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Abstract

We study quenched distributions on random walks in a random potential on in-
teger lattices of arbitrary dimension and with an arbitrary finite set of admissible
steps. The potential can be unbounded and can depend on a few steps of the
walk. Directed, undirected, and stretched polymers, as well as random walk in
random environment, are covered. The restriction needed is on the moment of
the potential, in relation to the degree of mixing of the ergodic environment.
We derive two variational formulas for the limiting quenched free energy and
prove a process-level quenched large deviation principle (LDP) for the empirical
measure. As a corollary we obtain LDPs for types of random walks in random
environments not covered by earlier results. © 2012 Wiley Periodicals, Inc.

1 Introduction

This paper investigates the limiting free energy and large deviations for several
much-studied lattice models of random motion in a random medium. These include
walks in random potentials, also called polymer models, and the standard random
walk in a random environment (RWRE). We derive variational formulas for the
free energy and process-level large deviations for the empirical measure.

1.1 Walks in Random Potentials and Environments

We call our basic model random walk in a random potential (RWRP). A special
case is random walk in a random environment (RWRE). Fix a dimension d € N.
There are three ingredients to the model: (i) a reference random walk on Z4, (i) an
environment, and (iii) a potential.

(i) Fix a finite subset #Z C Z9. Let P, denote the distribution of the discrete-
time random walk on Z< that starts at x and has jump probability p(z) = 1/|%|
for z € # and p(z) = 0 otherwise. Ey is expectation under Py. The walk is
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denoted by Xo,00o = (X»)n>0. Let G be the additive subgroup of 74 generated by
K.

(i) An environment w is a sample point from a probability space (2, S, P).
Q2 comes equipped with a group {7, : z € G} of measurable commuting bijections
that satisfy Tx4, = TxTy, and Ty is the identity. [P is a {T; : z € G}—invariant
probability measure on (€2, &) that is ergodic under this group. In other words,
if A € G satisfies T,A = A for all z € G, then P(A) = 0 or 1. E will denote
expectation relative to P. We call (2,6, P,{T; : z € G}) a measurable ergodic
dynamical system.

(iii)) A potential is a measurable function V : Q X #* — R for some integer
{>0.

Given an environment w and a starting point x € 74, for n > 1 define the
quenched polymer measures

1 n—1
(L1 Q¥ {Xoco € A} = —pr Exfe™ 2h=0 VITXe @ Zh1 k4014 (X, 00) ]

n,x

normalized by the quenched partition function
v, — Yo V(Tx, 0,2
Zn,;) — Ex[e Yk=0V(Tx, o k+1,k+e)] —

—1
Z |%|_n_g+1 o~ k=0 V(Tx, @.Zk+1,k+6)
Z1nte—1 €ZMTETL

Zy = Xx— Xk— is astep of the walk and vectors are X; ; = (X;, Xj41....,X)).
Q,‘:;) represents the evolution of the polymer in a “frozen” environment @. (The
picture is that of a heated sword quenched in water.) Let us mention two models of
special importance.

Example 1.1 (k + 1-Dimensional Directed Polymer in a Random Environment).
Take the canonical setting: product space 2 = I'ZY with generic points w =
(wx)xeza and translations (Txw), = wx4y. Thenletd =k + 1, V(o) = —Bwo
with inverse temperature parameter 8, Z = {e; + ey : 1 < i < k}, and the
coordinates {wy } i.i.d. under P. Thus the projection of the walk on Z¥ is a simple
random walk, and at every step the walk sees a fresh environment.

Example 1.2 (Random Walk in a Random Environment). RWRE is a Markov chain
X,, on Z% whose transition probabilities are determined by an environment w € €2.
Let P = {(pz)zez € [0,1]7 : >, pz = 1} be the set of probability distributions
on # and p : Q — P a measurable function with p(w) = (pz(w))zez- A
transition probability matrix is defined by

Py—x(Txw), y—x € X,

for x, y ez,
O’ y_x¢%’

Tx,y(w) =
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Given w and x € Z4, P? is the law of the Markov chain Xo,00 = (Xn)n>0
on Z¢ with initial point Xo = x and transition probabilities my,z(w). Thatis, P?
satisfies PP {Xo = x} = 1 and

P2{Xpny1 =2| Xpn =y} =myz(w) forally,z € AN

P is called the quenched distribution of the walk X;,. The averaged (or annealed)
distribution is the path marginal Px(-) = [ P2 (-) P(dw) of the joint distribution
Py (dx0,00, dw) = P2 (dx0,00)P(dw).

RWRE is a special case of (I.I) with V(w,z;¢) = —logmo 7, (w). (Note the
abuse of notation: for RWRE Py is the averaged measure while in RWRP Py is the
reference random walk. This should cause no confusion.)

Of particular interest are RWREs where 0 lies outside the convex hull of %Z.
These are strictly directed in the sense that for some # € R4, z -7 > 0 for each
admissible step z € Z. General large deviation theory for these walks is covered
for the first time in the present paper.

1.2 Results

We have two types of results. First we prove the IP-a.s. existence of the quenched
free energy

. -1 Vo _ -1 S y(Ty, 0,2 .
(1.2) nli)ngon log Z, s _nlggon logEo[e Y=o V(Tx; @ k+l,1\+€)]

and derive two variational formulas for the limit. The assumption we need com-
bines moment bounds on V' with the degree of mixing in P: if P is merely ergodic
we require a bounded V', while with independence or exponential mixing L? for
p > d is sufficient. The existence of the limit is not entirely new because in some
cases it follows from subadditive methods and concentration inequalities. In Ex-
ample @ [8] proved the limit under an exponential moment assumption and [47]]
with the tail assumption under which greedy lattice animals are known to have
linear growth. Our variational descriptions of the free energy are new.

The second results are large deviation principles (LDPs) for the quenched dis-

tributions Q X 0 AR € -} of the empirical process

n—1

oo _ . —1
R, =n E :8Tkaka+1.oo'
k=0

Tx, w is the environment seen from the current position of the walk, and Zy 1 | o =
(Zi)k+1<i<oo 1s the entire sequence of future steps. We assume 2 separable met-
ric with Borel o-algebra &. Distributions Q ,I: ’(‘)" {R:° € -} are probability measures

on M (Q x ZN), the space of Borel probability measures on Q x ZY endowed
with the weak topology generated by bounded continuous functions.
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The LDP takes this standard form. There is a lower-semicontinuous convex rate
function q‘f 5t M1(2x %#N) — [0, 0o] such that these bounds hold:

-— 1 V.o poo . |4
nll)moon log 0, v iR, €C} < _,ujlelg 1 3(p) for all compact sets C,

lim n™!log Q,I;’SD{R;o € O} > — inf IqV3(pL) for all open sets O.
n—o0o ’ ueo ©

Large deviations of R;° are called level 3 or process level large deviations. For
basic large deviation theory we refer the reader to [11} 12} (14} 31}, 145]].

Since we prove the upper bound only for compact sets, the result is technically
known as a weak LDP. In the important special case of strictly directed walk in an
i.i.d. environment, we strengthen the result to a full LDP where the upper bound
is valid for all closed sets. Often €2 is compact and then this issue vanishes. As a
corollary we obtain large deviations for RWRE.

This paper does not investigate models that allow V = oo. An example in
RWRE would be a walk on a supercritical percolation cluster.

1.3 Overview of Literature and Predecessors of This Work

Random walk in a random environment was introduced by Chernov [[6] in 1967
and Temkin [44] in 1972 as a model for DNA replication. Random walk in ran-
dom potential appeared in the work of Huse and Henley [24] in 1985 on impurity-
induced domain-wall roughening in the two-dimensional Ising model. The seminal
mathematical work on RWRE was Solomon in 1975 [39]], and on RWRP, Imbrie
and Spencer in 1988 [25] and Bolthausen in 1989 [3]]. Despite a few decades of
effort many basic questions on (1) recurrence, transience, and zero-one laws, (2)
fluctuation behavior, and (3) large deviations remain only partially answered. Ac-
counts of parts of the state of the art can be found in the lectures [4} 2343/ 150] on
RWRE, and in [9, 13}, 21,136, 42]] on RWRP.

Our LDP, Theorem 3.1} specialized to RWRE covers the quenched level 1 LDPs
for RWRE that have been established over the last two decades. In the one-
dimensional case, Greven and den Hollander [22]] considered the i.i.d. nearest-
neighbor case; Comets, Gantert, and Zeitouni [7]] the ergodic nearest-neighbor
case; and Yilmaz [49] the ergodic case with #Z = {z : |z| < M} for some M.
In the multidimensional setting Zerner [52]] looked at the i.i.d. nearest-neighbor
nestling case, and Varadhan [46] the general ergodic case with bounded step size
and {z : |z| = 1} C Z. All these works, with the exception of [52], required
uniform ellipticity at least on part of %, i.e., mo; > « for a fixed x > 0 and all z
with |z| = 1. [52] needs E[|log no,z|d] < 00, still for all |z| = 1. Rosenbluth
[35] gave a variational formula for the rate function in [46] under an assumption of
p > d moments on log 7g 7, |z| = 1.

Article [32] proved a quenched level 3 LDP for RWRE under a general ergodic
environment, subject to bounded steps, p > d moments on log ¢ 7, and an irre-
ducibility assumption that required the origin to be accessible from every x € 74,
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(See Remark for a more technical explanation of the scope of [32] compared
to the present paper.) Level 3 large deviations for RWRE have not appeared in
other works. [49] gave a quenched univariate level 2 LDP. This means that the path
component in the empirical measure has only one step: 7! ZZ;}) 5Tka, Zis1-

One goal of the present paper is to eliminate the unsatisfactory irreducibility
assumption of [32, 49]. This is important because the irreducibility assumption
excluded several basic and fruitful models, such as directed polymers, RWRE in
a space-time, or dynamical, environment (the case Z C {x : x -e; = 1}) and
RWRE with a forbidden direction (the case Z C {x : x - u > 0} for some u# # 0).
Corollary [A.3] shows that the forbidden direction is the only case not covered by
[32]], but [32] did not address the more general polymer model.

Our results cover the quenched level 1 LDPs for space-time RWRE derived in
[48]] for an i.i.d. environment in a neighborhood of the asymptotic velocity and by
Avena, den Hollander, and Redig [2] for a space-time random environment given
by a mixing attractive spin flip particle system. Our results can also be adapted to
continuous time to cover the quenched level 1 LDP by Drewitz and others [15] for
a random walk among a Poisson system of moving traps.

On the RWRP side, Theorems and cover, respectively, the existence of
free energy and the quenched level 1 LDPs for simple random walk in random
potential proved by Zerner [S1] and the corresponding results for directed simple
random walk in random potential proved by Carmona and Hu [5] and Comets,
Shiga, and Yoshida [8]]. (See [41] for an earlier continuous counterpart of [51].)
We also give an entropy interpretation for the rate function and two variational
formulas for the free energy, while earlier descriptions of these objects came in
terms of Lyapunov functions and subadditivity arguments. As far as we know,
level 2 or 3 large deviations have not been established in the past for RWRP.

The technical heart of [32]] was a multidimensional extension of a homogeniza-
tion argument that goes back to Kosygina, Rezakhanlou, and Varadhan [27]] in the
context of diffusion in time-independent random potential. This argument was used
by Rosenbluth [35] and Yilmaz [49] to prove LDPs for RWRE.

The main technical contribution of the current work is a new approach to the
homogenization argument that allows us to drop the aforementioned irreducibility
requirement. One comment to make is that the construction that we undertake in
Appendix [C|does use the invertibility of the transformations 7, assumed in Section
[I.T] This is the only place where that is needed.

