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Abstract

We study the ergodic theory of stationary directed nearest-neighbor polymer models on Z2,
with i.i.d. weights. Such models are equivalent to specifying a stationary distribution on the
space of weights and correctors that satisfy certain consistency conditions. We show that for
a prescribed weight distribution and corrector mean, there is at most one stationary polymer
distribution which is ergodic under the e; or e; shift. Further, if the weights have more than
two moments and the corrector mean vector is an extreme point of the superdifferential of
the limiting free energy, then the corrector distribution is ergodic under each of the e; and e;
shifts.

Keywords Cocycle - Corrector - Directed polymer - Gibbs measure - Stationary polymer

1 Introduction

Directed polymers with bulk disorder were introduced in the statistical physics literature by
Huse and Henley [17] in 1985 to model the domain wall separating the positive and negative
spins in the ferromagnetic Ising model with random impurities. These models have been
the subject of intense study over the past three decades; see the recent surveys [7,8,13,16].
Much of the reason for the interest in these models is due to the conjecture that under mild
hypotheses, such models are members of the Kardar—Parisi—Zhang (KPZ) universality class,
which is an extremely wide-ranging class of models believed to have the same statistical and
structural properties. See [9,10,15,26,27] for recent surveys.

Much like characterization of the Gaussian universality in terms of variants of the central
limit theorem (CLT), the KPZ class is characterized by its scaling exponents and limit distri-
butions. In the context of the directed polymer models we study in this paper, the conjecture
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is that the appropriately centered and normalized finite volume free energy converges to a
limit distribution which is independent of the random environment that the polymer lives in.
The KPZ scaling theory [22,24] predicts that the fluctuations around the limiting free energy
are of the order of the cube root of the size of the volume, in contrast to the square root
in the classical CLT. Moreover, the limiting distribution is not Gaussian. The effect of the
environment is felt only through the centering and normalizing constants, which play a role
similar to that of the mean and standard deviation in the CLT.

The scaling theory also predicts the values of these two non-universal constants if one has
a complete description of the spatially-ergodic and temporally-stationary measures for the
polymer model. See [30] for an example of this computation in the setting of the semi-discrete
polymer model introduced by O’Connell and Yor in [25]. In the mathematics literature,
stationary polymer models have been studied primarily in the context of solvable models,
which have product-form stationary distributions. The first such solvable stationary polymer
model was the aforementioned model due to O’Connell and Yor. The first discrete model
was introduced by Seppildinen in [29]. See also the models introduced in [3,11,31,32] and
studied further in [2,5,6]. Such models remain to date the only polymer models for which
the KPZ universality conjectures have been verified.

In the present paper, we investigate the ergodic theory of stationary directed polymers
on the lattice Z* with general i.i.d. weights and nearest-neighbor steps. The solvable model
in [29] is an example of the type of model we study. Specializing our results to the case
where the limiting free energy is everywhere differentiable, we show that the ergodic dis-
tributions form a one-parameter family, indexed by the derivative of the free energy. This
differentiability is satisfied in the model in [29] and is conjectured to hold generally. As a
consequence, our results imply that the ergodic measures constructed in [29] are the only
such measures in that model, which verifies that the hypotheses of the scaling theory are
satisfied. More generally, we give conditions under which one can conclude that a sta-
tionary distribution is ergodic as well as conditions under which an ergodic measure is
unique.

Apart from being fundamental objects for the study of the scaling theory, classifying
stationary ergodic polymer measures is important for addressing several other questions. We
mention two.

Our results on the classification of stationary and ergodic polymer measures can be refor-
mulated in terms of a characterization of the stationary and ergodic global physical solutions
to a discrete version of the viscous stochastic Burgers equation

1 1 .
QU = SdnU + EaxU2 + 3, W,

where W is space-time white noise. This connection is the focus of our companion paper
[20]. See also the discussion in [21].

In the language of statistical mechanics, stationary directed polymer measures are in cor-
respondence with shift-covariant semi-infinite Gibbs measures which are consistent with the
quenched point-to-point polymer measures. For a discussion of this point of view, we refer
the reader to [18,19].

We close this introduction by giving an outline of the rest of the paper. We introduce
polymer measures and stationary polymer measures in Sect. 2 then state our main results in
Sect. 3. In Sect. 4, we define and study our main tool, which we call the update map. The
proofs of the main theorems are then given in Sect. 5.
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674 C. Janjigian, F. Rassoul-Agha

2 Setting
2.1 Random Polymer Measures

Let 20 = RZ* and equip it with the product topology and product Borel o-algebra Fy. A
generic point in §2p will be denoted by w. Let {w,(w) : x € Zz} be the natural coordinate
projections. The number w, models the energy stored at site x and is called the weight
or potential or environment at x. Define the natural shift maps T, : §20 — £29, z € 72,
by wy(T;w) = wyx4+;(w). We are given a probability measure Py on (£29, Fo) such that
{wy : x € Z?} are i.i.d. under Py and Eo[|wg|] < o0.

Let [T, , be the set of up-right paths, i.e. paths in Z> with steps in {e], €5}, from u to v.
Form < nin Z U {00} we write x,, ,, to denote a path (x,,, X,;—1, ..., X,) and we will use
the convention that x; - (e; + ¢3) = k.

