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1/133



Plan
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Stochastic Heat Equation on R

0? :
67) u(t,x) =du(t,x)W(t,x), t>0,xeR (SHE)

t W is space-time white noise, A # 0, v = 1.

Mild form:
u(t, x) = /R G(t, x — y)u(dy) + A/Ot/R G(t—s,x — y)u(s, y)W(ds, dy)

where G(t, x) = (2rt) "2 exp (—x?/(21)).
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Second moment of SHE

1. Set Jo(t,x) == [, G(t, x — y)u(dy).
2. [lu(t,x)Iz = E [u(t, x)?].
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Second moment of SHE

. Set Jo(t,x) == [, G(t, x — y)u(dy).
2. |Ju(t, x)|[5 = E [u(t, x)?].

Then ||u(t, x)HS satisfies the following integral equation

t
lu(t, )| = (L. x) +A2/0 /RGU— s.x — y)? ||u(s, y)|E dsdy.

Goal: Solve this integral equation as explicitly as possible!
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Known respresentations of moments

1. Feynman-Kac formula for p > 2:

B [t 1) - [(HUOHB,)exp(Az s a8 )]

1<i<j<p

where B} are independent standard Brownian motion on R.

2. Borodin & Corwin 14 claimed that (see Appendix A.2)

E [u(t,x)"] = (27ﬂ)p7§ 7{ H zaizb )\ZHexp( z +xz,) dz;

1<a<b<p

where zj € Ma; + iRwithas > az+1>--->ap+p—1.

Goal: Obtain explicit formulas in case of p = 2 and for general initial data.
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Known respresentations of moments

1. Feynman-Kac formula for p > 2:
E [u(t, x)] = (HonJrBt)exp A /oo B' B' ds
1<i<j<p

where B} are independent standard Brownian motion on R.

The delta initial data requires proper interpretation
[C., Hu & Nualart, 17]

2. Borodin & Corwin 14 claimed that (see Appendix A.2)

E [u(t,x)"] = (27r/)P7§ j{ H zaizb )\ZHexp( z +xz,) dz;

1<a<b<p

where zj € Ma; + iRwithas > az+1>--->ap+p—1.
only for the delta initial data!

Goal: Obtain explicit formulas in case of p = 2 and for general initial data.
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Two ways to explicitly solve the integral equation

t
lue )l = (e x)+ 32 [ [ @t = sx - y)? lu(s. )] dsdy
0 R

= (G« IJul) (t,x)

1. Solved through successive approximation.

2. Integral transforms. (Laplace trans. in t and Fourier trans. in x)
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Successive approximations

1. Denote f(t, x) = ||u(t, x)||5. Recall “x” denotes the space-time
convolution. Then

f:J§+)\2(GZ*f)
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Successive approximations

1. Denote f(t, x) = ||u(t, x)||5. Recall “x” denotes the space-time
convolution. Then

f:J§+)\2(GZ*f)

=B+ (62 * (5 + X*(G* « f)))
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Successive approximations

1. Denote f(t, x) = ||u(t, x)||5. Recall “x” denotes the space-time
convolution. Then

f:J§+)\2(GZ*f)
=B+ A2 (GZ*(Jg—s—)\Z(GZ*f)))
=R NG xB)+ N\ (Gz*Gz*f)
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Successive approximations

1. Denote f(t, x) = ||u(t, x)||5. Recall “x” denotes the space-time
convolution. Then
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=B+ N (G (B +X(E 1))

= RGP R)+ N (Gz*Gz*f)

=+ 0GP xR+ X (G2 % G ) +X° (G4 G G )
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Successive approximations

1. Denote f(t, x) = ||u(t, x)||5. Recall “x” denotes the space-time
convolution. Then

f:J§+)\2(GZ*f)

=B+ N (G (B +X(E 1))

= RGP R)+ N (GZ*GZ*f)

=+ 0GP xR+ X (G2 % G ) +X° (G4 G G )

B SN (G )
n=1 N e

n's G?
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Successive approximations

1. Denote f(t, x) = ||u(t, x)||5. Recall “x” denotes the space-time
convolution. Then

f:J§+)\2(GZ*f)

=B+ N (G (B +X(E 1))

= RGP R)+ N (GZ*GZ*f)

=+ 0GP xR+ X (G2 % G ) +X° (G4 G G )

B SN (G )
n=1 N e

n's G?
2. So if we denote
K= 0 (Gz*~~~*G2), then f=J2+ LK.
n=1 N’

n's G
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Successive approximations (cont...)
By induction, one can show that
/21

(GZ*..-*GZ)(t7X) = G(t/2,x)m

~———
n's G
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Successive approximations (cont...)