The homogenization method of [27] was sharpened by Kosygina and Varad-
han [28]] to handle time-dependent but bounded random potentials. The results in
[27, 28] concerned homogenization of stochastic Hamilton-Jacobi-Bellman equa-
tions and yielded variational formulas for the effective Hamiltonian. For a special
case of the random Hamiltonian one can convert these results into quenched large
deviations for the velocity of a diffusion in a random potential, with variational for-
mulas for the quenched free energy. Using different methods, [29] and [1]] obtain
homogenization results similar to [27, 28], respectively. Furthermore, [1] allows
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unbounded potentials and requires mixing to compensate for the unboundedness;
compare with part (d) of our Lemma It is noteworthy that when d = 1, an
ergodic L! potential is in fact enough; see [18] and compare with part (b) of our
LemmalA.4l

We end this section with some conventions for easy reference. For a measurable
space (X, ), M1(X) is the space of probability measures on X and Q(X) the set
of Markov transition kernels on X. Given u € M (X) and ¢ € Q(X), uu xq is the
probability measure on X' x X defined by u xg(A x B) = [14(x)q(x, B) u(dx),
and pq is its second marginal. E#[ f] denotes expectation of f under probability
measure i. The increments of a path (x;) in Z¢ are denoted by z; = x; — xi_1.
Segments of sequences are denoted by z; ; = (2;,Zi+1,...,2;), also for j = oo.

2 Variational Representations for Free Energy

Standing assumptions in this section are that (2, S, P, {T;, : z € G}) is a mea-
surable ergodic dynamical system and, as throughout the paper, & is an arbitrary
finite subset of Z< that generates the additive group G. These will not be repeated
in the statements of lemmas and theorems. Most of the time we also assume that
G is countably generated; this will be mentioned. The relevant Markov process for
this analysis is (Tx, @, Z,1,n+¢) With state space £, = Q x Z*. The evolution
goes via the transformations S (w,z1¢) = (Tz, @, (22.4,2)) on ¢ where the
step z is chosen randomly from Z as stipulated by the kernel p. Elements of €
are abbreviated n = (@, 21 ¢).

We first look at the limiting logarithmic moment-generating function (1.2), also
called the pressure or the free energy. To cover much-studied directed polymer
models it is important to go beyond bounded continuous potentials. To achieve
this, and at the same time provide a succinct statement of a key hypothesis for
Lemma 2.8] below, we introduce class £ in the next definition. Let

(2.1) Dp={z1i+ - +zn€Z% 210 € %"
denote the set of points accessible from the origin in exactly n steps from Z.

DEFINITION 2.1. A function g : @ — R is in class £ if g € L'(IP) and for any
nonzero z € #

[ 1
lim lim max  — Z |g o Tx+iz| =0 P-as.

e—>0n—>00 n n
x€Uk—o Dk 0<i<en

Similarly, a function g on ¢ is a member of L if g(-,z;,) € L foreachz; 4 €
78

A bounded g is in £ under an arbitrary ergodic P, and so is any g € L1(P) if
d = 1. In general, there is a tradeoff between the degree of mixing in P and the
moment of g required. For example, if sufficiently separated shifts of g are i.i.d. or
there is exponential mixing, then g € L?(P) for some p > d guarantees g € L.
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Under polynomial mixing a higher moment is needed. Lemma[A.4]in Appendix [A]
collects sufficient conditions for membership in L.

We have two variational formulas for the free energy. One is duality in terms
of entropy. The other involves a functional Ky(g) defined by a minimization over
gradientlike auxiliary functions. Class Ky below is a generalization of a class of
functions previously introduced by [35].

DEFINITION 2.2. A measurable function F : y X #Z — R is in class Ky if it
satisfies the following three conditions:

(i) INTEGRABILITY. For each z; ¢ € " and 7 € Z, E[|F(w,z1.6,2)|] <

00.
(i) MEAN ZERO. For all n > £ and {a;}}_, € %" the following holds: If
no = (w.ap—g+1,,) and n; = Sc_zt’?i—l fori =1,...,n,then

E[S F(’h’,ai+1)] = 0.
i=0

In other words, expectation vanishes whenever the sequence of moves

St ... 8] takes (w,21,¢) to (Txw, z1,¢) for all w, for fixed x and z1 ¢.
(iii) CLOSED LOOP. For [P-a.e. @ and any two paths {n; }7_, and {7; };.”:O with

o = 7o = (0.2, thn = Mm. i = Sghmi—1, and 7; = ST 7,1, for
i,j > 0andsome {a;}7_, € #" and {c_zj'};.”zl e #™, we have

n—1 m—1
Y F(i.aiv1) = Y F(j,aj+1).
i=0 =0
In case of a loop (no = 7,) in (iii) above, one can take m = 0 and the right-hand
side in the display vanishes. The simplest members of Ky are gradients F(n,z) =
h(S z+ n)—h(n) with bounded measurable /2 : 2, — R. Lemmain the appendix
shows that Ky is the L' (IP)-closure of such gradients.
For F € Kyand g : €y — R such that g(-,z1¢) € L'(P) forallz; ¢ € R,
define
1
Ky p(g) = P—ess supmax log Z —e8M+F(.2)
’ w 21,0 , | |
ZEX
and then

Ki(@) = jnf Kpr(s).

The reference walk p with uniform steps from % defines a Markov kernel py
on 2/ by

~ 1
2.2) pe(n, Sjn) = @ forz € Zandn = (w,214) € Ry.
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Let 119 denote the 2-marginal of a measure i € M1(82). Define an entropy Hy p
on M (R2¢) by

inf{H (1 x q | pxpg):qe Q) with ug = p}
(23)  Hyp(p) =14 ifpo <P,
oo otherwise.

Inside the braces the familiar relative entropy is

ST
H(uwxq | px pg) = / > q(. S tog 2521 4y

= Pe(n. S

Hyp : M1(¢) — [0,00] is convex. (The argument for this can be found at the
end of section 4 in [32]].) For measurable functions g on 2, define

2.4) Hip(g)=  sup  {EM[min(g,c)] - Hyp(w)}.
HEM1(L¢),c>0

For g from the space of bounded measurable functions (or bounded continuous
functions if 2 comes with a metric) H f p (&) is the convex dual of Hy p, and then

we write H Z]P,(g). The constant R = max{|z| : z € Z} also appears frequently in
the results.

For the rest of the section we fix £ > 0 and consider measurable functions
g: 524 — R.

THEOREM 2.3. Assume S is countably generated. Let g € L. Then, for P-a.e.
the limit

Ai(g) = nli)ngon—l log EO[eZZ;Bg(Tka,Zk+1,k+z)]
exists, is deterministic, and satisfies Ay(g) = Ky(g) = H l#,]P’ (2).
Remark 2.4. The limit A ¢(g) satisfies these bounds:
E[ min g(w,z1,0] < A(g)

Z1'46%

n—1
2.5 T - 7
(25) < lim max n ! E max g(Tx,w,Z14).
n—>00 x; —Xx;_1 EX Z1.0€ER" ’
1<i<n k=0""

The upper bound is nonrandom by invariance. The lower bound comes from er-
godicity of the Markov chain Ty, w [32, lemma 4.1] and Jensen’s inequality:
el n—1
n—l log Eo [eZk=0 g(Tka,Zk+l,k+€)] > n—l Z Eo[min g(Tka’ Zl,e)]'
Z
k=0 1.£
If g is unbounded from above and % allows the walk to revisit sites, then a situation

where Ay(g) = oo can be easily created. Under some independence and moment
assumptions, the limit on the right in (2.5]) is known to be a.s. finite.
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Remark 2.5. Suppose 2 is a product space with i.i.d. coordinates {wy } under IP, the
walk is strictly directed (0 does not lie in the convex hull of %), and g(-,z; ) is
a local function on Q. Then the assumption E|g(-, zq )| < oo for some p > d
andall z, 4 € Z* is sufficient for the above Theorem and the finiteness of the
limit A¢(g). That such g € L is proved in Lemma in Appendix [A] Under this
moment bound, finiteness of the upper bound in (2.5) follows from lattice animal
bounds [[10, 19} 30].

Remark 2.6. If # = {*e1,...,teg}or Z = {e1 T ea,...,e1 £ ¢4} and if we
take g to be a function of w only, then Ag(g) = Ko(g) = H(’f p (&) corresponds

to a discretization of the variational formula for the effective Hamiltonian H of the
homogenized stochastic Hamilton-Jacobi-Bellman equation considered in [27} 28]
29]. It is also related to the variational formula for the exponential decay rate of
the Green’s function of Brownian motion in a periodic potential; see (1.1) in [38].

Here is an outline of the proof of Theorem[2.3] Introduce the empirical measure

L _ . —1 n—1 ? _ n—1
Ry =177 Y k—00Tx, 0, Zk 1 44e 50 that nRy () = 3 j—o 8(Tx, @, Zi11,k+0)
gives convenient compact notation for the sum in the exponent. Let

_ _ )
A¢(g.w) = lim n~log Eo[e"Rn®)],

Ay(g.0) = lim n~'log Eo[e"Ri®)].
n—oo
The existence of Ay(g) and the variational formulas are established through the
inequalities

— @ (i) (iii)

(2.6) Ae(g) < Ke(g) < Hip(2) = Ay(g).

Inequality (2.6]i) is proved in Lemma [2.T1] This is the only step that requires
g € L rather than just L!(P). Inequalitii) is proved in Lemma This is
where the main technical effort of the paper lies, in order to relax the irreducibility
assumption on Z used in [32]]. Bound (2.6iii) is proved with the usual change-of-
measure argument. It follows as a special case from Lemma[2.15|below. The proof
of Theorem comes at the end of this section after the lemmas. To improve the
readability of this section, some lemmas are proved in an appendix at the end of
the paper.

Remark 2.7. Suppose 0 lies in the relative interior of the convex hull of %. Then
for every x € G there exists z1,, € %" with x, = x (Corollary [A.3). Un-
der this irreducibility the approach of [32] becomes available and can be used to
prove our results under the assumption that g(-, z; ¢) € L?(IP) for some p > d
and all z; ¢ € Z*. In this case i) is proved via a slight variation of [32|
lemma 5.2] rather than our Lemma@ This relies crucially on [32, lemma 5.1],
which is where p > d moments are required. We replace this with the much
weaker Lemma [2.9] which only requires one moment, but then we need Lemma
2.11] which requires g € L.
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We turn to developing inequalities (2.6). Decomposing the free energy accord-
ing to asymptotic directions £ turns out to be useful. Let I/ be the (compact) convex
hull of Z in R?. For each rational point § € U fix a positive integer b () such that
b(§)é € Dy (recall definition (2.1) of D). The existence of b(£) follows from
Lemma[A.1]in Appendix [A] Then fix a path {X,(§)}sez, , starting at Xo(§) = O,
with admissible steps X (§) — X,—1(§) € # and such that X5 &) (§) = jb(§)§ for
all j € Z4. Even though stationarity and ergodicity are standing assumptions in
this section, the next lemma actually needs no assumptions on PP.

LEMMA 2.8. Let g € L. Then for P-a.e. w

2.7)  Tim n~'log Eo[e"Rn(®)] <
n—>oo

sup lim n'log Eo[enRﬁ(g)]l{Xn = % (9)}].
geunQd "X

PROOF. Fix a small & > 0, an integer k > |#|e~!, and a nonzero Z € Z.
For x € D, writt x = ) .pazz witha, € Z4 and ) ,cpa; = n. Let
my = [n/(k(1 —2¢))] and sén) = [k(1 —2¢)a,/n]. Then k™! e sén) <l-—c¢

and mnsgn) > a, foreach z € Z. Let

2.8) Enx) =k sz 4 (1 k'Y sgﬂ)z.