Given the weights, the quenched point-to-point polymer measures are probability mea-
sures on up-right paths between two fixed sites in which the probability of a path is
proportional to the exponential of its energy:

n
ezk:nH»] Wy

Q;),U(xm,n) = ” , Xmn € Hu,m vZ=uU. 2.1
Zu,v

Here, Z}7 , is the quenched point-to-point partition function given by
n
Zg,= Y eHon, vz, (2.2)
X €1y 0

with the convention that an empty sum equals 0. (Thus, Z7? , = 1and Z;7 ) = O when v # u.)
A computation shows that the point-to-point measure is a backward Markov chain starting
at v, taking steps {—ej, —e>}, and with absorption at u. If we define
B,(x,y,w) = logZﬁ}, — logZﬁ)’x, X,y >u,

then the transition probabilities of this Markov chain are given by

exze
Tulx,x — e, 0) = % = @ Bulmaxo) Ly <y < v x #ui € {1,2).
u,x
2.3)

Note that if x = u + ke;, k € N, then the chain takes —e; steps until it reaches u. The
processes By, satisfy the (rooted) cocycle property

B,(x,y,®)+ B,(y,z,w) = By(x,z,®), XxX,y,Z2>u. (2.4)
Since Z77 , satisfies the recurrence
Zuy =" (Zug—er + Zux—e)), x—u €N, 2.5)
we see that B, also satisfies the recovery property
e Burmerx.0) 4 pmBux—erx.0) — pmox -y e N2 (2.6)
Note also that

By(x,y, T;,w) = Byy;(x +2z,y + 2z, w) 2.7
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and that if x, y < v, then B, (x, y, w) is a function of {w, : z < v} and is hence independent
of {w; : z £ v}.

A stationary polymer measure is one that retains the properties (2.4), (2.6), (2.7), and the
above independence structure, but without a reference to the roots u and u + z. This leads us
to the notion of corrector distributions.

2.2 Corrector Distributions

Extend the measurable space (£20, Fo) to (£2, F) where 2 = R% x RZ*Z* equipped
with the product topology, and F is the product Borel o-algebra. Now, @ will denote a
generic point in £2 and {wy(w) : x € 7%} and {B(x, y,w) I X,y € 72} denote the natural
coordinate projections. The natural shift maps are now given by 7} : 2 — £2, z € Z2, with
wx(T;w) = wyy;(w) and B(x, y, T,w) = B(x + z, y + z, w). We will abuse notation and
keep using w, and T} to denote, respectively, the natural projections and shifts on the original
space $2o.

We say that a probability measure P on (§2, F) is a stationary future-independent L'
corrector distribution with §2o-marginal Py if it satisfies the following:
1. Distributional Properties: for all x, y, z € 72

(a) Prescribed marginal: the £2p-marginal is Py,

(b) Stationarity: IP is invariant under 7,

(c) Integrability: E[|B(x, y)|] < oo,

(d) Future-independence: for any down-right path y = (yx)kez, 1.. yr+1 — Y& € {e1, —ea},
{B(x,y,w):qvey:x,y <v}and{w; : z £ v, Vv € y} are independent.

II. Almost Sure Properties: for P-almost every w and all x, y, z € Z?

(e) Cocycle: B(x, y) + B(y, z) = B(x, 2),
(f) Recovery: e~ B —e1.x) 4 p=Blx—e2.x) — o=

We say [P is ergodic under T (or T;-ergodic) if P(A) € {0, 1} for all sets A € F such that
T.A = A. Asitis customary with probability notation (and was already done above), we will
often omit the @ from the arguments of B(x, y) and w,. A function B satisfying property
(e) is called a cocyle. If it also satisfies (f) then it is called a corrector. Our use of the word
“corrector” comes from an analogy with stochastic homogenization. See e.g. [1, p. 467]. The
recovery equation (f) is the analogue of (3.4) in that paper.

2.3 Stationary Polymer Measures from Corrector Distributions

A stationary polymer measure is given by first specifying a stationary future-independent
corrector distribution P with an i.i.d. £2p-marginal Py. Given a realization of the environment
w, the quenched polymer measure Q% rooted at v € Z? is a Markov chain starting at v and
having transition probabilities

T, x —ej, w) = e BE—exo) 272 i e (1,2). (2.8)
Observe that ?T(x, X —e,w) = (7?(0, —e;i, Tyw). Hence, stationary polymer measures are

in fact examples of the familiar model of a random walk in a stationary random environment
(RWRE).
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676 C. Janjigian, F. Rassoul-Agha

The quenched point-to-point measure (2.1) can also be viewed as a forward Markov chain
starting at u, taking steps {e1, e»}, with absorption at v and transitions

ewx+e[ Zer . _
T, X+ e, )= e TRy < x < v x £ 0,0 €(1,2), 29)
X,V
where now B, (x, y,w) = log fo,v — log Zﬁv + wy — w,y. This structure also leads to

stationary polymer measures that are stationary (forward) RWREs with steps {e;, e2} and
whose transitions are of the form 7 (x, x + e;, @) = e®x~BUrx+ei.0) j ¢ (1 2} where Bis
an L! stationary corrector but with the recovery equation replaced by e~®x = e~ Bx-x+e1) 1
e~ B(x+e2) and future-independence replaced by past-independence (defined in the obvious
way). The two points of view are in fact equivalent due to the symmetry of Py with respect
to reflections of the axes.

It should be noted that although the weights {w, : x € Z?} are i.i.d. under Py, the
transitions {(J?(X, x —ep):x € Z?} (and {?(x, x+ep):x € Z?) are highly correlated,
causing the paths of the RWRE:s to be superdiffusive with a 2/3 scaling exponent. See for
example Theorem 7.2 of [12].

2.4 Stationary Polymer Measures with Boundary

Another, perhaps more familiar, way of introducing stationary polymer measures comes by
considering solutions to the recursion (2.5), but with appropriate boundary conditions. This
is how these measures were introduced in the study of solvable models mentioned in the
introduction. We explain in this section how this viewpoint is the same as the one via the
framework of corrector distributions.

Given a stationary future-independent corrector distribution P with an i.i.d. £2p-marginal
Py, a down-right pathy = y_0 00 With y,, - (¢1 — e2) = m form € Z, and a point u €y,
define the quenched path-to-point partition functions

ziy = ) ePlmHiamen, (2.10)

Xm,n EI_Iy,v

Here, Iy, is the set of up-right paths x,, , that start at a point x,,, € y, exit y right away, i.e.
Xm+1 ¢ Y, and end at x, = v. Recall that an empty sum is 0. If v € y, then Iy , consists of
a single path and Z3'5 = B0V,

The cocycle and recovery properties (¢) and (f) imply that eZ®*) satisfies the same
recurrence relation (2.5) as Z,ngf. Since the two also match for x € y we deduce that Z?,’jﬁf =
¢80 for all x for which ITy . # @. In particular, this definition is independent of the
boundary y and gives a stationary field {e2®") : u, v € Z?} of point-to-point partition
functions. Also, this explains why B is called a corrector: it corrects the potential {wy : x €
72}, turning the superadditive log Z,,, into an additive cocycle log Zy'y. This is a key idea
in stochastic homogenization theory. For more, see for example Sect. 2 of [23].