By induction, one can show that

G G G(t/2, )t
( * ok )(t,X)— (t/ 7X)W
n's G?
Indeed, if n = 1, LHS= G2(t,x) = 55~ = G(1/2,X) 7= =RHS.
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Successive approximations (cont...)

By induction, one can show that

n/2—1
(GZ*- ok GZ)(lt7 X) = G(t/27x)m
——
n's G

X2
Indeed, if n =1, LHS= G*(t,x) = ;5 e 7 = G(t/2,x)57= =RHS. Suppose
it is true for n, then

[Gz*(Gz*m*Gz)}(t,x):/Otds/RdyG(s/ay)z%ﬂ?s
e (t — )72

x G((t—s)/2,x — y) 27 (n/2)
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Successive approximations (cont...)
By induction, one can show that
/21

(GZ*...*GZ)(t, X) = G(t/2.X) gor o s
—_—————
n's G?

X2
Indeed, if n =1, LHS= G*(t,x) = ;5 e 7 = G(t/2,x)57= =RHS. Suppose
it is true for n, then

[Gz*(Gz*m*Gz)}(t,x):/Otds/RdyG(s/ay)z%ﬂ?s

n's G?
t—s n/2—1
G((t - s)/&XﬂOW
gl/2— 1(t )n/2 1
(Semigroup) G(t/2, X)/ T 2 (n/2) ds

/133



Successive approximations (cont...)

By induction, one can show that

n/2—1
(&5 &) (tx) = Glt/2. )72:””/2)
—_——
n's G?

X2
Indeed, if n =1, LHS= G*(t,x) = ;5 e 7 = G(t/2,x)57= =RHS. Suppose
it is true for n, then

{Gz*(Gz*-.-*ez)}(t,x):/Otds/RdyG(s/z,y)z%/Fs

n's G?
ot syzx - Gl
(Semigroup) G(t/2, x) / t 1/27; (;nr8377;)1d3
(Beta integral) — G(t/2,x) 1 F(1/2)1(n/2) (n1)/2-1

2rtty/xr(n/2) T((n+1)/2)
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Successive approximations (cont...)

By induction, one can show that

n/2—1
(&5 &) (tx) = Glt/2. )72:””/2)
—_——
n's G?

X2
Indeed, if n =1, LHS= G*(t,x) = ;5 e 7 = G(t/2,x)57= =RHS. Suppose
it is true for n, then

[Gz*(Gz*n-*Gz)}(t,x):/Otds/RdyG(s/Zy)z%ﬂ?s

n's G?
t—s n/2—1
Gt - /20—yl e
t g1/2-1 n/2—1
(Semigroup) G(t/2, x) / — (tznrsz sy
1 2)r(n/2
(Beta integral) = G(t/2, x) ST T (n)2) r((({-,_;’)_ 1()//2)) (n+1)/2—1
fn+1)/2—1
(r(1/2) = V) = G(t/2,x)

2nt1T((n+1)/2)°
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Successive approximations (cont...)

Hence,
o )\2ntn/2—1

K(t,x) =3 2% (G2 ek GZ)(t, X) = G(t/2.)Y )

n=

n's G
= (A2VE/2)"

1
= G(t/2, %) ; )
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Successive approximations (cont...)

Hence,
= o 2n4n/2—1
K(tx) = 3N (x5 @) (t3) = G(1/2.00 Y %
n=1 n=1
n's G?
1 o= (\2V/t/2)"
= Glt/20 3 Ot

Notice that

ex2 = x_2 i X72n
N r(2n/2)
n=1
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Successive approximations (cont...)

Hence,
= o 2n4n/2—1
K(tx) = 3N (x5 @) (t3) = G(1/2.00 Y %
n=1 n=1
n's G?
1 o= (\2V/t/2)"
= Glt/20 3 Ot

Notice that

oo
2n x2n+1

2 anem X 2 -
e :XZ,;W and e erf(x):ngm,
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Successive approximations (cont...)

Hence,
o )\2ntn/2—1

K(t,x) =3 2% (G2 ek GZ)(t, X) = G(t/2.)Y )

n=

n's G2
1 = (A2V/t/2)"
= G(t/2.07 %
n=1
Notice that

2n oo x2n+1

2 anem X 2 -
e :XZ,;W and e erf(x):ngm,

which imply that

S S (] ()

n=1
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Successive approximations (cont...)