ZER ZER

Then £(n, x) € k! Dj. With ¢ fixed small enough and considering n > k /¢, we
constructed an admissible path of m,k —n < 4ne steps from x to muké(n, x).
This path has at least m,(k — Zsé")) > muyke > ne/(1 — 2¢) Z-steps. Conse-
quently, at least a fixed fraction § of the steps of the path are Z-steps for all x € Dy,
and all n.

Let b be the least common multiple of the (finitely many) integers {h(§) : & €
k~1Dy}. Now we take another bounded number of additional steps to get from
mpké&(n, x) to the path Xx,(€(n, x)). Pick £, such that (£, — 1)b < m, < {,b.
Then by repeating the steps of k& (n, x) in (2.8) £,b — m, < b times, we go from
mpk&(n,x) to £,kbé(n,x) = X¢, kp(E(n,x)). The duration of this last leg is
bounded independently of n and x € D, because k was fixed at the outset and b is
determined by k. Thus the total number of steps from x € Dy, to Xy, xp(£(n, X)) is
rn = Lnkb —n < 5ne for large enough n. Letu(n, x) = (u1,u2,...,u,,) denote
this sequence of steps. Again we note that at least a fixed fraction § of the u;’s are
Z-steps.
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Develop an estimate:

1 1
~log Eo[e"Ri®)] = ~log ) Eo[e"Ri® X, = x]

x€Dy

A

1
max — log Eg [e(”_[)Rﬁfl’»(g), X, = x]
xeDy, n

{ Clogn
4+ max max — g(Ty4+y0) + g
weD,;, _, yEUf=0Ds n n

IA

1 ¢ ~
max — log Eo[e™?*Renok® X, 11 = %4, pi (E(n, x))]
x€Dy n

Clogn
I g

24
+ max max — g(Ty4+yw)
weD,_, yeuf=0 Ds n

n

_ T'n
+ max - 21 F(Tetuy 4ot ) + - log | 2],
1=

Above, g(w) = max,, ezt |g(w,z1,¢)| The third-last line of the above display
is bounded above by

1 ¢ ~
max —logEy [eenkaenbk(g), Xg,bk = Xg,bk (5)],
fekile n

and so its limsup is almost surely at most

(1+5¢) sup Tim n~'log Eo[e"®n@1{X, = £,(6)}].
EcUNQ n—o00

The proof of (2.7) is complete once we show that a.s.
n

lim lim max — a(T. oty 0) =0,
e0 n00 xe Dy 1 Zlg( Xtug - tu; @)
l=

2.9)
lim lim max max lg(Terya)) = 0.
e>0n—>00weDy—¢ ye| Ji_ Dy

To this end, observe that the ordering of the steps of u(n, x) was so far immate-

rial. Because Definition [2.T| cannot handle zero steps, we need to be careful about
them. The ratio of zero steps to Z-steps is at most 1 = (8_1]. We begin u(n, x)
by alternating Z-steps with blocks of at most ¢ zero steps, until the Z-steps and the
zero steps are exhausted. After that, order the remaining nonzero steps of & in any
fashion z1, Z2, ..., and have u(n, x) take first all its z1-steps, then all its z,-steps,
and so on. Since zero steps do not shift @ but simply repeat the same g-value at
most ¢ times, we get the bound

rn 147}
a(T. kg @) < t| A max max 2(Ty1i, ).
i;g( Xtuy et @) <1 |yex+u(n,x)ze,@\{o}§)g( Y+iz®)
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By y € x + u(n, x) we mean y is on the path starting from x and taking steps in
u(n,x). A similar bound develops for the second line of (2.9), and the limits in
([2.9) follow from membership in L. O

The next step is to show (2.6li): for g € £ and P-a.e. w, Ag(g, ®) < K(g).
The following ergodic property is crucial. Recall the definition of the path Xx.(§)
above Lemma For & € Q4 N and 214,214 € #*, define

An(évzl,ﬁ’zl,e) et {(al,...,an) S %n .
Z1 +...+Ze —|—a1 —|—"'+an—e =5C\n(é),

An—g+1,0 = 21,0}

The vectors of steps (a1,...,an) take no = (@,21,¢) to Ny = (T3, (5@, Z1,¢) via
ni = Sini—1,1<i<n.

LEMMA 2.9. Let F € Ky. Then, for each & € Q¢ NU and 21,0 214 € ,

lim ma =0

X
n—00 ((1] a'"aaﬂ)eAn ($7Z 1 ’({,Z] ,(f)

1n—l
— Y F(i.ai+1)
0

n:
i

in LY(P) and for P-a.e. w.

Remark 2.10. Due to the closed loop property (iii) in Definition[2.2] the sum above
is independent of (a1, ...,an) € An(§,21,¢,21,¢). In other words, there actually
is no maximum. Also, Lemma [2.9] holds regardless of the choices made in the
definition of X.(§).

We postpone the proof of Lemma[2.9to Appendix [C|
LEMMA 2.11. Let g € L. Then Ay(g, ) < Ky(g) for P-a.e. w.

PROOF. By Lemma[2.8]it is enough to show that
fim n~"log Eo[e"®1 @ 1{X,, = £,(6)}] < Kp.p(g) P-as.
n—>oo

for fixed £ € Q¢ NU and F € K;. Abbreviate n; = (Tx, @, Zg 41 k+e)- Fix
¢ > 0. Lemma[2.9]implies that for P-a.e. @ there exists a finite c;(w) such that for
all n, on the event { X, = X, (£)},

n—1

Z F(gs Zg+441) = —ce —ne.
k=0
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Therefore, for P-a.e. w
-1 -1 R¢ 2
—n"le, — &+ n"og Eo[e" RO 1{X, = %, (8)}]

n—1

< n™Vlog Eol exp {3 (8(m) + (ke Zeses 1)) 1{Xn = 20 (8)}]
B k=0
R n—1
-1
< n~"log Eo| exp { D" (g (m) + F(k. Zives1))} ]
B k=0
_ n—2
_ —1
= n~"log Eo| exp | 3" (g(m) + Flk. Zkse41)
) k=0
% Eo[eg(no)-i-F(no,Ze-i-l) { Un—l]]
n—2
< n ™ K p(g) + " og Eo| exp {3 (1) + Flmie Zeser1) |
k=0
<. < Kpp(g).
The claim follows by taking n " co and then & \ 0. O

We have shown (2.6]i) and next in line is (2.6]ii). The following lemma is the
most laborious step in the paper.

LEMMA 2.12. In addition to ergodicity, assume now that G is countably generated.
Assume g(+,21 ) € LY(P) is bounded above. Then

Ke(¢) < H/p(g) = sup {E"[g]— Hyp(u)}.
WEM 1 (S2¢)

PROOF. We can assume HE*P (g) < oo. The first technical issue is to find some
compactness to control the sup’remum on the right. Assume €2 compact would not
be helpful because the problem is the absolute continuity condition in the definition
of Hy p(1).

Fix a sequence of increasing finite algebras G on 2 that satisfy 74,61 C
Sy forall k € N and z € %, and whose union generates &. Let MK = M]f(SZg)
be the set of probability measures p on 2, for which there exist G;-measurable
Radon-Nikodym derivatives ¢z, , on €2 (with respect to IP) such that for bounded
measurable G

[6au=Y [oa @6@z0P00).

Y ZL(E%ZQ
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Such p satisfy po < P and so

Hip(g) = sup {E"[g]—Hyp(u)} > sup {E"[g]— Hp(w)}.
wipo <L P ,(J,GMII"

Abbreviate A = H (‘ZP (g). The proof is completed by verifying this statement:

IfA> supMeM;f{E/“‘[g] — Hyp(n)}forallk > 1,

2.10
(2.10) then A > Ky(g).

Let o denote a generic probability measure on Sl% with marginals «; and >,
and let h2, denote the space of bounded measurable functions on 2.

A> sup  {EM[g]l = H(uxq|pxpe}
neMk, qiug=p
= sup {E“[g] — H(a | a1 x pg)}
(x:ale./\/l]f,m:az
(2.11) = sup inf {E*'[g] + E**[h] — E*'[h] — H(a | a1 X py)}.

a:ale./\/lll‘ hebst,

Let F denote a bounded measurable test function on SZ% ./\/llzc is the set of proba-
bility measures o on SZ% of the form

/Fda => fal(dn)Q(n,Sjn) F(n,8;7n)
Q2 e%q,

where o) € j\/l’lC and kernel ¢(7, S;n) = q((w,z14), (T7,w,2242)) is G-
measurable as a function of w for each fixed (z;¢,2). A measure o € ./\/112c is
uniquely represented by a finite sequence (¢;,z, ,.4i,z, ,,z) via the identity

Q1) [Fda= Y batizie: [ F@210. (00,2, Pldo)

22 1,21.0,2 A;

where {4; } is the finite set of atoms of &y such that P(A4;) > 0, ¢; 7, , is the value
of ¢z, ,(w) forw € A;, and gj 7, ,,7 is the value of g(n, Sz+r;) for w € A;. Thus
/\/l’2c is in bijective correspondence with a compact subset of a euclidean space, and
(2.12)) shows that via this identification the integral is continuous in « for any F
that is suitably integrable under P. Similarly, the entropy

H(elerx p) = D iz iz P (Ai)10g(Z|qi 2, 0.2)
l',ZLg,Z

is continuous and convex in «.
We turn our attention back to (2.IT)). Once we restrict « to the compact Haus-
dorff space ./\/llzc the expression in braces is upper-semicontinuous and concave in
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and convex in 4. We can apply Konig’s minimax theorem ([26] or [31]]) and con-
tinue as follows:

A> sup inf {E®'[g] + E*?[h] — E*'[h] — H (e | a1 X Pp)}
oeG/\/lk €bSy

= inf sup {E*'[g] + E“*[h] — E*'[h] — H(a | a1 X pp)}
hEbﬂg E./\/lk

= inf sup Y~ / P(dw)¢z, ,(w)

thﬂgaeMkzl ZQ

< {3 a0, SFn)(gn) — h(n) + h(SFm) — Ha(n, ) | heCr.))}

= inf sup Z/P(dm)q&zl’e(a))

thﬂgaeMkzl ZQ

X {Zq(n, SME[g() —h(n) + h(SFn) | Skl — Hg(n,-) | ﬁe(n,-))}

+
= inf sup P(dw)¢;, ,(w)log B8 M—h()+h(S n)|Sk]
heb@e ¢ ik ZIZ[Q e Z 7

Above we introduced the densities ¢z, ,(w) and the kernel ¢ that correspond to

a € MK, used Gy -measurability to take conditional expectation, and then took the
supremum over the kernels ¢ with the first marginal oy = u fixed. This supremum
is a finite case of the convex duality of relative entropy:

SUP{Z q9(2)v(z) — Zq(z) log 2 } = OgZp(X)e”(x)

q(z)
p(2)
and the maximizing probability is ¢(z) = (Q_, 2(x)e?CN) 1 p(2)e?@ . In our
case v(z) = E[g(n) — h(n) + h(SZ"'r]) | ©¢], so the maximizing kernel is S-
measurable in w and thus admissible under the condition o € /\/112c .

Performing the last supremum over p € Mk gives

+
A> inf max P- ess su {lo cElem—h(n)+h(S: ”)lgk]}.
I Pros Z %)

Consequently, for ¢ > 0 and k > 1 there exists a bounded measurable function
hi.e on &£ such that for all z; ¢ € Z* and P-a.s.