The corresponding quenched path-to-point polymer measure is given by

eB(”,xnz)+ZZ:,,,+1 Wy

Yy,
Zu,v

y.w
Oy Xmn) = s Xmn € Hy,v-
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Q35 is the distribution of a Markov chain starting at v and having transition probabilities

a)vzyw
(J?(X,x —ej,w) = % — ewx*B(x*Ei,X,w)’ xe Zz,i e{1,2}
u,x

until reaching y. In other words, this is exactly the quenched distribution Q%, until absorp-
tion at y and the path-to-point polymer measure is exactly the stationary polymer measure
introduced above.

One can also go in the other direction: starting from a stationary model with boundary we
can define a corrector distribution. More precisely, suppose we are given a boundary down-
right pathy = y_oo 00 With y,, - (61 — e2) = m form € Z and a point u € y. Abbreviate

={zeZ?:z £ v, Vv € y}. Equip 2y = =R x RY with the product topology and Borel
o- algebra and denote the natural projections of an element w € $2y by w,, z € I[Jr and @y,
v € y. Suppose we are given a probability measure Py on £2y under which {w; : z € JI;r }
and {®, : v € y} are independent and such that the distribution of {w, : z € H; } is the same
under IP; as under IPy.

Letmg = u-(e; —ez), sothatu = y,,,. Form € Zlet B(u, x,,) = Zm

i=mo w; form > mg
and B(u, x,) = — Z:”Z‘)m_ ! w; for m < my. Define the path-to-point partition function Z,M,
v e ]I; Uy, by (2.10). The probability measure PP; is said to be a stationary polymer model

with boundary y if the distribution of
{0otzr ZY o) Zouye sV €LY, y € T Uy},

induced by Py, does not depend on z € Z%r.
Forx,y e ]I; Uy let

By (-x7 )’) IOg Zu .y log Zu X -
Then the above definition is equivalent to saying that the distribution of
{Opiz, By(x + 2,y +2) tv €Ly, x,y € I Uy},

induced by PPy, is the same for all z € Zi. Kolmogorov’s consistency theorem allows then
to extend P; to a probability measure P on (£2, ) and a few direct computations check that
P is a stationary future-independent corrector distribution with £2p-marginal Py.

2.5 The Stationary Log-Gamma Polymer

As mentioned earlier, stationary polymer measures with boundaries were a crucial tool in the
study of solvable models. In this section we recall the example of Seppéldinen’s log-gamma
polymer [29], which fits our setting. Related models include the stationary semi-discrete
model in [25], where the boundary (—o0, 00) x {0} was used, which is analogous to y_oo, 00 =
Ze1, and the models studied in [3,11,32], where y_o0,0 = Zy ez and yp oo = Z+e] were used.
In all of these models, the reference point is taken to be u = 0.

For @ > 0 let Wy denote the distribution of a random variable X such that e =X is gamma-
distributed with scale parameter 1 and shape parameter 6. Let Wy denote the distribution
of —X. The log-gamma polymer is the directed polymer measure on Z> with Py being the

product measure W%Zz for some p > 0.
Consider the boundary path y_s 0 = Zyer and yp o = Zyej and the origin point
= 0. Then ]I;' = N2 Fix 6 € (0, p) and let P; be the product probability measure
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678 C. Janjigian, F. Rassoul-Agha

2 N . .. .
W?N ® W?Nel QW p_gz. The path-to-point partition functions Zg’f, X € Zi, can be com-

puted inductively by the equations

Y@ wy (7Y@ y.o 2
ZO,x =e¢ X(ZO,xfel + ZO,xfeg)’ x € N°,

and the initial conditions

y.® y.® m—l o y.@ —S
Zo,o =1, ZO,mel — eXizo Pier and Zo,me2 = e Xini “iee  m e ZLy.

Equivalently, By(x, x +¢;),i € {1,2},x € 72, are computed inductively using

eBy(x*EIaX) — ewx(] + eBy(xfel*ez,xfez)e*By(xfel*Ez,xfel))7

@2.11)

eBy(x*ELX) — ewx(l + eBy(x*el*ez,xﬂ?l)e*By(X*el*62,)6*62))7

forx € N2, and the initial conditions By(mey, (m+1)e1) = wpe, and By(mey, (m+1)ez) =
—@(m+1)es» M € Zy. Compare to (3.2) in [29]. Then By(x, y), x,y € Zi, are computed via
the cocycle property that By satisfies. The Burke property [29, Theorem 3.3] implies that Py
is stationary in the sense of the previous section.

Alternatively, one can use the boundary path y_~ 0 = Ze3 and yp, 0o = Z+e] and then

I . .
]Iy+ = Z x N and P; would be the product measure W, ¥ ® W?y. The partition functions
Zg’;”, X € Z x Z, are now computed inductively by the equations

o0
Y. _ Yo Oxiey 7Y
230 =Y eximoeiazd . X €LXN,
m=0
and the initial conditions
y.o _ yo _ ymle yo o o =Y e
Zyo = 1, ZO,mel = e&i=0 “iet  and ZO’_me1 =e ~i=1%a . m ey

Equivalently, By(x, x +¢;), i € {1, 2}, x € Z x Z are computed inductively using

oo m
oBy—ex) _ ea)x<1 + 3 e —By<x—ez—ie1w—ez—(z‘—l)q)),

m=1i=1

eBy(xfel,x) — ea)x(l +eBy(xfel762,x762)efo(x7e17ez,x7e1)), (212)

for x € Z x N, and the initial conditions By(mej, (m + 1)e1) = wpe,, m € Z. Analysis
of the general polymer model with boundary conditions of this type plays a key role in our
analysis. See in particular the discussion in Sect. 4.2.

