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Example: A SAC equation on the unit ball

Let D denote the open unit ball in R? and consider the SPDE

Ov=Av+v— v+ W,
v(0,x) = h(x), xeD
v(t,x) = g(x), x e oD, t > 0.

where g is continuous, h is bounded and

W, (t,x) = J Ye(x — u)W(ds ® du)

(0,t] xR

is a spatially mollified space-time white noise.
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SAC on the disk - weak form

Denote by 7 the normalized Lebesgue measure on D and f is the surface
measure with the same prefactor, and 7 the unit inward normal. v should
solve

| etevem@n = | o0.0m00m(a0
D D
+ f J (Orp(s,x) + Ap(s,x))v(s, x)m(dx)ds
f J (5, %) (v (5, x) — v(s,%)3)m(dx)ds
J(Ot . JD (s, X)tbe (x — ) (dx) W (ds @ du)
J J x)Vp(s, x) - n(x)5(dx)ds
t?D

for all p € C2(R; xD) with ¢|g, xap = 0.
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Weighted particle representations

Suppose that X; are i.i.d. (and independent of W) stationary reflected
diffusions on D with stationary distribution 7 and we introduce integrable
weights A; so that {A;, X;}?2; forms an exchangeable sequence. By de
Finetti's theorem, a signed measure valued process V/(t) exists satisfying

Ll
Jim — ;Ai(fﬁxf(t) = V(1)

and one can check that for ¢ compactly supported in D, a process of
densities exists:

f () V(£)(dx) =f () (t, x)m(dx).
D D

A particle representation is a family {X;, A;}?2; with the property that
the process of densities v(t,x) above is a weak solution to the SPDE.
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Particle representations - the particles

Suppose that {X;}72; are stationary normally reflected (rate 2) Brownian
motions in D and let ¢ € C2(R; xD). Then

t

@@MUDZ%QMQDfL@+AM@%$D$

+Lvﬂ&M@%MK@M¥@)
+ L V(s, Xi(s)) - dB;i(s)

One can check that 7 is the stationary distribution for this process and 3
is the boundary measure.
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Weights - first idea: ignore the boundary condition

Suppose that

t

Ai(t) = h(X:(0)) + f (1 - v(s, Xi(s))2) As(5)ds

0
+ f Ve(Xi(s) — u)W(ds ® du).
(0,t] xR9
Then for ¢ € C2(D),
p(t, Xi(£))Ai(t) = (0, Xi(0))h(Xi(0))

" f (1 - v(s, Xi())2)p(5. Xi(s))Ai(s)ds
0

e X)W d)
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Weights - first idea: ignore the boundary condition

Averaging yields
j () (t, x)m(dx) = f () h(x)m(d)
D
f f (1= v(s,x))p(x)v(s,x)m(dx)ds
f f () (x — u)(db) W (d5 ® dlu)
(0,t] xR

J J (0t + D)p(x)v(s,x)m(dx)ds.
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Weights - second idea: how to include the boundary term

Let 7;(t) = sup{s < t : Xi(s) € D} v 0 and suppose that
Ai(t) = g(Xi(7i(£)) Liryt)=0y + h(Xi(0))1(r(r)=0}

+ L(t)(l — v(s, Xi(s))*)Ai(s)ds

+ f Ye(Xi(s) — u)W(ds ® du)
(7i(t),t] xR

@ Intuitively: Whenever X;(t) € D, the value of A;(t) resets to
g(Xi(t)) and then the process starts evolving again.

@ A(t) is a difference of the previous expression for A; and a process
that only changes when 7;(t) changes; i.e. when X;(t) € ¢D.

© A;(t) is not a semi-martingale.
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“Ito’'s formula”

We cannot directly apply Ito’s formula, but for ¢ € C2(R;. x D) with
<,0|R+ «op = 0, we can show that for A; as above

o(t, Xi(t))Ai(t) = ¢(0, X;(0)) h(X:(0))

" f (1= v(s, Xi())2)p(s. Xi(5))Ai(s)ds
0

" f (5, Xi(5)) e (Xi(s) — 1) W (ds ® du)
(0,t] xR

+ j (0r + D)p(s, Xi(s))Ai(s)ds
0

T j (X(5)Va(s, Xi(s)) - 1(Xi(5)) dLX (s)

+ J Ai(s)Vp(s, Xi(s)) - dB;i(s)
0

Intuitively, this works because we only run into issues is when 7;(t) is
changing. This occurs when X;(t) € 0D, in which case ¢(X;(t)) = 0.
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Existence /uniqueness of the representation/SPDE