(2.13) A+log|Z| +¢=log Y CEL8 () —hic e (D) +hic o (SF0)Sk]

z

For integers 0 < i < k define

(2.14) F(0.2) = Elhg o (S70) — hice () | S—].
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We next extract a limit point in /Cy. The proof of the following lemma is given
in Appendix [C|

LEMMA 2.13. Assume S is countably generated and A < co. Construct F k(lz asin

@13). Fix{ > 0 and let g(w,z14) € LY(P) forall z, 4 € FH*. Fix ¢ > 0. Then,
as k — oo, along a subsequence that works simultaneously for all z; 4 € x,
z € X, andi > 0, one can write

@ _ 5@ @)
Fk,s - Fk,s - Rk,a

with I/;'\k(lg(n, 2) converging in weak LY (IP) to a limit F\éi) and the error terms @ +—
R](Ci’)g(a), 21,6.2) = 0 &y_;-measurable and converging to 0 P-a.s. Furthermore,
asi — oo, ﬁg(i) converges strongly in L'(P) to a limit F,,

¢(2) = E[Fe(,(z,...,2),2)] 2 0
forallz € #, and Fs(n,2) = ﬁg(n, z) — c(z1) belongs to class Ky.

Fix i > 0 for the moment. As a uniformly integrable martingale, My (n) =
E[g(n) | &x_;] converges as k — oo to g(n), both a.s. and in L!(P) for all 214
and z. .

Fix z; ¢ and z. The weak-L!(P) closure of the convex hull of {M; + ﬁ/(la) :

Jj > k} is equal to its strong closure [37, theorem 3.12] . Since g(n) + ﬁg(i)(n’ 2)
is in this closure, there exist finite convex combinations

GOl = aiu(M; + FY)
Jj=k
such that
7() A () 1

Along a subsequence (that we again index by k) @,({i)s(n, z) converges PP-a.s. to
g(n) + ﬁéi)(n, z). Consequently, also
() Q)] 7
le,s = Zaj,k(Mj + Fj’lg) et + FE(’) P-a.s.
=k

Along a further subsequence this holds simultaneously for all z; ¢ and z.

By (2.13) and Jensen’s inequality, we have for all z; ; € % and P-as.

pAtlog|%|+e Z E[elE[g(n)—hk,g(n)+hk.g(SZrn)IGk] | Sr—i]
ZEX
>3 M) +F (.2)

ZEX
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Since this is valid for all k£ > i, another application of Jensen’s inequality gives
A+log|#l+e Z oGl (m.2)
ZEX

Taking k — oo implies, for P-a.e. w and all z; 4 € Z*,

I pw
A+e>g(n) +log Z @e& .2),
ZER

Taking i — oo implies, for P-a.e. w and all z; ¢ € R,

1 ~
A+e>g(n) +log Z 7 efem2),

ZER

Since c¢(z1) > 0 the above inequality still holds if F, is replaced with F. Thus

1
A+e> inf max P-ess SUP{g(n) + log Z @ eF(n,z)}‘
n .

FeK 1744
LZ1 0EX oy

Taking ¢ — 0 gives A > K(g). (2.10) is verified and thereby the proof of Lemma
2.12]is complete. 0

Next for technical purposes is a Fatou-type lemma for K.

LEMMA 2.14. Let gi (-, 21,¢) k—> g(-.z1 ) in LY(P) for each 214 € RE. Then
—>00

Ki(g) < lim Ky(gk).

k—o00

PROOF. We can assume lim; _,  K;(gx) = A < 0o. Fix ¢ > 0. There exists
a subsequence, denoted again by g, such that K;(gz) < A + ¢ for all k. Pick
Fy. € Ky such that

1
(2.15) gk (n) + log Z 7 eFkmD) < g4 ¢

0 |2

forall k,z1 4 € Z*, and P-a.e. w. Out of this we can produce an F € Ky such
that

(2.16) g(n) + log Z

ZER

L Faa <
] e <A+e.
This implies K;(g) < A + ¢ and taking &€ — O finishes the proof.

The construction of F' is a simplified version of the argument to realize a limit
point in Ky in the proof of Lemma[2.12] We sketch the steps. The reader who aims
to master the proof may find it useful to fill in the details.

For each k, z; ¢, and z,

Fr(n,z) < A+¢e—gr(n) +log|Z)|.
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Thus F k+ is uniformly integrable. Controlling F~ is indirect. Set 7o = (@, 21,¢),
0 =2,a; = Zj—1,and n; = S;lfr),'_l fori = 1,2,...,¢ + 1. By the mean-zero
property of Fy (part (ii) in Definition [2.2),

L 2
E[F; (0.2)] < Y E[F; ni.aivD)] = Y E[F (ni.ait1)].
i=0 j =

and so E[F,] is bounded uniformly in k. Apply Lemma to write F_ =

Fk + Ry such that along a subsequence Fk is uniformly mtegrable and Rk >0
converges to 0 in [P-probability, for each z; 4. Along a further subsequence Fk =
Fk+ — F converges weakly in L!(P) to a limit F and the limits R; — 0 and
gr — g hold almost surely.

In (2.15) write Fj, = Fj — Ry.. As done in the proof of Lemma take almost
surely convergent convex combinations of F, %> Ry, and g and substitute these into
(2.15). Taking the limit now yields but with F in place of F.

Almost sure convergence of convex combinations ensures that F satisfies the
closed-loop property. But it may fail the mean-zero property. To remedy this,
let c(z) = E[ﬁ(w, (z,...,2),2)]. By the weak convergence c(z) is a limit of
E[ﬁk (w,(z,...,2),2)], which is nonnegative due to R; > 0 and the mean-zero
property for F. Since ¢(z) > 0, holds with F(n,z) = F(n,2) — c(z1).
That F satisfies both the mean-zero and the closed-loop property is verified with
the argument given between equations (C.10) and (C.T1)) in Appendix[C| The point
is that the closed-loop property of F allows us to define the path integral f that is
used in that argument. This verifies that F' € Ky and completes the proof. g

Next is a large deviation lower bound lemma that gives us (2.6liii) and serves
again to prove Theorem [3.T|below.

LEMMA 2.15. Let g(-.z14) € LY(IP) be bounded above. Then for P-a.e.

(2.17) lim n 1logEo[ nR; (g)] > sup{E“[g] Hyp(n)}.

n—o00

Assume additionally that Q2 is a separable metric space. Then for P-a.e. w this
lower bound holds for all open O C M1(Ry):

(2.18)  lim n~'log Eo[¢"Ri@1(RL € 0}] > — 1nf £ {Hep (1) - EMg]).
n—>oo

PROOF. This proof proceeds along the familiar lines of Markov chain lower-
bound arguments, and we refer to [32, sec. 4] for further details.

Switch to the £ -valued Markov chain nx = (Tx, @, Zx+1 k+¢) With transi-
tion kernel py defined in (2.2). Then Rf; is the position level empirical measure
Ly =n"! Zz;}) 8y, - Denote by P, (with expectation Ey) the distribution of the
Markov chain (1 )x >0 with initial state 7. Starting at n = (@, 21 ¢) is the same as
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conditioning our original process on Zj ¢:

EolG((Tx, @, Zkt1k+0)0<k<n)NZ14 = 214}] =

_E G ) sy e lin .

Consequently, for any z; ¢ € Z* and P-almost every o, with n = (o, 21,05

lim n~"log Eo[e"R @ 1{RE € 03] = lim n~'log Ey["L" @ 1L, € 0}].

n—00 n—0o0

Next we reduce the right-hand sides of (2.17) and (Z.18) to nice measures. A
convexity argument shows that the supremum/infimum is not altered by restricting
it to measures p with these properties: o < P and there exists a kernel g €
Q(Ry) suchthat ug = w, H(u X q | 0 X pg) < 00, ¢(n,-) is supported on shifts
Sz‘" n, and q(n, SZ"'r)) > 0 for all z € # and p-a.e. . We omit this argument. It
can be patterned after the lower-bound proof of [32, theorem 3.1, p. 224]. This step
needs the integrability of g(w, z1 ¢) under P.

These properties of u imply the equivalence g ~ P and the ergodicity of the
Markov chain O with initial state 7 and transition kernel ¢ [32, lemma 4.1].

Next follows a standard change-of-measure argument. Let .%,, be the o-algebra
generated by (1o, 71,...,7n). Then

n~!log En[e”L"(g)Jl{Ln € 0}]

E9n [(%)_lenle(g)ﬂ{Ln c 0}]

Pyiz,_, —
= log RGRTAYY + 17 g On{Ly € O}
_n—lEQn I:log(‘j“Q)n‘Lgn—l):I EQW[L (g)]
Nz, n —1
> 0L, € 0} Qn{Lneo}Jrn log Qy{Ly € O}
_ dQn F_1
+”‘E%P%GE?:)““¢OQ_E%wﬂwmu¢ou
On{L, € O} 0L, € O}
_ T HQng, | Prys, ) | EQ[LL] |
= 0Ly € O} + 0,(L, € 0} +n" " log Op{L, € O}
40n17,_, 40ni,_,
+””E4d%>flbﬁﬁ%@%lﬁﬂm¢0ﬂ__E%um@mun¢on
Opiln € O} On{L, € O}
E9[n ' Y00 Fw)] | E9[La(9)] | _,
=TT 0yl e 0] 0yiL,coy T 102 Qniln €O}
nlet (supg)Qyila ¢ 0}

0yl €0} 0y{L, € 0}
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where we used x logx > —e~ ! and
q(n. S n)
Fp =) q(n.SFn) log———2—.
oy Pe(n, 87 n)

Since F > 0 by Jensen’s inequality and g is bounded above, ergodicity gives the
limits for po-a.e. w:

lim 7" log Eo[e"Ri@1{R, € 0] = E™[g] — H(1 x ¢ | i X py).

n—oo
(For the details of Q,{L, € O} — 1, see the proof of [32, lemma 4.2].) By
o ~ P this also holds P-a.s. U

We are ready for the proof of the theorem.

PROOF OF THEOREM 2.3] Assume first that g € L is bounded above. Then
Lemmas [2.11] 2.12] and[2.15] give these P-a.s. inequalities:
Ag(g, @) < Ke(g) < H{ p(g) < Ay(g, ).

Existence of the limit Ay(g) and Ay(g) = K¢(g) = HfP(g) follows.

Next, consider g € £. Lemma implies that K;(g) = sup, K¢(min(g, c)).
Existence of the limit A, (min(g, ¢)) combined with Lemma implies

Ki(g) = sup K¢(min(g, ¢)) = sup A, (min(g, ¢)) = sup A, (min(g, ¢))

< Ay(g) < Au(g) < Ki(g).

Existence of the limit and the equality A;(g) = K, (g) follow again. For the other
variational formula write

K(g) = sup K¢(min(g, c))

=sup sup {EH[min(g,c)] - Hyp(n)} = Hf,]p(g)- O
¢ UeEM ()

3 Large Deviations under Quenched Polymer Measures

As before, we continue to assume that & is finite and (2, &, P,{T; : z € G})
is a measurable ergodic system where G is the additive subgroup of Z¢ generated
by #. Now assume additionally that €2 is a separable metric space and & is its
Borel g-algebra.

