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Abstract

We show the non-existence of non-trivial bi-infinite geodesics in the solvable last-passage
percolation model with i.i.d. geometric weights. This gives the first example of a model
with discrete weights where the non-existence of non-trivial bi-infinite geodesics has been
proven. Our proofs rely on the structure of the increment-stationary versions of the model,
following the approach recently introduced by Baldzs, Busani, and Seppéildinen. Most of
our results work for a general weights distribution and we identify the two properties of the
stationary distributions which would need to be shown in order to generalize the main result
to a non-solvable setting.
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1 Introduction

This paper considers directed last-passage percolation (LPP), which is a prototypical example
of alattice interface growth model in 1+1 dimensions. Such lattice growth models have played
a central role in the development of modern probability over the last fifty years, with 1+1
dimensional LPP rising in importance over recent decades as a member of the Kardar-Parisi-
Zhang (KPZ) universality class. See the recent surveys [3, 15, 16, 29, 45, 46].

Last-passage percolation, along with closely related models like first-passage percolation,
directed polymers, and certain stochastic Hamilton-Jacobi equations, have interpretations as
a kind of directed analogue of a metric. For this point of view, see for example the discussion
in [19, 20] and also [5]. This connection is exact in the case of first-passage percolation,
which genuinely describes a random metric on the lattice. In these interpretations, it is
often possible to interpret the solution in terms of random paths, which are variously called
geodesics, random polymers, or characteristics, among others. The structure of these random
paths has been a major focus of research in the field.

This project considers a particular subset of questions related to bi-infinite geodesics,
which are bi-infinite paths with the property that the restriction of the path to any finite
subpath is a geodesic between its endpoints. The study of such paths traces back at least
to a question Furstenberg posed to Kesten on first-passage percolation [40, p. 258], where
the existence of such paths is equivalent to the existence of non-trivial ground states in
the ferromagnetic Ising model with random impurities [3, p. 105]. It is generally believed
that in models of the type we consider, non-trivial bi-infinite geodesics should not exist,
for reasons we will discuss shortly. Much of the mathematical progress toward proving this
conjecture traces back to the seminal ICM note of Newman [44], which instigated a fruitful
line of research on the structure of semi-infinite and bi-infinite geodesics in first-passage
percolation [32, 33, 42]. These ideas motivated subsequent work on first [1, 17, 18, 30, 31]
and last passage percolation [13, 14, 26, 27, 38], as well as related models [4, 6, 7, 36].

One of the main predictions of the KPZ class concerns the structure of fluctuations of
analogues of geodesics, and in particular their characteristic 2/3 scaling exponent in 1+1
dimensions. At an ACM workshop in 2015 [3, Section 4.5.1], Newman gave a heuristic
argument that in dimensions for which this transversal fluctuation exponent is greater than
1/2, non-trivial bi-infinite geodesics should not exist. Two different implementations of this
heuristic were recently carried out in the last-passage percolation model with i.i.d. exponential
weights by Basu, Hoffman, and Sly [9] and Balazs, Busani, and Seppildinen [8]. The former
implementation uses integrable methods heavily, while the latter relies on the structure of the
increment-stationary distributions for the model. Both approaches rely in essential ways on
the exact solvability of the exponential last-passage percolation model. A general version of
Newman’s argument under strong conditions on the passage time was recently implemented
by Alexander in [2]. Perhaps the strongest unconditional result in this direction are the
recent [11] (in multi-dimensions, for geodesics in a deterministic direction) and [1] (in two
dimensions, for typical geodesics).
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The present paper abstracts the approach of [8]. We consider a novel implementation
of the argument to the last-passage percolation model with geometric weights, giving an
example of a model with discrete weights for which non-trivial bi-infinite geodesics do not
exist. More broadly, we re-cast the approach of [8] without reference to particular weight
distributions and identify two properties of increment-stationary distributions, recorded as
Assumptions 3.1 and 3.4 below, which would need to be proven in order to realize this
program for non-integrable models. After introducing each of these assumptions, we discuss
the types of hypotheses on the last-passage percolation model which would need to be proven
in order to verify these conditions. It is noteworthy that it is known from [27, 28, 36] that
the increment-stationary models that appear in these assumptions have been shown to exist
generally.

Our main result, Theorem 3.6, shows that under our abstract hypotheses, non-trivial bi-
infinite geodesics do not exist. We verify our conditions in the geometric model using exact
solvability. Along the way, we also prove some novel results about geometric last-passage
percolation in order to verify our hypotheses. In particular, we prove a new, sharp bound for
exit times in increment-stationary geometric last-passage percolation following a strategy
recently introduced in [22, 23]. This is recorded as Theorem B.1.

Organization of the paper: Section 2 describes our setting and introduces our first main
result, on the solvable geometric model. Section 3 introduces boundary models and develops
the notation for our general result. In Section 4 we derive geodesic fluctuation bounds under
Assumption 3.1. Section 5 has the proof of the nonexistence of bi-infinite geodesics under
Assumptions 3.1 and 3.4. Appendix A.1 recalls results that provide the boundary weights for
the boundary models needed for the proofs. Sections 3-5 and Appendix A.1 are for general
weights and can be read independently. The rest of the appendixes deal with the case of
geometric weights and can each be read independently. Theorem B.1 in Section B verifies
that Assumption 3.1 holds in the case of geometric weights. Lemma C.2 uses the extra
independence structure in Theorem A.2 and the random walk estimates in Lemma C.1 to
verify that Assumption 3.4 holds in the case of geometric weights.

1.1 Notation

N denotes the natural numbers {1, 2, ...}, Z is the set of integers {0, £1, £2,...,},and R
is the set of real numbers. Fora € R, R>, = [a, 00), R., = (a, o0), Z>4 = [a, o0) N Z,
and Z-, = (a,00) N Z. R<,, Ry, Z<,, and Z -, are defined analogously. We denote the
canonical basis vectors of R2 bye; = (1,0) ande; = (0, 1). Fora,b € Rwitha < b we
write [[a, b] to denote the integers that are in [a, b] and we abbreviate [n] = [[1, n]. For
points u, v eR%u<vandv > umeanu -e; <v-ejandu -ep < v -ep. For such u# and
v,let[u,v]:{xE]Rz:ufxfv}and[[u,v]]:{xeZz:ufva}.

Set 0 = (0, 0). An up-right path mw,,., = (T, Tim+1, - - ., ) is a collection of vertices
7; € 72 which satisfies 7; — m;_| € {e1, ey} for i € [[m + 1,n]. For x < y, the set of
up-right paths which start at x and end at y is denoted by IT3.

LetU = [er,e] = {te; + (1 —1)ex : 0 < ¢ < 1}. Its relative interior is denoted by
rid = (er,e)) = {te; + (1 —1)ey : 0 <t < 1}. We will use the notation a VV b = max(a, b)
and a A b = min(a, b).

Forr € (0, 1), aGeom(r) random variable X satisfiesP(X = n) = r"(1—r) forn € Zx.
For p € [0, 1], a Ber(p) random variable X satisfiesP(X =1)=1—-P(X =0) = p.
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2 Setting and the First Main Result

Let @ = R% and equip it with the product topology and its Borel o-algebra F. A generic
element in €2 is denoted by w and is sometimes referred to as an environment. Let (wy ) .72 be
the coordinates of w. wy is referred to as the weight at x. We assume the following throughout
the paper: we are given a probability measure P on (£2, F) such that

(wx)yez2 areiid.under P, Je > 0: E[|w0|2+€] < oo, and Var(wg) > 0. (2.1)

Denote by T = {T, : x € Z?} the natural group of shift operators on 2, which satisfy
(Tyw)x = wy4y for x,y € 7Z2. Given sites x, y € Z* with x < y (coordinatewise), an
up-right path from x to y is a sequence of lattice vertices with increments in the set {ej, e},
the canonical basis of R2. The collection of up-right paths from x to y is denoted by ITJ.
The passage time (or the weight) of an up-right path 7 € TT} is the sum of the weights of the
vertices of the path: . __ w,. For x <y in Z?, the (bulk) last-passage time from x to y is
defined to be

vemw

Gry(@) = max Y w,. (2.2)

welly ver

In particular, G (@) = wyx. Asis customary in probability theory, we often omit the w from
the argument of G y.

Apathz e IIJ which realizes the maximum in (2.2) is called a geodesic. This terminology
is by analogy with the related model of first-passage percolation where G, defines arandom
pseudo-metric on 72. Geodesics are unique when P(wp < t) is continuous in ¢, but when
this distribution function is not continuous, multiple geodesics can exist.

Our main interest in the present paper is in the structure of bi-infinite geodesics, which
we now define.

Definition 2.1 A bi-infinite up-right path 7_cc.00 = (Tn)nez is said to be a bi-infinite
geodesic if for every m < n in Z, the segment 1,,., is a geodesic between 1, and 7.

For each x € Z% and k € {1,2}, the path x + Ze, = (x + jex : j € 7Z) is a trivial
bi-infinite geodesic. This is because there is only one up-right path between any two sites on
such a path. Bi-infinite geodesics which are not of this form are said to be non-trivial. Our
main theorem says that non-trivial bi-infinite geodesics do not exist when the weights are
geometric random variables. In what follows, we say that for r € (0, 1), a random variable
X is Geom(r) distributed if P(X = n) =r"*(1 —r) forn € Z>y.

Theorem 2.2 Assume wq is a Geom(r) random variable for some r € (0, 1). Then with
P-probability one, there are no non-trivial bi-infinite geodesics.

Our first main result, Theorem 2.2, follows from Theorem 3.6, which applies to a general
weight distribution. That theorem requires two assumptions which will be stated once we
have developed the necessary notation. These hypotheses are verified (in the appendix) to
hold when wy is geometrically distributed. These are the only two places where solvability
is used. We include the following comments on our use of solvability:

a) The independence property in Theorem A.2(c) and the explicit knowledge of marginal
distributions in Theorem A.2(d) are used in the proof of the tail bound in Theorem B.1, which
verifies our Assumption 3.1. Although we expect this assumption to hold more generally, the
methods we use seem unlikely to generalize, as they rely on a certain structure of Radon-
Nikodym derivatives of the marginal distributions, which is satisfied for solvable polymer
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and percolation models, but not general distributions. See [22, 23]. Using these methods, the
bound we prove is sharp, with cubic exponential decay. This is stronger than is necessary
for the rest of our arguments: Assumption 3.1 only asks for a polynomial bound with an
exponent strictly greater than two.

b) The independence property in Theorem A.2(b) is used when verifying Assumption 3.4.
This is an assumption concerning certain random walks which, in a general setting, would
be built using the Busemann process constructed in [27, 36]. In the setting with geometric
weights, this independence allows us to turn the probability of an intersection in (3.19) to
a product of probabilities. Moreover, it is used to deduce that the random walks in (3.16)
have independent increments. Our key random walk estimate, Lemma C.1, assumes that the
random walk increments are independent for this reason. For a general weight distribution,
we expect that the increments of the associated random walks in question are mixing but not
independent. A version of Lemma C.1 can be expected to hold for such random variables,
subject to some extra moment hypotheses.

3 Models with Boundary

The main player in the proof of Theorem 2.2 is a coupling of the bulk passage times and
a collection of passage times in models with boundary conditions. Given weights v € Q
and numbers {I,, J, : x € Z?}, referred to as boundary weights, the boundary passage time
G)S[V;f(w, 1, J) from x to y, with x < y, is the maximum weight of up-right paths from x to
y, where each path collects 0 weight at the site x, / weights at each vertex on the horizontal
boundary x 4+ Zxoej, J weights at each vertex on the vertical boundary x + Zxoe;, and bulk
weights o at each vertex in the bulk x + N2. See Figure 1. Rigorously, for x = (m, n) € Z?

and k € N we set G,S(V;’ =0,

k

Gx x+kep — Z ]X-Hel , and Gx x+key — Z Jx+ie2- 3.1
i=1 i=1

Then for y = (m', n') € x + N? we let

e
SWo_
G, Y max IZ Litie; + Gxtke+es, v] max {Z Jx+je2 + Gx+el+2e2,y}~
Jj=1

1<k<m’—m 1 1<t<n’—n

(3.2)

Note that GSV;’ is a function of {Iyyje;, Ixtje,, 0, 1 1,j € Nyz € x + N2}. Hence the
superscript SW which stands for southwest as this is where the w-weights are switched to /
and J.

As in the bulk model, a geodesic in the model with boundary conditions is an up-right
path that achieves the maximum in (3.1-3.2). Recall that geodesics are not necessarily unique
if the weights do not have a continuous distribution.

Each geodesic path must exit the boundary at some pomt See the circled vertex in Figure
1 for an illustration of such an exit point. We denote by Ex1tx v N, I,J),i € {1,2}, the sets
of locations of exit points of the geodesics from x to y, on the two boundaries of the quadrant
72 .- That is, with the convention that we index exit points from the vertical boundary with
ne_gative numbers,
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Fig.1 An illustration of paths in the model with boundary conditions. The boundary is contained between the
dashed lines, the geodesic is solid, and the exit point of the geodesic from the boundary is circled

k
ExiS™ ! = {k €My -er—x-el: Y Lyie, + Griterteny = Gf}’yv} and
i=1
L
EXit)Sc,V;’z = [—5 :Lel,y-e;—x-e] and Z Jitje, + Gxttertey = G)ch;]}
j=1

The furthest exit point in the e; direction is then given by

ZSW €l = max Ex1t§vt{ 1

and the furthest exit point in the e, direction is given by
SW.er _ o - SW,2
Zx,y 2 = m1nEx1tX’y .

In the above definitions, one of the two sets will be nonempty. We use the convention that if
the set is empty, then the min and max are 0.
Note that if Iy ige, < Ix+ke] for integers 1 < k < (y — x) - e1, then ZSW w, I,]) <
ZSW ““(w, I, J). Similarly, if Jrtke, < J/H_ke1 for integers 1 < k < (y — x) - e, then
Swel(w 1,J) > Z3) " (w, 1, J).
The boundary weights that we will use in this paper are the random variables {/ f Jyg :
x,y € Z?}, supplied by Theorem A.1 for each fixed £ € ril{. We then use the notation

Gi (@) = G (0, I* (), J* (). (33)
Exity’, i € {1,2}, and Z5%* are defined similarly.