Hence,
© A\2ngn/2—1
K(t,x):Z)\Z”(G2*~-* )( G(t/2, X)Zznr(n/z)
n's G?
(2vi/2)
= G(t/2, x)t; Fin/2)
Notice that
5 o0 x2n+1

X and e erf(x) = x 2 >
n:

_ X2n
= 2; r(2n/2) < T((2n+1)/2)’

which imply that

Ut (Y () e (5)]

Therefore,

2

IC(t.,X):G(t/Z,X)< Lﬁ%e”““ {1+ t(Azz‘[ﬂ).
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Successive approximations (cont...)

Hence,
ot 5 5 5 )\Zntn/z 1
IC(t,x):Z)\"(G *...*G)(t G(t/2, X)Zznr(n/z)
n's G
(2Vi/2)
= G(t/2, )f; Fin/2)
Notice that

> 2n o X2n+1

X< -2 = X x2 _ L2
& =X ;F(Zn/Z) and - e" erf(x) = x ;r((2n+1)/2)’
which imply that

ot (Y () e (5)]

K(t, x) = G(t/2, x) (\/Z% +%“ek41/4¢ (AZ\E»

Therefore,
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Successive approximations (cont...)

In summary,

E[u(t, )] = J5(t,x) + (J5 * K)(t,x)

> o(tx) = / Gt x — y)u(dy).

> K(t,x) = G(t/2,x) (ﬁ% + %4@4’/% (AZ\/Z>>
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Successive approximations (cont...)

In summary,

E[u(t, )] = J5(t,x) + (J5 * K)(t,x)

> o(tx) = / G(t, x — y)u(dy).
. _ 22 A s 2 |t
K(t, x) = G(t/2, x) <\/47t + 5 e ()\ \/;>>

» |nitial data © can be any measure such that

J(t,X)<oo VE>0,xeR < / e (dx) < 00 Va> 0.
R
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Laplace-Fourier transform
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Laplace-Fourier transform

1. Recall tha f(t, x) = J2(t, x) + X3(G? * f)(t, x).
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Laplace-Fourier transform

1. Recall tha f(t, x) = J2(t, x) + X3(G? * f)(t, x).

2. Let L (resp. F) denote the Laplace (resp. Fourier) transform in ¢ (resp.
X) variable with new variable z (resp. ).
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Laplace-Fourier transform

. Recall tha f(t, x) = J2(t, x) + N3(G? * f)(t, x).

. Let £ (resp. F) denote the Laplace (resp. Fourier) transform in t (resp.
X) variable with new variable z (resp. ).

. Then
LF[f(z,€) = LF[R](z,€) + N LF[G|(z,€) LFIf(z,€),

and so

NLF[G(2,€)

SNz T )

LFIA(2,€) = LF[h)(2,€) + -
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Laplace-Fourier transform

. Recall tha f(t, x) = J2(t, x) + N3(G? * f)(t, x).

. Let £ (resp. F) denote the Laplace (resp. Fourier) transform in t (resp.
X) variable with new variable z (resp. ).

. Then
LF[f(z,€) = LF[R](z,€) + N LF[G|(z,€) LFIf(z,€),
and so

NLF[G(2,€)

SNz T )

LFIA(2,€) = LF[h)(2,€) + -

. Notice that FIGE(t, )](€) = A= FIG(t/2,)](€) = e <0/

4t
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Laplace-Fourier transform

. Recall tha f(t, x) = J2(t, x) + N3(G? * f)(t, x).

. Let £ (resp. F) denote the Laplace (resp. Fourier) transform in t (resp.
X) variable with new variable z (resp. ).

. Then
LF[f(z,€) = LF[R](z,€) + N LF[G|(z,€) LFIf(z,€),
and so

NLF[G(2,€)

LFIA(2,8) = LF[h)(z2.€) + 17 NLF[G(z,€)

LF[](z,€).

. Notice that F[G?(t,)](€) = A= FIG(t/2,)](€) = e~ €2t/

. Notice also that £[t"](z) = "2, y > —1. So £[t~"/?*](z) = /2 and

zv+1

v 1
LFIEEO = VIR Az R
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Laplace-Fourier transform (cont...)

6. From 5, we see that
NLFIG(z,¢) 22

1—XLFIG?)(2,€)  \/az +|¢]? -

7. First assume ¢ = 0. Notice that

r ’ )\2 zt 1 0+ )\2 zt d
N t R —_— 4+ — ——dz.
[2f )\2} () =Res, x5z e T 2 /,oo NS
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Laplace-Fourier transform (cont...)

