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Abstract
We study the ergodic theory of stationary directed nearest-neighbor polymer models on Z

2,
with i.i.d. weights. Such models are equivalent to specifying a stationary distribution on the
space of weights and correctors that satisfy certain consistency conditions. We show that for
a prescribed weight distribution and corrector mean, there is at most one stationary polymer
distribution which is ergodic under the e1 or e2 shift. Further, if the weights have more than
two moments and the corrector mean vector is an extreme point of the superdifferential of
the limiting free energy, then the corrector distribution is ergodic under each of the e1 and e2
shifts.

Keywords Cocycle · Corrector · Directed polymer · Gibbs measure · Stationary polymer

1 Introduction

Directed polymers with bulk disorder were introduced in the statistical physics literature by
Huse and Henley [17] in 1985 to model the domain wall separating the positive and negative
spins in the ferromagnetic Ising model with random impurities. These models have been
the subject of intense study over the past three decades; see the recent surveys [7,8,13,16].
Much of the reason for the interest in these models is due to the conjecture that under mild
hypotheses, such models are members of the Kardar–Parisi–Zhang (KPZ) universality class,
which is an extremely wide-ranging class of models believed to have the same statistical and
structural properties. See [9,10,15,26,27] for recent surveys.

Much like characterization of the Gaussian universality in terms of variants of the central
limit theorem (CLT), the KPZ class is characterized by its scaling exponents and limit distri-
butions. In the context of the directed polymer models we study in this paper, the conjecture
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is that the appropriately centered and normalized finite volume free energy converges to a
limit distribution which is independent of the random environment that the polymer lives in.
The KPZ scaling theory [22,24] predicts that the fluctuations around the limiting free energy
are of the order of the cube root of the size of the volume, in contrast to the square root
in the classical CLT. Moreover, the limiting distribution is not Gaussian. The effect of the
environment is felt only through the centering and normalizing constants, which play a role
similar to that of the mean and standard deviation in the CLT.

The scaling theory also predicts the values of these two non-universal constants if one has
a complete description of the spatially-ergodic and temporally-stationary measures for the
polymermodel. See [30] for an example of this computation in the setting of the semi-discrete
polymer model introduced by O’Connell and Yor in [25]. In the mathematics literature,
stationary polymer models have been studied primarily in the context of solvable models,
which have product-form stationary distributions. The first such solvable stationary polymer
model was the aforementioned model due to O’Connell and Yor. The first discrete model
was introduced by Seppäläinen in [29]. See also the models introduced in [3,11,31,32] and
studied further in [2,5,6]. Such models remain to date the only polymer models for which
the KPZ universality conjectures have been verified.

In the present paper, we investigate the ergodic theory of stationary directed polymers
on the lattice Z

2 with general i.i.d. weights and nearest-neighbor steps. The solvable model
in [29] is an example of the type of model we study. Specializing our results to the case
where the limiting free energy is everywhere differentiable, we show that the ergodic dis-
tributions form a one-parameter family, indexed by the derivative of the free energy. This
differentiability is satisfied in the model in [29] and is conjectured to hold generally. As a
consequence, our results imply that the ergodic measures constructed in [29] are the only
such measures in that model, which verifies that the hypotheses of the scaling theory are
satisfied. More generally, we give conditions under which one can conclude that a sta-
tionary distribution is ergodic as well as conditions under which an ergodic measure is
unique.

Apart from being fundamental objects for the study of the scaling theory, classifying
stationary ergodic polymer measures is important for addressing several other questions. We
mention two.

Our results on the classification of stationary and ergodic polymer measures can be refor-
mulated in terms of a characterization of the stationary and ergodic global physical solutions
to a discrete version of the viscous stochastic Burgers equation

∂tU = 1

2
∂xxU + 1

2
∂xU

2 + ∂x Ẇ ,

where Ẇ is space-time white noise. This connection is the focus of our companion paper
[20]. See also the discussion in [21].

In the language of statistical mechanics, stationary directed polymer measures are in cor-
respondence with shift-covariant semi-infinite Gibbs measures which are consistent with the
quenched point-to-point polymer measures. For a discussion of this point of view, we refer
the reader to [18,19].

We close this introduction by giving an outline of the rest of the paper. We introduce
polymer measures and stationary polymer measures in Sect. 2 then state our main results in
Sect. 3. In Sect. 4, we define and study our main tool, which we call the update map. The
proofs of the main theorems are then given in Sect. 5.
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674 C. Janjigian, F. Rassoul-Agha

2 Setting

2.1 Random Polymer Measures

Let Ω0 = R
Z
2
and equip it with the product topology and product Borel σ -algebra F0. A

generic point in Ω0 will be denoted by ω. Let {ωx (ω) : x ∈ Z
2} be the natural coordinate

projections. The number ωx models the energy stored at site x and is called the weight
or potential or environment at x . Define the natural shift maps Tz : Ω0 → Ω0, z ∈ Z

2,
by ωx (Tzω) = ωx+z(ω). We are given a probability measure P0 on (Ω0,F0) such that
{ωx : x ∈ Z

2} are i.i.d. under P0 and E0[|ω0|] < ∞.
Let Πu,v be the set of up-right paths, i.e. paths in Z

2 with steps in {e1, e2}, from u to v.
For m ≤ n in Z ∪ {±∞} we write xm,n to denote a path (xm, xm−1, . . . , xn) and we will use
the convention that xk · (e1 + e2) = k.