Since our limiting logarithmic moment-generating functions A;(g) are defined
only P-a.s., we need a separable function space that generates the weak topology
of probability measures. Give 2, a totally bounded metric and let ${; (£2,) be the
space of uniformly continuous functions under this metric. These functions are
bounded. The space i (82 ;) is separable under the supremum norm and generates
the same topology on M (£2) as does the space of bounded continuous functions.
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Given a real-valued function V' on 2, define the quenched polymer measures

l n—I1
Q,I::(‘)‘)(A) =~V Eo[e—2k=o V(TkasZk-‘rl,k-i-E)ﬂA(w’ Xo,oo)],

n,0

where A is an event on environments and paths and

Vo _ YOV (Tx, @, Zk+1.4+0)
Zn,o — Eo[e k=0 k +1.k+ ]

Theorem gives the a.s. limit Ay(—V) = limn~!log Z,K’é". Next we prove an
LDP for the quenched distributions Q,K ’3) {Rfl € -} of the empirical measure

n—1
Rﬁ =n"! Z STkaaZk+l,k+€'
k=0
THEOREM 3.1. Fix £ > 0. Let V be a measurable function on &y, V € L, and
Ayg(=V) < oo. Then for P-a.e. w the weak large deviation principle holds for the
sequence of probability distributions Q ,I:(‘)" {Rf, € -} on M1(Ry) with convex rate
function

3.1) 1), = sup {EMg] - Ag(g = V)} + Ag(=V).
gy (S2y)

Rate IqV2 ¢ s also equal to the lower-semicontinuous regularization of

3.2) Hyp () = inf (He p (1) + E*[max(V. o) + Ag(=V)}.
PROOF OF THEOREM We show an upper bound for compact sets A,
T ,—1 v, 14 : |4
(3.3) lim n"'log 0, ¢{R, € A}< - ,125 15 0(1),
a lower bound for open sets G,
(3.4) lim 7 'log QV¢{R, € G} > — inf H)p (),
n—00 ’ neG ™

and then match the rates.
By Theorem and the separability of 4,(82¢), we have PP-a.s. these finite
limits for all g € L5 (2y):
lim 7~ !log End [e"Rﬁ(g)] =Ne(g—=V)—Ag(=V).

n—00

Inequality (3.3)) follows by a convex duality argument (see [11} theorem 4.5.3] or
[31, theorem 5.241]).
Lower bound (3.4) follows from Lemma[2.15]and a truncation: for —oo < ¢ < 0
n~llog Q:g’{Rﬁ €0} >n""log Eo[e_”Rﬁ(max(V’C))]l{Rﬁ € 0}]

—n"Ylog Ey [e_”R'L;(V)].
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(3.4) continues to hold if H ZV]P’ is replaced with its lower-semicontinuous regu-

larization H ZV]’; *(n) = suppinfyep H)p(v), where the supremum is over open
neighborhoods B of pu.
Theorem 2.3|implies that for g € Ly ()
Ag(g =V) = Ae(=V)
= sup  {EF[min(g —V.c)] — Hep(n) — Ag(=V)}
HEM(R¢),c>0
= sup {E"[g —max(V,c)] — Hyp(p) — Ae(=V)}
HEM(R¢),c<0

= sup {E"[g]- H/p(w)}.
HWEM ()

. . Vv _ V, %% .
Another convex duality gives Iq,z, () =H 0P () because the lower-semicon-

tinuous regularization H ZV]’; * is also equal to the double convex dual of H ZVIF" O

Next we record the LDP for the quenched distributions of the empirical process
RY = n~! Zﬁ;b STkaaZk-i—l,oo'
THEOREM 3.2. Let V be a measurable function on some Ry, with V € L and
Ago(=V) < oo. Then for P-a.e. w the weak large deviation principle holds for

the sequence of probability distributions Q,K’S’{R;’lo € -} on M(Q x ZN) with
convex rate function I(X3 (1) = supgsyg, Iq‘le (@,)-
PROOF. This comes from a projective limit. Formula (3.1]) shows that Iqlfz, (o

Yigro) < Iq‘fzig_,_l(/i) for p € Mq(8¢41) where ypiq0 @ 441 — 24 is the
natural projection. Since weak topology of M1(2 x %ZN) can be generated by
uniformly continuous functions, a base for the topology can be created from inverse
images of open sets from the spaces M(S2;). Apply Theorem [B.1 O

In one of the most basic situations, namely for strictly directed walks in i.i.d.
environments, we can upgrade the weak LDPs into full LDPs. This means that the
upper bound is valid for all closed sets. “Strictly directed” means that there is a
vector #i € R? such that z -7 > 0 for all z € Z. Equivalently, 0 does not lie in the
convex hull of Z.

Here is the setting. Let I be a Polish space. Set Q@ = I'Z “ with generic elements
® = (wx)yeza and shift maps (Txw)y = wx4y. Assume that the coordinates
{wy} are i.i.d. under IP.

THEOREM 3.3. As described above, let P be an i.i.d. product measure on a Polish
product space Q2. Assume that 0 does not lie in the convex hull of Z. Let V be a
measurable function on some Ry, V € L, and assume that Ag(—BV) < oo for
some 3 > 1. Then for P-a.e.  the full LDP holds for the sequence of probability
distributions Q,K’g) R° € -} on M1(R2 x ZN) with convex rate function Iq‘f3
described in Theorem[3.2]
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PROOF. Ay(V) < oo by Jensen’s inequality. Due to Theorem it suffices to

show that the distributions Q,IZ/:(‘)" {R° € -} are exponentially tight for P-a.e. w.
Suppose we can show that

(3.5) distributions Po{R;° € -} are exponentially tight for
’ P-ae. w.

From the lower bound in (2.5)) and the hypotheses on V' we have constants 0 <
co, c1 < oo such that, for P-a.e. w,

Eo[e—an;(V)] > e~ and Eo[e—nR,‘;(,BV)] < eclﬂn

for large enough n. Fix w so that these bounds and (3.5) hold. Given ¢ < oo, pick
a compact A C M1(Q x ZN) such that Po{R® € A°} < e~ Bleoterteoin/(B—1)
for large n. Then
OF RS € A%} < Eole ™R £ " RiBVET! py(R® € acyl=FT
< e—Cl’l.
Thus it suffices to check (3.5).
Next observe from

P{w : Po(R° € A°) > e~} < " P(RY € A°)

and the Borel-Cantelli lemma that we only need exponential tightness under the
averaged measure P = P ® Py. As the last reduction, note that by the compactness
of N it is enough to have the exponential tightness of the P-distributions of
RY = =1 Y1267y o

The exponential tightness that is part of Sanov’s theorem gives compact sets
{Unx:meN,x € Z%} in the state space I of the wy such that

n—1

k=0

Here {y;} are any distinct sites. Define
Hp ={0 € Mi(Q):Vx € Z¢ Q{w : wx & Upx} < e” Ty

and compact sets

Kp = ﬂ Hpm

m>L(b)
where £ = £(b) is chosen for b € N so that

Z Ze_(m‘HXD <1.

m>{—b X
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Now
P(RY e Kg) <= > P(R) € HE)
m>£(b)

= Z Z ﬁ(Rg{a)x ¢ Unx} > e_m_|x|)
m>{(b) X
n—1

= X P dug x> eI < et

m=>{(b) X k=0

The crucial point used above was that under the assumption on % the points { X, }
of the walk are distinct (Corollary A.2), and so the variables {wxx,} are i.i.d.
under P. This gives the exponential tightness of the P-distributions of RO =

— -1
n~! Zi:o ‘STka' O

Remark 3.4. For exponential tightness the theorem above is in some sense the best
possible. Theorem can fail if O lies in the convex hull of &%. Then a loop is
possible (Corollary [A.2)). Suppose the distribution of wg is not supported on any
compact set. Then, given any compact set U in I', wait until the walk finds an
environment w, ¢ U, and then forever after execute a loop at x.

4 Large Deviations for Random Walk in a Random Environment

This final section before the appendices is a remark about adapting the re-
sults of Section [3] to RWRE described in Example [I.2] Continue with the as-
sumptions on (2,6,P,{T, : z € G}) from Section Fix any £ > 1 and
let V(w,z1,¢) = —logmo z, (w) to put RWRE in the polymer framework. Then
A1(=V) = —log|Z|. The necessary assumption is now

@.1n [logmp | € L foreachz € Z.

The commonly used RWRE assumption of uniform ellipticity, namely the existence
of k > 0 such that P{mo ; > «} = 1 for z € Z, implies {@.1).

Under assumption (@.1) Theorems [3.1] and Q] are valid for RWRE and give
quenched weak LDPs for the distributions P’{R,, € -} and PP’{R;° € -}. Note
though that for £ > 2, Q,I::(‘)"{Rf, € B} is not exactly equal to Pé”{Rf, € B}
because under Q,K’g’ steps Z for k > n are taken from kernel p. This difference
vanishes in the limit due to log 7o ; (w) € L!(P). These LDPs take care of cases
of RWRE not covered by [32], namely those walks for which 0 does not lie in the
relative interior of the convex hull I/ of Z.

For RWRE the rate function I,Xz, ¢ in Theorem can be expressed directly as
the lower-semicontinuous regularization of an entropy. Indeed, let V (w, 21,0) =
—logmo,z,(Tx,_,w). The difference between using potential V and potential V
is only in finitely many terms in the exponent. Thus Ay(g — V) = Ag(g — V)
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for all g € Up(Ry). Then (B.I) shows that 1 V2 L= quz ¢~ The latter rate is
the lower-semicontinuous regularization of H, p, in (3.2)), which itself equals Hy p

from (2.3) with py replaced with the kernel p+(17, SHn) = mo,z(Tx,w) of the
Markov chain (Tx, @, Zi 41 k+¢) under Pg’. By [32, lemma 6.1] the same is true
of the level 3 rate [ V3 under the additional assumption that €2 is a compact space.

We refer to [32] for this and some other properties of /, V

If 2 is compact, these weak LDPs are of course full LDPs that is, the upper
bound holds for all closed sets. For RWRE with finite % the natural canonical
choice of €2 is compact: in the setting of Example take @ = PZ? with generic
elements w = (wx) ez« and p(w) = wy the projection at the origin.

If 2 is compact we can project the LDP of Theorem [3.1]to the level of the walk
to obtain the following statements: The limiting logarithmic moment-generating
function

1
4.2) A(r) = lim —log EQ[e"X"], 1 eRY,
n—oon
exists a.s. Its convex conjugate

M) = sup {1 =A@}, ¢ eRY,
teR4
is the rate function for the LDP of the distributions P§’ {n"'X, € -}onR?. For
walks without ellipticity, in particular for walks with 0 ¢ U/, even this quenched
position-level LDP is new. It has been proved in the past only in a neighborhood
of the limiting velocity [48]].

In the following appendices we invoke the ergodic theorem a few times. By that
we mean the multidimensional ergodic theorem; see, for example, [20, theorem
14.A8].

Appendix A Some Auxiliary Lemmas

In this appendix Z is a finite subset of Z¢, G the additive subgroup of Z<¢
generated by Z, and U the convex hull of Z in R?.

LEMMA A.1. Let £ € Q¢ NU. Then there exist rational coefficients o; > 0 such
that ) ,cpoz =landé =) 72

PROOF. Suppose first that Z = {Zo,...,Zn} for affinely independent points
Z0....,2n. This means that the vectors Z; — Zo,...,2n — Zo are linearly inde-
pendent in R?, and then necessarily n < d. Augment this set to a basis {b; =
21 =200 by = Zn —Z0.bps1,...,bg} of R where b,y1,..., by are also
integer vectors (for example, by including a suitable set of d — n standard basis
vectors). Let A be the unique invertible linear transformation such that Ab; = e;
for 1 < i < d. In the standard basis the matrix of A is the inverse of the matrix

= [b1, ..., bg]; hence this matrix has rational entries.
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Now let § = ', ;Z; be a representation of & as a convex combination of
Z0,....2n. Then § —Zo = Y 7—, @i(Zi — Zo), and after an application of A,
AE — AZp = Z?:l oje;. The vector on the left has rational coordinates by
the assumptions and by what was just said about A. The vector on the right is
[@1,...,04,0,... ,O]T. Hence the coefficients «, ..., o, are rational, and so is
ap=1->"1a.