By the uniqueness in Lemma 4.3, the distribution of {By(x, x +¢;) : x € Zi_} in this
construction is the same as the one in the above construction. Consequently, Py is again
stationary in the sense of the previous section. See Lemma 4.9 for the details of this argument.

3 Main Results

Consider a stationary future-independent L! corrector distribution I with £2o-marginal PPy.
By shift-invariance and the cocycle property,

E[B(0, x + y)] = E[B(0, x)] + E[B(x, x + y)] = E[B(0, x)] + E[B(0, y)],
for all x, y € Z2. Hence, there exists a unique vector mp € R2, called the mean vector, such

that E[B(0, x)] = x - mp for all x € Z2. In particular, mp -¢; = E[B(0, ¢;)].
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Our first main result is on the uniqueness of ergodic corrector distributions with prescribed
i.i.d. £29-marginal and mean mp -¢;.

Theorem 3.1 Fix an i.i.d. probability measure Py on (829, Fo) with L' weights. Fix a number
a € R Fixi € {1,2}. There is at most one stationary T,,-ergodic future-independent L'
corrector distribution P with 2o-marginal Py and such that mp -¢; = «.

In terms of stationary polymers with boundary y = Z ey, this theorem says that, in general,
the T, -ergodic stationary distributions form a one parameter family, indexed by the mean of
the boundary weights. The formulation in terms of corrector distributions allows us to extend
this result to more general boundary geometries.

We next turn to the question of determining which values of the parameter mp admit
ergodic stationary polymers. To state our second result we need a few more definitions
and some more hypotheses. Recall the point-to-point partition functions (2.2). Assume that
E[|wo|?] < oo for some p > 2. Then Theorem 2.2(a), Remark 2.3, and Theorems 2.4,
2.6(b), and 3.2(a) of [28] imply that there exists a deterministic continuous 1-homogenous
concave function Ap, : Ri_ — R such that Py-almost surely

n0g Z§ ) — Apy(§) forall§ € RY. 3.1

Given & € (0, 00)2, let
ARy (&) = [beR? 1 b-(& — ¢) < Apy(§) — Ap,(¢), ¥¢ € R} (3.2)

denote the superdifferential of Ap, at £. This is a convex set. Let ext d Ap,(§) denote its
extreme points. If £ € (0, co)? then Ap, is differentiable at £ if and only if

dAp, (§) = ext I Ap,(§) = {VAp,(§)}. (3.3)

Otherwise, ext d Ap,(§) consists of exactly two points (see Lemma 4.6(c) in [19]). It is
conjectured that Ap, is differentiable on (0, 00)? and then (3.3) holds for all & e (0, 00)2.
Note that due to the homogeneity of Ap,, dAp,(§) = dAp,(c) for all £ € (0, 00)? and
c>0.

Before presenting our second main result in the present paper, we record some useful inputs
from our companion paper [19]. The first is Lemma 4.5(a) in that paper and it characterizes
the possible mean vectors of corrector distributions.

Lemma3.2 If P is a stationary future-independent corrector distribution with an $2¢-
marginal givenbyi.i.d. LP weights, p > 2, thenmp € 0 Ap,(§) for some& € {tej+(1—t)es :
0<t<1}=lep,erl.

The second is Theorem 4.7 in that paper and gives existence of corrector distributions for
each such mean.

Lemma 3.3 Foreach b with the property thatb € 0 Ap,(§) for some & €ley, e[ and for each
probability measure Py on §20 under which the weights are i.i.d. and in L? for some p > 2,
there exists a stationary future-independent L' corrector distribution P with 2o-marginal
Py such that mp = b.

Let Cp, denote the collection of all stationary future-independent L! corrector distributions
with £29-marginal Py. In words, the last lemma says that as [P varies over Cp,,, its mean vector
mp spans all of US cler.es] AR (). The next result is an immediate consequence of Lemmas
4.7(b) and 4.7(d) in [19] and Lemma C.I in [18]. It says that in fact as P spans Cp, each
coordinate of mp spans (Eg[w], 00).
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680 C. Janjigian, F. Rassoul-Agha

Lemma 3.4 Fix an i.i.d. probability measure Py on (20, Fo) with LP weights, for some
p > 2. Then {mp : P € Cp,} is a closed curve in R2 and for eachi € {1,2}, mp-¢; : P €
Cpy} = (Eolwo], 00).

Our second main result in this paper gives a convenient tool which allows us to identify
ergodic stationary corrector distributions.

Theorem 3.5 Fix an i.i.d. probability measure Py on (20, Fo) with LP weights, for some
p > 2. Suppose P is a stationary future-independent corrector distribution with §2yo-marginal
Po. If mp € ext d Ap, (&) for some & €ley, ex, then IP is ergodic under T,, and T,,.

In principle, this result leaves open the possibility that there could be ergodic stationary
distributions with mean vectors which are not extreme points of the superdifferential of
the free energy. Nevertheless, in our setting, it is expected that Ap, is differentiable, in
which case every element of the superdifferential would be extreme. In particular, under
this hypothesis, for each & €]ey, ez[, Lemma 3.3 furnishes a future-independent L! corrector
distribution IP¢ with £2p-marginal Po such thatmp = V Ap, (§). Then, under the hypothesis of
differentiability, using Theorems 3.1 and 3.5 we have the following complete characterization
of all ergodic stationary polymer measures.

Corollary 3.6 Fix an i.i.d. probability measure Py on (20, Fo) with LP weights, for some
p > 2. Assume Ap, is differentiable on (0, 00)2. Then fori € {1, 2}, the collection of T, -
ergodic stationary corrector distributions is exactly given by {Pg : & €ley, e2[}. In particular,
for each & €ley, ex[ and each i € {1, 2}, P¢ is the unique T,,-ergodic future-independent
corrector distribution with §2o-marginal Py and such that mp = V Ap(§).