When the starting point is the origin 0, we will omit it from the index and abbreviate
quantities of the form Ay , by writing A, or A(x). We will also sometimes write A(m, n) =
Ame1+nez-

@ Springer



Non-Existence of Non-Trivial Bi-Infinite... Page7of47 81

The significance of the particular choice of boundary weights is that while the bulk passage
times are subadditive:

Gyy—wy+Gy,—w, <Gy;—w;, Vx<y=<z, (3.4)
the boundary passage times are additive:
G5, +G5. =G5 .. 3.5)

In particular, for any x = (m, n) € Zéo

E[Gj ] = E[Gy ¢, Im + E[Gy  In = ELIE Jm + E[JE In.

The above leads to a variational characterization of the limiting shape of the bulk model.

Indeed, [43, Theorem 2.3] and a standard coarse-graining argument (see, for example, [35])
imply that if E[|wo|*t¢] < oo for some ¢ > 0, then for P-almost every w,

lim n~ ! max |Gox —y(x)| =0, (3.6)
n—o00 XEZZzO
[x|1=n
where
y(x) = Eigeifu{E[Ifl]x -ei +E[J{1x ey} forx e R, 3.7

This expression for y is an immediate consequence of the construction in [36, Theorem

4.7], which defines our /¥ and J% (see (4.3) and Lemma 4.12 there), and the variational

characterization of a homogeneous concave function in terms of its superdifferential.
Another property of the (1§, J&) process is that it is stationary and, as a consequence,

{G§+X,Z+y 1y >xin Zz} has the same distribution as {Gi’\, y>xin Zz} vz e 7.
(3.8)

3.1 Geometric Weights

The significance of specializing to the case where the weights are geometric random variables,
i.e. wp ~ Geom(r) for some r € (0, 1), is that because of the memoryless property of the
geometric distribution, many explicit computations are possible. For this reason, this case is
said to be solvable. For example, for any x < y in Z? and any & € ril{,

{o:, Gi,y+(n+l)e,- — Gi,y+ne,- ‘nelsgic{l2,z—xc¢ Nz} are independent (3.9)
and, marginally, Gi,erel — Gi,y ~ Geom(p) and Gi,erez — Gigy ~ Geom(r/p), with

p = p(&) given by

rE + &)+ @+ DJréEas,
&l +ré& +2r816

These are some of the properties contained in Theorem A.2.
For a fixed r € (0, 1), (3.10) gives a bijection from ri i/ to (r, 1) with the inverse function
given by

(p) = ( r(l—p)’ (p—r7?
PR+ 1) —dpr+rr+ 1) p2(r+1) —dpr+r(r+1)

pE) =pE1, &) = €(r,1) forg e R%,. (3.10)

) eritd. (3.11)
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Switching from & to p in the variational formula (3.7) and then using the explicit distributions
allows to solve (3.7) explicitly and get

. r 2\/7
yx)= inf MP(x)= x-(ep+e)+ ——+/(x-e)(x-e), (3.12)
per,1) 1—r 1—r

where

Lx-ez
Mp(x)= pXx-e P - px-e€ rx-e2.
1—p 1—; 1—p p—r

(3.13)

This exact solvability makes it possible to verify the assumptions we introduce momentarily.

3.2 General Weights and the Second Main Result

Recall that in the general model, Theorem A.l furnishes the random variables {/ f s Jyg :
x,y € Z?, & € rild} and the passage times that use these variables as boundary weights,
which we denote by G5, (w) = GV (@, I¥(w), J* ().

In the next section, we give bounds on the size of the fluctuations of the point-to-point
geodesics under the following assumption on the tails of Zgj" , when |x|; is large and x /| x|

is close to £. For 6 € (0, 1), define the cone
Ss = {x €R2>0 :x-e; >d8x-eyandx -ep > Sx - eq}.

The first assumption required for the non-existence of semi-infinite geodesics is the following.

Assumption 3.1 There exist a v > 2 and a §p € (0, 1) such that for any § € (0, §p) and
k > 0, there exist positive finite constants Co(8), No (8, k), and s0(8, k) such that

P{IZE% (m, n)| V1252 (m, n)| = s(m +n)?3} < Cos ™", (3.14)
for all (m,n) € Ss N ZzzNo’ s > sg,and & = (£1,&) € rild such that & € (5,1 — 8) and

&1 — 2| < ic(m +nm)~'3.

m—+n

Remark 3.2 By Theorem B.1, this assumption is satisfied for any v > 2 when wy is geo-
metrically distributed. This assumption is verified in the case of exponential weights in [8,
Corollary 4.3], with a sharp bound appearing in [23, Corollary 3.2].

Remark 3.3 That | Z5¢! (m, n)| v | Z5%2(m, n)| should be an O ((n +m)?/?) random variable
is one manifestation of the familiar KPZ scaling relations [39]. At a heuristic level, these
come from curvature of the limit shape and diffusivity of the stationary distributions (see
also [34]). The existing rigorous arguments based on the structure of stationary distributions,
like our argument for the geometric model, also rely on some analytic structure of certain
Radon-Nikodym derivatives of the stationary distributions in a key technical step. The Radon-
Nikodym structure likely does not fully generalize. See the proof of Proposition 5.9 in [47],
which follows the approach introduced in [12], for an argument that makes these three
ingredients clear (the variance identity used there comes from the Radon-Nikodym derivative
structure).

Regarding the strength of our tail assumption, we show in Theorem B. 1 that the assumption
that the distribution has polynomial tail decay should be viewed as a mild one: the optimal
decay is expected to be super-exponential fairly generally.
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Fig.2 The edges involved in
defining the walk §5°7 in (3.16)

JS J"

2es e;+es
[ ] [ )
3 Tn
Je2 Je1

Next we turn to our second assumption, which concerns the behavior of a certain random
walk built from the stationary models. Recall that the passage times Giy y thatuse the boundary

weights {If ke, Jf ke - k € N} on the southwest boundary of x + Zi_ give a stationary

LPP process satisfying (3.5). This is illustrated in Figure 1. We will now need to consider
a reflected version of this picture, which is a stationary LPP process that corresponds to
putting appropriate weights on the northeast boundary. To this end, define the reflected
weights @ = (Wy) 72 With @y = w_,. Define the boundary weights

B =1 @ and TE(w)=J (@). (3.15)
Given &, n € rild let
§ ™
Z;Ll(‘]jez - Je1+(j—1)e2)’ n €Lz,
Sy =10, n=0, (3.16)
0 § T
— Zj:nﬂ(]je2 — e (j—1)e)r M E L1
Given &*, &, n*, n. € rild, we can use Theorem A.1 to couple the weights
{we, I8 JE 15 Jo 17 g0 I g0 x e 7). (3.17)

This produces a coupling of {wy, Jf*, Jf‘, ]T, 7}7’ : x € Z2} and of {wy, Ifﬁ, If‘, TB*, 1"

x € 72}

Assumption 3.4 Thereexistanag € (1/3,2/3)andadp € (0, 1) suchthat forany é € (0, o),
there exist positive finite constants C3(6) and N3(6) such that for all N > N3, and all
Ne, N°, &x, £* € 1ild with e-coordinate in (8, 1 — §) and such that

—NTO2 <& ej—n*-ep <0 and — N2 <p, e —E e <0, (3.18)
we have

Pl sup §f7 <0 and s s sofsae. @19
0<k<N2/3 —N2/34+1<k<0
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Remark 3.5 In Lemma C.1, we give a general condition for bounds of this type to hold in the
case where S,f""* and S,fﬁ’"* are independent i.i.d. random walks, with the key step coming
from a comparison to a Gaussian via the central limit theorem. In general, the walks S5
and S5+ are expected to be mixing (but not to be independent or have i.i.d. increments
unless the model is solvable) with sufficient moments for Gaussian approximations to be
valid. Our argument is simplified considerably by working in the independent i.i.d. setting,
but we expect that similar ideas should apply in the general setting. We do not have a precise
conjecture about what the mixing hypotheses should be in general, so we leave this extension
to future work when the natural hypotheses are clearer. In particular, Lemma C.2 shows that
this assumption is satisfied for any ap € (1/3,2/3) when wg is geometrically distributed.
This assumption is verified in the exponential model in [8, Lemma C.1] with ag = 2/5.

Theorem 2.2 follows from Theorem B.1, Lemma C.2, and the following, more general
result. Recall the exponent v from Assumption 3.1.

Theorem 3.6 Suppose Assumptions 3.1 and 3.4 hold with
2v—1)
< —".
3v
Then with P-probability one, there are no non-trivial bi-infinite geodesics.

ap (3.20)

Remark 3.7 By exchanging the roles of the two axes, one sees that the above theorem also
holds if Assumption 3.4 holds with 15, -increments instead of Jje,- We expect that if the
assumption holds with one set of increments, then it holds with the other set as well.

Remark 3.8 The reason behind the relation (3.20) is that if v is close to 2, then this affects
the bound (3.14) and, as a consequence, we do not have good control over the geodesic
fluctuations in (4.4). Then, when using (3.19) in the argument against the existence of bi-
infinite geodesics, we need to allow for a larger interval in (3.18), which means using a smaller
ap. That said, it should be the case that if the i.i.d. environment has finite exponential moments,
then Assumption 3.1 holds for all v > 2 and Assumption 3.4 holds for ag € (1/3,2/3).

With our main results stated, we now turn to the proofs.

4 Geodesic Fluctuation Bounds

We begin with some preliminary deterministic observations about the structure of last-passage
percolation. Given points x < y in Z? and weights w, define the boundary weights

IM(@) = Gy.y(@) — Gy y—e (@), whenx <y—e,and @
T'N@) = Gy y(@) = Gy y—e (@), whenx <y —e). '

Then for z € y + Z2, and i € {1,2}, let

GMl(w) = G (w, (), ")) and Z[ () = Z3Y % (0, I"(w), T ().

The following is immediate from the definitions. See, for example, [47, Lemma A.1].

Lemma4.1 Let x < y < z in Z°. Fix a configuration of weights w € 2. Then Gy (w) =
Gy y(w) + Ggflz(a)). Furthermore, if an upright path is a geodesic of Gy (), then its
restriction to 'y + Zio is part of a geodesic of G[y’flz(a)). Likewise, if an upright path is part

of a geodesic of G[yxl (w), then it can be extended to a geodesic of G ;(w).
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The next lemma is a direct consequence of the one above.

Lemma4.2 Let £, m be positive integers. Let x > y be in Z2. Take i € {1, 2}. Fix a configu-
ration of weights w € Q2. Then ZSW () = L+m ifand only le[x ¥ () = m. Similarly,

x+Lley,y
Z3N % (@) = —€ — m if and only lex)ﬂ;ZZ (@) =—

The above definitions and lemmas are deterministic statements and work for every fixed
choice of the environment w. Therefore, by considering passage times with boundary weights
[x]

1% and J¢ and recalling (3.5), we see that both lemmas hold if we replace G ;, Gx,y, Gy 7,

st % and Z)[ﬁ;g v i € {1, 2}, with, respectively, Giz, Gi,y, G?Z, Zi:?’, and Zi&e[ Vv
i€ {1, 2}.

Corollary 4.3 Suppose Assumption 3.1 holds. Then for any § € (0,80), A > 0, and k > 0
there exist positive finite constants C1(§, 8o, v, A), N1(68, 8o, k) > 1, and s1(8, 8¢, k) such
that

P{Z5®2(m,n — [s(m+n)*3]) <0} < C1s™" (4.2)

and

P(Z5 (m,n + [s(m +n)*?]) > 0} < C1s7" @3)

for all (im,n) € Ss N ZZ>N1 > 51, &€ = (&1,&) € rild such that & € (5,1 — §) and
&1 — ernl < k(m 4+ n)~'3, and with n — |s(m + n)*/3| > 1, in the case of (4.2), and
s < A(m +n)'3, in the case of (4.3).

Proof Fix § and « as in the claim. Recall the constants Ny and sg in Assumption 3.1. Take
(m,n) € Sy NZ2y, ands > max(2s0, 2" Ny >?) such that n — |s(m +n)*/?] > 1. Take
£ = (£,&) € 1ild such that & € (5,1 — 5) and |§ — | < k(m + n)~'73. Apply

m+n
shift-invariance, Lemma 4.2, and (3.14) to obtain
§.e _ §.e
P{Z(O 0),(m,n— I_S(m+n)2/3j) < 0} - ]P){Z(O Ls(m=4n)2/3]),(m,n) O}

= PZi5% iy < —Lsm P} < PAZET) 0y < —sm+0)*7 /2]
<2VCos™".
For (4.3), let Ny = No(8/2, k + 1) and

5o = max(so(8/2, k + 1), 2(1+ 8)87 Ny 22, (1 + )" 18N, ).

Take (m, n) € $;NZ2 ¢ ands > 5o.Letd = |s(n +n)*?).7 = n+d andiii = m+[ 5 |.
Then N

5 _ Sn+dsm+n)*3—1-38 - I _1_2
2~ n+s(m+n)?/3 7 T
Take £ = (£, &) € ritd such that &) € (8, 1 —68) and |§) — ;2| < k(m +n)~'/3. Then
m d—n|d
\51—%—} & — mnfrﬁ - <mn+Ln’)nz/nJ <k(m+m)"P 4 m+m) < e+ Dm +n)

Furthermore, if we take s < A(m + n)'/3, then we get

m+ T 571+ d
L—i_n<1+ﬂ

< <1+@E "+ D)sm4+n)"P <14+ 06+ DA
m-+n m-+n
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Now, similar to the above computation, we have

P{ZE o, + Lsm +m)3)) > 0} = P{Z81 Gii, i) > L‘%’”J]
< P{Z5® (i, ) > L8s(m +n)?/3)
< P{ZE4 @, i) > Ls(1+ 6" + DA) s + )
< @/8)"(1+ 6™+ DAY o3/,

For (m,n) € N?, @ € (0, 1), and s > 0, define
e = [(lam], Lan]) = s(m +n)* ey, (Llam], Lan]) + s(m + n)*e].
C(%’") is the symmetric vertical line segment centered at (lam |, |an|) with length 2s(m +
n)*3. For x € R \ {0}, let

x
(x) =—€elU.
|x1

Let 77 (™€ and v ™-7)-€2 denote, respectively, the rightmost and the upmost geodesics of
G (m, n). This means that if y is a geodesic of G (m, n), we have
2" (e +€2) < vi - (e1 + ) <" () + €)

for all integers i between 0 and m + n.