Now consider the case of a general . By Carathéodory’s theorem, every point
in the convex hull of % is a convex combination of d + 1 or fewer affinely inde-
pendent points of % [34, cor. 17.1.1]. Thus the argument given above covers the
general case. 0

The next simple corollary characterizes the existence of a loop.

COROLLARY A.2. The existence of aloop (i.e., Z1,m € X" withz1+-++2Zm = 0)
is equivalent to 0 € U.

This corollary expresses the irreducibility assumption used in [32] in terms of
the convex hull of Z.

COROLLARY A.3. There is a path from 0 to each y € G with steps from Z if and
only if 0 is in the relative interior of U.

PROOF. Each y € G isreachable from 0 if and only if —x is reachable from O for
each x € Z. This is equivalent to the existence of an identity 0 = x; + -+ + X,
where each x; is in % and each z € % appears at least once among the x;’s.
Equivalently, we can write 0 as a convex combination of % so that each z € # has
a positive rational coefficient. By using Lemma [A.1] this in turn is equivalent to
the following statement: for each z € #, —ez € U for small enough ¢ > 0. By
theorem 6.4 in [|34] this is the same as 0 € ril{. [l

This lemma gives sufficient conditions for membership in class £ of Definition

LEMMA A4, Let (2,6,P,{Tx : x € G}) be a measurable ergodic dynamical
system. Let 0 < g € LY(IP). Assume one of the four conditions below.

(a) g is bounded.

(b) d =1
(¢) d = 2. There exist v € (0,00) and p > d such that E[gP] < oo and
{goTy; :i =1,...,m}areiid whenever|x; —x;| >r foralli # j.

(d) d = 2. There exista > d and p > ad/(a —d) such that E[g?] < oo, and
foreach z € #\ {0} and large k € N,

(A.1) sup IP(AN B)—P(A)P(B)| <k “.
A€o (goTy:x-2<0)
Beo(goTy:x-z>k)
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Then, for each z € Z \ {0},

(A2) lim lim max Zg 0Tytiz =0 P-as.

e—>0n—>00 xeG:|x|<n N

PROOF. Part (a) is immediate.

For (b) let s € N be such that G = {ns : n € Z}. Fix z = as and let
g = g — E(g | Z;) where Z; is the o-algebra of events invariant under 7,. By
T,s-invariance

1
max ZE(g | Zz) © Tjs+ias < (s + —) max E(g|Z;)oTjs P-as.

—n<]<nn 0<j<a

By the ergodlc theorem

lim max =0 P-as.

n—00 |¢|<n

n Zg © Tyz+iz

This limit is not changed by takmg a finite maximum over the shifts by 75, 0 <
j <a.

Part (c) follows from part (d).

Fix z for part (d). First two reductions.

(i) The maximum over x in (A.2) can be restricted to a set A, of size |4,| <
Cnd=1e™1 at the expense of doubling ¢ in the upper summation limit. The reason
isthat g > O and if x’ = x + jz forsome 1 < j < ng/2, then the 2ne-sum started
at x covers the ne-sum started at x’.

(ii) Ttsuffices to consider a subsequence n,, = m? for any fixed y > 0 because
Nm+1/Nm — land g > 0.

Since constants satisfy (A.2) we can replace g with g = g — E[g]. Let S;f =
> 08 o Tx+iz. Equation (A and the translation invariance of P imply strong
mixing as defined by [33]]. Then applying theorem 6 therein with u = n~?, r large
enough, and t = én/(cr), we get a generalization of the Fuk-Nagaev inequality to
square-integrable, mean-zero, strongly mixing random variables. This implies that
for fixed ,8 > 0, P{|SY,| > n8} < C(e,8)n'~ b withb =ap/(a+ p) > d.Bya
straightforward union bound

ne

]P’{max Zgo Txtiz

xX€A, 4
1=

> ms} < Cnd 17 IP(SO | > n6} < C(e. 8)n? .

Along the subsequence n,, = mY fory > (b —d)~! the last bound is summable.
We get [P-a.s. convergence to O for each fixed ¢ > 0 by the Borel-Cantelli lemma.
g

For a general ergodic system (a) cannot be improved. For example, take d = 2,
an i.i.d. sequence {w; 0}iez, and then set w; ; = w;o. For z = ez, we have
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n—! Z?io|wx+(0,j)| > ¢|wy| and consequently the limit in # in (A.2) blows up
unless w; ; is a bounded process.

If the mixing in part (d) above is faster than any polynomial, then we can take
a — oo and the condition becomes p > d. Part (c) is close to optimal. If
E[gd] = oo then n~! max|xj<, & © Tx blows up by the second Borel-Cantelli
lemma. Currently we do not know if p > d is sufficient in (c).

Appendix B Weak LDP through a Projective Limit

We describe a small alteration of the projective limit LDP. Let X and X, j € N,
be metric spaces with continuous maps g; : X — Xjand g;; : X; — & fori < j
such that g; = g;; o gj and gx; = gj.i © &k, ;. Let {iun} be a sequence of Borel
probability measures on X, and define j1;, = jin ogj_1 onX;. Let/; : X; — [0, 00]
be lower-semicontinuous. Define /(x) = sup; I;(g;(x)) for x € X.

THEOREM B.1.

(i) Suppose that for all j, 1j o gj+1,j < Ij+1 and I; satisfies the large
deviation upper bound for compact sets in X;. Then I satisfies the large deviation
upper bound for compact sets in X.

(i1) Assume that U = {gj_l(Uj) : J € N,U; C X open} is a base for the
topology of X. Suppose that for all j, I; satisfies the large deviation lower bound

for open sets in X;. Then I satisfies the large deviation lower bound for open sets
in X.

PROOF. Part (ii) is straightforward. We prove part (i). Let A € X’ be compact.
Since g;(A) is compact in X; and g7 (g;(4)) 2 4,

lim 1" log jn (4) < Tim ™" log i (g (4)) < = inf ()
,en

€g;
= —inf /;(g; ,
Inf (g5 (x))
from which
limn ! log pn(A) < —sup inf I;(gj(x)).
j x€A

Next we claim a minimax property from the assumption of monotonicity:
(B.1) SI;P inf 1j(g;(x)) = inf Sl]}p 1j(gj(x)) = inf I(x).

Inequality < is obviously true. To show >, let ¢ < infye4 sup; /;(g;(x)). Then
each x € A has an index j(x) such that /;)(gj(x)(x)) > c. The set Dy = {z €
X 1i(x)(gj(x)(z)) > c} is open by the continuity of g; and lower semicontinuity
of I;. Cover A with finitely many sets: A € Dy, U---U Dy, . Fix j > j(x1) V
==V j(xg). Thenif x € A pick £ such that x € Dy,, and we have

1i(g(¥)) = Licep) (&), i) (€7 (X)) = Lixp) (i) (X)) > €.
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Thus infyeq 1;(g;(x)) > c. We have proved (B.I)) and thereby the upper large
deviation bound for 4. g

Appendix C Proofs of Lemmas 2.9 and 2.13

Standing assumptions in this section are the same as in Section 2} (2,8, P,
{T, : z € G}) is a measurable ergodic dynamical system and, as throughout the
paper, Z is an arbitrary finite subset of 74 that generates the additive group G.
Throughout this section £ > 0 is a fixed integer. C denotes a chameleon constant
that can change from term to term and only depends on &%, £, and d. In order to
avoid working on a sublattice, we will assume throughout this appendix that %
generates 7% as a group. This does not cause any loss of generality. The additive
group G generated by Z is linearly isomorphic to Z4  for some d’ < d [40]
pp- 65-66] and we can transport the model to z4'.

A crucial tool will be the path integral of a function F € ;. The main idea is
that due to the closed loop property these functions are gradientlike.

For {-tuples Z; 4,214 € H* we write ¥p = Z1 4+ -+ Zgand X; = 71 +
-+ Zy¢. We say that there exists a path from (y,Z ¢) to (x, 21 ¢) when there exist
ai,...,am € % such that the composition S;;n 0--+0 S;‘l takes (Tyw,Z1 ) to
(Txw, z; ) for all w € Q. This is equivalent to the pair of equations

y+Xe+ar+--+au—¢=x and Am—t+1,m = 21,4

For any two points (x,z; ¢) and (X,Z1¢) and any Z; ¢ there exists a point y €
Z4 such that from (y, Z1,¢) there is a path to both (x, z1 ¢) and (X,Z ¢). For this,
find firstay,...,d,;—¢ and ay, ..., a,—y € % such that

X—x=(@++amy)—(a1+-+ay—)
so that
Y=X—(@+-+amog) =x—(ar+- +any)

and then take y = y’ — X;. By induction, for any finite number of points there is a
common starting point from which there exists a path to each of the chosen points.

Now fix a measurable function F' : £, x % — R that satisfies the closed loop
property (iii) of Definition 2.2} If there is a path (a; )7L from (y,Zy¢) to (x,21,¢),
set no = (Tyw,Z1,0), i = Stni—1 fori =1,....m so that n,m = (Txw, 21,0),
and then

m—1

(C.1) Lo, (21,0, (x.21.0) = Y F(i,ai41).
i=0

By the closed loop property, L(w, (y,Z1,),(x,21,)) is independent of the path
chosen. We also admit an empty path that gives

L(C(), (X, 11,6)7 (x’ Zl,f)) =0.
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Ifay,...,am work for (y,Z1¢) and (x, z; ¢), then these steps work also for (y +
u,Z1,¢) and (x + u,zq,¢). The effect on the right-hand side of (C.) is to shift @
by u, and consequently

(C2) L(Tua% (y’Zl,f)’ (X, ZI,Z)) = L(ws (y + u, 21,6)7 ()C +u, Zl,@))'
Next define f : Q x Z2¢ x 79 — R by

(C3) flw,z1,6,Z1,0:%) = L(@, (y,Z1,0) (x,Z1,0)) — L@, (¥,Z1,0), (0, 21,¢))

for any (y,Z1,¢) with a path to both (0, z; ¢) and (x,Z; ¢). This definition is inde-
pendent of the choice of (y,Z; ¢), again by the closed loop property.
Here are some basic properties of f.

LEMMA C.1. Let F(-,214,2) € LY(P) for each (21,¢, 2) and satisfy the closed
loop property (iii) of Definition

(a) There exists a constant C depending only on d, £, and R = max{|z| : z €
R} such that forall 71 4,714 € Rt x €72, and P-a.e. w

| f(®,21,6.21,6.X)] < Z ~ma’§—emea§|F(wa,Zl,e,z)|.
b:|b|5c(|x|+1)11,e€,l ZEX

In particular, € LY(IP) for all (21,6210 %)
(b) Forz14,Z14.214 € #t, x,X € 72, and P-a.e. w,

fl.210.21,0.%) = f(0.210.21,0.%) + f(Tx®,Z1,. 21,6 X — X).

(c) Assume additionally that F satisfies the mean-zero property (ii) of Defini-
tion Then for any 7, 4 € #* and x € 79, E[f(®w,Z14.21,4.%x)] = 0.