6. From 5, we see that
NLFIG(z,¢) 22

1—XLFIG?)(2,€)  \/az +|¢]? -

7. First assume § = 0. Notice that

‘671 (t) Res )\2921 +L/O+ )\2 zt iz
2f 2 oz 2mi) _2yz—x

4
The residue part is equal to 2 e+ . The contour integral is equal to
p q 2

_t /Oo ( as + ¥ ) e “du
2ri Jo \2vui— 22 T 2\/ui+ A2

12 /33



Laplace-Fourier transform (cont...)

6. From 5, we see that
NLFIG(z,¢) 22

1—XLFIG?)(2,€)  \/az +|¢]? -

7. First assume ¢ = 0. Notice that

(t) = Res

)\2 ezt 1 /0+ )\2 ez[
dz.

o _2° 4 A A
[2f )\2} =35 7 e " oni | 2yz— x

4
The residue part is equal to §e¥. The contour integral is equal to
¢S] 2 2
_ / ( A 2 ) e Ydu
2ri Jo  \2yUui— 22 2\/ui+ )2

_» oo \/Uefut
T 21 Jy u+At/4

du
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Laplace-Fourier transform (cont...)

6. From 5, we see that
NLFIG(z,¢) 22

1—XLFIG?)(2,€)  \/az +|¢]? -

7. First assume ¢ = 0. Notice that

r ] )\2 Zt 1 0+ )\2 Zt d
- t R — t+ ——dz.
|:2\/* )\2:|() 652:%42\/27>\2+27r1/700 2\/27)\2

4
The residue part is equal to 2 e+ . The contour integral is equal to
p q 2

_t /oo ( as + ¥ ) e “du
2ri Jo \2vui— 22 T 2\/ui+ A2

oo —ut
- Ldu
2r Jo, u+X/4
2 4o (ﬂ%)
= — —e % erfc . &
it 4 2 (&)
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Laplace-Fourier transform (cont...)
6. From 5, we see that
NLFIG(z,¢) N2
1—XLFIG?)(2,€)  \/az +|¢]? -

7. First assume ¢ = 0. Notice that

r ] )\2 Zt 1 0+ )\2621‘ d
B t R — t 5= ——dz.
[zf )\2:|() eSZ:AT42\/Ef)\2+27TI/,OO 2z — \2

4
The residue part is equal to 2 e+ . The contour integral is equal to
p q 2

_t /oo ( as + ¥ ) e “du
2ri Jo \2vui— 22 T 2\/ui+ A2

oo —ut
- Ldu
2r Jo, u+X/4
2 4 2
:)\7—)\—64 erfc(f)\ ) (&)
Ant 4

22 22 At VN2
Hence Yot t) = +Ze7 |1+ rf( )]
[2\&— AZ} (0 Vart = 4 { © 2
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Laplace-Fourier transform (cont...)

8. Hence, if £ # 0,

,1 N2 7,\54\2(% £¢[1 f(ﬁAZ)D
e e (e e e (4
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Laplace-Fourier transform (cont...)

8. Hence, if £ # 0,

e (i e [ ()]

9. The inverse Fourier transform of RHD of 8 is straightforward:

G(t/2, x) (\/% + %4&?’ [1 +erf(*@2)D .
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Laplace-Fourier transform (cont...)

8. Hence, if £ # 0,

-1

9. The inverse Fourier transform of RHD of 8 is straightforward:

G(t/2,x) (\/Ziwt + %46%4? [1 +erf(\/;)\2)}> .

10. Therefore, | |

NLFIG(2,€)
1 NeLF[G(z.€

K(t,x):=F '™ { )] (t,x)

and

E [u(t, x)z] — B(t,x) + (J§ N /c) (t,x)

22 EAD SP AP
m(t):e 4 \/H+Ze4 1+erf

2

=)
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Laplace-Fourier transfom (cont...)

It remains to show Eq. (&) in Step 7, namely,

o \m —ut _ﬁ a2t ; _ )2
L dufwfnae erfc(a\/f), with a = A\?/2.
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Laplace-Fourier transfom (cont...)

It remains to show Eq. (&) in Step 7, namely,

VU mutgy 2 VT ae®lert (a\/f) . witha= \?/2.

o utéa& Vit

1. Erdelyi’s Tables of Integral Transforms, Vol. |, p. 136, Eq. (23).

2. Otherwise, we have that

oo oo 2
u 2w w2
vu e ”tdu:/ =2 e "law
0

0 u+a?
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Laplace-Fourier transfom (cont...)
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Laplace-Fourier transfom (cont...)

