Math 5120 Spring 2009 — Some notes on numerical solution of diffusion equations and
reaction-diffusion equations

Consider the problem
PDE: ¢ = Degx + ac(l —¢) for0<x<Landt>0,

with boundary conditions
BC: ¢;(0,t) =0 and cx(L,t) =0,

and initial conditions

IC: ¢(z,0) = f(x) for 0 <x < L.

Here, D > 0, a > 0, L > 0 are given constants, and f(x) is the specified initial data. Note that
we have imposed no-flux boundary conditions at both ends of our interval. We will touch on other
boundary conditions later.

Note that the partial derivative of ¢ with respect to ¢ can be approximated by a difference

quotient:
ci(z,t) = {c(x, t + At) — c(z,t)} /At

provided 0 < At << 1. Similarly, the spatial derivatives of ¢ can be approximated by difference

quotients.
ce(x,t) ~{c(x + Ax,t) — c(x,t)} /Ax (1)
~{c(z,t) — c(x — Ax,t)}/Ax (2)
~{c(z + Az, t) — c(x — Az, t)}/(2Az). (3)

provided 0 < Az << 1. Further,

c(x — Ax,t) — 2¢(z,t) + c(z + Az, t)
(Az)?

Coz (T, 1) &

again provided 0 < Az << 1. Only the approximation to ¢, might be surprising. One way to

motivate it is to write the RHS of this expression as

clzt+Azt)—c(z,t)  c(x,t)—c(z—Ax,t)
Az Az
Ax ’

that is, as a difference quotient of difference quotient approximations of ¢,. Alternatively, we can

write Taylor Series expansions of ¢c(x — Ax,t) and c¢(x + Az, t) about (x,t) to obtain:
1 1
oz —Az,t) = c(x,t) — cu(x, ) Az + Scpp (2, 1) (Az)? — gcmx(x, t)(Az)3 + ﬁcmm(x, t)(Ax)* + ...

clx+Ax,t) = c(z,t)+ ez, t) Az + %cm(a:, t)(Ax)2 + %cmx(x, t)(Aac)?’ + %cmm(x, t)(Aa:)4 + ..



It follows from these that
clr — Az, t) — 2¢(x,t) + c(x + Ax,t) = {c(z,t) —2c(x,t) + c(x,t)} + {—cx(z,t) + co(x,t) } Az
{%Cm(ﬂfat) + %Cmm($>t)}(Ax)2

{—%Cmmm(l‘,t) + %waw(:pat)} (Az)?

+

1 1 A
{ﬂcmm(x,t) + ﬂcmm(x,t)} (Ax)* + ...
_ cm(@tﬂAxf—%%%@mm(LtﬂAxf—km

Dividing by (Az)?, we see that

clx — Az, t) — 2¢(z,t) + c(x + Ax, t)
(Az)?

1
= Cpe(x,t) + Ecmmm(:n,t)(Ax)2 + ..
R Crr(x,t).

We will approximate the PDE as follows. We divide the interval [0, L] into subintervals of length
Az where (N +1)Az = L and we divide time into steps of length At starting at ¢ = 0. We use the
difference quotient approximations for ¢; and ¢, just discussed to write down a ‘finite-difference’
approximation to the PDE at the spatial points z; = jAz for j = 0,1,...,N + 1, and at times
t, = nAt for n=0,1,2,.... Let s c(jAz,nAt) satisfy the equations

it -Cp _ Cpa 207+ Cp
At (Ax)?
forj=0,1,...N+1landn=20,1,2,....