PROOF. Letey,..., e  be the canonical basis of R4 For each 1 <1i <d,there
+
nl

. .. + + \7;
exist nonnegative integers n;- and (a; ;)

;L from Z such that

=at +-4at L —a7, ——
e =a;;+ +ai’n;r a; q Aip=

Write x = Zﬁl:l bieje; with b; > 0 and ¢; € {—1, +1}. Then,

i

da n dn
3 ST ) 3T

i=1j=1 i=1j=1

One can thus find a y that has paths to both 0 and x that stay inside a ball of radius
C(]x| + 1). This proves (a).
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To prove (b), let (y,Z; ¢) have paths to (—x, 21 ¢), (0,Z1 ¢), and (X — x,Z7 ¢).
Use the definition of f (C.3) and the shift property (C.2) to write

f(Txw,Z1,0, 21,4, X — X)
= L(Txo, (y,Z21,0), (X = x,Z1,0) — L(Txo, (¥, Z1,0), (0,Z1,¢))
= L(w,(y +x,21,0), (X, Z1,0) — L@, (y + x,Z1,0), (X, Z1,0))
= [L(w, (y + x,21,0), (X, Z1,0)) — L(@, (y + x,21,0), (0, 21,0))]
—[L(w, (y +x,Z1,0), (x,Z1,0)) — L@, (y + x,Z1,0), (0,21,0))]
= f(®,214,. 21,6 %) — f(®,21,0: 21,0, X).

For (c), let y be so that from (y,Z;¢) there is a path to both (x,Z; ) and
(0,Z1,¢)- Then

f(a)’ ZI,Z, Zl,ev X) = L(wv (y’ Zl,f)’ (X, Z1,()) - L(Cl), (yv Zl,f)’ (0’ Zl,e))'
Both L-terms above equal sums Z;";Ol F(n;,aj+1) where no = (Tyw,Z; ) and
NMm = (Tyw,Z1,¢) withu = x or u = 0. Both have zero E-mean by property (ii)

of Definition 2.2] O

Remark C.2. Part (b) above shows that f is a path integral of F or, alternatively,
that F is a gradient of f. More precisely,

F(a)’ Zl,evz) = f(wvzl,ﬁ’sjzl,e’ Zl) - f(a)’zl,evzl,e’o)

forall z; 0,21 € R,z € Z,and P-ace. w. (SZ+ acts on %% in the obvious way.)

LEMMA C.3. Let F € ICy. Then there exists a sequence of bounded measurable
functions hy : @y — R such that E[|hg(SFn) — hg(n) — F(n,2)|]] — 0 for all

214 € #* and 7 € .

PROOF OF LEMMAIC3| Starting with F', denote its path integral by f as above.
Define

gn(@.21.0) =—|Z7'@n+ D7 Y > flw.21,0.Z16.%).

Zl,ge?ﬂ |x|<n
By part (b) of Lemma |[C.1]

fl,z216,Z1,6,%) + f(Txw,Z1,6, 21,45 21)
= f(a)’ Zl,é’zl,evx + Zl)
= f(a)’ ZI,Z’SZ—’—ZI,LZI) + f(Tzlw»S:ZI,E’ Zl,f’x)'
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Consequently, from the closed loop property alone,
gn(S7 ) — gn (1)
=12 'en+ 17 Y D [fl@.21,6.Z1,.%)

Z1.0€# |x|<n

— f(Tz,0.8F 210,210, %)]

=2 Cn+ 17 Y > [f@. 21487 210 20)

21.56%5 |x|§n

— f(Txw,Z1,0.Z1,4.21)]

C4)  =Fa-|ZCn+ )™ Y Y f(Tew. 210214 20).

legé,%e |x|<n

By parts (a) and (c¢) of Lemma @ and by the ergodic theorem we see that
F(n,z) is the L' (P)-limit of g, (S} 1) — gx(n) for each z, y € %#* and z € Z.
Finally, approximate the integrable g, with a bounded #,, in L (IP). O

PROOF OF LEMMA 291 The L!(IP) convergence to 0 follows from Lemmal|C.3|
Next, observe that for any a; 5 that satisfies the properties in braces in the statement
of the lemma, the F'-sum satisfies

n—1

Y F(isaiv1) = f(@,21,6Z1.6 % ().

i=0

Consequently, the task is to show that n™! f(w, z 1,6:21,¢> Xn(§)) has a limit P-a.s.

Recall that the definition of the path X, (&) given above Lemma [2.8]involved an
integer b = b(§) such that b¢ € Z4 and X,,5(€) = mbé for all m. Using (b) of
LemmalC. ] we have

(mb)™! f(@, 21,6, Z1,c,mb§) = (mb) ™! f(@,21,4,Z1,6,0)

m—1
+ mb)™' Y f(Tjpew. Zu,0.Z10. bE),
j=0

and by the ergodic theorem, the right-hand side has a P-a.s. limit.
Given n choose my so that m,b < n < (m, + 1)b. By (a) and (b) of Lemma

C.1]
n N f(@.21,0.Z1,0. %0 (§) — f(@.21,0.Z1,0. mnbE)|
=" f(Ton,pe®. 21,0 21,0 Xn(§) — mpbE)|

< (mnb)_lG(Tmnbéa)) — 0 P-as.,
n—>oo
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where
G = Y max max|F(Txw.Z10)
x:|x|<C(blE|+1) Z1 0 ERE 2R
isin L1(P). i

PROOF OF LEMMA [2.13] Fix ¢ > 0 for the rest of the proof. From (2.13) we
have that for P-a.e. w and forall z, 4 € Ht and z € #

FO(n.2) < € —Elg(n) | Sxl.

By the fact that g(w,z14) € L(PP) for all 214 € R, the right-hand side is
uniformly integrable. Thus so is F k(08)’+ = max(F, k(os) ,0).

Let F k(?s),_ = max(—F k(?s)’ 0). Observe that by the 7, -invariance of P

E[F2(@.21,6.2)] = Elhgo(Tz, 0. 57 21,0) — he(@.21,0)]
= Elhgo(@. SFz1.0)] — Elhg.o(@.21.0)].

Thus F; k(Os) satisfies the mean-zero property (ii) in Definition Letting no =
(@,214),20 =2,a; = Zj—1,and n; = S(;tr),-_l fori = 1,...,¢+ 1, one has that

¢ £
E[FD70.2)] = Y E[F " (iaie)] = D E[For " (isaivn)]
i=0 i=0

is bounded uniformly in k. We apply the following lemma to extract a uniformly
integrable part leaving a small error.

LEMMA C.4 (Lemma 4.3 of [28]). Let {gn}n>1 be a sequence of nonnegative
functions such that sup, E[g,] < C. Then there is a subsequence {n;};>1 and an
increasing sequence aj /' oo such that gn; 1{gn, =< a;} is uniformly integrable
and gn; 1{gn; > aj} converges to 0 in probability.

By the above lemma we can write F; k((?’_ = F k(os) + R,(cog such that, along a

subsequence, F, k(oe) is uniformly integrable and R,(cog > 0 is G -measurable and
converges to 0 in P-probability. One can then take a further subsequence along
which ﬁ,fog = Fk(?a)’Jr — ﬁk(og converges in weak L!(P) to ﬁe(o) and R,(C?g — 0
P-a.s. (Uniform integrability gives sequential compactness in weak L!; see [16,

theorem 9, p. 292].) We will always keep indexing subsequences by k. Now we
have the decomposition

©) _ pO) _ p(0)
(C.5) ) =B — R

An attempt to check that the limit F, 3(0) satisfies the closed loop property runs
into difficulty because we have very weak control of the errors R,(coz, and the con-
ditioning in definition (2.14) damages the closed loop property of the function
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hi e (Sz"' 1n) — hi,¢(n). To get around this we defined the family indexed by i in
(2.14). In the next lemma we develop a hierarchy of errors obtained by successive
applications of Lemma|[C.4] We give the proof after the current proof is done. Re-
call that given z1,; € R, Xj = 21 +---+ z;. We will use the notation & for a
path of length j = 0 and then xo = 0.

LEMMA C.5. There exist nonnegative random variables on ¢ x %, denoted by
RE7ED RIS, and REVH) wih0 < j < i < kandzyj 41 € 27T,
such that the followmg propertles are satisfied:

(a) R(O 0,2) R(O)

(b) R(l Sad ’) R(l i ’*1) and R(l F215) e Tx; S—j-measurable.
(z 0 @) (z+1 OEQ) (z+1 0. ,2)
©) IE[R | Gk—i—l] Ry + Ry foralli > 0.
(d) E[R(l,] le) | ij IGk i 1] — R(l+1,] 1Z1 1) + R(l+1,] 121 Jj— l)f or

alli > j > land z, e R .

@i, jz1.7) ~@{+1,j+1,z ) G+1,j+1,21.j+1)
@© E[R Y Ty ki) = L U R, .

foralli > j >0andzy j+1 € %71
) As k — oo, ﬁg;zl’ ) and 13,(;;11’ +1) are uniformly integrable and con-
verge in weak LY (IP) to a limit Egi’j’zl’j) and ﬁ,ﬁi’j’z"”‘), respectively.
(g) Rl(ci”sj’zl’j) converges to 0 P-a.s. as k — oc.
(h) One hasfor j > 0,21, j+1 € #/T, and s > 1
R’gs,o,z) 4 §§s+1,0,®) + E§s+2,1,zl)

4ot I’é'gj-i-s,j—l,zl,j—l) + R’gj"‘s'f‘l:j,zl.j)

_ Egs’l’ZI) _i_“._{_§£j+saj+1,Z1,j+1)+I’z‘£j+s+1,j,11,j+1).

(i) Forany fixed j > 0and z1,j4+1 € R+ both ﬁ,ﬁi’j’“’f') and ﬁg’j’“*”l)
converge to 0 strongly in L' (IP) as i — oc.
The limits as k — oo are to be understood in the sense that there exists one subse-
quence along which all the countably many claimed limits hold simultaneously.
Fix i > 0 and let k > i. Starting with (C.3), using (a) of the above lemma and
applying (c) repeatedly, we have the decomposition F k(lg =F Iglg — R](cll with

FO _ g[FO _ p(1.0.9) _ (lOfZ) (i)_ (1,0,9)
Fie _E[ke Ry ¢ | Gk—] and R e = R

R(l) is G _;-measurable and F k( ) uniformly integrable. (The proof of theorem 5.1

in chapter 4 of [[17]] applies to the uniformly integrable sequence F| k(os) — R](clgo ) _

— §g;0’®).) One can check by a standard 7-A or monotone class argument

that any weak L!(IP) limit coincides with the weak limit without the conditioning,
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namely ﬁe(i) = F\E(O) — Egl’o’g) . R(’ 0.2) . Furthermore, since IE[R(O)]
uniformly bounded in k, we have

E[R{ + .+ RPOP] <E[RY] < C.

Taking i — oo we see that I?g(i) decreases, converging strongly in L!(P) to
Fo= B0 - Y Ri09),
i>1
Then, ﬁg e L1 (P) satisfies (i) of Deﬁnition
Fix a path xo,oo with increments in %. Fix integers k > b > j > 0. Re-
call that 74,651 C Gy forall z € #Z and s > 1. In particular, Sx_p4; D

Tx,Sk—p+j—1 D+ D Tx;Sf—p. Applying (e) and (b) of Lemma|C.5|repeatedly,
one has

C6) E[RY | Ty, 6] =

~.

