compute the volume of the solid in the first octant bounded by y = 222 and y+4z = 8.

Solution. The region in the zy plane that we are integrating over is defined by
y = 222, the y-axis, and the line y = 8 (since z must be positive in the second
equation). Thus, solving the second equation for z, we integrate this ”height” function
over our region. The z-values run from 0 to 2.

:/02 /2i2(2—y/4)dyda:
2

:/ (2y—y2/8)§x2daz
0

- /2(16 — 82/8) — (422 — 42*/8)dx
0

= (162 — 8z — 42 /3 — 2°/10)3 = 16 — 32/3 + 16/5 = 128/3

. Compute the Jacobian J(r,#) of the transformation from polar coordinates to Carte-
sian coordinates given below:

T =rcosf

y =7siné.

Solution.

J(r,0) = <

S
SRS

[ cost —rsinf \ 9 9
) = < sind  rcosd ) = r(cos® 0 +sin“f) =r



8. Compute the Jacobian J(x,y) of the transformation from Cartesian coordinates to
polar coordinates given below:

r =z +y?

0 =tan~! (%)

Recall: Dytan"tz = What is the relationship between J(r,0) and J(z,y)?

1+x2

Solution.

or  or x 2 2\—1/2 1/2
J(M):<% g>:<2<1/2>1< +17) 2y<1/2>1< w)) )

Q
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T (—a2) = TE

= (e +92) 2 ) (L4 (y/2)?) = (@2 + )7V
This is the inverse transformation of the previous problem, so the Jacobian should be
the inverse. Indeed, (22 + y?)~ Y2 =1/r.

9. Let u(x,y) =log /22 +y2 =logr.

(a)

()

Find the vector field associated with this scalar field, by computing grad u = Vu.

Solution. 9u . ) i .
%:7m($)($ +y°) RNy
ou_ v
oy 2 +y?
So Vu = (5225, 72z)

Compute curl(gradu) =V x (Vu).

Solution. Using the formula for curl and a constant k-value of 0,

curl(grad u) = (%N - aajw)k
T Y
—2xy —2xy

curl(grad u) = (

— k=0

@ @y

Since this was a conservative vector field (the gradient of a scalar field), this
computation was actually unnecessary. The curl of a conservative vector field
is always 0 (Theorem D, 14.3). On this test, you should still show the above
computation since we have not covered this yet.

What are the level sets?

Solution. Note that the direction of each vector is the same as the direction of
(z,y). Thus at a point (z,y), the vector is pointing directly away from the origin.



The vectors are thus perpendicular to circles centered at the origin. These circles
are the level curves.

10. Let o(z,y) = 2% — 2.
(a) Compute F = —gradp = —Ve.

Solution. —V¢ = (—2z,2y).

(b) Sketch a diagram in the plane of the vector field F.
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Solution. “

(c) Compute div(grad¢) =V - (Vo).
Solution. V- (Vy) =2-2=0.
(d) Based on your findings, what kind of function is ¢?

Solution. The divergence of the vector field is the same as the Laplacian of the
function ¢. As such, the divergence being 0 means ¢ is harmonic.

11. Find divF and curl F, where F(z,y, 2) = 2% — 2zyj + y2°k.
Solution.

divF =2z — 22 + 2yz = 2yz.
curl F = (2% = 0)i + (0 — 0)j + (—2y — 0)k = 2%i — 2yk



12. Find the volume of a spherical ball of radius a using a triple integral.

Solution.
The equation for the outer edge of a sphere of radius a is given by z* + 4* + 2% = a®. If we want to
consider the volume inside, then we are considering the regions =% 4 4% + 2% < a®. We will set up the
inequalities in three ways.

1. In Cartesian Coordinates: Solving for z gives —y/a? — 2% — 3 < z < /a* — &* — y*. Then the
projection of the sphere onto the my-plane (i.c. the equation you get when you have z = 0 in the
sphere equation) is just the circle 2% + 3* = a*. Now we must describe this with inequalities. All
together, the solid can be described by the inequalities —a < # < a, —va? — @* <y < Va* — 22,

a* —x? —y* < 2 < Ja? — 2? — 2. So we can find the volume:

.-13 x4 T i m
fj/l dV = / / f | dzdydr = f f 2
3/ ad -z y* n -./.T'a'_:’

= / Z%W{ﬂ-g - &%) dr = m(2a° - T—irt"‘] = ‘,1-i?m"‘,

— i dydx

Note: Same note as [ made for the circular eylinder coneerning skipped steps in the integration.

2. In Cylindrical Coordinates: The bound on z would still be the same, bul we would use polar for
o and y. All together, the solid can be deseribed by 0 < 0 < 27, 0 <7 < a, —va? —1? < z <
Var =%, And we get a volume of:

aw i val -2
f / [ 1dV = f / rdzdrdl) = 27 21 Va? — ridr
B i} 0 JoaT T Jo

. 2 5 4
= 211'[ Vi du = Zﬂiu:i = qu:‘
A : !

3. In Spherical Coordinates: In spherieal coordinates, the sphere is all points where 0 < ¢ < 7 (the
angle measured down from the positive 2 axis ranges), 0 < # < 27 (just like in polar coordinates),
and 0 < p < a. And we get a volume of:

o i a | 4 .
f/f] dV = f f / P sin(g)dpdOddg - j sinf¢) :h,uf :ﬂﬂf Prdp = (2)(2n) (-‘u ) : qﬂ'!t“
o Jo Jo 0 0 :
I

In all three cases, we see that we get the expeeted volume formula.

13. Find the mass of a cylinder of radius a and height A if its mass density is proportional
to the distance to its base.

Solution. We know the area of each circle slice is ma?. We have that the mass is
proportional to the height. So, each slice mass is going to be kzma?dz for some
proportionality constant k and we integrate from 0 to h. Finally, for the mass M of
the cylinder we have,

kma?h?

—

h 27 a 21,2
M:/ / / ko rdrdods = PO
o Jo Jo 2

h
M:/ kzma’dz =
0

Or,