It remains to show Eq. (&) in Step 7, namely,

VU mutgy 2 VT ae®lert (a\/f) . witha= \?/2.
0o uta Vi

1. Erdelyi’s Tables of Integral Transforms, Vol. |, p. 136, Eq. (23).

2. Otherwise, we have that

oo oo 2
u 2w w2
vu e ”tdu:/ =2 e "law
0

0o u+a w2 + a2
—2/ e " law 2a2/ L ey
0 0 ta
VT 2
=S=-2al(t
Vi (1) t
I(t) _193% ﬁ/ s 1/2g%(=9) 45
Ity = Y™ 1 21t .
2Vt = =Lt T erf(a\[)
1(0) = 7 /(2a). 2a 2a
erfc(a\/f).

" 2a
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Summary: two ways to compute the resolvent kernel function

E [u(t, x)?] = J&(t, x) + (J§ x K) (1, x)

1. Successive approximation:

K(t, x) = ix" (Gz*...*ez)(t,x).
n=1 —_—

n's G?

2. Integral transforms:

NLF[G(2,€)
1- 2LF[G(z.€)

K(t,x)=F'£7" (t,x).
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Plan

Stochastic wave equation on R
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Stochastic Wave Equation on R

2 2 .
{(gﬂ - 52%> u(t,x) = Au(t, X)W(t,x), t>0,x€eR, (k>0) (SWE)
u(0,) =9(), %{(0,) = u(")
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Stochastic Wave Equation on R

2 2 )
(% - 52%> u(t,x) = Au(t, X)W(t,x), t>0,x€eR, (k>0)

{ (SWE)
u(0,-)=g(), %H0,-) = pu(")

1. G(t,X) = I _uteg(x), fort>0,x €R.
2. Set Jy(t, x) to be the solution to the homogeneous equation, i.e.,

do(t, %) = % [90x + 1) + g(x — w)] + / G(t, x — y)u(dy).

3. (SWE) is interpreted in the integral form:

u(t, x) = Jo(t, x) + /\/1/ G(t—s,x —y)u(s,y)W(ds,dy).
0 JR
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Two ways to solve the second moment for SWE

llu(t, x)|[5 = J2(t, x) + (S * K)(t, X)

1. Successive approximation:

K(t, x) :iﬁ” (Gz*n-*Gz)(t,x),

n=1 N—
n's G

2. Integral transforms:

NLFIG(z,€)
T— LAz, g)} (£, %),

Kt,x)=F'c" {

G(t,x) = 1/2 X 1 st e (X)-
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Successive approximation

1. We claim that

[(/{l‘)z — XZ]rF1

(Gz*...*G2>(I‘,X): WAIFM,M](X)- ()
N——

n's G?
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Successive approximation

1. We claim that

(k)2 — x2]"

(Gz*...*G2>(t,X) W” ntnt]( ) ()
N——

ns G?

2. Notice that the hyperbolic Bessel function I,(x) has the expansion:

(x*/4)
h(x) = Z FKT(n+ k)’
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Successive approximation

1. We claim that

(k)2 —x2]""

(Gz*...*G2>(t,X) W” ntnt]( ) ()
N——

n's G?
2. Notice that the hyperbolic Bessel function I,(x) has the expansion:

(x*/4)
h(x) = Z FKT(n+ k)’

3. Hence,

K(t, x) = i/\% (62 * ek GZ) = ( )\2[(m)2_X2]> 1= nt ety (X)-

n=1 R —— 2
n's G?
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Successive approximation (the proof of (x) )

H 2 2 n—1
(Gz*~-*Gz)(t,X) — %1[7,{1,51](”. ()
N——

n's G?

G(t,x) = 1/2 X 1 st e (X)-
20 /133



Successive approximation (the proof of (x) )

n—1
(Gz*m*GZ)(t,x)—M1 (x). ()

T 2311 )2k [—rt k]
—————
n's G?

1. when n=1, RHD = 11(_ ¢ «(x) = G(t, x) = LHD.

2. Suppose it is true for n, then

{(GZ*~~-*GZ)*G2](t,X):MW%/O[/R[(ms)z—yz}nq

n's G?