Lemma 4.4 Suppose Assumption 3.1 holds. For0 < § < dpand0 < ¢ < %, there exist finite
positive constants C2(8, 8, v, €), N2(8, 80) > 1, and s,(8, §o) such that the following holds:
Sforall (m,n) € Ss N Z;Nz, ae(e,1—¢),ands € [sz, 3(57-?-1)(”‘ +n)1/3],

P{(n(’”’")’e‘ neem = gy u (rmme nelnm = @)] < Cys7V. (4.4)

Proof Fix 8, € as in the claim. Take

Ny = max{s”Nl (8/3,80, 1), 3 —8)8 e (N1(8/3, 80, 1) +1),33 — 8)8 %™,

21— 8/3)e", (2 — 28/3)¥2(1 +3/8) /2671, %(25*1(3 -8 a-o7"

6 I Y &d -3
—e7'No(8/3, 1 —Be™ 2 (1 - .
56 No/3, D, S G0 = 5 }
(4.5)
Take
s = max{2, 8872351 (8/3, 80, 1), 250(8/3, 1)}.

Take (m,n) € Ss N ZQZN2 and

P
s € [s2, m(m +m)'73].

This ensures that n — s(m +n)?3 > (1 —e/3)n > 0.
Let&* = ¢(m,n —s(m + n)%/3) and & =¢(m,n+s(m+ n)2/3). Let 7* denote the
upmost geodesic of G%" (m, n) and 7, be the rightmost geodesic of G& (m, n).
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-t (m,n)
C(mvn) Z
a,s e
7 |am|
- %
(0,0)
Fig.3 An illustration of the high probability event in Lemma 4.4. The upmost and rightmost geodesics from

(0, 0) to (m, n) will intersect the vertical line segment cf;f?m

Theorem A.1 gives a coupling of the weights {wy, If*, Jf*, If‘, Jf‘ :x € Z2) that is
stationary and such that almost surely, for all x € 72,

wy < Ifi < If* and w, < Jf* < Jf*. (4.6)

Take o € (e, 1 — &) and define 5 = (lam], la(n — s(m + n)*3) ).

By Lemma 4.1, the point where 7* crosses the southwest boundary of the rectangle
[0, (m, n)] is the same as the exit point of the upmost geodesic of G%?(m’n) from the same
boundary. Furthermore, we clearly have

lan| + 2s(m —|—n)2/3 > |la(m —s(m + n)2/3)J + 2s(m +n)2/3,

and the fact that m +n > 1 and s > 1 implies (2 — a)s(m + n?3 > 146 > 1, which
implies
lan] = 2s(m +n)*? < la(n — s(m +n)*)).

Therefore,
{7 n anzs") g} c{x* N [0,0+2s(m +n)*ler] = o}
c{Z5 2, ¢ 1=2s0m+n)*3 —11}.
Consequently,
P NCls = ) < P(Z5 (2, ¢ [-2s(m +m)*3, ~1])
=P(Z§, 2 >0+ P(Z5, 2 < —2s(m +m)?3). %))

To bound the first of these two probabilities, let £* = (&7, &7),

N - e~ ew - n—lan—st+m¥H| -7
m=m— |am], n=|§m/§[], and 5= YR
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We next check that we can apply Corollary 4.3 with these parameters.
Note that

N m m 8 8
& = > > > 2
m4n—sm+n)?3 " m4+n " 85+1" 3
and
m m s+ 1 1 $
< _

£ < = . < <1 )
mAn— i mtn)  mAn S+ 1-ed/3 - 1+55/6 3

Next, we use the choice of N; in (4.5) repeatedly. First, we have

m > (1 —a)m > &Ny > N1(8/3, 8o, 1)

and 5/3
T/ 1z s eNa = 1= Ni6/3.80, 1),
We also have - -
m_o_om_ 8/3 >8
noToEgm/Er T 1-8/3 73
and . .
m m 1 3
ﬁfgﬁ/g*_1 =3 1 =5
2 1 3-6 eNy

In other words, (7, 71) € Ss/3. Furthermore,
. mE
3

Lastly, we derive bounds on 5. An upper bound is given by

L @+ e < G+
m-+n

51—

E,_n—l_a(n—s(n+m)2/3)J—ﬁ< n - m/8
(it + )2/ T (mtgmer -1 T (ma—-s3) 1)
e ' —a)m/s

= (ﬁz’i/(] —5/3) - 1)2/3 < (2(1 _ 8/3))2/38—18—1%1/3 < AG —|—ﬁ)1/3’

where A is the constant in front of 771!/ in the middle of the second line. We similarly have
the lower bound
n—oan+asn+m)?3 — E(m—am+1)/&f
(m —am + 1)/&7)">
(=) —Em/E) +asn +m)* — &5 /&
Bl ((m —am + 1)/51*)2/3
_ stm+n)?? —g/Et _ s(m +m)?3 —(3-68)/8
((m —am +1)/1) 7 (36~1((1 —e)m + 1))
s(m +n)?3
—2(6871(1 — &)m)

5>

275 = 8%P/8 = 51(8/3, 8. ).

In the last inequality we used s > s, and the choice of s5.
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Now, apply Corollary 4.3 to get
P(Z5 (32 > 0) = P(ZE 2, 7 + [5G + 3 ]) > 0) < C1(5/3, 80, 8, AT
< C1(8/3, 80,6, A7 /8) Vs 7.
To bound the second probability in (4.7) start by using Lemma 4.2 to write

IP’(ZE 2 < 2s(m +n)2/3) <P( £he —2|s(m +n)2/3j)

0,(m,n) 0,(m,n)
€ _ 2/3
- P(ZE+Ls(m+n)2/3Jez (m, n) Ls(m +n) J)
=P(z ZE%m' 0’y < —|s(m +n)2/3j)
where

m' =m—|am] and n'=n— |a(n — s +m)2/3)J — |s(m + n)2/3j.

Now we check that we can use Assumption 3.1.
We have
m' > &Ny > No(8/3, 1)

and
n > (1—a)(n—sm+m)?*?) = 1—a)(1—e/3)n > 5(1—a)n/6 > 5eN»/6 > No(8/3, 1).

Also,

s}

8 (1—oa)m m’

— < - < < —

37 1+1/34+¢7 /N, (l—oz)n+3(5+1)(n+m)+1
(1—a)m+1 6 6 _ 3

- 5(1 —a)n/6 ~ 55 5eNy — 8

We already checked that £} € (§/3,1 — §/3), and we have

m/

5 —

m' +n’'
’s(m +n)?3(m — lam)) —mls(n +m)>3] + nlam| —m|a(m — s(n +m)2/3)J|

(1-o)(l- %(5+1)) (m+”)2
sm+n)?3 +2m - 3(s+1) +2

S —a)(1 - 3(5+1)) m+n? —a)(1- 3(a+1)) (m +n)
3

<
el — 3<a+1)) (2N2)*3

We can now use (3.14) to write

cm+n)B < @ + 073,

P(Z5 2’ 0’y < —s(m +m)*3]) <P(Z520m',n') < —s](m’ +n")*3)
< Co(8/3)[s]7" =2"Cos™".

Using the above bounds in (4.7), there exists a finite constant C(§, g, v, &) > 0 such that

P(*NC™™ = @) < Cs™". 4.8)

o,2s
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Next, write

P{ZE" < o, n) > 0F = P 28741 (0 = Lsom +m?P | + Ls(m +m*?]) > 0]

_ ]P[Zg*’el (m//’ n + |_s”(m” + n//)2/3J) > 0]’

where 23
s(m + n)“/-
m” =m, I’l” =n— LS(m + n)2/3J7 and S” = m .
Similarly to the above, we can check that the conditions of Corollary 4.3 are satisfied, with
8/3 in place of § and with k = 1, provided we choose N, large enough. Therefore, (4.3)
gives the upper bound

P{Z - (m,n) > 0} < Cs™", 4.9)
where C is a (possibly different larger) finite positive constant depending only on §, &g, v,

and €.
Identical reasoning gives the bounds

Pz, NC"™ = @) < Cs™ and P{Z&%(m,n) <0} < Cs™". (4.10)

«,2s

Next, we argue that Z&™€2(m, n) < 0 implies that 77 "-")-€2 never goes strictly above 7*.
To argue by contradiction, suppose there existed a positive integer k and x € Zio such that

nf =" = x,mp, = x + e, and 77 = x + ey Since Z82(m, n) < 0,
the upmost geodesic 7* goes from 0 to e, and therefore k > 1 and x + e; lies in the bulk

T* (m,n),ez
k+1:m+n k:m+n
(m,n),ex

geodesic of G, (m,n), it must be that the passage time of 7, /7.,-"° is at least as large as the
passage time of w7 ;.. . and the former path never goes strictly below the latter one. Now,
the bounds in (4.6) say that the edge weights on the boundary Ne; are at least as large as the

bulk weights there. Therefore, the passage time of ;7. ., (which only uses bulk weights)

is no larger than the passage time of n,ﬁﬁlnr)nffn, even when the latter uses boundary weights

on Ney (which is possible if x is on that boundary). But this means that replacing 77, ...,

by n,ﬁlnr)nffn in 77* gives a geodesic for G&* (m, n) that at some point goes strictly above 7*.

This contradicts the definition of 7* as the upmost geodesic. Consequently, 7 )€ can
never go strictly above *.

Similarly, if Z5+¢! (m, n) > 0, then 7t ">™-€1 never goes strictly right of 7. Consequently,
if we have both Z&™-¢2 (m,n) < 0 and Z5el (m,n) > 0, then all the geodesics of G (m, n)
are sandwiched between 7* and 7. If, furthermore, 7* and 7, both intersect C;mzs" ), then
both (MM {1, 2}, are forced to intersect it as well. We have thus shown that

N2. Consequently, is a geodesic for Gyt (m,n). Since is the upmost

{(n(m.n),el mcgz,n) — @) U (n(m.n),ez mcgz,ri) — @)}
C {Z‘g"e‘ (m,n) > O} u {Zg*’ez(m, n) < 0} u {n* ﬂcg’;’:) = @} u {m ncmm — @}.

a,2s

This, together with (4.8-4.10) complete the proof of the lemma. O
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5 Non-Existence of Bi-Infinite Geodesics

We begin by proving the non-existence of non-trivial axis-directed bi-infinite geodesics,
which is essentially an immediate consequence of the uniqueness of axis-directed semi-
infinite geodesics.

Lemma 5.1 With probability one, for each x € Zio and € € {1, 2}, the only semi-infinite

geodesic starting at x satisfying lim, _ k~'xy-e3_¢ = Ois the trivial geodesic {x +key [Faine

Proof The proof of this result is essentially the same as that of [38, Lemma A.6], where
there is an additional assumption that the weight distribution is continuous. We include the
proof for completeness. It suffices to prove the result for semi-infinite geodesics starting at
the origin which are e;-directed. Fix a strictly decreasing sequence of directions &' € rilf
such that &' \| e; and the shape function y (see (3.6)) is differentiable at &' for each i. By
Lemma 4.1(b) in [26], each BE' given by Theorem A.1 produces

an upmost semi-infinite geodesic x(")zoo that starts at the origin and follows the minimal

increments of B¢ ’, taking an e, increment in case of a tie. By [26, Theorem 4.3], for each i,
the limit points of x,’; /n, as n — 00, lie on the same (possibly degenerate) linear segment of
y that contains £'.

Due to the uniqueness of the upmost geodesic between any pair of points x <y,

any ej-directed semi-infinite geodesics starting from the origin must stay weakly to the
right of all of the geodesics x(i):oo.

The result now follows if we show that for any m € Zx( and any i large enough, x("):m =
[0, me; ]l. We prove this by induction. This claim is trivial for m = 0. Suppose the claim is
true for some m € Z=o. Lemma 5.1 in [26] says that B¢ (mey, me; +e) — ocoasi — o0.
This implies that for i large enough B (mey, me; + €) > wpe, = BE (mey, (m + ey),
which implies that x/, | = (m + 1)ey. O

Next, we turn to interior-directed bi-infinite geodesics and begin the proof of Theorem
3.6.
Given § € (0, 1) and a positive integer N, define the southwest boundary,

V9 = ((=N} x [-N, =SNTI) U (I—N, =8N x {—N}), (5.1
and the northeast boundary,
N0 — ((N} x [SN, NT) U (I8N, NT x {N}). (5.2)

By Lemma 5.1, a non-trivial bi-infinite geodesic must eventually take an e; step. Thus,
to prove Theorem 3.6, it suffices to show that for any x € Z?, almost surely there are no
non-trivial bi-infinite geodesics that take the edge (x, x + e;). By the shift-invariance of PP,
we can restrict to the case x = 0. Thus, Theorem 3.6 follows from Lemma 5.1 and the next
result.