As a consequence, the above and Lemma 3.4 imply that the one-parameter family of
ergodic measures constructed in [29] is unique and assumption (2-6) of the scaling theory in
[30] is satisfied.

4 The Update Map
4.1 Motivation

In order to study the ergodic theory of stationary distributions or, equivalently, of corrector
distributions, it will be convenient to reformulate the recovery and cocycle properties in
exponentiated form. Given B : Z? x Z*> — R define the random variables V, ; = e®®b,
Xnk = eB(k=1),(n+1Lk=1)) apnd Yok = eB(k=1).(t.k)~ww for n, k € 7. The next lemma
rewrites the corrector property in terms of this notation. Compare (4.1) with (2.11).

Lemma 4.1 B is a corrector if and only if the following hold for all n, k € Z.:

Vn k
Y, =1 :
n+1,k + Xoi

Xk
Yox and Xppi1 = n+1,k(1++). @.1)
Vn,kYn,k

Proof The cocycle property (e) is equivalent to
B(x —ex,x) —B(x —e1,x) =B(x —ej —ez,x —e1) — B(x —e1 —e2,x —e2)

for all x € 7. Together, the cocycle and the recovery properties (e) and (f) are equivalent to

eBl—ex)—wr _ 1 4 Blx—ei—er.x—e))—0r—e| y0x—e| y~Bx—e1—e2.x—€2) apq

eBl—erx) _ Lo (1 + eB(x—el—ez,x—m—wmew.Hze—B(x—el—eg,x—el))
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holding for all x € Z2. Plug in x = (n + 1, k) in the first equation and x = (n, k) in the
second one, then apply the definitions of V, X, and Y. O

We will see in Lemma 4.3 below that iterating the first equation in (4.1) gives

n n ‘/lk
i

j==c0i=j

for all n, k € Z. 4.2)

Compare with (2.12) to see that this sum can be viewed as defining a polymer with boundary
conditions.

We now motivate the main tool in the proofs of Theorems 3.1 and 3.5, which we will call
the update map ®.

First, observe that if the variables {V,, x, Xn0 : n € Z,k € Zy} are given, then the
variables {X, x : n € Z, k € N} can be computed by induction on k, via (4.2) and the second
equation in (4.1), provided one shows that (4.2) defines the unique solution to the recursion
in the first equation in (4.1).

This observation and the equivalence of stationary corrector distributions and stationary
polymer measures with boundary, discussed in Sect. 2.4 (with here y = Zej), reduce the
problem of finding a stationary corrector distribution PP with £2p-marginal Py to the question
of finding a process {V, x, Xno0 : n € Z,k € Z,} such that {logV,,x : n € Z,k € Zy}
are i.i.d. with marginal Py and, after computing {X, x : n € Z, k € N} as described in the
previous paragraph, the process {V,, x, Xy x : n € Z,k € Z.} is stationary under shifts in
both the n and the k indices.

Stationarity of this process under shifts in the n index can be guaranteed by starting with
any process {V, x, Xn,0 : n € Z, k € Z} thatis already stationary under these shifts. Hence,
the task is to ensure that the process {V,, x, Xn .k : n € Z, k € Z} is also stationary under
shifts in the k index.

This question can be formulated as a fixed point problem. Begin by taking {log V, o :
n € Z} ii.d. with marginal Py and consider a stationary sequence X = {X, 0 : n € Z},
independent of the V-variables. Compute the next row of variables, X = {X,,.| : n € Z} via
(4.1) and (4.2). This defines an update map: if we denote the distribution of A = {log X, 0 :
n € 7} by u, the updated distribution @ (1) is the distribution of A = {log Xn1:n el
A more precise definition is given in Definition 4.5 below. In order to construct a corrector
distribution with a desired mean, we then need only find a distribution u that is a fixed point
for the map @ and such that the expected value of log X ¢ takes a prescribed value.

One way to find this fixed point is to follow a procedure familiar from the theory of
Markov chains. Namely, one starts with an arbitrary stationary process A = {log X, 0:n €
Z} that has the prescribed mean, then computes the distribution of the stationary process
A = {log X,,.1 : n € Z}. Tt will turn out that this process has the same mean. One might then
expect the distributions we obtain by iterating this procedure to converge to a distribution
which is stationary under the update rule, so long as there is a unique such distribution. A
natural way to ensure that this holds is to show that this update map @ is a contraction in an
appropriate space.

4.2 Preliminaries
We now begin working toward a precise definition of the map ¢ mentioned above. As one

can see from the discussion in the previous section, the first step in even defining the update
map is to ensure that (4.2) is the unique solution to the recurrence in first equation in (4.1)

@ Springer



682 C. Janjigian, F. Rassoul-Agha

within the class of processes that we study. Additionally, we need to prove that the map can
be iterated. These technical points are the focus of the present section.

The definition and properties of the update map @ that we study in this section and in
Sect. 4.3 require fewer assumptions than our main results. Hence, the next two sections have
their own setting and notation and can be read independently.

Suppose that we are given a stationary process X = {X,, : n € Z} and an i.i.d. sequence
V ={V, : n € Z} with X9 > 0 and V) > 0 almost surely. Assume the two families
are independent of each other and denote their joint distribution by P, with expectation E.
Suppose E[|log Xo|] < oo and E[|log Vp|] < oo. Let Z denote the shift-invariant o -algebra
of the process {(X,, V) : n € Z} and assume that

Ellog Xo | Z] > E[log Vo] P-almost surely. 4.3)
Lemma 4.2 Suppose that Y = {Y, : n € 7} satisfies the recursion
Yop1 =1+ Van_lYn, P-almost surely and for all n € Z. “4.4)
Then n'1{0 < Yy < oo} logY, — 0 almost surely.
Proof Leta € R and ¢ > 0 be given and abbreviate Uy = log Vy — log Xj. Define
F§(a)=aand F;, (a) =log (1 + exp{F;(a) + U, — E[Uy| Z] + ¢}) forn € Z.