X 1= ns) (V)1 [= (t—s),—n(t—s)) (X — y)dsdy

G(t,x) = 1/2 X 1 st g (X)-
20 /133



Successive approximation (the proof of (x) )

. By the change of variables (s, y) — (w, v):

B s
& 2
A N
N Ty
T x
A <
&
X
23
/
t_ =z R VA
272 4
I
I
I
¥ } Yy ow=-u
T — h‘/,\\ - it
&
uy) <N - ) (’)
g o) "\ =1\,
N u ,
T
dwdu = 2rdsdy

the RHD of eq. in step 2 becomes

1 1
23n+1 (n)2kn—1 P o

if x € [—xt, t], and O otherwise.

Kt—X Ki+X ’
duu™" / dw w™™
0

sty - x?)"
- 23n+2r(n + 1)2,,@/7
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Integral transforms

NLFIGH(z,¢)
1 — NLF[G(z,€)

K(t,x)=F'£7" (t,X).

G(t,x) = 1/2 X 1 st e (X)- )
N9 /132



Integral transforms

[ R )\25]:[62](2,5)
K(t,x)=F'c {1_*5?[62](275) (, x).
1. First notice that
FIG () =47 Mf“M:ggTW EeRr,
—rt

£GPz = [ e ar -

K

G(t,x) = 1/2 X 1 st g (X)- )
N9 [ 132



Integral transforms

[ R )\25]:[62](2,5)
K(t,x)=F'c {1_*5?[62](275) (, x).
1. First notice that
Ao =4 [ e ax = S, EeRr,
—rt

LFIG(z2,€) = /0 - %t;é)e—”dt - s M@0

2. Hence,

NLF[G?(z,€) K2

T=NLAGIZ 272 120 (2 )

G(t,x) = 1/2 X 1 st g (X)- )
N9 [ 132



Integral transforms

K(t,x) = F o {1 fzfz’z[ﬁ[zggé)g) (t,%).
1. First notice that
FE N =4 [ oo = SN, cer
LFIG(z2,€) = /0 - %t;é)e—”dt - sy @0
2. Hence,
NLF[G?(z,€) K2

T=NLAGIZ 272 120 (2 )

)\2

4ﬁ|:z_lﬁm Z+IH\/£27?§:|

G(t,x) = 1/2 X 1 st g (X)- )
N9 [ 132



Integral Transforms (cont...)

3. Inverse Laplace transform can be easily computed as

22 sin (m‘\/§2 — §>

2 52_%2

N3 /1233



Integral Transforms (cont...)

3. Inverse Laplace transform can be easily computed as

52 sin (mw/e - g)

2 52_%2

4. The following inverse Fourier transform is more involved:

o SiN (nt\/éz - 5)

)\2
> /0 - ~ cos(x&)d¢

2K
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Integral Transforms (cont...)

3. Inverse Laplace transform can be easily computed as

52 sin (x;t\/g? - §>

2 52_%2

4. The following inverse Fourier transform is more involved:

o SiN (nt\/éz - 5)

)\2
> /0 - ~ cos(x&)d¢

2K

5. Thanks to [Erdelyi's Table of Int. Trans., |, p. 26, (30)], for x > 0 and a € C,

/Ooo @ cos(£x)dé = gJo (aﬂ) 1p0,61(X)

£2+a2
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Integral Transforms (cont...)

3. Inverse Laplace transform can be easily computed as

52 sin (x;t\/g? - §>

2 52_%2

4. The following inverse Fourier transform is more involved:

o SiN (m/&z - 5)

)\2
> /0 - ~ cos(x&)d¢

2K

5. Thanks to [Erdelyi's Table of Int. Trans., |, p. 26, (30)], for x > 0 and a € C,

/oo sin (b\/m)

£2+a2

cos(£x)dé = gJo (aM) To,61(X)

2 2 2 _ y2
Hence: K(t, x) = %/o ( W) 1 rtmg (X)

N3 /233



Plan

Further simplifications for SHE on R
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Further simplifications for

llut, )15 = J3(t,x) + (& = K)(t,x)

E [u(t, x3)u(t, )] = Jo(t, %1)do(t, %) + g //}RZ 1(dz1)(dzs)

2 J— J— — —
XGV/Q(Y,X1+X2—Z1+ZZ)¢<)\t | X1 );21|/t |1 Zz|>

2 2

Mt a2
X exp <@ = 5 ([ =l +]z1 - Zzl))

ox?