For u < v in Z? define the event

Uu“? = {at least one geodesic of G, , goes through both 0 and el} . (5.3)

Theorem 5.2 Suppose Assumptions 3.1 and 3.4 hold with (3.20) satisfied. Let

ar = min(ao, (% _ %O)v) € (1/3,2/3). (5.4)

@ Springer



81 Page 18 of 47 S. Groathouse et al.

T

> dN?/3

2

o S aN23
Lx(0)

Fig.4 Anillustration of the high probability event in Lemma 5.3. The upmost geodesic of G )", exits at least

dN?/3 to the right of 0. The rightmost geodesic of Gg’)((‘)) exits at least AN2/3 above o

For each § € (0, 8o) there exist positive finite constants N4(8, 8¢, v, ap) and C4(8, 8o, v, ap)
such that for all N > Ny

P(J  um) =N,

uedN-3 yegh.s
Define the vertical segment
T = {0} x [-N%3, N*3]. (5.5)

ForN>1,1<s< %N1/3, and o € Z2>0 U Zio, define the directions

_° _ Con—l3 a-13
o-(ej+e)’ £(0) = £(0) + (=sN "5, SN, (5.6)

and ;*(0) = ;‘(0) + (SN*1/3’ _SN,1/3) .

(o) =

Lemma 5.3 Suppose Assumption 3.1 holds. For any § € (0, o) there exist finite positive
constants Cs(8, &g, v), N5(8, 6g) > 8873, and s5(8, 80) such that for all N > Ns, if

8 8
l<d< ?4N1/3 and  max(ss,8d) <s < Z1\11/3, (5.7)
then for all x € T, and o € 3V,
P(Z5? < dN?*P) < Css™" (5.8)
P(Z5 (P > —dN?*3) < Css™". (5.9)

Proof The condition that N > 8 /53 guarantees that —6N + 1 < —N 2/3,

which implies that —|§N] < —|N?/3] and hence 3"-? is entirely below Z. We prove
(5.8), and the second bound follows analogously. Let 0 = —(aN, bN) where a V b = 1 and
a A b € [48, 1]. Abbreviate &, = ¢,(0). The upmost geodesic from o to | N 2/3 |e; must stay
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above any geodesic from o to x € Z. This, Lemma 4.2, and shift-invariance give

£are 2/3 £dre 2/3 £
IP’{Z 2 < dN }<IP’{Z e < LAN J] I@{zoﬂd,me1 e <

<0}

_ ]P[ZS* © ] = P{z&’%(aN — [dN?3],bN + [N*3]) < 0].

0,|N2/3Jey—dN2/3 Je,

Next, we check that we can apply Corollary 4.3 with

=aN = [AN*?), n=| :
m=a L I, n Y 4@t N1 m
n—bN — |N%3

(m + n)2/3

and s =

bl

if we take N large enough and s as in (5.7). Here are the details. Take
N5 = rnax(88_3 + 1, 64(N1(8/4, 60, 1) + 1)/(6382))

and

m§,~ezJ _ Lb—i— (a+b)sN~1/3 J

(5.10)

ss = max(4,8/(38), 2"/ 751(8/4, 0, 1)/(36), 4/ (1 + 8),2'" 51 (8/4, 80, 1)/8°7).
Take N > Ns and d and s as in (5.7). Then m > 635N/64 > Ny, n > bmjfa — 1 >

6382N /64 — 1 > Ny, and

8<a—(a+b)8/4<m< m - a <2
4" b+ (@+b)s/4 — n ~ bmja—1 " b—64a/(636Ns5) — §
Also
(a + b)%s — bd — d(a + b)5/4 — 2 s/2 —2d 82135
(n+m'/ > o P 2//3 > T j_ 233y Z S =
/ (1 + a—(a+b)5/4> s
And
8 1 8 1 8 1 1

- = - == —==<é&-¢ = =< <1
4 7 14+1/6 4 14+o03/01 4 14 02/01 1+6
And lastly,

mé, - e

&

S*’el_

m
= |n— n . €] m+n
m+n|\ \<+>s <m+n!

Thus, (4.2) gives
P[zﬁj;fz < dN2/3} < IP’{ZE"eQ(m, n—s'(m+n)3) < 0} <Cs™

for some positive finite constant C (6, 8o, v).

2

>S5 -

(5.11)

O

To control coarse graining on the scale N2/3, we use the parameters d; for the southwest
boundary and d; for the northeast boundary of the square [-N, N 1%. Letd = (d;, d»). For

o0 € V-3 define
diN? —1 ]

Io,d:{ueaN"g:Iu—ollf 2

Because 7, 4 is a connected portion of the boundary of a square, it contains a unique point

o¢ such that o, < u coordinate-wise for each point u € Z, 4.
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Fig.5 On A, 4, the rightmost £*
geodesic from o, to —|N2/3 e, [N?/3]e,
exits the vertical boundary of the
quadrant rooted at o above

oc + di N2/3e,. Similarly, the
leftmost &, geodesic from o, to (0,0)
LN 2/ 3Je2 exits the horizontal
boundary to the right of

oc +dj N2/3e1. The first
condition implies that for

x € (— |_N2/ 1+ Zxq)ey, every
&* geodesic from o to x exits the
vertical boundary rooted at o,
above oc +d| N 2/ 3e2. Similarly,
all &, geodesics to

x € (IN?3] — Zxq)ey exit the
horizontal boundary to the right
of d{ N2/3e|. The event B, 4 in
Lemma 5.5 is a reflected version ool ©
of this one P

—|N?/3 ey

Fors < %N 173 define the directions
& =t(oc) and &* =% (o.) (5.12)

as in (5.6).

Use Theorem A.1 to couple the weights {wy, If*, Jf*, If’, Jf‘ : x € Z?} so that (4.6)
holds almost surely and for all x € Z2.

Define the event

Apd = {Zi,'i]uvzmq <—dN*? and Z5% 0 > d1N2/3]. (5.13)

See Figure 5. Recall the boundary weights defined in (4.1).

Lemma 5.4 Suppose Assumption 3.1 holds.
Then for any § € (0, 69), N > N5(8, 8p), 0 € N8 and (dy, s) satisfying (5.7),

P(Agyd) < 2C5(8, 8o, v)s". (5.14)
On the event A, 4, the following inequalities hold for allx € T andu € 1, 4:

]S* < J[u] < 15*

x+ep x+ey — Yx+er-

(5.15)

Proof Lemma 5.3 implies (5.14). We prove the second inequality of (5.15), and the first
inequality follows similarly. Let G , be the LPP process on the quadrant o, + Zzzo with

*
weights w,, = 0, @+ je, = J«i+je2 foreach j > 1,and @,y = Wy +x Wheneverx-e; > 0.

First, consider the case that u = o, + jes for some j > 0. On the event A,, 4, we have that

*

the rightmost geodesic of Gi exits the boundary above o, + dj N>/3e,. Therefore,

e —LN?/3 e
for any x € (—|N 23| 4 Zq)ey, every geodesic of Gic, » must exit the boundary above
oc +diN? ey, e,

ZE e < —dN*°.

,X

Thus, every geodesic of Gi: » includes u and u + e;.

@ Springer



Non-Existence of Non-Trivial Bi-Infinite... Page210f47 81

Since the weights used by G and G*" are the same away from the horizontal boundary,
and on that boundary the weights used by the former are smaller than the ones used by the
latter, we get that

Gic x+ey — Gi:,x = 5u,x+ez - Gu,x-
By [8, Lemma B.1], 5M,x+e2 — 5,” > Gy x+e;, — Gy x. Putting these together gives
& [u]
Jx+e2 — ‘Ix‘fﬁ-ez
If instead u = o, +ie; for some i > 1, then as before G,, x = G(,L «- Furthermore, since
G,, .x does not use the vertical weights above o, then G,, x = Gy x. By [8, Lemma B.2],

G0c+e1,x+e2 - Goc+e1,x = Gof,x—&-ez - Goc,x
Inductively, this gives Gy, x+e; — Go.,x = Gu,x+e;, — Gu,x and applying [8, Lemma B.1] for
the first inequality we get
Gi x+ey Gil-,x = Goc,ereg - Goc,x = Goc,x+e2 - Gov,x > Gu,x+e2 - Gu,x-
O
Now we do an analogous construction for the stationary process with a northeast boundary.
Recall the northeast boundary (5.2). We continue to drop the § from the notation. Recall also

the weights (3.15). For x = (m,n) and y = (m’, n’) in Z? set éiy =0if x £ y, while if
x < y then let

k l
G5, = %
Gy = _max Gy ye—e; + ,max (Gxyei—ter + ) Jy_je, |-
i=1 == j=1

1<k<m’—m

(5.16)
with the convention that maxg = 0. In particular, Gi » = 0. Then
G5 (@ =G5, @),
The additivity (3.5) becomes
G, +GS, =G, (5.17)

. ] SE,— .
for x < y < z in Z2. The quantities Exit, , and Zi:x % are defined analogously to Ex1t§,,x

and Ziff. Precisely,

—¢ -~
Exit, , = ik e[l m —m] _je, + Gry—ker—e = Gf,yx}

1M

J4
U[—e teefln' —nland 3 TF .+ Gry—tere = Gi,x},
j=1

A ot SE,— . =%
Zijx ! = max Exit, , and Z;:x ® — min Exit,, ,

na T
Foro € 9V+9 let
~ ~ dyN?3 —1
T5q = [v eV -7 < %}
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and let 0. be the unique point of fg,d such that o, > v for each point v € /I\g,d. For
1<s< %Nlﬂ define

M =8 (0c) and n* =" (0c) (5.18)

as in (5.6). Couple the weights {wy, I, JI, I’ J*} using Theorem A.1. This produces a
coupling of {wy, 7;’ , .7;" , E]*, J¢*} such that
we TV <T7* and w, < T < TV,
the analogue of (4.6), holds almost surely and for all x € Z2.
Define the increment variables analogously to (4.1):

= Gx,y — Gije,y» Whenx +e; <y,and
j‘[xy] =Gy — Gyter,y, Whenx +er <y.
Define the event

SO 2| _ 2/3  She—e 2/3
B.a _{ 0c,IN2/3]er+e < —dN", e, —|N2/3 Je+ey > dN } (5.19)

The next result follows from Lemma 5.4.

Lemma 5.5 Suppose Assumption 3.1 holds. Then for any § € (0,80), N = N5(8, o), o€
N8 and (da, s) satisfying (5.7),

P(B§ 4) < 2C5(8, 80, v)s~". (5.20)
On the event Bg 4, the following inequalities hold for all x € 7 and v € f;;,d:

i 7iv] 7
Jx+e1+e2 = Jxl—)&-e1+e2 = Jx+e1+e2' (521)

Leto € 3V:3, 5 e N3 and consider the LPP process from points u € Z, 4 to the interval
7 and the reverse LPP process from points v € fg,d to the shifted interval e; 4+ Z. Recall
(5.12) and (5.18). Use Theorem A.1 again to couple the weights in (3.17) and thus produce
a coupling of the weights

{we, JE JE T0 T+ - x € 7).
Recall the random walks S5 and S$¢™-7+, as defined in (3.16). Define also
n [u] Tiv]
2 i=1Uje, = Jert(i-nes
Syt =40, n=0,
0 [u] v]
_Zj=n+1(‘,je2 ~Jet(j-ne)s =L

The following is immediate from (5.15) and (5.21).

), n>1,

Lemma5.6 On the event A, 4 N By, forallu € 7, 4 and v € fg,d,

SEem" < SV < §57 forn e [0, N*?] and

) ) (5.22)
SE e < SV < §ET for e [—N/3 41, 0]

Recall the event U*'V defined in (5.3).
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Lemma 5.7 Suppose Assumptions 3.1 and 3.4 hold with (3.20) satisfied. For any § € (0, o)
there exist finite positive constants Ce(5, 80, v, ag) and Ng(8, §o) > 8573 such that for all
N > Ngando € 3V°%, ifo=—o Y LS

di=1,d =N3i~%/18, and s = 8db, then

IP( U Uu,v)g(:GN—“l, (5.23)

u€Z, 4,v€lsq

where ay is defined in (5.4).

Proof Leto € V%, 0= —o,u € Zod,and v € /Z\a,d. The walk S*V determines where the
geodesics of Gy, leave the vertical axis, since

Guy = max {Gu,(O,n) + Gv,(l,n)}

ury<n=<vp

= max {[Gu0n — Gu.0.0]+ Gu00 + 5u,(1,0) — [av,(l,O) - 61},(1,”)]}

U =n=vj

= max {Gu,(o,()) + Gy, 1,0) + S,’f’v} .

ury<n=<vy
Therefore, a geodesic of G, takes the edge (jex,e1+jey)ifandonlyif j € [[u - ez, v - 2]
is such that S;’ = MaXy.e;<n<v-e Sy'Y. Consequently,
u*' c { sup S0 < 0} N { sup S < O}.
0<k<NZ2/3 —N2/341<k<0

This and (5.22) imply that on the event A, 4 N B4

U U’ c { sup Sf""* < 0} n [ sup S,f*’”* < 0},

UETy g 0T 0<k<N?2/3 —N2/341<k<0
where £*, &,, n*, n, were defined in (5.12) and (5.18).
As a result, we have
( J v
u€Z,q,vels4 (5.24)
< IP’({ sup S,f*’"* < O} N { sup S,f*’”* < 0}) +P(A; ;U BS ).

0<k<N2/3 —N2/341<k<0

Take N > N3(8) v N5 (8, 8) and such that s > s5(8, 8), d < 8N'/3/64, and hence
s < 8N1/3/4 Since 0 = —0

0c 4+ 0cl1 < |oc — ol1 + 6. — 01 < (d1N*? +dyN?/%) )2 < dyN*/3

and thus
0, loc +0cli . |locli = [0ch| _ 2loc + e 13
[¢(oc) — f(oc)ll = — < < <2d)N /.
lo cll [0c]h 1 lochh [oc]1 loclh

Therefore
N2 = g, N3 25N <k, e —n* e <2 N7V — 25N <0

and similarly

N_HO/ZST]*~61—‘§*‘€1 < 0.
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Fig.6 One case of the argument in the proof of Lemma 5.8. In this picture, if a geodesic from some pomt uin
Zy,d to apoint v in .7-1 5.d contains 0 and e (depicted in solid red), then the rightmost geodesic from h'to f 1

(depicted in solid black) must deviate by O (N 2/3) somewhere on the vertical axis containing the origin from
the straight line connecting r!to f 1 (depicted dashed), because this geodesic must be weakly to the right of
the geodesic from u to v

Furthermore, the inequalities in (5.11) verify that the e;-coordinates of £*, &,, n*, n, are
allin (§/4, 1 —§/4). We can now apply (3.19), (5.14), and (5.20), which together with (5.24)
give

IP( U U”’”) < C3(5)N™ 4 4C5(8, 80, v)s " < CeN ™.

ueI&d,vefad

Just as above, for o € 3V:%, let 5 = —o and set

v N> - 1 |

fad:{ve (o—v) > 5

Lemma 5.8 Suppose Assumption 3.1 holds. For any a € (0,2/3) and § € (0, dg), there exist
positive finite constants C7(8, 89, v) and N7(8, 89, a) > 8873 such that for any N > N7 and
0 €N ifdi = 1andd> = N3~% /18, then

IP’( U U"’”)gcm*(r%)“. (5.25)

u€Z,  ,ve€Fs,4
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Proof Define the boundaries
3F5.0={ve Fsq:3uecTsysuchthat [v—ul; =1} and

0T, = {v €T,q:3u € dV\T, 4 such that v — ul; = 1} .

