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Example: A SAC equation on the unit ball

Let D denote the open unit ball in Rd and consider the SPDE

Btv “ ∆v ` v ´ v3 ` 9Wε

vp0, xq “ hpxq, x P D

vpt, xq “ gpxq, x P BD, t ą 0.

where g is continuous, h is bounded and

Wεpt, xq “

ż

p0,tsˆRd

ψεpx ´ uqW pds b duq

is a spatially mollified space-time white noise.
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SAC on the disk - weak form

Denote by π the normalized Lebesgue measure on D and β is the surface
measure with the same prefactor, and η the unit inward normal. v should
solve
ż

D

ϕpt, xqvpt, xqπpdxq “

ż

D

ϕp0, xqhpxqπpdxq

`

ż t

0

ż

D

pBtϕps, xq `∆ϕps, xqqvps, xqπpdxqds

`

ż t

0

ż

D

ϕps, xqpvps, xq ´ vps, xq3qπpdxqds

`

ż

p0,tsˆRd

ż

D

ϕps, xqψεpx ´ uqπpdxqW pds b duq

`

ż t

0

ż

BD

gpxq∇ϕps, xq ¨ ηpxqβpdxqds

for all ϕ P C 2
b pR`ˆDq with ϕ|R` ˆBD “ 0.
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Weighted particle representations

Suppose that Xi are i.i.d. (and independent of W) stationary reflected
diffusions on D with stationary distribution π and we introduce integrable
weights Ai so that tAi ,Xiu

8
i“1 forms an exchangeable sequence. By de

Finetti’s theorem, a signed measure valued process V ptq exists satisfying

lim
nÑ8

1

n

n
ÿ

i“1

Ai ptqδXi ptq “ V ptq

and one can check that for ϕ compactly supported in D, a process of
densities exists:

ż

D

ϕpxqV ptqpdxq “

ż

D

ϕpxqvpt, xqπpdxq.

A particle representation is a family tXi ,Aiu
8
i“1 with the property that

the process of densities vpt, xq above is a weak solution to the SPDE.
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Particle representations - the particles

Suppose that tXiu
8
i“1 are stationary normally reflected (rate 2) Brownian

motions in D and let ϕ P C 2
b pR`ˆDq. Then

ϕpt,Xi ptqq “ ϕp0,Xi p0qq `

ż t

0

pBt `∆qϕps,Xi psqqds

`

ż t

0

∇ϕps,Xi psqq ¨ ηpXi psqqdL
X
i psq

`

ż t

0

∇ϕps,Xi psqq ¨ dBi psq

One can check that π is the stationary distribution for this process and β
is the boundary measure.
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Weights - first idea: ignore the boundary condition

Suppose that

Ai ptq “ hpXi p0qq `

ż t

0

p1´ vps,Xi psqq
2qAi psqds

`

ż

p0,tsˆRd

ψεpXi psq ´ uqW pds b duq.

Then for ϕ P C 2
c pDq,

ϕpt,Xi ptqqAi ptq “ ϕp0,Xi p0qqhpXi p0qq

`

ż t

0

p1´ vps,Xi psqq
2qϕps,Xi psqqAi psqds

`

ż

p0,tsˆRd

ϕps,Xi psqqψεpXi psq ´ uqW pds b duq

`

ż t

0

pBt `∆qϕps,Xi psqqAi psqds

`

ż t

0

Ai psq∇ϕps,Xi psqq ¨ dBi psq
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Weights - first idea: ignore the boundary condition

Averaging yields

ż

D

ϕpxqvpt, xqπpdxq “

ż

D

ϕpxqhpxqπpdxq

`

ż t

0

ż

D

p1´ vps, xq2qϕpxqvps, xqπpdxqds

`

ż

p0,tsˆRd

ż

ϕpxqψεpx ´ uqπpdxqW pds b duq

`

ż t

0

ż

D

pBt `∆qϕpxqvps, xqπpdxqds.
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Weights - second idea: how to include the boundary term

Let τi ptq “ supts ď t : Xi psq P BDu _ 0 and suppose that

Ai ptq “ gpXi pτi ptqqq1tτi ptqą0u ` hpXi p0qq1tτi ptq“0u

`

ż t

τi ptq

p1´ vps,Xi psqq
2qAi psqds

`

ż

pτi ptq,tsˆRd

ψεpXi psq ´ uqW pds b duq

1 Intuitively: Whenever Xi ptq P BD, the value of Ai ptq resets to
gpXi ptqq and then the process starts evolving again.

2 Ai ptq is a difference of the previous expression for Ai and a process
that only changes when τi ptq changes; i.e. when Xi ptq P BD.

3 Ai ptq is not a semi-martingale.
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“Ito’s formula”

We cannot directly apply Ito’s formula, but for ϕ P C 2
b pR`ˆDq with

ϕ|R` ˆBD “ 0, we can show that for Ai as above

ϕpt,Xi ptqqAi ptq “ ϕp0,Xi p0qqhpXi p0qq

`

ż t

0

p1´ vps,Xi psqq
2qϕps,Xi psqqAi psqds

`

ż

p0,tsˆRd

ϕps,Xi psqqψεpXi psq ´ uqW pds b duq

`

ż t

0

pBt `∆qϕps,Xi psqqAi psqds

`

ż t

0

gpXi psqq∇ϕps,Xi psqq ¨ ηpXi psqqdL
X
i psq

`

ż t

0

Ai psq∇ϕps,Xi psqq ¨ dBi psq

Intuitively, this works because we only run into issues is when τi ptq is
changing. This occurs when Xi ptq P BD, in which case ϕpXi ptqq “ 0.
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Existence/uniqueness of the representation/SPDE