[ZR(b ]+SSZ] 3) } ijGk—b:I + R](cl?;j,ZLj)-

Thus,
(C7) Elhie(Ta; @, 2j42,j404+1) — hic e (Ta; 0. Zj 1, j+0) | Sk—p]
= E[Elhge(Tx, 110, 2j42,j+0+1)
— hiee(Tx; 0,2 41,j+0) | T—x; Sk—pt;1 | Sr—p]
E[F(b ])(Tx]w Zj41, 40 2j+e+1) | Sk—p]
= B[R (Tey0. 241,40 2 4041) | Skmp]

b—
—E[R( J)(Tx/wvzj—i-l j+0Zj+t+1) | Skp]

€8  =E[E(Ty0.2j41, 40 2j+e41) | Skp]
—IE[R,(CITEJH’I’Z‘)(',Zj+1,j+e,Zj+1z+1)

(C.9) +- ﬁ,(cl?;j’m’j)('7Zj+1,j+eazj+£+1) | Tx; Sie—p | (To; @)
— R(b ot /)(ij(l),Zj+1,j+€7Zj+£+1)-

The last equality used (C.6) and the formula E[g | &x] o Tx = E[g o Tx |

T_xSg]. The two sequences in (C.8) and (C.9) are uniformly integrable and con-

verge weakly in L!(P) (along a subsequence) to
ﬁs(b_j)(ijC(),Zj—H,j-i-EvZj-i—f-}-l)

and

S0—j+1,1,z1 ) =b,7,21.5)
(Re T+ 4+ R "NV (T 0,241, j 40+ Zj+L+1)-
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respectively.
For any two paths {n; }7_, and {77 j 11— as in (iii) of Deﬁmtlon

n—1
Z [hk S(Sa,+17]z) hi.e(ni) } Gk—b] =
i=0

Z [7k.e (S a il 1) = hic,e (M) | Sie—p]-

Now, taking b > max(m, n) and further subsequences of (C.7), we arrive at

n—1

i
ACh =(b—i 99y s
Z (F,s(b l)(fli,ai+1)—ZR§ e, )(”i’aiJrl)) -
i=0 s=1
m—1 (b +
] SSZ c — =
=0 s=1

Here, z1,, and z/ ,, denote the steps of the two paths corresponding to {n;} and

{n;}. Taking b — oo and applying part (i) of Lemma we conclude that F,
satisfies the closed loop property (iii) of Definition 2.2l Next, we work on the
mean-zero property.

Abbreviate Z; y = (z,...,2) € Z*. Then,

¢(z) = E[Fe(@,214,2)] = mfIE[ﬁ;")(w,zl,e,z)]

— inf lim E[F()(w 21.0:2)] >1nf hm E[F()(w 21,6, 2)]

i k—>oo

= lim E[hk,s(TzvaI,E) —hge(@,21,0)] = 0.
k—o00

Since ﬁg satisfies the closed loop property, one can define its path integral ﬁ as
above and use (C.3) to write

fo(@.Z1 4,71 4.2)
= Fo(T_z0.214.2)
+ Fe(To(-1)z0.21,.21) + - + Fe(@, B¢, Z1,0-1).Z0)
— Fe(T_gz0,21.0,71) =+ — Fe(T—z0, (B4 Z1.0-1)- Z0)-

(C.10)

Thus, we have c(z) = E[ﬁ(a), Z14.214,2)] forallZ; 4 € #* and z € Z. Hence

c@ =12 Y Elfe@.Z10.710.2).

Z1,0€Rt
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Integrating (C:-4) out (with F = F;) one sees that

Elga(S7n) — gn(n)] = E[Fe(n.2) — c(z1)].

Since g, (S; 1) — g (n) has the mean-zero property (ii) of Definition we con-
clude that ﬁg(n,z)—c(zl) does too. LetZ; ¢ € R, Zipn €X" x =21+ +2n,
and apply the mean-zero property of ﬁs(n, z) — c¢(z1) to the path that takes steps
(z1,n,21,¢) to go from (0,Z; ¢) to (x + X¢, Z1,¢). This gives

n
C11)  Elfe(@.Z1,6716X + X)) = @)+ + @) + ) c(zi).
i=1
Since the left-hand side does not depend on 21, as long as the increments add up
to x, we see that ¢(z1) +---+c¢(z,) only depends on 21 + - - - 4+ 2. Consequently,
F:(n,z) — c(z1) also has the closed loop property and thus belongs to y. This
completes the proof of Lemma[2.13] O

PROOF OF LEMMA [C.AL In what follows, decomposing a sequence R > 0
means applying Lemma|C.4Jto it. The leftmost term in the decomposition is the one
that converges in weak L!(IP) topology along a subsequence. Its limit is denoted
by the same symbol, with k omitted. The rightmost term in the decomposition
is the one converging to 0 P-a.s. Subsequences are chosen to work for all z1_;,
J > 1, at once, and are still indexed by k. Once a subsequence has been given to
suit a decomposition, subsequent decompositions go along this subsequence, and
so on. Induction will be repeatedly used in our proof and once an induction is
complete, the diagonal trick is used to obtain one subsequence that works for all

the terms simultaneously. Recall that R,(cog > 0 and E[R](cog] is bounded uniformly
ink.
The following diagram may be instructive to the reader during the course of the

proof. Index the columns from left to right by i = 0, 1,..., % and the rows from
top to bottomby j =0,1,...,k.
Sk Sr_1 Sk Sr_i So
Te®ko1 T Gr_z -+ - TGk - TS
Tx26k—2 :
ij Gk—i
Txi Sr—i
Txk 60

The algebra on row j and column i > j is Ty, Sk ;. Each algebra in the diagram
includes the one down and to the right of it, the one up and to the right of it, and
the one immediately to the right of it. The decomposition in (d) corresponds to a
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step up and to the right in the diagram, while the decomposition in (e) corresponds
to a step down and to the right.

We will define ﬁl(clejzl’ ), I/él(clejzl’ 'H), and R,(ci’;j’zl’j ) by induction on s =
i — j > 0. On the above diagram, this corresponds to the s diagonal starting at

S5 and going down to Ty, Sx_s_; and so on. We check property (i) after the
whole induction process is complete.

Induction Assumption for s. There exist nonnegative random variables on £ X
50.)z1.;) pG.j.z1.j+1) G.j.z1.;) . . .
%, denoted by Rk,s 7, .Rk,a /T and Rk,e 7owith 0 < j < i <k,
i—j <s,andzy,4+1 € %’ *1 such that properties (a)—(h) are satisfied (whenever
the terms involved have already been defined).

Set R = RO and R%™ = 0. Fork > j = 0, z1,,41 € #/F,
observe that T, & ;1 C Tx; &) _; and decompose inductively

(J,J>z21.5) _ 50U+ j+1,z1 41) (+1,j+1,z1,41)
IE[Rk,a | ij+16k—j—1] - Rk,s + Rk,s :

For j > Oand z1,j4+1 € %/ set ﬁl(cj’sj’zl’j“) = 0. These are actually never
used in properties (a)—(i) of the lemma. This settles the case s = 0.
Next, for k > 0, decompose

0,0, (1,0, 1,0,
E[Rl(c,s . | Gk—l] = Rl(c,s ) + Rl(c,s )’

and for k > j > 1 decompose inductively

(+2,7+1,z1,5+1)

E[Rl(cj’:rl,j,zl,_,-) | Ty, Gk jn] = RUAZIHLz ) R

k.,e
Set ﬁ,(cj;rl’j’zl’j’”) =O0forallk > j > 0and z1,j4+1 € #/*!. These are again
not used in properties (a)—(i) of the lemma. This settles the case s = 1.

Now fix s > 1 and assume the induction assumption for this s. We will define
s +s+1,).21,5) pU+s+Ljz14+1) (+s+1
Rk,s , Rk . , and Rk’£
On the above diagram, this corresponds to going along the fixed s diagonal.

/217 1y induction on j > 0.

Induction Assumption for j with s > 1 Fixed. We have defined El(cj js—H’j 21.5)

~(7 1.7 . j 1,j i ; i
Rl(cj:-s+ ,1,21__;-5-1)’ and R]((J:‘S"‘ J21.7) such that properties (a)-(h) are satisfied

(whenever the terms involved have already been defined).

bl

Observe that &;_;_; C T, Sx_s and temporarily decompose

B[RED™ | S1mt] = RSO 1 U199 ang

IR | Gonpm] = R0 4 R0
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Let R be the smallest of I?,({S:I’O’Zl), 71 € #,and R,(CS:I’O’Q). Use (¢) and (e) with
i =s—1and j = 0 to write

E[EI(CS,LO’Q) | G—s—1] + R(SJrl 0.2) | R(S+1 0,2)
- E[Rl(cs,e 102 | 6k—s_l]
= IE[IA?'](:,;I,ZQ | 6k_s_1] + R\](:;:‘l,o,ZI) + R(s+1 0,21)

The above display shows that the differences I?,(CS:LO’ZI) — R and R,(CS:I’O’@) —

R are uniformly integrable. Redefine all the terms 1?,(::1’0’11), 71 € %, and

(s+1,0,2) ~(s+1,0,2)
Rk,s Rk,

to equal R and redefine to equal

EI(CS:_LO’@) I R(s-H 0.9) _ p

H(s+1,0,z1)
Rk,s

and to equal

I’é(s-i—l,O,Zl)_i_R(s-‘rlOZl) R.

The upshot is that one can assume that R(erl 0.z1) _ R(erl 9-2) for all 71 € X.
Taking k — oo in the above display Verlﬁes (h) for j = O Th1s starts the induction
at j = 0.

Now we go from j to j + 1. Temporarily decompose

i+s+1,7, i
(C.12) E[R,(C{B sHLI2L) Tx; 1 Gk—js—] =

ﬁ(j+s+2:j+1,zl,j+l) R(j+s+2,j+1’zl.j+l)
k.,e

+

and

+s+1,j+2.21,
©13) BIRYFTIIRNAD |1 e o] =

S5 +s+2,j+1,21,j42)

+s4+2,7+1,21 ]+2)
Rk
L&

+ R(/
Then, one has
E[ﬁ(s,o,z) n R(s+1 0.2) | R(s+2,1,z1) e
+ R(J+s+l 2JsZ21.5) I Tx,'_HGk—j—s—Z]
+ R(]+S+2,]+1 ,21,741) + R(j+s+2,]+1,z1 1)

-1,0,0
= E[Rl(cs,s : | ij+16k—j—s—2]
_ E[E(s,l,zl) Tt R(J+s+1,J+2 21,7 +2) | ij+16k—j—s—2]

R(/+S+2 J+1,z1,j+2) E(j+5+2,j+1,11,j+2)

+ +
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An explanation: Use (c) first twice to condition R6-1.02) opn & %—s and then on
Gr_s—1. Next, use () conditioning R +1.0-2) on Txl'Gk—s—Za then RU6+2.1.21)
on Tx,Sk_s—3, and so on, until conditioning R6+/+L.7:21.7) op Ty, Gk—s—j—2.
On the other side, use (e) conditioning R6~1:92) on Ty, &;_, then R(-1.¥D
conditioned on Ty, Sk _;_1, and so on until RU6+/7+1.21+1) js conditioned on
Txj,»Gk—s—j—1. Then use (C.12) and (C.13) and condition RG+I+1.742.21,42)
onTy,  Srs—j 2.

Now, repeating what we have done for the case j = 0, we can assume that
p(+s+2,j+1,21,; f+s5+2,7+1,21,5 i .
R,(cj,s / Li+2) R,(cj’é3 / i+ for all Z1.j+2 € %#’T2. Taking

k — oo verifies (h).
We have achieved the induction on j and thus also the induction on s. Our

construction is thus complete once we prove it satisfies (i). Using (h), this follows

easily by induction on j > 0 once one shows that Eg"”@ — 0 strongly in L!(P),

which itself follows from the fact that E[ﬁliléo’g) 4ot ﬁl(:";o’@)] < E[ RI(COZ] is
uniformly bounded in k. The lemma is proved.
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