Next, we approximate the boundary conditions as follows:

+aCP(1 - CP). (4)

cr -y B
W =0, (5)
and
(2Ax) ’

From (5), we see that C"; = Cf" and from (6) that C},, = C};. Equation (4) for j = 0 involves
C’SLH, Cy, C™, and C7, and in this equation we set C"; = C7 as per (5). Equation (4) for
j = N + 1 involves C’]’Zﬂjrll, Cly1> Cf, and C’;\Lffw and in this equation we set C}_, = C}; as per
(6). Writing (4) as an equation for C;.‘H and using these substitutions for j = 0 and j = N + 1,

our system of equations is

DAt
C'(’]T+1 = Oy + —(A$)2 (—2CF +2C7) + aAtCH (1 — C), (7)
" mn DAt mn mn mn n mn *
Cj-l'l = Cj —l—w( j—1_20j + j+1)—|—aAth (1—Cj) for j=1,...,N,
Cytl = Cha+ (A (20N — 2CR41) + aAtCN 1 (1 — CNyq)-



If we know CJ” for j =0,..., N 4+ 1, these formulas allow us to calculate C}”l for j =0,....,N 4+ 1.
Since we have initial data c(z,0) = f(z), we start with C’]Q = f; = f(jAx) for j = 0,...,N + 1.
Then we use (7) to calculate C&, ct o, le\/+1' After this we use (7) again to calculate Cg, C?,
e Cjzv +1- In this way, we march forward in time, computing an approximation solution at each
time t,+1 = (n + 1)At. The method we just described is called the Forward Euler method applied
to Fisher’s Equation. It works reasonably well for At and Az sufficiently small, provided these

numerical parameters also satisfy the condition (2—%% < % This combination of terms comes up

often so we give it a name, A = (gﬁ)tz. So the condition for the Forward Euler method behaving
reasonably is that 0 < A < % This is illustrated in Fig.1. On the left, the timestep At and

spacestep Az are chosen such that A = 0.4, while on the right, they are chosen so that A = 1.0.

The solution on the right grows to magnitude 10?® by ¢ = 1.

« 107 Fishers Eq: D=0.001 a=0 A=1.0, t=1.

Fishers Eq: D=0.001 a=0 A=0.4, t=40.

Figure 1: Left: Diffusion Equation solved with Forward Euler method with A = DAt/(Ax)? = 0.4.
Right: Diffusion Equation solved with Forward Euler method with A = DAt/(Ax)? = 1.0.

Fig.2 shows the results of a calculation with a = 1.0 and A\ = 0.4. The solution ¢(x,t) grows to
1 in two waves moving outward from the initial region of nonzero c.

We can do some analysis which explains why we have the restriction A < % for the Forward Euler
method. To do this it is very useful to write equations (7) in matrix-vector form. Let C™ € RN+2

denote the vector whose entries are the values Cyy, CT, C3, ...,C, | in that order, and let C"*! be



Fishers Eq: D=0.001 a=1 A=0.4, t=20.
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Figure 2: Fisher’s Equation solved with Forward Euler method with A\ = DAt/(Ax)? = 0.4 for
a=1.

defined similarly. Let A be the (N + 2) x (N + 2) matrix defined by

-2 2 0 0 0 .. 0
-2 1
0 1 -2 1 0 0
A= (®)
1 -2 1 0
0 e . 1 -2 1
0 e . 0 2 -2

and let M = I + AA, where I is the (N + 2) x (N + 2) identity matrix. Then equations (7) can be
written

ctl = pcn. (9)

The solution after n timesteps can therefore be written in terms of the initial values as
C" = M"C°. (10)

where M™ means the n'” power of the matrix M. Suppose the matrix A has eigenvalue a and
corresponding eigenvector X. Then the matrix M has eigenvalue 1 + Ao and the corresponding
eigenvector is X. The matrix A has N + 2 eigenvalues which we denote by o(?) and corresponding
eigenvectors X®) for p=0,1,...., N + 1. Suppose for a moment that C° = X® for some p. Then,
from (10) it follows that C™ = (1 + Aa®)?X®) If |1 + Aa®| > 1, then the initial vector gets



amplified by a factor that grows without bound as n gets larger. This could be the origin of the
unstable behavior of the numerical method. To decide if this is the case, it would be useful to know
the eigenvalues and eigenvectors of A and therefore M.

The matrix A has eigenvectors X®) with components X J(.p ) = cos <%M> = cos (%) (Why
does it make sense that the eigenvectors are given by cosines? Think about the separation of

variables solution for the diffusion equation with boundary conditions ¢, (0,¢) = 0 and ¢, (L,t) = 0.)