Their cardinalities are either 1 or 2 since it may happen that fg 4 contains an endpoint such
as (N, [8N]). Additionally, 1 < [0F5.4| < |0Z,4| < 2 because d; < dy, so Z54 would
include an endpoint of the boundary whenever Z,, 4 does. Label the points in 9Z, 4 as k! and
h? and label those of afad as f1and £2 so that

hl>0-e1>h}, hl<o-ex<h3, fl<G.ei<fi and f) >0-e > f7.

Traveling clockwise around the boundary of the square [—N, N 12 starting at (0, N), the
points that exist come in this order: f!,, f2 h', 0, h2.

We will show that if some geodesic fromu € Z, s tov € j-:g 4 uses the edge (0, e) then,
for some i € {1, 2}, 7" V% the e;-most geodesic of Ghi’fi , deviates by at least 8d2N2/3/16
from the straight line segment from h' to f i To this end, define

Plve = giveinx e Z2 i x; = m}.

This is the intersection of the e;-most geodesic of G, , with the vertical line x; = m. For
t > 0let

T (m_“l)_PQ‘ >t} (5.26)
_—

DYY — U inf uy

m,t

u,0,€;

i=1 p=(p1,p2)€Pw

be the event that at the vertical line x; = m, some geodesic from u to v deviates from the
straight line segment from u to v by more than ¢.

Foru € Z, 4 and v € fg,d,lete“ =u—oande’ =v —0.

Then ]/%,d is the union of two disjoint pieces

Fla=lveFq:e e <0<e' e} and Fi,={veFg:e’ - e<0=<e e},

separated by fg d> one of which can be empty. j—"}l 4 18 to the left and above fg,d, and if it is
not empty, then it is separated from fa 4 by the point . A% 4 18 to the right and below /I\ad,

and if it is not empty, then it is separated from fg,d by the point f2.
Take N > rnax(\/g, 1+ 8)/62, N> (8, 80)/(28)) and large enough so that

2d, _4d d 8 S@AN)1/3
L <2 dy > 1685(5,80), and = < SGebE
) 16 16 — 4(1+6) 3(1+9)
To simplify the notation in the following computation, we abbreviate a; = a - e; for

aeZ* fue Zoqgand v € fald, then

diN? —1
< —_

dyN*3 —1 _ dyN?/3
|eu|1 - 2 : z 2

2 - 4

, |ev|1>

Using this, together with v; —u; = 0;+e!—(0; + €!') = —20;+e/ —e!,—N < 0; < =N,
and § < (v2 —u2)/(vy —uy) < 1/8, we get

v v u u

0261 — 0162 02(31 — 01(32 u V) —Up u

(—u1) = - +ep+ (—ei)
v —uj v — Uy v —uj vy —Uuj

v — U2

us +
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M_(L—i_l—"_a_l)ku’l

- 2N 2N§
1 1
> §8d2N2/3 — 2871, N?3? > Radzzvz/? (5.27)
Similarly, foru € Z, 4 and v € J?%’d, we have
_ v o__ v u __ u _
- n V2 un (1 . ul) _ 026‘1 0162 _ 0261 0162 +€lzl + %) us (1 _ elf)
V] —Uuj V] — Uy V] —Uj V] — Uy
SN |e], N _1 —1
=41+ “lo4s
< v Tlons Tt e, +
1 1
< —§8d2N2/3 +287 1 N3 < —Eadzsz. (5.28)

Now suppose that for some u € 7, s and v € ]?3 4 some geodesic of G, , goes through
the edge (0, e;). We have these two cases:

O Ifve fal 4» then the rightmost geodesic ' fhe stays to the right of all the geodesics
from u to v. Consequently, this geodesic crosses the axis Re; at or below 0. Then (5.27) with
u=n~h'andv = f 1 shows that nhl’f Lei avoids the vertical interval of radius %deN 2/3,
centered around the point on the line segment from k! to f! with zero e;-coordinate.

() Ifv e 5503 4» then the upmost geodesic nh’ e stays above all the geodesics from u
to v and therefore crosses Re; at or above 0. Then (5.28) with u = h%and v = f 2 shows
that ﬂhz’f 2e avoids the vertical interval of radius %561’2 N2/3, centered around the point on
the line segment from /% to f2 with zero e;-coordinate.

We can now apply Lemma 4.4 with ¢ = 4(%%) because we took N large enough so that
JH =R € S50 ZLxny5.60)s

dyN?/3 &d
s = — 2 e [0, 80, s | fi — hil} ]
16| fi — hi |3 3(5+1)
and 1
—h . .
T—;'% € [1%, ﬁ] C(e,1—¢) in case (i),
o =
1_h2 . .
f]thl% €[5 15 + zy] C (6.1 — &) incase (ii).

Combining these results, we conclude that

u,v hl,fl hZ'fZ
IP( U u ) =P (DO,8d2N2/3/16 U D1,8d2N2/3/16)

uEIgyd,vefayd

— d2
<2628, 80. v, 8)s™" = Co({g 275

The lemma is proved. i

)71) = C7N_(%_%)v.

Using a union bound and Lemmas 5.7 and 5.8, we get the following.

Lemma 5.9 Suppose Assumptions 3.1 and 3.4 hold with (3.20) satisfied. For any § € (0, o)
there exist positive finite constants Cs(8, 8¢, v, ap) and Ng(8, 8o, agp) > 883 such that for

all N > Ng and o € 3N-9, ifdi =1landdy = N%_HTO/IS, then

IP’( U U”»”)gcgN*“l.

uel},yd,veaN“s
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where ay is given in (5.4).
We are now ready to prove Theorem 5.2.

Proof of Theorem 5.2 Take d; = 1 and d» = N%’%U/IS. Let ON equal

([ =) Ufsowe o)) )

Then we can decompose

U uvrecly U v

uedN:d yeghN.s 0€ON ue7, 4,vedN-

Since |ON| < Cd; 'N'=2/3 = CN'/3, for some positive finite constant C, a union bound
and Lemma 5.9 give

]P( U U"~”) <y ]P’( U U“’”) < CyN~@=1/3),

ucdN:8 yeghN.s 0cON  yez, 4,vedNd

The theorem is proved. |

A Stationary Boundary
A.1 General Weight Distribution

The next theorem provides the boundary weights I f and Jf that are used throughout our
proofs. It follows directly from Theorem 4.7 of [36]. Note that when the weights are geometric
random variables, Theorem A.2 below gives an alternate construction of these boundary
weights with some additional independence properties. The purpose of the theorem in this
section is to give a construction that works for a general weight distribution. If the reader
is only interested in the geometric weights setting, then Theorem A.1 can be bypassed, and
Theorem A.2 can be used instead.

Recall the shape function y defined in (3.7). The subadditivity (3.4) and the limit (3.6)
imply that y is a convex positively homogeneous function on R2>0. As such, we can define
the right-gradient y (§+) via the limits -

e - Vy(E+) = lim y(E +gep) — y (&) and e - Vy(E4) = lim y(E) —y(E —¢cep) .
eNo e £N0 B

Let Uy be a countable dense subset of riif. Let Hy = {—Vy(é—i—) € € Z/lo}. Let

Q = Q x REx(1.21xH0 gpq equip it with the product topology and the Borel o -algebra G.
Let T = (Ty),cz2 be the natural group of shifts on Q. For A € Z? let AS = {x € Z? : Iy
A with x < y}and A> = 72\ A=,

Theorem A.1 Assume (2.1). There exist a T -invariant probability measure Pon (ﬁ, 6) and
random variables (x,&,®) € 7Z* x 1ild X Q > (lf, Jf) € R2 such that the following
properties hold.

(a) P is the restriction of P onto Q.

(b) Forany A C 72, the process {wy, If, Jf :x € A, € erild} is independent of {wy : x €
A~}
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(c) Foreach& €rild and x € 77, If and Jf are integrable andﬁ[(lf, Jf)] =VyE+).
(d) There exists an event Qo such that @(ﬁo) = 1 and the following all hold for ® € Qo:

(d.1) Foreachx,y € 7?2 and & € 1ild, I (Tva)) = 1x+v(a)) and J (Tya)) x+y(a)).
(d.2) Foreachx € Z*> and &, ¢ € rild with & - €] < [ - €] we have oy = If A J,f,

wxflfflf, and wxflffj)f.

(d.3) For& eritd, x = (m,n) € 7%, and k € N set G = 0,
x x+ke1 Z x+iep and Gx X+key T Z x+iey” (A'l)
Fory=@m',n') € x + N? [et

&
Gx,y = _max {Z x+iej + GX+ke|+22wV}

1<k<m’—m

(A.2)
15?153;3’(—n{z reie Gx+e1+ee2,y}.
Then forallx <y <zin 72 and & € rild we have
G, +G5. =G5 .. (A3)
In particular, for any € € rild and x € 7>
x+e1 + Jf+e1+e2 = Jf+e2 + If+e|+e2~ (A4)

(e) Foreachu > vin Zzzo
(G — GE i x €220, € €1ill) £ (G yy s X € L2, € €1ild).

Proof Takmg B =o0in Theorem4 7 of [36] we get a process B h(5)+(x y,®),x,y € Z?,
w € Q and & € rild. For o € Qletw e Qbe such that @, = @_,, for all x € Z2. Set
I£(@) = B+ (—x, —x + ey, @) and JE (@) = BOMEO+H(—x, —x + e, ®).

Properties (a-c) follow from [36, Theorem 4.7(a-c)]. (d.1) comes from [36, (4.4)] and (d.2)
comes from [36, (4.7-4.8)].

It is immediate from the cocycle property (4.4) and the recovery property (4.7) in [36,
Theorem 4.7] that for any x < y in 72, we have P-almost surely, forany & € rid, Gi, y(w) =
BohE)+(—y, —x, @). Then the additivity (A.3) (and (A.4)) is exactly the cocycle property
(36, (4.4)].

Next, note that (A 3) implies Gu vx GE v = Gv vxe
the T-invariance of PP and the shift-covariance property in part (d.1). |

Then property (e) follows from

A.2 Geometric Weights

When the weights are geometric, the process in Theorem A.1 has some independence features
and explicit one-dimensional marginals. Recall the bijection (3.11).
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Let @ = @ x RZx{12) » RZx(1.2) 4pq equip it with the product topology and the
Borel o-algebra G. Let (w(®), I (o), J (o), 1 (6) 12(6)) x € Z2, denote the coordinate
projections of an element @ € Q LetT = (T X) <72 be the natural group of shifts on Q.

Theorem A.2 Fix0 < r < 1 and let the bulk weights {w, : x € 7Y bei.id. Geom(r) random
variables. Then (2.1) is satisfied and for each v < q1 < q2 < 1 there exist a T-invariant
probability measure qu g On (Q, G) such that the following properties hold.

(a) The properties in Theorem A.1(a-e) all hold:

(ai) P is the restriction of Py, 4, onto Q.
(a.ii) Forany A C 72, the process {wy, I1 Jxl, IXZ, sz x € A} is independent of {wy
x €A™}
(a.iii) Foreacht € {1,2} and x € 7?, If and Jf are integrable and

= qe r
Bl I = Vy G = (25— ——). (AS)
—qe¢ qe—r
(a.iv) Therg exists an event Qq such that ?quqz (Q0) = 1 and the following all hold for
w € Qp: B
(aiv.1) For each x,y € Z* and £ € {1,2}, IZ(Tyw) = If, (@) and JX(T o) =
It (@).

(a.iv.2) Foreachx € 7% and £ € {1, 2} we have w; = If A Jf,
Wy §IX2 51):, and wy < J)g EJXZ.

(a.iv.3) For £ € {1, 2}, if we define Gf;,y as in (A.1-A.2), with & replaced by £, then for
all x <y < z in Z* we have

Gi,+G =G (A.6)
In particular, for any x € 7>
x+e1 + ‘]z+e1+e2 x+e2 + 1f+e1+e2 (A7)
(a.v) Foreachu > vin Zzzo
{(Gly =Gy ixeZ2p e 1,2} = {(G) 1 i x €22, L e {1,2}}.

In addition, we have the following independence properties.

(b) The vertical mcrements{] i+je - 1] <0}and {J? tjer - : j > 1} are mutually independent.
1 .
Similarly, the horizontal increments {Iu+te1 i <0}and{l, e 1= 1} are mutually
independent.
2 .o .

(c) For each £ € {1,2}, the increment variables {Iu_,_lel, ‘Iu+/e2 2 i, j > 1} are mutually
independent. Also the increment variables {Iu_tel Jlf jeo iz > 0, j > 0} are mutually
independent.

(d) Foreachi > 1, j > 1, and £ € {1, 2}, the increments have marginal distributions:
It e, ~ Geom(qe) and J, jey ~ Geom(r/qy).

