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Young diagrams are related with:
combinatorics; representation theory; . ..
polymer physics; genetics; zero-temperature Ising model; .. ..

2D/3D Young diagrams: static theory (statistical mechanics),
dynamical theory

We will be focusing on models of 2D Young diagrams.



Let p = (p1,P2,P3,---,Pn), Pk > Pki1, be a partition of the
integer

n
M(p) = Pk
k=1
For example, p = (4,2,2,1) is a partition of
9=4+2+2+1

The corresponding Young diagram:

p=(4,221)



Shape function F(x):
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p=(4,221) F(x) = F(x;p)
Clearly:

M(p) = > px= C>oF(x)dx.
b



Size density (or configuration of particles) n = (n(k))ken:
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p=(4,2,2,1) n=(1,2,0,1,0,...)



Relations between F and 7:

Fx)=) n(k),  n(k)=F(k) - F(k+1)

k>x

n(k) can be viewed as negative gradient of F at k.
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The size of a diagram grows, of course, as the M(p) grows.
For the limit M — oo, rescale the diagram by setting the width
and height of one square by jx and 1, respectively. After
rescaling, the area of the Young diagram is pix 1y M.
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1 ,
If we set ux = y = —— rescaled shape function

VM
1
Fu(x; p) = — F(xV'M;
A classical result of A. Vershik [V]: Let Py, be the uniform

probability on all partitions of M, e.g. (4,2,2,1) and (5,4) are
equally likely. As M — oo, F), concentrate near

F(x) = —\7(6 In (1 - e*”/‘/é>

Precisely, for all M > My(a, b, ¢)

PM{ sup |Fu(x;p) — F(x)| > 5} <e.
x€la,b]



The uniform measure P, can be thought as a canonical
ensemble. Similar result as above holds for other choices of
measures. For example

L
Pu(p) = - € BM(e),
m

or the general Grand-canonical ensemble (cf. e.g. [EG], [FS],
[V], [VY])

1
Ps,u(P) = Ee_ﬁ > kep Ex—1M(p)
1
Rescale F,(x: p) ‘= —— F(x/u: p).
u(Xip) uE, (M) (x/w; p)
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For our evolutional models, start with the particle systems
directly. Introduce generator

L) = O [ (741 = 10)] xoiigoo)

k=1
+ [f (nk’kq) - f(ﬁ)] X{n(k)>0:k>1}}
where

-1 k=x
M = e*B(EkH*Ek)*M’ n&)’(k) =enk)+1 k=y
n(k) otherwise



Weakly asymmetric zero range process on Z+.

rate 1 rate A\
e
i ° °

Wr-r e o

k-1 k k+1

Remember \, = e A(Ekr1—E)—n,



12 3 4
Growth at (2,1) a particle jumps from site 2 to 3

In this example, a particle at site 2 jumps (with rate \,) to site 3
corresponds to creation of a square at the corner (2,1).



1 2 3 4
Loss at (3,0) a particle jumps from site 4 to 3

Here, a particle at site 4 jumps (with rate \4) to site 3
corresponds to annihilation of a square at the corner (3, 0).



Remember n(k) = F(k) — F(k + 1). Since

FulxiP) = s Fx i)

we consider rescaled empirical measures

i (dx) = 7 (e, dx) = pyy Zm )0k (aX).

where v, = . Since E, (M) ~ u~2e PE/u (cf. [FS])

1
HPEL(M)
(1 B=0

Tt 0<B<1,Ex~Ink

Tu

(In 180 < B, Ex ~ In(In k)



Theorem (Case 5 = 0)
With appropriate initial measures, for any test function
Ge C(0,00), forall0 <t<T,asu—0
(Gl o) — / G(X)p(t, X)dx, in probability
0

where p(t, x) is the unique weak solution of the equation

a2 P P
atp_aXp+1 +8X£+1

p0.) = () [ ot 0dx = [ m(x)a
p(t,) < ¢()forallt < T



Theorem (Case Ex ~ Ink)
With appropriate initial measures, for any test function

Ge CX(0,00), forall0<t<T,asu—0
(G, wﬁ‘/lﬁ) — /0 h G(x)p(t, x)dx, in probability
where p(t, x) is the unique weak solution of the equation
Otp = 0%p + Ox (5::)(p>

Y=pl) [ _ [ )
P(O, ) PO( )7 /() P(t,X)dX /0 PO(X)dX
p(t,") < ¢o(-) forallt < T



Theorem (Case Ex < Ink)

With appropriate initial measures, for any test function
Ge Cr(0,00), forall0 <t<T,asu—0

(Gl o) — / G(X)p(t, X)dx, in probability
0

where p(t, x) is the unique weak solution of the equation

ep = 02p + Oxp

p(0,-) = po(-), /0 p(t, x)dx_/0 po(x)ax
p(t,) < ¢e(-) forallt < T



The macroscopic equations:

» =0
8tp—8§pi1 +8Xpi1
» Ex ~Ink:
Op = Bp + Ox (M )
X
» £, < Ink:

Oip = 0%p + Oxp

Funaki and Sasada [FuSa] obtained the the same equation, as
in the case 8 = 0, for a different model.



» Case f=0: \y =€ H=:¢
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» [FuSa] model: a weakly asymmetric reservoir at site 0
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Invariant measures:
» model in [FuSa]:

Puln) = Zle—uzkkn(k) 1 H( —ku)

H N k

» Case f=0:forall0<c <1

(k)

1;[ (c e"‘“)q7

u,C

Initial conditions:
» model in [FuSa] : / po(x)dx = oo.
0

» Case 5 =0: pg < ¢, / po(x)dx < oo
0



Formal derivation of macroscopic equations:

t
(G, 7(m)) = <G,7T(770)>+/0 u 2L(G, 7(ns)) ds + M

with

pEL(G,mi(n)) = 1Y DG (KH) VX (i(k)>0)
k=2

o0

Z

k=

) YuX {e(k)>0}

As ku — x

p=0
Ex ~Ink
1 Ex < Ink




Equilibrium measures are products of geometrics with
parameters very close locally.

e/n
Tul
YuXn(k) ~ %Ens/u(k)(Xwo) 9 j_ng/u~

Notice that typically y,mf/“(k) — p°(t, x) then

et p(x)
T 14" p(x)

p(X)
1+ p(x)
» Ex ~Inkor Ex < Ink: v, — 00, YuXyk) ~ P(X)



Brief sketch of proof for the case 5 = 0:
» 1-block estimate:

lim sup lim sup
|—o0 N—o0

EVILY /TDﬁ’,’( <>< (k)>0—"/N2f(k)> dt| = o.
N aN<k<bN 0 7 e T+ 77;v2t(k)
» 2-block estimate:
lim sup lim sup lim sup
Isoo 720  N—oo
EN 1 =0.

/T DG’t nj\/zt(k) B nL’Q’t(k) dt
0 Nk 1+ n;\/Zt(k) 1+ U&lz\lt(k)

A 1-block estimate will be sufficient for the cases when g # 0.

aN<k<bN
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Thank you!