(E v u(t, x) = Au(t, ) W(t, x)
G (2rvt) ™2 exp(—x2/(2vt))

[
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Further simplifications for

llut, )15 = J3(t,x) + (& = K)(t,x)

E [u(t, x3)u(t, )] = Jo(t, %1)do(t, %) + g //2 1(dz1)(dzs)

X1 + Xo Z1+ 2 )\2t— |X1 —X2| — ‘21 — Zz|
< Gure (075 2 )“’( Voot

PN L
xexp\ 2~ 5(|X1 = Xe| + |21 — 22|)

Explicitly worked-out examples:
1. p=2ao
2. u(dx) =dx
3. p(dx) = e™¥dx
wu(dx) = (e £ e )dx, a € R.

(aﬁ - %ai; u(t, x) = Au(t, ) W(t, x)
G.(t,x) = (2

wut) "2 exp(—x2/(2uvt))

5 /233



Example 1: Delta initial data . = dg

_ )\2 X1 + Xo
E [u(t x)u(t, )] =G (t, %) Gu(t, Xe) + 5= Gy (t, T)

X ex &—/\—2|x—x| @ Nt n x|
P 4 2 2 Vout

2] 2 N Mt Nt
E [u(t, X) ] = Gu(1,%) + 5-Cua(t, X) exp (E) ® (m)

= \2K(t, x)

G, (t, x) = (2wvt) /2 exp(—x2/(2vt))

26 /33



Example 2: Leb. measure u(dx) = dx

Mt Mt — X1 — o
E = 20 2y — A7 AT A2
[u(t, x1)u(t, x2)] =2 exp <4y 2y‘x1 x2\> () ( o )

X1 —X2\>
+2¢< 1
Vavt

E [U(I,X)z] =2exp (%) ® <)\2\/Z>
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Example 2: Leb. measure u(dx) = dx

Mt Mt — X1 — o
E = 20 2y — A7 AT A2
[u(t, x1)u(t, x2)] =2 exp <4y 2y‘x1 x2\> () ( o )

|X1 — Xg‘)
+2¢< -1
vavt

—14 2\/7t (2 ‘X1 — X2| — )\Zt) " _(X1 —X2)2
ST R (=) — et —xe)) P aut
as |x1 — xz| — 0.

E [U(I,X)z] =2exp (%) ® <)\2\/Z>

27 /33



Special case 3: Exponential initial data p(dx) = e**dx

2 2 )\4t 2 t
E[u(nx)]:zexp 2ax +afut+ 5 ) o ( X/ oo

0 v .
au_ éAu—k/\uW, Up =€

X
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Special case 3: Exponential initial data p(dx) = e**dx

2 2 )\4t 2 t
E[u(nx)]zzexp 2ax +afut+ 5 ) o ( X/ oo

X

0 v .
au— éAu—k/\uW, U =¢€

X:(%-}- A )t

8v|a|

S -
X, -
.-

N8 /133



Special case 3: Exponential initial data p(dx) = e**dx

2 2 )\4t 2 t
]E[u(t,x)]zzexp 2ax +afut+ 5 ) o ( X/ oo

0 v .
—Uu= *AU )\UW Uy = eax
ot = g AU AUW, Lo
X = %21
t \O\\
2aX @,, 4
€ 2 q/\ s X (L‘” + A )t
Elu(t, x)7] //7‘, 2 8ulal
4 % .
oé\,a\)/, \\Qg'b\'(:z’
\‘\'\’,' 601\\?/’
& ,'?‘oo\,x
o ,"’ Exponentially small!
/’/ <
L

> X

N8 /133



Special case 3: Exponential initial data p(dx) = e**dx

E [u(t, x)z] =2exp <2ax +oPut +

0 v .
i — 7A A W — X
8ZLU > u+ AuW, U e

eZaX

X't 2 |t
4y>“’<A 2y>

1. v < A?/(2|a|): Noise dominates.
2. v > \?/(2]al): Migration dominates.

_ 2
X =5t
S
q/\\/,,x L‘” A t
™ . 2 + 8v|a|
K .
Q‘\\,ﬂ /, Q'b\'{:z”
Q- \,&\\Q,,
&, oS -7
& ,(?‘00\,/
Vil Exponentially small!

> X

N8 /133



Example 3: Exponential initial data ;(dx) = (e** £+ e~*¥)dx

4
E [u(t, x)2] =2 exp (azuz‘ + %) ® <)\2 22) (ez‘“‘ + e‘z‘“‘)
4av 2ot
+ A2+ 2av €

2 4
+ ﬁ |:)\26M¢ <)\2 2t1/> - 2al/ea2m¢> (O[ 21/1‘)}

“+” :as a — 0, E[u(t, x)?] converges to the Lebesgue case u(dx) = 2dx.
‘" rasa— 0, E[u(t,x)?] — 0.

» Critical diffussion: v = A\?/(2]a/).