The corresponding eigenvalues of A are aP) = —4in? <2(£—i1) . The eigenvalues of M are therefore
p® =1 — 4)\sin? (2&—’4’_1)) The eigenvalues of M are between -1 and 1if 0 < A < % For A < %

the Forward Euler method is stable; for A > % it is unstable and the solution grows unboundedly.

So far, we have considered the boundary conditions ¢;(0,t) = 0 and ¢ (L,t) = 0. If we want

to change the boundary condition at x = 0 to ¢(0,t) = go for some constant gg, we have only to

modify the equations (7) a little. The only change is to replace the first equation (the j = 0 one)
in (7) with the equation

CPtt = go. (11)

This is useful for setting up a problem for which a travelling wave would develop as shown in Fig.3.
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Figure 3: Fisher’s Equation solved with Forward Euler method with A = DAt/(Ax)? = 0.4 for

a=1.

The Forward Euler scheme works fine as long as A < % To get a more accurate solution, we
choose smaller values of Ax and At. Suppose we have computed with some values Ax = Axg and
At = Aty for which A < % Suppose we decide to halve Az, so Az™V = %Amo. To keep A the
same value, we would have to set At"VY = %Ato and would therefore have to do four times as many

timesteps to get to the same time ¢ as with the original At¢y. This rapid increase in the number of



timesteps can get to be costly as we reduce Ax. It would be nice to have a method for which we
could choose At without having to worry about stability.

We can get an idea of how to achieve this by considering a much simpler problem

% = -0y where [ > 0. (12)
Since, % ~ w, we can define a finite-difference method for this ODE by
Yn+1 _yn
—_ = —pBY"™ 13
- 5 (13)

This is the Forward Euler method for this simple ODE. We can rewrite equation (13) as

Yyl = (1 - At Y™ (14)
The solution to this equation at time t,, = nAt is

Y™ = (1-B8At)"Y". (15)

Note that this scheme is therefore stable if |1 — fA¢| < 1, and unstable otherwise. If 5 >> 1, a

very small value of At is needed to satisfy the stability condition. Consider the alternative method

Yn+1 —_yn " "
A = —ﬁ%(Y +Y +1). (16)
which we rewrite as oA
1— =8A¢
m= 2y, (17)
1+ gﬁAt
which has solution "
1— 1At
Y = +ﬂ Yp. (18)
1+ 3BAt

1
. 1—-5BAt Y\ . . . .
Since the factor <1 %ﬁm> is no greater than 1 in magnitude for any At > 0 since 8 > 0, we see

that this method is stable for any At > 0. The key to acheiving this was to include enough of the
unknown future value Y"1 on the right hand side of the approximate ODE.

We can do a very similar thing in the context of the diffusion equation or Fisher’s equation.
Again, let A by the matrix defined in (8). The Forward Euler method we considered earlier can be

written

crtl = 2AC™.

Consider instead the method

C'tl —C" = 2A (C" +CMHY). (19)



This can be rewritten as
(I - 3xA)C™ = (I +ixA)C™ (20)

This is the analog of (17) for the ODE. It can be shown that (20) is stable no matter what the
choice of At > 0 and therefore for any choice of A > 0. This method is known as the Crank-Nicolson
method. Not only is it more stable than the Forward Euler method; it is also more accurate in that
Forward Euler makes an error that is O(At) +O((Az)?), while Crank-Nicolson makes an error that
is O((At)?) + O((Ax)?). The Crank-Nicolson method can be made a component of the method
for solving Fisher’s equation. It is still a good idea to evaluate the reaction term aC(1 — C') using
known values of C' because otherwise we would have a nonlinear system of equations to solve to
determine the new values C"*!. T combined the Crank-Nicolson method for the diffusion terms
with a method known as the 4th order Runge-Kutta method for the reaction terms. It gives the

results shown in Fig.4.
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Figure 4: Fisher’'s Equation solved with Crank-Nicolson method combined with the 4th order
Runge-Kutta method, and run with A\ = DAt/(Az)? = 2.0 for a = 1.