An induction argument shows that for any n € N, we have

Fi(@) =log(1+ f exp{ni(Uk — ElUo| T +2))
m=1 k=m
+expla+ S(Uk — El| 1+ )}).
k=0

As usual, we take an empty sum to be zero. Rearranging we get

—1 -1
n-! log(eF'f(“) — 1) =e+n"! log(nZ: exp{nX:(Uk — E[Uy | I])}
m=1

k=m
+exp[a + S(Uk — E[Uo] I])})
k=0

and therefore

n—1

‘rfl 1og(eFﬁ"(“> - 1) - 5’ <n~'(ja] +logn) +n~!  max ‘Z(Uk — E[Us| ).
O§m§n—1k=m

4.5)

Birkhoft’s ergodic theorem implies that
n—1
. —1 _
lim n > (WU — E[Uy | T]) = 0.
k=0
A calculus exercise implies then that the right-hand side in (4.5) vanishes as n — o0. Thus,
Ff(a) =log(l + e"eT0m)y and therefore n ! F,lE (a) — & P-almost surely, for any a € R.
Another induction (using the fact that E[Ug | Z] < 0) shows thaton the event O < Yy < oo,
we have 0 < logY, < F; (logYy) for all n € N. The claim of the lemma follows. m]
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The next lemma proves that (4.2) is the unique stationary and almost surely finite solution
to the recurrence in first equation in (4.1).

Lemma 4.3 The process Y = {Y, : n € Z} given by

n_1+2 1‘[ (4.6)

m=—00 k=m

is the unique stationary and almost surely finite solution to (4.4). For any other process Y for
which (4.4) holds P-almost surely for alln € 7, Y must satisfy P{limj_>_OO |Y;| — oo} >0
and then either Y is stationary and P (|Yy| = 00) > 0 or Y is not stationary.

Proof Suppose Y is given by (4.6). By the ergodic theorem and (4.3)

n—1

1
lim Z (log Vx — log Xi) = E [log Vo —log Xo | Z] <0 almost surely. (4.7)

m—— oo|

Hence 1 < Y, < oo almost surely. It is also clear that Y is stationary and that (4.6) implies
(4.4).

Conversely, let Y satisfy (4.4) P-almost surely and for all n € Z. Iterating (4.4) implies
that whenever j < n — 1, we must have

n—1

Yo=1+ Z ]_[— ;—’; (4.8)

m=j+1k=m k=j
Suppose now that
P{ lim [j|~"log|Y;| > 0}: 0, (4.9)
Jj——00

where we take the convention that log oo = oo. Then this and (4.7) imply that almost surely

lim |Y|1_[Vk =

j—>—00

In this case, taking j — —oo in (4.8) along a subsequence that realizes this liminf implies
Y is given by (4.6) almost surely and for all n € Z.

If, alternatively, the probability in (4.9) is positive, then with positive probability |Y;| —
oo as j — —oo. If we furthermore assume that Y is stationary, then the ergodic theorem
implies that |Yy| = oo on the event {|Y;| — oo}. To see this last claim note that for any
c>0, k™! Z?:k L{|Yx| = ¢} = P(|Yo| = c| Z) almost surely. Consequently,

P{IYol # oo, [Yk| — oo} = E[1{|¥o| # oo} 1{[Yx| — o0}]
= E[P(IYol # oo | DYL{|Yy| — oo}] =

The lemma is proved. O

Given the setting at the beginning of the section, define Y = {Y,, : n € Z} by (4.6). By
Lemma 4.3, Y satisfies (4.4) and 1 < Yy < oo almost surely. Define the stationary process

— _ _ X
Xo = Vet (14 V, ' X, Y = Vi1 Yo oy €000, neZ (4.10)

ntn
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An induction argument shows that for n € N, we have

n n
Vi [T X = Yot Vi [ ] X (@.11)
k=1 k=1

Lemma 4.2 implies that log ¥, /n — 0 almost surely. Also, log Xo > log Vi almost surely.
Hence, Birkhoft’s ergodic theorem implies log X is integrable and

EllogXo | 7] = Ellog Xo | Z1. 4.12)

Lemma 4.4 Suppose {(X,ll, Vi, Ynl, j(}l) ‘n e} and{(X,%, Vi, Ynz, j(ﬁ) : n € Z} both satisfy
equations (4.6) and (4.10). Note that both families share the same V variables. Suppose also
that X} < X2 foralln € Z. Then Y} > Y? and X} < X2 foralln € Z.

Proof It follows immediately that if X! < X2 for all n € Z, then

n—1 n—1 Vi n—1 n—1 Vi
1 2
R YN | E TR o | B S
— _ Xk = - Xk
m=—00 k=m m=—00 k=m
Then one has X)) /Y,! < X2/Y? for all n € Z. It follows that
1

2
)?1 = Vn+1(1 + Xn ) < Vn+1(1 + Xn ) = )?2.
" VoY) — VY2 "

ntn n<n

The claim now follows by inductively repeating the above argument. O

4.3 Definition and Properties

We are now ready to give the precise definition of the update map @. Given a Polish space
X, let M (X) denote the set of Borel probability measures on X. Expectation with respect to
ameasure u € Mj(X) is denoted by E*. Let 24 = Qw = RZ. We denote the coordinate
projection random variables on £24 by (A, : n € Z) and on 2w by (W, : n € Z). Similarly,
on the space £24 x 2y, we denote the natural coordinate projections by ((A,, W,) : n € Z).
The spaces 24 and 24 x 2w come equipped with a natural group of shift operators. Call
Z the shift-invariant o -algebra on §£24 and 70 the shift-invariant o-algebra on 24 x Q.
Abusing notation and identifying Z with Z x 2w in 24 x 2w, we have T c Z°.

Recalling how X, V, and Y were introduced in Section 4.1, it is most natural to formulate
the definition of @ in terms of the variables A, = log X,,, W, = log V,,, and A,, = log X,,.

