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Standard model of  excitatory (E) and 
inhibitory (I) neuron interactions 
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Limit cycle (dotted black) and 
noisy limit cycle (solid green) 
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Quasi-cycle (solid green) and 
damped oscillation (dotted black) 
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Neuron population firing and 
local field potential oscillations 
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FIG. 1. The left panel is a schematic representation of the random
walk between the two possible states (active and quiescent). During
a short interval of time (t,t + dt), a neuron that is in the active state
has probability αdt to jump into the quiescent state, and similarly, a
probability βf (s)dt to jump from the quiescent state into the active
state, where f is the response function (1) and s is the synaptic
input. The right panel is a graphical representation of the response
function f .

using the response function f in Fig. 1):

P(quiescent → active,during dt) = βf (s)dt,

where the response function f is

f (s) = 1
1 + e−s

. (1)

Let l(t) denote the integer number of active neurons at time
t , which we will also interchangeably call the network activity
or the global activity. Assuming an all-to-all coupling, the
synaptic input that a neuron receives is

s(t) = h − wl(t − τ )/N,

with h the external influence upon the network (a determin-
istic parameter), w the synaptic strength, and τ the axonal
conduction delay. Note that, while this input s(t) is here called
“synaptic,” it is still considered intrinsic rather than external,
since it originates solely from the two-state probabilistic
transitions in each neuron. Recent work that has expanded

this description (in the zero-delay context) to include both
intrinsic and extrinsic noise at this step can be found in [25].
Notice also that the model is built under the assumption that
the network is perfectly homogeneous.

Following the important remark in [24], we chose in all
our simulations α = 0.1, which corresponds to a time scale of
α−1 = 10 ms (1 ms for the action potential plus 9 ms for the
refractory period). Such a value mimics the refractory period
even if the refractoriness is not explicitly modeled. In our
simulation, we took delays in the range of the cortico-cortical
axonal conduction delay of a monkey [26].

We now illustrate the dynamics of the model with numerical
simulations. We show in the upper part of Fig. 2 some raster
plots depicting the spiking time of each neuron. The simulation
presented in Fig. 2 illustrates the oscillatory behavior of
the global activity. This is confirmed by the lower plots
of Fig. 2, which show the power spectrum of the global
activity. The power spectrum is computed numerically by
an averaging of many different realizations of the stochastic
process. Furthermore, the power spectrum is estimated after
discarding the transient dynamics that depend on the initial
state. As we see in Fig. 2, the power spectrum exhibits multiple
resonance peaks. The dominant frequency is in the gamma
band.

To get a better understanding of the kind of gamma
oscillation the model induces, we computed in Fig. 3 the
phase via a Hilbert transform (top panel) and the instantaneous
frequency from this Hilbert phase (bottom panel) using the
method in [27]. Toward that end, we have assumed formally
that the global activity can be written as

l(t)/N = ⟨l(t)/N⟩ + E(t) cos θ (t).

The phase θ (t) can be extracted using the Hilbert transform of
the activity on the left-hand side from which the mean of this
activity (first term on the right-hand side) has been subtracted.
The computation of the instantaneous frequency is normally
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FIG. 2. (Color online) Effect on the network of the conduction delay τ and the synaptic strength w. The top panels are raster plots of 200
interneurons. The blue line represents the global activity l(t) of the network. We show in red the spike train of one particular neuron. The
bottom panels show the power spectrum of the global activity, computed by averaging over 100 realizations. The parameters for all simulations
are α = 0.1, β = 2, and h = 0.3. Further, τ = 3.7 ms and w = 9 for the left simulation, τ = 4.2 ms and w = 15 for the middle simulation,
and τ = 4.7 ms and w = 22 for the right simulation.
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