729/ 133



Final remark
m(t, xy, x) := E[u(t, x1)u(t, x2)]

0 v [ 92 o2
5m(t,xm@)= 3 8712+8—X§ + Ado(X1 — Xx2) | m(t, X1, X2), X1, X% €R

m(0,dx1,dx2) = p(dxy)p(dxz)

20/33



Final remark
m(t, xy, x) := E[u(t, x1)u(t, x2)]

2m(tx X2) = z a—z—s—az + Ado(x —x)}m(l‘m X2), Xi,Xe €R
at T2 \ox2 T ox2 o RS ’

m(0,dx1,dx2) = p(dxy)p(dxz)
ﬂ explicitly solved!

m(t, x1, X2) // (dz1)p(dz) { L(tx1 —Y)Gu(t xe — y)

)\ X1 + Xo Zy + 2o )\zt—|X1—X2|—|Z1—Zg|)
— (0]
+ 5,6 (675 ) ( Vvt

Mtooa2
X exp (—V — —(|x1 —Xo|+ |21 — zﬂ))]

20/133



Plan

Stochastic heat equation on a torus
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Stochastic heat equation on a torus
— Ongoing project with Axel Saenz

o 10 -
5 2ok u(t,x) = Au(t,x)W(t,x), t>0,x¢e]l0,L],
u(t,0) = u(t, L), t>0

U(O,‘) = K-

> Q(t,x) =>4 G(t, x + nL), Q(t,x,y) = Q(t,x — y).

G(t, x) = (2xt) "2 exp(—x?/(21))
25 /22



Stochastic heat equation on a torus
— Ongoing project with Axel Saenz

o 10 -
5 2ok u(t,x) = Au(t,x)W(t,x), t>0,x¢e]l0,L],
u(t,0) = u(t, L), t>0

U(O,‘) = K-

> Q(tvx):ZnEZ G(t7X+nL), Q(t,X,y) = O(t,X—y)-
Goal: Evaluate, explicitly,

K(t, x) ;:if”(@z*...w?)(nx)

n=1 n's @

where (Fxg)(t,x) := f0’ ds fOL dy f(t —s,x — y)g9(s,y).

G(t, x) = (2xt) "2 exp(—x?/(21))
25 /22



The resolvent kernel function

k(0= (00 7e0) (1 1) @G0 athx ).

forall t > 0 and x € [0, L], with

Hi(t) = ajoexp (Vo) + Y ajnexp(—yiat), j=1,2,

n=1

where all y; , > 0 and ¢}, can be determined explicitly.
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The resolvent kernel function

k(0= (00 7e0) (1 1) @G0 athx ).

forall t > 0 and x € [0, L], with

Hi(t) = ajoexp (Vo) + Y ajnexp(—yiat), j=1,2,
n=1
where all y; , > 0 and ¢, can be determined explicitly. In particular,

Y10 = lim 1;Iog K(t, x),

where y1 o is the unique strictly positive sol. to coth(,/yL) = 2X\~2,/y.
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The resolvent kernel function

k(0= (00 7e0) (1 1) @G0 athx ).

forall t > 0 and x € [0, L], with

Hi(t) = ajoexp (Vo) + Y ajnexp(—yiat), j=1,2,

n=1

where all y; , > 0 and ¢, can be determined explicitly. In particular,
yi0=lim llogiC(t,X),
t— oo t

where y1 o is the unique strictly positive sol. to coth(,/yL) = 2X\~2,/y.
Moreover, for any e € (0, 1), there exists Lo = Lo(A,€) > 0s.t.,
4

—I)2 2 )\4 122 2
— < < —
7 (1+2(1 €)e ) <yo< g (1+2(1+e)e ) . YL> Lo,
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The resolvent kernel function

k(0= (00 7e0) (1 1) @G0 athx ).

forall t > 0 and x € [0, L], with

Hi(t) = ajoexp (Vo) + Y ajnexp(—yiat), j=1,2,

n=1
where all y; , > 0 and ¢, can be determined explicitly. In particular,
yi0=lim llogiC(t,X),
t— oo t

where y1 o is the unique strictly positive sol. to coth(,/yL) = 2X\~2,/y.
Moreover, for any e € (0, 1), there exists Lo = Lo(A,€) > 0s.t.,
4

—I)2 2 )\4 122 2
— < < —
7 (1+2(1 €)e ) <yo< g (1+2(1+e)e ) . YL> Lo,

2
ie., Vio < *74 (1 + 2e*“2> as L — oco.
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