Theorem (Crisan, J., Kurtz)

There exists a unique solution {A;}2, to the system of equations
Ai(t) = g(Xi(7i(1))Lir,)>0p + h(Xi(0) 1z, (e)—0

+ Jt (1= v(s, Xi(s))*)Ai(s)ds
T,'(t)

+ J e (Xi(s) — u)W(ds ® du)
(i(t),t] xRY

where v(t, x) is given by the process of densities for the measures
li 1 Zn:A-(t)é = v(t,x)m(dx)
anOO n & i Xi(t) ‘= vI(L, X)m(ax).

v(t, x) is the unique weak solution to the SPDE which satisfies
sup.<7 E[f, e<lV(EXPT(@)] < o0 and is compatible with the driving noise
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Some key ideas: the basic problem

Suppose that U is an ]-"KV adapted process and
AV (1) = g(Xi(1i())1ir,(0)>0y + A(Xi(0)1(r,(0)=0

+ J (1-U(s, X,-(s))2)A,-(s)ds
7i(t)

. f Ve (Xi(s) — )W (ds ® du).
(i (t),t] xR9

Let ®U to be the process of densities satisfying

lim =33 AY(0((6) = | @U(E0p(m(e)
i=1 D

We are looking for a fixed point of this map.
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Some key ideas: density representation

If Uis }"t/v adapted, then by the ergodic theorem we also have
1 n
im = u . = u ,
Jim_— ,-§=1A' (D)e(Xi(t)) = E[A7 (t)e(Xi(t)) o (W)].

Take test functions ¢ and F. Then, since ®U will be a o(W) measurable
process,

B OGO OFW] - E| | caouem(arw)|
= E[p(Xi(1))oU(t, Xi(t)) F(W)] .
This gives a representation:

dU(t, Xi(t)) = E[A7(1)]o(Xi(1) v o(W)],
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Moment estimates and iteration

A Gronwall argument leads to the a priori bound for t < T,

AV (1)] < (gloc v Al +2 sup

0<t<T

f Ye(Xi(s) — u)W (ds ® du)
(0,t]xR9

This combined with Jensen’s inequality implies that there is e > 0 such
that for all t < T,

E |:J er®U( tx) (dX)] = [eETCDU(t,X,'(t)z]
D
]E I:ee] E[‘ ‘:"J(t)‘U(Xi(t))vo'(W)]z:l < 0.

This bound is a key ingredient to showing that an iterative scheme (" U
converges to a unique fixed point of the particle map.
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Uniqueness of the non-linear SPDE

First, suppose that we consider the weak SPDE that is represented by
{AY, X;} when U is fixed.

J o(t, x)PU(t, x)m(dx) =f ©(0, x)h(x)7(dx)
D D
+J J (Oro(s, x) + Ap(s, x))PU(s, x)m(dx)ds
J J (5,x)(1 — U(s,x)?)®U(s, x)m(dx)ds
) O R CR e CRIIEEED
J J x)V(s, x) - n(x)B(dx)ds
oD

The difference between two solutions ® U™ and ®U® solves a linear
PDE for which we can show uniqueness so long as U has subgaussian
tails.
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Uniqueness of the non-linear SPDE

Suppose that V is the fixed point of the particle system we constructed.
This solves the SPDE in the weak sense. Let U be any other weak
solution with a density which satisfies

E UD eeTU(Ex) (dx)]

for some e > 0 and t < T and which is compatible with W. Take U as
the input in AY and define ®U via

QU(t, x)m(dx) = lim — ZIA £)0x,(1)-

Then ®U solves the same weak linear SPDE as U and so U = ®U. But
there is only one process which satisfies V = ®V and therefore we have
u=yv.
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A more general picture

The same construction works to give representations to (unique)
weak-form solutions to

Orv = L% v +vG(v,x) + b(x, t) + W,
v(0,x) = h(x), xeD
v(t,x) = g(x), xeoD,t>0.

Conditions:

@ D should be to be open, bounded, connected, and sufficiently
smooth (C? is sufficient).

@ L is a uniformly elliptic differential operator with bounded
continuous coefficients associated to a reflecting diffusion with
stationary distribution 7 and associated boundary measure 3, L* is
the adjoint with respect to .

e HhH007 ”gHOO7 HbHJ) < 90, G(V7X) < C
|G(v,x)| |G (v1,x) — G(va, )|

< su <
vx 1+ ]v|? ’ V,)E‘VI_V2|(1+|V1‘+|V2|)
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Thanks!
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