Remark A.3 The edge weights needed to define the stationary boundary models we used
in Sections 4 and 5 came from the process produced by Theorem A.1. Theorem A.2 can
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be used just the same to produce these edge weights, since by Theorem A.2(a), the pro-
cess {wy, Il Jxl, If, sz X € Zz}, under E]l,qz’ satisfies all the properties of the process
(g, 5V Jf(‘“), If(‘“), JE@) . ¢ ¢ 72} under P. The advantage of using the process from
Theorem A.2 is that in the case of geometric weights, one has the additional independence
properties in Theorem A.2(b-d). These properties are used to verify that Assumptions 3.1
and 3.4 hold when the weights are geometric random variables. In the rest of this appendix
(specifically, in Corollary A.4, Theorem B.1, and Lemma C.2 below), although we continue
using the notation from Theorem A.1, we mean to use the process from Theorem A.2. We
also remark that the proof of Theorem 5.6 in [24] implies that the two processes actually

have the same distribution, but we do not need this fact.

Corollary A4 Fix 0 < r < 1 and let the bulk weights {wy : x € 72} be i.i.d. Geom(r)
random variables. Let &,, £*, 0y, n* € 1ild be such that &, -e; < £*-ejand n. -e; > n*-e;
The processes {S,E,;’”* :m € [—-N?/3, —1]]} and {S,%*’"' ‘n € [[1,N2/3]]}, as defined in
(3.16), are independent.

Proof Examining the construction in the proof of the previous theorem, one sees that the
processes {Jf*, Jy }xg and {J, %, x;el }xeT can be constructed simultaneously. Then the
independence of {wy, : x € Z>1 x Z} and {w, : x € Z<o x Z} implies that the joint
distribution of the two processes (that are now defined on a larger product space) is a product
measure, and the two processes are independent.

Theorem A.2 says that {J } j<01s 1ndependent of {J } j>1 and that

(/. e1+(j— 1)e2}l <o is independent of{ e1-+(j— l)ez}JZI' The claim follows from these inde-
pendence properties. |

The proof of Theorem A.2 closely follows that of [8, Theorem 3.1]. It is based on a few
results from queuing theory. The queuing-theoretic interpretation is not important for this
paper; however, it gives some intuition behind the algebra that follows. To this end, consider
a queue or service station with a single server and unbounded room for customers waiting to
be served. Index the bi-infinite sequence of customers by j. The server serves one customer
at a time. Once the service of customer j is complete, they leave the queue, and customer
J + 1 enters service if they were already waiting in the queue. If the queue is empty after
the departure of customer j, then the server remains idle until customer j 4 1 arrives. Let
s = (s}) jez denote the service process, i.e. s; is the time it takes to service customer j. Let
a = (a;) jez be the inter-arrival process, i.e. a; is the time elapsed between the arrivals of
customers j — 1 and j. Assume that

lim Y (st — aier) = —oo. (A8)

i=n
Let G = (G ) jez be asequence of customer arrival times such thata; = G j — G j—. Define
the sequence G = (G;) jez by

Gj = sup{Gk—l-Zs,} (A.9)
=k

Condition (A.8) guarantees that the supremum is achieved and that G j is a finite real number.
The recurrence relation

Gj=(Gj-1+5,)V(Gj+s)) (A.10)
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provides a natural interpretation of 5.,' as the time customer j leaves the service station.

It is noteworthy that (A.9) is not the only solution to (A.10). For example, the sequence
that is identically equal to co is another solution. However, adapting the proof of [37, Lemma
4.3] to the current setting shows that under the assumptions that (s;) is i.i.d., (a;) is ergodic
and independent of (s;), and the mean of a; is strictly larger than the mean of 5, (A.9) is
the unique stationary almost surely finite solution to (A.10).

Define the inter-departure process d = (d;) jez = D(a,s) by d; = 5]- — éj_l. Define
the sojourn process t = (¢;) jez = S(a,s) by t; = éj — G . Define the dual service times
$ = (§))jez = R(a,s) by §; = a; At;_1. These definitions do not depend on the selected

sequence G.
Note that
ti+aj=G;— G =tj_1 +d;. (A.11)
Also, (A.10) implies
sj <dj forall j € Z. (A.12)

Subtracting G ; from both sides in (A.9) and expanding Gy — G; = — Z{:k 14 shows that
the sojourn times ¢; are non-increasing functions of the inter-arrival times a;.  (A.13)
The following is Lemma A.1 from [8].

Lemma A.5 The following holds for any a, b, s for which all the involved departure times
are defined:
D(D(b, a),s) = D(D(b, R(a,s)), D(a, s)).

For horizontal edge weight 7, vertical edge weight J, and vertex weight w, define
I'=o+I-N", J=0+U-J)", and o =1AJ.

The following lemma can be proved, for example, using Laplace transforms. It is essentially
a consequence of the memoryless property of the Geometric distribution.

LemmaA6 Fix 0 <r < landr < q < 1. Let o ~ Geom(r), I ~ Geom(q), and
J ~ Geom (2) be independent. Then the following hold.

(@) I —J and I N J are independent.

(b) The distribution of (I — J)™ is the same as that of the product of a Ber(ﬁ) and an
independent Geom(q) random variables.

(¢c) The triple (I', J', @) has the same distribution as (I, J, ).
Take 0 < 0 < a; < a7 in (0, 1). Let b’ be an i.i.d. sequence of Geom(c;) random
variables for i € {1, 2} and let s be an i.i.d. sequence of Geom (o) random variables, which

are all mutually independent. Define the arrival sequences (al, a?) = (b!, D(b?, bl)). Define
dk = D(a*, s), t* = S(a*,s), and §¥ = R(a,s) fork € {1, 2}.

Lemma A.7 The following statements are true.

(a) Marginally, a2 is a sequence of i.i.d. Geom(wz) random variables.

(b) Foreachk € {1,2}andm € Z, the random variables {d(l;}jgm, tk, and {Ef}jfm are mutu-
ally independent. Their marginal distributions are df ~ Geom (o), t,ﬁ ~ Geom(o‘f—k),
and Ej‘ ~ Geom(o).
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(c) Foreachk € {1,2)}, the sequences d* and §° are mutually independent. Their marginal
distributions are dj? ~ Geom(ay) and Ef ~ Geom(o).

(d @', d* = (a',a?).

(e) Foreachm € Z, the random variables {al.z},-sm and {ajl. } j=m+1 are mutually independent.

The proof of the first three claims follows from Lemma B.2 of [24] by replacing the
exponential version of the induction with the geometric version in Lemma A.6. The proof of
the last two claims follows from Lemma A.2 of [8] with the same replacements. Note that
(A.12) and (A.13) imply

<d; and tj =1 foralljeZ. (A.14)

Proof of Theorem A.2 Fix u € Z?. We begin by constructing a joint LPP process we denote
by (L)lf, L%)XE,HZZOxZ. In the bulk, we have the i.i.d. Geom(r) weights {w, : x; > u}. For
2e{l,2),letY! = {Yf}jez be a sequence of i.i.d. Geom(r /g,) random variables such that
{Y!, Y2, w) are mutually independent. Note that g; < g, implies that (A.8) holds almost
surely with s = Y! and a = Y2. For ¢ € {1, 2}, define J¢ = {Jf+j92}jez by J', J?) =
(Y!, D(Y2,YY)). By Lemma A.7(a), marginally {Jlf+j92}jez are i.i.d. Geom(r /qy).

For ¢ € {1, 2}, define the LPP values on this vertical axis by

=J!

4 14 4
L,=0 and L —L it jer

ie — Lo, for j € Z. (A.15)

Note that this means L

utje, 18 negative for j < 0. Now, we define the LPP values for
X €u+Zso X Z:

L= s (Lot Gureien]s K= 201l ad S Ll
JiJs=x2—up
(A.16)

The supremum is achieved at a finite j because the boundary variables J¢ stochastically
dominate the bulk weights w, as we show next. Note that one has

IEAJ =0, forallx eu+Z.gx Zand € € {1,2). (A.17)

Fork > 0and € € {1, 2} let JF = (77"} jcz = (JL 1o, 4 joy ez and 8 = {s5) ez =
{®utke +je,} jez- Then JEO0 is the original boundary sequence on the vertical axis. In the
notation of Lemma A.7, witho = r, a1 = g1, and @y = ¢», setting bt = Y¢ gives (al, a2) =
(J4t, J92). Then, for any £ € {1, 2}, (A.8) is satisfied, G‘; = Lﬁ+je2, j € Z, is a sequence

of arrival times, and 5‘; =1L , J € Z, is the corresponding sequence of departure

u+te|+jey
times. Consequently, J&! = D(J40, s'). Lemma A.7(d) then implies (J-!, J=1) = (J, J?).

Repeating this inductively gives that J>**1 = D(J&* sk+1) and (JUX, J25) 4 ', J?) for
all k > 0. This and the first inequality in (A.14) imply

JV<J? forallx eu+Zy x Z. (A.18)

Furthermore, Lemma A.7(e) implies that for any x € u 4+ Z>¢ X Z,

{Jfﬂez 1J =< 0} and {Jxl_we2 j= 1} are mutually independent. (A.19)
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The definition (A.16) satisfies a semi-group property: For each k > 0, the values L¢ for
x such that x - e; > u - e + k + 1 satisfy

L= sip Lo + Gurkeetien (A20)

Jij=(x—u)-e
This and the distributional equality (J1-¥, J>¥) 231 imply that for any z € Z>¢ x Z,
1 1
{Iz+x+e1’ Iz+x+e1’ Jz+x’ J xS X €U+ Lizo X Z}

<{n

x—+ep? x+e1 ’

. (A21)
JJPix eu+Zso x L.

The index on the / increments requires x + e; because the increments are not defined on the
boundary, where x| = u.
Next, we claim that for £ € {1, 2}, and for any u € 72,

{ utiers Ju + je 11 J € Z>0} are mutually independent with marginal distributions

If+ze1 Geom(gy) and J, u+je2 ~ Geom(r/qq).
(A.22)
We have already shown that J¢ are i.i.d. Geom(r /qe¢) random variables. Also notice that
{Ierlel : i > 1} are a function of only{ it jer Qutiertjer i > 1,j < 0} which are

independent of {J¢ utje -4 = 1k What remains to prove is that the horizontal increments
are i.i.d. and to determlne their marginal distribution. For this, we prove the following claim
inductively inn > 1:

{I,er,e], Jf+ne1+]e2 1<i<n,j< 0] are mutually independent with (A23)

marginal distributions I,f Liey

~ Geom(qe) and Jt

u+ne|+jey ~ Geom(r/qy).

This and the fact that Iqu(nH)e is a function of {J wtner+jer Cut(ntl,j) © J = 0} imply the
mutual independence of the horizontal increments.
We now prove (A.22). For the base case n = 1, consider inter-arrival times {a; = J, ¢

u+jey :
j < 0} and service times {s; j = Qutertjer : j < 0}. The inter-departure times are {d; =
J:f+e1+je2 j < 0}. The sojourn time is g = 1quel Lemma A.7(b) then gives the above

claim forn = 1.

For the inductive step, assume the claim holds for a fixed n > 1. Then use inter-arrival
times {a; = ‘,u+ne1+je2 J =< 0} and service times {s; = wy4(@n+1)e;+je, : J < 0} which
are independent of {I° utiel : 1 < i < n} by the inductive hypothesis. Then compute the
corresponding mter-departure times {d; = Jut@m+le+je, - J < 0} and the sojourn time
t, =1 f +(n+1)e, - Lemma A.7(b) again gives the validity of the claim for n + 1, completing
the proof of the claim (A.23).

Combining (A.11) with observation that f are sojourn times gives
e+ Jrerrer = Jivey + Iise e, forallx €u+7Z-ox Zand € € {1,2}. (A24)
And with the second inequality in (A.14), we get
1> 12 forallx € Z-g x Z. (A.25)
Lastly, observe that {LZ

X
e £
{I Ju+]ez

tx €u+ Zzzo} are last passage times with boundary weights

u+tie;’ 1 i,j € Z-o} and bulk weights w,, x € u + N2. Indeed, if we denote by
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Gﬁ’x the passage time from u to x € u + N? with these boundary and bulk weights, then as
in (3.2)
k ¢
Gﬁ,x = _ max { Iué+ie1 + Gu+ke|+e2‘x} \/ max {Z be+je2 + Gu+e|+me2,x}
=1

isk=Gone 14 L<m=(x—u)-e; | £
i= j=

l 4
= max {Lu+ke] + Gu+ke1+e2,x} \/ max {Lu+mez + Gu+e1+me2,x}

1<k<(x—u)-e; 1<m<(x—u)-ex

14
=supil, ., + max G i +G }
j<p0{ u+tje <X s [ u+ej+jey,utke; u+ke1+ez,x]

2
\/ max {Lu+me2 + Gu+e|+ée2,x}

1<m=<(x—u)-e;

= sup {Lﬁ+je2 + Gu+e1+je2,x} = Lﬁ'
Jijs<(x—u)-ex

By (A.17), the weights w, can be recovered from the edge weights [/ f and J f. Then,
due to (A.21) we can extend the process {wy, I} ¢ . I2 e, J} J2 X € u+ Z20 x Z} t0
a stationary process on the whole lattice. This produces a T-invariant probability measure
@41742 on (2, G) whose marginal on € is exactly . We now verify that all the claims in the
theorem hold for this choice of measure.

Property (a.i) holds by construction and the independence property (a.ii) follows from
the definition (A.16). Recall that an @ € § has coordinate projections {w,, 2, g2
x e Z? } Thus, the shift-covariance in (a.iv.1) holds trivially. The recovery and monotonicity
properties in (a.iv.2) follow from (A.17), (A.18), and (A.25). The additivity property (A.7)
is given in (A.24), and (A.6) follows from that. Then, as was the case for Theorem A.1(e),
property (a.v) follows from (A.6) and the shift-invariance of Py, 4, .

Observe that (I{, J{) has mean (g¢/(1 — g¢),7/(ge — r)). A direct computation using
the explicit formulas (3.11) and (3.12) shows that this is equal to Vy (£(g¢)). This completes
the proof of part (a) of the theorem. Part (b) follows from (A.19) and parts (c) and (d) from

(A.22) and (A.23). O

B Verifying Assumption 3.1 for the Geometric LPP

This appendix is dedicated to the proof of an exponential tail bound for the location of exit
points. It can be read independently of the rest of the paper. We assume throughout the section
that wp ~ Geom(r) for a given r € (0, 1).