Definition 4.5 Let I" be a probability measure I" € M (R) with f |s| I"'(ds) < oo. Let
My = fs I (ds).

The update map ® = ®r : M{(R?) — M;(R%) maps a probability measure p €
M 1(£24) which satisfies EF#[Ag|Z] > My, n-almost surely, to the probability measure
D(n) € Mi([—o0, 00]%) as follows. Let A = (A, ),z have distribution w and let (W) ez
be i.i.d. I"-distributed random variables, independent of A. Then, @ (u) is the probability
distribution of (A,,),cz defined through

Xy = Vo 1+ V, ' X, 7,00,
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where X, = e, V, = e, X,, = ¢*n, and ¥, is given by

— n—1

neie X T8

m=—00 k=m

Two consequences of (4.12) are that E?(W[Ag] = E*[Ag] and E®WI[Ao|Z] > My,
@ (1)-almost surely. This means that the map @ is mean-preserving and that it can be iterated.

Next, we turn to proving that @ is a contraction. To achieve this we will rely on couplings
in the natural product spaces. Let (AL, A% = {(A,ll, Aﬁ) cn e Z) and (AL, A2, W) =
{(A,ll, A2 W,) : n € Z} be the natural coordinate projections on £24 X §£24 and £24 X £24 X
Qw, respectively. Equip all these spaces with the product topologies, Borel o -algebras, and
natural shifts.

Given two stationary probability measures wh, 12 on 24, let M(u!, u?) denote all sta-

tionary probability measures on §24 x §24, with marginals ! and p2. Define the p distance:

s(ut, ud) = inf  EM|AL — A2(]. 4.13
At u?) . [14g — Al] (4.13)

By the ergodic decomposition theorem, when 1! and p? are ergodic the infimum may be
taken over ergodic measures A. It is shown in [14, Theorem 8.3.1] that the p distance is
a metric and the infimum is achieved. Our main technical result is a positive-temperature
analogue of an argument originally due to Chang [4]. Note that the technical assumption
P(Vy > ¢) > 0 for all ¢, required in [4], is not needed in positive temperature.

Proposition 4.6 Let w! and w? be two ergodic probability measures on $24. Assume
EM[|Aoll < oo and E*'[Ag] > Mo, i € {1,2}. Then p(@ ("), ®(u?) < p(u', u?).
If in addition /' # p® but EM'[Ag] = E*2[Ag], then p(® ('), @ (u?) < p(ut, uh).

Proof Fix an ergodic A € Mt p) andlet P = 2 @ I'®Z € M (24 x 24 X 2w). We
denote the corresponding expectation by E. Being a product of an ergodic measure and a
product measure, P is also ergodic. Let A3 = Al v A2. Then

E[A}] = E[A)] = E"' [Ag] > M.

Thus, the setting at the beginning of the section applies to X3 = {X; Sinel)={e A ine
ZYandV ={V, :neZ)={e" :neZ}). Fori € {1,2,3}, constructA’ = {Ail n € 7}

using (4.6) and (4.10), with the C(lerenthIl that X = (Xil ‘ner) = {e n:n € 7). Lemma
4.4 implies that P-almost surely Ag > A(l) \ A(z). Hence P-almost surely and for all n € Z

|A) — Ajl = 240 Vv A} — A) — A§ = 2A] — Aj — Aj and

(4.14)
|A) — A3l =24} v Aj — Al — Aj < 243 — A} — A2,

By (4.12) we have E[A}] = E[logX}] = E[log X)] = E[A}] = E[A}] fori € {1,2,3}.
This and (4.14) give

E[|A)—AZ[] < E[2A3—A)—AZ|=E[2A}—A)—AZ1=E[|A}—A2|] = E*[|A}—AZ].

The left hand side is greater than p(® (1", @ (?)). The first claim now follows by taking
the infimum over A on the right hand side.
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Turning to the second claim, suppose that E#'[Ag] = E*2[Ap] and that w' # p?. Let
re Mult, ,uz) be an ergodic minimizer of (4.13). Then there exists an integer n > 1 with

P{A] <A} A, < A% 1 <m <n A} > AZ}=2{A] < AT A}, < A2 1 <m <nA) > A2} > 0.
Under the event above, we have
n n n
(A v (3 a) <>
k=m k=m k=m

whenever 1 < m < n. This is equivalent to

n

(T X,l)v(]i[ X7) < ]i[x,f (4.15)
k k=m

=m =m

We also have X,i \% X,% < X,? for all k € Z. Then the representation (4.6) of Yiie{l,2,3},

gives Y’?_H < Ynl_H A Ynz+1 and from (4.10), it follows that for i € {1, 2}

b XliH—l X;+1 3
el = +2(1+ ; ><V+2(1+ )— 1
" ’ V1Y, ’ Vn+1er3+1 "

Thus, P(Z}H_l \Y KIZH_] < Zfl_i_]) > (. In particular,

p(@ (), (1) < E[A} — A3 = E[|A}, — A2, ]
=1 72 1 72
= E[2A, 1 VA = Appy — Ayl
3 71 2 1 a2 mhr Al a2 = 1 2
< E[24; 1A, 1—A,  I=ENA - AGII=E A= Apll=p (0 7).
The result follows. O

Let MZ(£24) be the set of ergodic probability measures u € M (§24) with marginal
mean E*[Ag] = «. The following is an immediate consequence of the previous proposition.

Corollary 4.7 For each o > My there exists at most one (1 € MY (824) with @ () = .

Lemma 4.8 Suppose i € M|(82,) is stationary, ® () = u, and for some constant o« > My
we have
n—1

!
lim — Z Ay =, p-almost surely. (4.16)
n—oon o

Then (€ MG (824).