Theorem (Crisan, J., Kurtz)

There exists a unique solution tAiu
8
i“1 to the system of equations

Ai ptq “ gpXi pτi ptqqq1tτi ptqą0u ` hpXi p0qq1tτi ptq“0u

`

ż t

τi ptq

p1´ vps,Xi psqq
2qAi psqds

`

ż

pτi ptq,tsˆRd

ψεpXi psq ´ uqW pds b duq

where vpt, xq is given by the process of densities for the measures

lim
nÑ8

1

n

n
ÿ

i“1

Ai ptqδXi ptq :“ vpt, xqπpdxq.

vpt, xq is the unique weak solution to the SPDE which satisfies

suptďT Er
ş

D
eε|vpt,xq|

2πpdxqs ă 8 and is compatible with the driving noise
W .
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Some key ideas: the basic problem

Suppose that U is an FW
t adapted process and

AU
i ptq “ gpXi pτi ptqqq1tτi ptqą0u ` hpXi p0qq1tτi ptq“0u

`

ż t

τi ptq

p1´ Ups,Xi psqq
2qAi psqds

`

ż

pτi ptq,tsˆRd

ψεpXi psq ´ uqW pds b duq.

Let ΦU to be the process of densities satisfying

lim
nÑ8

1

n

n
ÿ

i“1

AU
i ptqϕpXi ptqq “

ż

D

ΦUpt, xqϕpxqπpdxq

We are looking for a fixed point of this map.
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Some key ideas: density representation

If U is FW
t adapted, then by the ergodic theorem we also have

lim
nÑ8

1

n

n
ÿ

i“1

AU
i ptqϕpXi ptqq “ ErAU

i ptqϕpXi ptqq|σpW qs.

Take test functions ϕ and F . Then, since ΦU will be a σpW q measurable
process,

ErϕpXi ptqqA
U
i ptqF pW qs “ E

„
ż

D

ϕpxqΦUpt, xqπpdxqF pW q



“ E rϕpXi ptqqΦUpt,Xi ptqqF pW qs .

This gives a representation:

ΦUpt,Xi ptqq “ ErAU
i ptq|σpXi ptqq _ σpW qs,
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Moment estimates and iteration

A Gronwall argument leads to the a priori bound for t ď T ,

|AU
i ptq| ď

˜

}g}8 _ }h}8 ` 2 sup
0ďtďT

ˇ

ˇ

ˇ

ˇ

ˇ

ż

p0,tsˆRd

ψεpXi psq ´ uqW pds b duq

ˇ

ˇ

ˇ

ˇ

ˇ

¸

eT .

This combined with Jensen’s inequality implies that there is εT ą 0 such
that for all t ď T ,

E
„
ż

D

eεT ΦUpt,xq2

πpdxq



“ E
”

eεT ΦUpt,Xi ptq
2
ı

“ E
”

eεT ErAU
i ptq|σpXi ptqq_σpW qs

2
ı

ă 8.

This bound is a key ingredient to showing that an iterative scheme ΦpnqU
converges to a unique fixed point of the particle map.
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Uniqueness of the non-linear SPDE

First, suppose that we consider the weak SPDE that is represented by
tAU

i ,Xiu when U is fixed.

ż

D

ϕpt, xqΦUpt, xqπpdxq “

ż

D

ϕp0, xqhpxqπpdxq

`

ż t

0

ż

D

pBtϕps, xq `∆ϕps, xqqΦUps, xqπpdxqds

`

ż t

0

ż

D

ϕps, xqp1´ Ups, xq2qΦUps, xqπpdxqds

`

ż

p0,tsˆRd

ż

D

ϕps, xqψεpx ´ uqπpdxqW pds b duq

`

ż t

0

ż

BD

gpxq∇ϕps, xq ¨ ηpxqβpdxqds

The difference between two solutions ΦUp1q and ΦUp2q solves a linear
PDE for which we can show uniqueness so long as U has subgaussian
tails.
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Uniqueness of the non-linear SPDE

Suppose that V is the fixed point of the particle system we constructed.
This solves the SPDE in the weak sense. Let U be any other weak
solution with a density which satisfies

E
„
ż

D

eεTUpt,xq
2

πpdxq



ă 8

for some εT ą 0 and t ď T and which is compatible with W . Take U as
the input in AU

i and define ΦU via

ΦUpt, xqπpdxq “ lim
nÑ8

1

n

n
ÿ

i“1

AU
i ptqδXi ptq.

Then ΦU solves the same weak linear SPDE as U and so U “ ΦU. But
there is only one process which satisfies V “ ΦV and therefore we have
U “ V .
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A more general picture

The same construction works to give representations to (unique)
weak-form solutions to

Btv “ L˚ v ` vG pv , xq ` bpx , tq ` 9Wε

vp0, xq “ hpxq, x P D

vpt, xq “ gpxq, x P BD, t ą 0.

Conditions:

1 D should be to be open, bounded, connected, and sufficiently
smooth (C 2 is sufficient).

2 L is a uniformly elliptic differential operator with bounded
continuous coefficients associated to a reflecting diffusion with
stationary distribution π and associated boundary measure β, L˚ is
the adjoint with respect to π.

3 }h}8, }g}8, }b}8 ă 8, G pv , xq ď C

sup
v ,x

|G pv , xq|

1` |v |2
ă 8, sup

v ,x

|G pv1, xq ´ G pv2, xq|

|v1 ´ v2|p1` |v1| ` |v2|q
ă 8
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Thanks!
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