For § € (0, 1) recall the definition of the cone

Sg:{xeRiO:)welzéx-ezandx-ezzéx-el}.

Theorem B.1 Assume wog ~ Geom(r) for some r € (0, 1). For any § € (0,r) and k > 0
there exist positive finite constants co = co(8,r), No = No(8,r, k), and so = so(5,r, k)
such that

P{IZ5¢ 0m, )| v Z52(m, n)| = s(m +n)*P} < exp{—cos’)

for all (m,n) € Ss N ZzzNo’ s > 50, and & = (&1, &) € rild such that & € (5,1 — §) and

&1 — 2] < k(m +n)~'/3,

m+n

For p,q € (r,1) consider random variables {If;l, Il%l, Jl.’;, Jl.‘éz 1 i,i € N} that are

mutually independent and independent of the weights w and such that the 7? variables are
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Geom(p), the 17 variables are Geom(q), the J? variables are Geom(r/p), and the J¢
variables are Geom(r/q). Note that this parametrization in terms of p and ¢ does not agree
with the parametrization of the / and J random variables elsewhere in the paper. This abuse
of notation is to simplify the formulas in this section; we will also abuse notation and continue
to write [P and E for the probability and expectation on the larger probability space on which
this collection of random variables is defined.

We will write

Gl =GV (w, 17,71, G!=GV(w,17,J7), and G! =GV (w,14,J9).
(B.1)

The quantities Exit?"?, z27% Exit?, z?% Exit, and Z2% are defined similarly.
From (3.9) (which follows from Theorem A.2(c)) we see that {G% : x € ZZ>0} has the

same distribution as {Gé(p ) x e 72 So}- The same, of course, holds when p is replaced by g.

One of our primary uses of the exact solvability of the model comes through an exact
formula for a particular log moment generating function of the increment-stationary passage
time.

PropositionB.2 Letm,n € Zzzo’ and p,q € (r, 1). Then

log E[exp{log(%)GP’q(m, n)” =m log(%) +n log(i : é).

Proof Start by writing

m
log E[exp{log(g)G”’q(m, n)” = log E[H(q/p)’(?.m elog(q/p)(G”"’(m,n)—Gl’""(m,O))]
p ;
i=1
1 m
i log(q/p)(GP1(m,n)—GP9(m,0))
_mlog(1 +logE[U (q/p)(o>) q/p m,n m ]
(B.2)

Next, note that IE[l 9(q/p) ’el] =l and for any n € Zx>g

B[ =L @/p g, =m] = g0 - ).

This means the product inside the expectation on the right-hand side in (B.2) is a Radon-
Nikodym derivative. Using it to change the measure P switches the distribution of the
boundary 7?7 weights to have the same distribution as the /¢ weights. Consequently, (B.2) is
equal to

m log(l_ip) + logE[elog(f{/P)(Gq(m,n)—G‘I(m,O))]

1—
_mlog(l P ) +10g]E[ log<q/p>(G§<q>(m,n)—Gaq’(m,O))]

= mlog(i ) + logIE[ log(q/P)G?(w(O_n)}

For the last equality, we used the add1t1V1ty (3.5) and the shift-invariance (3.8). Now, compute

1 — 3 1-— n
mlog(;— :) + log B[ elo2(@/ MG Om] — log(ﬁ) +log E[¢=@/P ]
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1—

- r
=m10g(ﬁ) —i—nlog(1 — Z)
P

O

We prove Theorem B.1 after a series of calculus lemmas. The following lemma is imme-
diate from the definitions. Recall (3.10-3.13).

LemmaB.3 Fixa,b > 0. The function p — MP(a, b) is continuous and strictly convex on
(r, 1), decreasing on (r, p(a, b)] with range [y (a, b), 00), and increasing on [p(a, b), 1)
with range [y (a, b), 00).

Consequently, for each A € (1, 1/r), there exists a unique pair p* (a, b) € (r, p(a, b))
and 7, (a, b) € (p(a, b), 1) such that P’ (a, b) = AP (a, b) and MP"~ (a, b) = MP* (a, b).
Precisely, using a little bit of calculus, we get that if @ # rb, then

rGo+ 1@ —b) +/r2(h + 1)2(a — b)2 — 4ri(ra — b)(a — rb)

—
,b) = B.3
p-(a.b) 27(a — rb) B3
and if a = rb, then
_ r+1
,b) = .
p-(a,b) P

This extends continuously to A = 1 and A = 1/r with ﬁi (a,b) = p(a,b), ﬁl/r (a,b) =r,
—1/r
and p (a,b) = 1.
For& = (&1,&) € R2>0 and p,q € (r, 1), define

1 —

ik

l—p
LI = LP9E1, £ = & loa( =) + &2 log({ §>'
Then for& € R.gand g € [r, 1) set
A, _ . s,
e = nf L) (B.4)

when A € [1, 1/g) and £*9(£) = oo when A > 1/q. In the special case where ¢ = r we
abbreviate £*(£) = £ (§).

LemmaB.4 Let& e R.o,q €[r, 1), and ) € (1, 1/q). Then the infimum in (B.4) is uniquely
achieved at s = max{q, p* (£)).

Proof A direct computation gives

B 1
L@ = (MM E) - M'®) fors € (r,1/3).

s s
By Lemma B.3, this is a continuous strictly increasing function of s with range R. It is equal
to zero ats = ﬁ’\_ &). If ﬁ’\_ (&) € (g, 1/A1), then the unique infinimum in (B.4) is attained at
ﬁ’l &).If ﬁ); (&) € (r,q], then L*® A8 (E) strictly increases on (¢, 1/A) and is thus minimized

ats =gq. O

Fork,¢,m,n € Z withm > kandn > ¢ let G?k,ﬁ)(m’ n|1,0) be the last-passage time
for paths which start at (k, £), immediately take an e; step, and then go to (m, n), while
collecting the weights {/ ,f’ et J € N} on the south boundary. Precisely,

J
Gle¢)(m.n|1,0) = max {legﬂe],l + G(k+j>e1+(£+1>ez,me1+nez]-
=1

I<j<m—k £
i
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When (k, ¢) = 0, we omit it from the index.

LemmaB.5 Letm,n €N, g € [r,1),and A > 1. Then

log E[le®G (L0 < £24 ).

Proof The case A > 1/q is trivial because the right-hand side is infinite. When A = 1 we
have L**(m,n) = 0 for all s € (r, 1) and the claim is again trivial. Therefore, assume
re(1,1/q).

Using
G?*(m,n) = I, + G (m,n|1,0) = G (m, n|1,0)
and Proposition B.2 we see that
log ]E[e]()g()\)Gq (m,n|1,0)] < log E[elog()n)Gliv)»li (m,n)] — Lq,)»q (m’ n) (BS)
Geometric random variables are stochastically increasing in the parameter. Therefore, if
q <Pk (m.n),

IOgE[elog(A)Gq(m,nll,O)] - logE[elog(A)GFA—(mJl)U,O)] < L?ﬁ,/\ﬁi(m )

where the last inequality follows from applying (B.5) with p* (m, n) in place of g.
We have thus shown that

IOgE[elog(A)Gq(m,n\l,O)] < Lmax{q,ﬁf],)umax{q,ﬁ};}(m’ n) = E)»,q (m,n),
where the equality holds by Lemma B.4. |

LemmaB.6 Foralla,b > 0,¢ € (0, min(r, 1—s,(1—=r)/2),s € (r, 1), and . € [max((r+
e)/s, 1), (1 —e)/s],

as br ) 1 br(2s —r)

2
+ _E(A_l)z((la—ssﬂ (s —r)2 )‘

‘L‘““(a,b) — - 1)(] —

<23 (a+b)(A — 1),

Proof Fix a, b, ¢, and s as in the claim and perform a Taylor expansion of A > L5*$(a, b),
defined on (r/s, 1/s), at A = 1. For the error term, write

3

a3

2br(3x2s2 — 3ars + r?) 2as3
A(As —r)3 (1 —As)3

L% (a,b)| = |

anduse A > 1, As —r > e, As < 1,r < 1,5 < 1,and 1 — As > ¢ to bound the above by
8¢ 3(a + b). o

LemmaB.7 Fix$§ € (0,r). Let Co = Co(8, r) be given by

G+ DIA+M28+2242] rr+DG 1+ ré 141 ]
8(1—r)%s 41 -r)rs 200 —r)Vrs)
Then for any A € (1,1/r) and a, b > O such that (a, b) € Ss

Co = max[r +1,

Pt (a,b) —pla,b) > —Co(r — 1)
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Proof Fix positive a and b with (a, b) € S;. Let

fQ)=r(a- b)% + %\/ﬂ(x + D2(a — b)2 — 4ri(ra — b)(a — rb) .

Then

r(a —b) —2r2(A 4+ 1)(a — b)2 + 4ri(ra — b)(a — rb)
A2 222/r20. 4 1)2(a — b)2 — 4ri(ra — b)(a — rb)

_ r(1 —=0gy@) +4ri(rt — 1) —7r)

T2+ D2 = D2 — At — D —1)

where t = a/b and

) = —

6. () =22+ D2t — D2 —dra(rt — D@t —r) — 2r(+ D(A — 1),

Next

20 1) — o _
rA+ 1Dt —1) =2rA(t —r) —2A(rt — 1) ot 1).
V2 + D2t — D2 —4ra(rt — D(t —r)

The quadratic equation in ¢ inside the radical is minimized at

gl (1) = 2r<

_ 0D -2+ o 2d-n? 0 27N -n?
B (A —1)2r N rO.— 102~ rr-t =12
Since this value for ¢ is negative, the quadratic is smallest at t = §. With ¢ = §, the quadratic
as a function of A is minimized at
_2r8 = 1)@ —1) _ 20— r)?s
T @ —-1)2 B r(l—8)2 "
Since this is strictly below 1, the minimum over the interval [1, 1/r) is achieved at A = 1.
The resulting minimum is thus

4’1 =8> —4r(r§ — DS —r)=48r(1 = r)> > 0. (B.6)
This yields
-1 2¢—1 -1
r(r= 4+ 16" +2r+2r _
18501 < 2r (") +rl 1)
V48r(1 —r)?
I+t +2r2+2
= +2(1+r)=C@,r)=C

(1 —r)/eor ©.n

forallt € [6,1/8] and A € (1, 1/r).

Since g, (r) = 0, the Mean Value Theorem implies that g, (t) = gi (s)(t — r) for some s
between ¢ and r. In particular, since § < r, s € [8, 1/8], and |g,(r)| < C|t — r|. Returning
to f/()) we get

r(1 —10)g(t) +4ri(rt — 1)t —r)
22200+ 1D2(t — 1)2 — dri(rt — 1)(t — 1)
- Cr(s '+ D) +40¢s '+ 1)
T22/P2(0+ D2t — D2 —dra(rt — D(t — 1)
_Cr@eT 4D +40s + 1)
4(1 —r)/ér

ol =|

S|t —rlb

-la —rb| < 2Cola —rb|,
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where in the second-to-last inequality we used A > 1 and the lower bound (B.6) on the
expression under the radical.
Now, if @ # rb, then
(a+rb+2Vrab)(r(a—>b)+ f(A) —2(a —rb)(r(a+b) + (r + 1)V/rab)
2(a —rb)(a + rb + 2+/rab)

P (a,b) — pla,b) =

_f) = f)
T 2a—rb)

By the Mean Value Theorem, f (1) = f(1)+ f'(c)(A — 1) for some ¢ € (1, 1). In particular,
c € (1, 1/r). Therefore, | f(A) — f(1)] < 2Cola — rb|(A — 1) and

7" (a,b) — Pla,b) = —Co(r — 1).
If, on the other hand, a = rb, then

ﬁx_(a,b) —(a.b) = r+1 r(a+b)+ +1)/rab

A+l a+rb+2+/rab
(r+DHA—1)
_2()\7_'_1) >—r+DHA-1)=-Co(h—1)
and the claim holds again. O
LemmaB.8 Let0 <& < 1. Let
_ A+ 8rd-r) _ C20r+1)?
C] —C](S,r) = m and C2 —Cz(r) = m
Then for all £ = (&1, &) and ¢ = (&1, &) in S5 we have
- 3 g1
Ci| — — — B.7
PE) ~ PO = Crf - = | (B.7)
And for all & € RZO and q € (r, 1) we have
E@) e - | < Cala - 7o) (B.3)
Proof Note that (¢, 1 — 1) € Ss if and only if € (35, 15)- For such 7,
d_ r(1—r) (1+8)%r(1—r)
—pt,1—1)=— > — =-C1(8,r).
di 2T =0 (Vi+/rT=1)°  282/r(+n)? l

(B.7) follows from this bound and the fact that p(§) = p(c§) for any & € Rio and ¢ > 0.
For the second claim, differentiate £(g) - e to get

_ 2r(l —r)(1 —q)(g — 1) - 2r(l — r)3
(@ +D—4qr+rc+D) (@ +1)—4qr +r+ D)’
200 +1)*
_m = —CQ(V).

(B.8) follows from this bound and the fact that £ (p(&1/|£|1)) = &/|€]|; forall & € ]R2>0. O

The following estimates are immediate from (3.10) and (3.12).
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LemmaB.9 Forx € R,

r r—|—ﬁ

< <
[ =y = —7—

|x]1-

LemmaB.10 Forany$ € (0, 1) and x € S5 we have

(1=r)8/rs  _ (1—Jr)s
N A T

Proof Lett = x -ex/x - e;. Then

) = rd+0+ e+ DY (=00t + VD)
Pl = L+ rt 421 1+ rt +2/rt
(1 =r)rd + /rd) - (1= r)s/rs

ST N TRV

Similarly,

A-na+vr _ A=nNA+Vrds _ (1-r)
A+vr? ~ Wo+yn: T+

P =1-

We are now ready to prove Theorem B.1.