Proof By the ergodic decomposition theorem, there exists 0, € M; (Mg‘ (2 A)) with

n= / v Qu(dv).
M (824)

Let ¢ be a bounded measurable function on §24. Then

E*W[p(A)] = EXET [¢p(A)] = / EYE"" [¢(A)] Q,u(dv)
ME(824)

= / E®[¢(A)] Q,u(dv).
ME(824)
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This is equivalent to @ (u) = [ @ (v) Q. (dv). Since @ () = p, uniqueness in the ergodic
decomposition theorem implies that Q, o o '=90 - In particular, @ (v) € Mg (§24) for
Q.-almost every v. Also, for any k € N

/ A, (1) Qu(dv) = / A(@F (), DK (1)) Q. (@v).
ME(24) ME(824)

The inequality in Proposition 4.6 then implies that

0, ({v € MU(24) : v, D)) = H(@F (1), DL (1)) VK € N}) —1.

By the second part of Proposition 4.6 it must be the case that v = @ (v) for Q,-almost every
v. Corollary 4.7 then implies that Q,, is a Dirac mass and so . € M$(£24). ]

We close this section with a proof of the stationarity mentioned at the end of Sect. 2.5.

Lemma4.9 Fix p > 0 > 0. Assume {V, : n € Z} are i.i.d. such that 1/Vy is gamma-
distributed with scale parameter 1 and shape parameter p. Assume X, are i.i.d. such that
1/ X is gamma-distributed with scale parameter 1 and shape parameter 6. Assume the two
families of random variables are independent. Then {X,, : n € 7.}, defined by (4.10), has the
same distribution as {X, : n € Z}.

Proof Let Y} be independent of {X,,, V,, : n € Z,} with 1/Yj being gamma-distributed with
scale parameter 1 and shape parameter p — 6. Define {Y, : n € N} and {)7(,’1 tn € Zy}
inductively using

Vi =14V, X, 'Y, and X, = Vo1 (1 4+ V, ' X,/Y)).

n

The Burke property [29, Theorem 3.3] tells us that {(¥;, .. X}, s Xm4ns Vian) 1 € Zy}
has the same distribution for all m € Z and that {X/, : n € Z} has the same distribution as
{Xn ne Z+}

Using Kolmogorov’s extension theorem we can extend the above random variables to a
family {(Y), X}, X,,, V) : n € Z}. In particular, the distribution of X’ is the same as that of
the process X and Y’ and X’ satisfy the above induction for all n € Z.

By the uniqueness in Lemma 4.3, Y’ must equal the process Y defined by (4.6), which
then implies that X’ is the same as X defined by (4.10). The claim now follows because we

already established that X’ has the same distribution as X. O

5 Proof of Theorems 3.1 and 3.5

Fix an i.i.d. probability measure Py on (£29, Fp) with L! weights. Let P be a stationary
future-independent L' corrector distribution with §2p-marginal Pg. Let X,, = eB(€1-(+Den),
Y, = eBmernerten)=omeirey and v, = ¢®eiter p ¢ 7. Future independence implies the
two processes X and V are independent of each other. Let Z be the invariant o -algebra
for the process (X, V). Let u be the distribution of A = {logX, : n € Z}. Let My =
Elwo] = E[log Vo]. Recovery (f) implies that B(0, e;) > w,, and hence E[log Ag | Z] =
E[B(0, e1) | Z] > E[wo]. In particular, « = mp -¢; = E[B(0, e1)] > M.
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Lemma 5.1 There exists a Borel-measurable map F : RZ x RLN RZXZ% guch that
P-almost surely,

{(B(x,y,w):x,y € L x L4}
= F({B(ne1, (n + 1)e1) : n € Z}, {wne,+ke, : 1 € Z, k € N}).

Proof Lemma 4.1 implies that Y satisfies (4.4). Since it is a stationary almost surely finite
process, Lemma 4.3 implies that ¥ has the representation (4.6). Then the second equation in
(4.1) says that eB(re1ter.(rtDeiter) is oqual to X,,, defined by (4.10). This argument shows
that the process {B(ney, ne; +e3), B(ne; + ez, (n + 1)e; + ¢2) : n € Z} is a measurable
function of {B(ney, (n + 1)e1) : n € Z} and {wpe; 4, : 1 € Z}.

Since P is stationary, we have that A = {log X,, : n € Z} has the same distribution 1 as
A. In other words, @ (i) = . This lets us repeat the above procedure inductively to get that
{B(x,x+e;):x € ZxZ+,i = 1,2}isameasurable function of { B(ne;, (n+1)ey) : n € Z}
and {®ne,+ke, : 1 € Z,k € N}. We also have B(x + e;,x) = —B(x,x + ¢;), P-almost
surely. Then the cocycle property (e) implies that for x,y € Z x Zy, B(x, y) is the sum
of B(x, xx+1) along any path with steps {Ze;, ze>} from x to y. The claim of the lemma
follows. O

Corollary 5.2 If P’ is a stationary future-independent L' corrector distribution with $2-
marginal Py and the distributions of {B(ney, (n +1)e1) : n € Z} under P’ and P match, then
P=P

Proof Lemma 5.1 implies that the distributions of {B(x, y) : x,y € Z x Z4} under [P and
P’ match. Then stationarity of the two probability measures implies P = [P’ O

Proof of Theorem 3.1 As was mentioned in the proof of Lemma 5.1, u is a fixed point of @.
Corollary 4.7 says that there exists at most one ergodic such p. Corollary 5.2 thus implies
that there exists at most one 7, -ergodic P. Switching e and e, around in the definitions of
X and Y we get the same result for the T, shift. O

Proof of Theorem 3.5 Theorem 4.4 and Lemma 4.5(c) in [19] imply that n~1B(0, ne;) con-
verges almost surely to mp -e;. Since B(0, ney) = Z:’n_:lo A,, we have that (4.16) holds and
Lemma 4.8 says that y is ergodic. Corollary 5.2 says P is determined by o @ I'®%xZ+),
Since this is a product of an ergodic measure and a product measure, it is ergodic. Ergodicity
of P under the T,, shift follows. A symmetric argument gives the ergodicity under the 7,
shift. O
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