Proof of Theorem B.1 Fix § € (0,r),x > 0,and ¢ € (0, 2(%6_,)). Take integers (m, n) € Ss
and k < e(m + n) and write

rm+n—k) + @+ D/rnm—k)  r(m+n)+ r+ 1)J/rmn
m—k4+rn+2Jrnm —k) - m+rn+2/rmn
a-r) (rnk—i—ﬁ(rn—m)(ﬂ—ﬂ)—}—k%)

- (m —k 4+ rn+2Jrn(m —k))(m + rn + 2/rmn)
rnk + /rn(rn — m)(ym — /m — k) + k/rmn

T Gm—kon)+m—km+rn+ 2 rmn)

p(m —k,n)—p(m,n) =

(B.9)

If m — rn > 0, dropping the /m — k from the denominator and using rn > 0, we have

k(m —rn)

——— <kJm.

Stk

The same inequality holds trivially if m — rn < 0. In the next computation, use the above
inequality to bound the numerator of (B.9), then bound the denominator using the upper
bound from Lemma B.9 and the facts that 2./mn < m + n and (m, n) € Ss:

(m —rn)(vV/m —m —k) =

D(m —k,n) — p(m, n) > (1_«/’7)””]‘ > (1—\/;)’”1( _ aog(8, rk
P ’ P = 21+ /rYm+n)2 ~ 21+ /G~ + D(m +n) mtn
(B.10)

Next,take§ = (&1, &) € ritd with&; € (8, 1—8) and such that |§; — ;2| < «(m+n)~1/3.
Abbreviate ¢ = p(§). Note that £ € S5 and therefore Lemma B.8 implies that

lg — p(m, n)| < Cic(m +n)~'73. (B.11)
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Let so = s0(8, r, k) = max(1, 16C 1« /ap). Let

5.7 = min( " (1 —r)8/rs (1 —Jr)%8?
e_e(,r)—mm(i, AT 2 203 702 )

Take 7 so that

1 1 1— 8
O<n<min[—0gr,—og(1+( \/;)>,1, 40 )
e 2e 1+ /r 32(1 + Co(8/2, 1))
. 5202 (B.12)
—1 0
g ' lo (1 + —) , } .
& V277 100(4€2 + 4ap/5 + 16¢)
Let Ny = (so/s)3 and take (m, n) € Ss N ZZZNO. Take s € [sg, e(m + n)1/3] and set
A =exp{ns(m +n)"13) < e e (1, 1/r). (B.13)
Then by Lemma B.10 and the choice of n
1 —r)é+/rd
r+e§r+%§q§kq§k2q
(1+/r) (B.14)
. _ 202 :
562'78(1_M)§1_m51_6
1+ Jr 41+ Jr)?
Since ns(m —i—n)_l/3 <ne <lande®—1<2xforx €[0,1],
A <a_1< 2 (B.15)
179= T (m+mlBe '

The choices of ¢ and k and that (m, n) € Ss imply that m — k, n) € Ss/2. Then Lemma
B.7 implies
2Cons

Phim —k.m) =Plm —k.n) 2 =Co/2, N0 = 1) 2 ==

(B.16)
Take k = [s(m +n)*/3] — 1 and abbreviate py = p’L(m — k,n) and p = p(m — k, n).
Note that
50/2 <2Psg—1<sm+n)*3 =1 <k <sm+n)?><e(m+n). (B.17)
Putting this, (B.10-B.12), and (B.15-B.17) together we get

Pq =P —q = —hg = WA 2T CK @

(m +n)1/3 Cm4n
Tagps aps
T 8m4m'3 22Bm+n)'/3

aos

P LR} B.18
= Smt+miA (B.18)

Thus, by Lemma B.4, L (m —k,n) = LP=7h (m — k, n). Also, Lemma B.10 and the
choice of 1 in (B.12) imply
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— €.

— _ 242
56%(1_@)5 _mi
21+ ) 41+ Jr)?
In particular, p —r > g —r > eand 1 —p > 1 — Ap > . Using this, (m — k,n) € S5,
(m, n) € Ss, and the identity a(p(a, b) — r)> — rb(1 — p(a, b))* = 0, we get
(m = k)P —r)g —r) —nr(l=pL)(1 —g)
=m—-k@-r)g—r)—nr(1=p)(1-q)
=m =K@~ +m—k)@E~-r)q-p) —nrd=p>—nr( =P ~q)
=—@-9(m—k)(Pp—r)+nr(l -p))
< —e8%(p —q)(m +n)/2. (B.19)
We have now collected all the necessary pieces to be able to bound the probability of
interest. The first line below uses the stochastic monotonicity of geometric random variables
in their inverse mean parameter and the monotonicity of the exit points in the boundary
weights. The second line uses that, on the event in the indicator function, the value inside

the exponent is 0. The third line drops the indicator function and uses the Cauchy-Schwartz
inequality. The fourth line uses independence and shift-invariance. Write

P{Z9® (m, n) > k}* < P{Z*9% (m,n) > k)
2
- IE[]l{Z)“’"”el (m,n) > k} exp{ @(G“’ (k.0) + Gy, (m. n]1,0) = G* (m, n))”

< E[exp{log())(G* (k. 0) + G{{ y (m. n|1, 0)) }] E[exp{— log(3:) G " (m, n)}]
= E[exp{log(0)G* (k, 0)}] - E[exp{log(1)G™ (m — k,n|1,0)}]
-E[exp{—1log()G**¥(m, n)}].
Bound the third expectation on the last line using Proposition B.2, the second expectation

using Lemma B.5, and compute the first expectation explicitly using the moment generating
function of the Geometric distribution, to get:

1 —2g
1—22%q

2log P(Z9 (m, n) > k} < klog( ) T+ LM — ke, n) + L9 (m, n)

1—A —A =i
:klog( q )+L”*‘1’+(m—k,n)—L‘Mq(m,n)
1—2A2q

1— g _ 1—gq
=kl ( ) L7 75 (m — k) — k1 ( )
og =12 + (m n) og =g

(—1%q
(1 —2g)?
Next, use (B.13), (B.14), and (B.12) to deduce

- —klog(l - )+L7‘—ﬂ(m —k,n) — LIM(m — k, n).

12
% <e 2" -1 <1)2.

Use this, the fact that — log(1 — ) < 2¢ for ¢ € [0, 1], (B.14), (B.17), and (B.15) to continue
with the bound

(A —1)%q
(1 —1g)?
<272k — 2 + LP“Ps(m — k, n) — LY (m — k, n)

210g P(Z9% (m, n) > k) < 2k + LP5Phm — ke, n) — L9 (m — k, n)
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< 472023 £ LPSP(m — k,n) — L9 (m — k,n).  (B.20)
Using Lemma B.6, (B.19), (B.18), and (B.15) we get

LP=P+(m — k,n) — L9 (m — k, n)

m—kyp_ (m—k)q nr nr
S(}L_l)( 1-p_ - 1—g¢ +F_—r_q—r>
1 m—kp>  (m-kq> narQp_—r)  nrQq—r)
+ - —1)2 - -
2( ) <(1 -7p)? (1-¢)? P_—n? (g —r)? )

+2e 3 m+n)(—1)°
m — @ — g —r) —nr(l —F_) (1 — g)
T8 YU Yy s Yy
I _ -G +4q-25_q)  nr(~p_r+25_q —rq)
- 12T —
+50- 00— (s F_—r2g -1 )

=Gx-D@P-—-9)

+2e 300 = D3m+n)
82 _ 1 ” 2 ;
< —@(A -DP-—9)P—qm+n)+ :4(1 - D —q)(m+n) + :3(1 —1D)’(m+n)

50e* S5e4 e /)

< _(882a§17 4n2a0 16773 )93 < _(6520877 4n2a0 16772 )s3.
50e4 5¢4 €3
Setting ¢; = ¢1(8, ) = e *£82a3n/200 and using (B.20) and the choice of 7 in (B.12)
we get

P(Z9 (m. n) = s(m +n)*3) < e~
for s € [s, e(m + n)'/3]. When s > (m + n)'/3, the above probability is 0 and the bound

holds trivially. When s € [e(m + n)'/3, (m + n)'/3] we have

P(Z9 (m, n) > s(n +n)>) < P{Z9 (m, n) = e(m + n)} < e~ 120w < gmeres’,

The claim of the theorem is thus proved for the case of Z9-¢!. The equivalent bound for
vertical exit points follows by symmetry. O

C Verifying Assumption 3.4 for the Geometric LPP

We first prove a bound on the probability that an i.i.d. random walk with non-positive drift
remains non-positive for its first n steps, given some control over the step’s higher moments.

Lemma C.1 Let {X;,i € N} be i.i.d. random variables. Suppose © = E[X1] < 0 and
VVar(X1) > ¢ and E[|X1 — n|P]1 < D for some p > 3 and ¢, D € (0,00). Call S =
Zle Xi. There exists a finite C = C(p, D, &) > 0 such that for alln € N,

-2
P(51<0,85<0,...,5, <0 < C(n_2<pp+1) \% |M|) and (C.1)
(&
P($51>0,5%>0,....,5, >0 < —. C.2
(51 > 2 Z n ) \/ﬁ ( )

Proof Since ;v < 0 the probability in (C.2) is bounded above by the probability of {S; >
m, S >2u,...,8, > nu}. Then, the bound (C.2) follows from Theorem 5.1.7 in [41].
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—2
Letn € N be sufficiently large thatt, =n 250 < eandletv, = (u + t,)". Note that
Vp — pu =1t, V|| > 0.Let Sk, = Sk — kv,. Then

P(Sl50,S2§0»~-~ysnfO)EP(El,n§0a§2,n§0»--~»§n,n50)-

EOI‘k € N define py,, = P(gl,n <0, §Z,n <0,..., Ek—l,n <0, §k,n > 0) and 7, = inf{k :
Sk.n > 0}. Fors € [0, 1], set

00
pu(s) = Zskpk,n
k

and observe that P(t, = co) = 1 — p,(1). By the Sparre-Andersen Theorem, Theorem
XIL.7.1 in [25], for s € [0, 1),

o sk

log ——— pn(s) kz —PGen>0). (C.3)

Denote by ®(x) and ¢ (x) the cumulative distribution function and probability density func-
tion of a standard Normal random variable. Recall that p > 3. By the Berry-Esseen theorem
[21, Theorem 3.4.9], forall x €e Rand k € N,

Setm,, = 2(5])”3% = 2(81,,\/2\7;3\) > 0. Since ¢ is decreasing on [0, 00) with ¢ (0) = 1/4/27,

‘ P

JE
ky 1 =) 1 (p—mvk 1 k
1—<D((vn—u)f>——/ ¢(x)dx > = — = M)f:7_f.
& 2 0 2 &2 2 2mp
Then we have
01— 1 - 1 Jk\  3D¥/P
Y PG =0z Y PG00z Y (1-o(—w—w ) - 83\/];)
k=1 I <k<m? I<k<m?
Z 1 1 Z 1 3D¥r i 1
% 2m. A Y5
I<k<m? 2k 2my I <k<m? vk £ ok
9D3/p
> logm, — 1 — Pl

where the empty sum is, as usual, equal to 0. When m,, > 1, each of the three bounds in the
last line comes from integral comparison. The bounds are trivial when 0 < m,, < 1.
It then follows from (C.3) that

3
9[’53/" +1

e
ﬁ(fn Vo ul).

On the other hand, by the Markov and Burkholder-Davis-Gundy [10, Theorem 4.2.12]
inequalities followed by integral comparison,

P(t, = 00) <

o0 o0
P@Ek=n:Sk,>0) <Y PSn>0) <) P(Sk—kul? > k(e —v,)I?)
k=n k=n
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1 - 2(2/e)”/2p1’Dn17,,/2

t, vV P,
KPR = b2 (tn V 1)

o0
<©/0"?p'D Y
k=n

Combining these results, we have

P(S1<0,...,8, <0) < P(ty = 00) + P(3k > n such that g, > 0)

9p3/p

2¢ & ! 2(2/e)P/2pP D
<—F— Vi) + —m—
e2m -

Note that n!=P/24, 7 =1, and, if t, < ||, then we have n'=P/2|u|=P = £\ P |u|=P < |l
in this case, we have n! =P/2 (2, v |u) P = || = t, V |i|. On the other hand, if #, > ||, then
tp = n'=P21; P < p!=P/2) | 7P and, consequently, n' =P/ (t, v |u|) 7P = (' "P 1, 7y A
n'=P2 =Py =t, = t, v |u|. Bound (C.1) follows. o

n PR, v )P

Lemma C.2 If wy ~ Geom(r), then Assumption 3.4 holds for any ag € (1/3,2/3).

Proof Fix ag € (1/3,2/3). The steps of the random walk SE”"* for k € [0, N*/3] are
i.i.d. differences of independent geometric random variables with parameters r/p(§,) and
r/p(’).

Under the conditions of Assumption 3.4 on &, and n*, Lemma B.8 implies that

>y Y *
_ P& () <0.

_Clrlefag/Z E M — ]E[Sf*,ﬂ*] : X

Since p(&,) and p(n*) are both above r, the variance of Sls*’”* is bounded below by
e=2r/(1—r)%

Since &, - €1 and n* - e are assumed to be in (8, 1 —§), p(&,) and p(n*) are bounded away
from r, uniformly in N, and thus for any p > 1 there exists a finite constant D = D(§, p)
such that .

IE[|Sf*"7 —n|P1 < D@8, p)forall N € N. Take p > 31argeenoughsothat#f]) > ag/2.
The conditions of Lemma C.1 are satisfied. If we take n = | N 2/ 3J, then (C.1) gives, for N
large enough,

* * * —2
P{Si" < 0,857 <0, S5 <0} < C((Cor™ N2 v (LNP3)) )

< CCyrmINTw2,
Repeating this same argument for S,f""*, k e [—-N?/3,0], yields
PS5\ < 0,855 <0,..., 850, <0) < CCprm ' N2,

Bound (3.19) follows from the independence proved in Corollary A.4. The lemma is proved.
|
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