Given the weights, the quenched point-to-point polymer measures are probability mea-
sures on up-right paths between two fixed sites in which the probability of a path is
proportional to the exponential of its energy:

Qω
u,v(xm,n) = e

∑n
k=m+1 ωxk

Zω
u,v

, xm,n ∈ Πu,v, v ≥ u. (2.1)

Here, Zω
u,v is the quenched point-to-point partition function given by

Zω
u,v =

∑

xm,n∈Πu,v

e
∑n

k=m+1 ωxk , v ≥ u, (2.2)

with the convention that an empty sum equals 0. (Thus, Zω
u,u = 1 and Zω

u,v = 0 when v �≥ u.)
A computation shows that the point-to-point measure is a backwardMarkov chain starting

at v, taking steps {−e1,−e2}, and with absorption at u. If we define

Bu(x, y, ω) = log Zω
u,y − log Zω

u,x , x, y ≥ u,

then the transition probabilities of this Markov chain are given by

←−π u(x, x − ei , ω) = eωx Zω
u,x−ei

Zω
u,x

= eωx−Bu (x−ei ,x,ω) , u ≤ x ≤ v, x �= u, i ∈ {1, 2}.
(2.3)

Note that if x = u + kei , k ∈ N, then the chain takes −ei steps until it reaches u. The
processes Bu satisfy the (rooted) cocycle property

Bu(x, y, ω) + Bu(y, z, ω) = Bu(x, z, ω), x, y, z ≥ u. (2.4)

Since Zω
u,v satisfies the recurrence

Zu,x = eωx (Zu,x−e1 + Zu,x−e2), x − u ∈ N
2, (2.5)

we see that Bu also satisfies the recovery property

e−Bu (x−e1,x,ω) + e−Bu (x−e2,x,ω) = e−ωx , x − u ∈ N
2. (2.6)

Note also that

Bu(x, y, Tzω) = Bu+z(x + z, y + z, ω) (2.7)
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Stationary Directed Polymers 675

and that if x, y ≤ v, then Bu(x, y, ω) is a function of {ωz : z ≤ v} and is hence independent
of {ωz : z �≤ v}.

A stationary polymer measure is one that retains the properties (2.4), (2.6), (2.7), and the
above independence structure, but without a reference to the roots u and u + z. This leads us
to the notion of corrector distributions.

2.2 Corrector Distributions

Extend the measurable space (Ω0,F0) to (Ω,F) where Ω = R
Z
2 × R

Z
2×Z

2
, equipped

with the product topology, and F is the product Borel σ -algebra. Now, ω will denote a
generic point in Ω and {ωx (ω) : x ∈ Z

2} and {B(x, y, ω) : x, y ∈ Z
2} denote the natural

coordinate projections. The natural shift maps are now given by Tz : Ω → Ω , z ∈ Z
2, with

ωx (Tzω) = ωx+z(ω) and B(x, y, Tzω) = B(x + z, y + z, ω). We will abuse notation and
keep usingωx and Tz to denote, respectively, the natural projections and shifts on the original
space Ω0.

We say that a probability measure P on (Ω,F) is a stationary future-independent L1

corrector distribution with Ω0-marginal P0 if it satisfies the following:
I. Distributional Properties: for all x, y, z ∈ Z

2

(a) Prescribed marginal: the Ω0-marginal is P0,
(b) Stationarity: P is invariant under Tz ,
(c) Integrability: E[|B(x, y)|] < ∞,
(d) Future-independence: for any down-right path y = (yk)k∈Z, i.e. yk+1 − yk ∈ {e1,−e2},

{B(x, y, ω) : ∃v ∈ y : x, y ≤ v} and {ωz : z �≤ v,∀v ∈ y} are independent.
II. Almost Sure Properties: for P-almost every ω and all x, y, z ∈ Z

2

(e) Cocycle: B(x, y) + B(y, z) = B(x, z),
(f) Recovery: e−B(x−e1,x) + e−B(x−e2,x) = e−ωx .

We say P is ergodic under Tz (or Tz-ergodic) if P(A) ∈ {0, 1} for all sets A ∈ F such that
Tz A = A. As it is customary with probability notation (and was already done above), we will
often omit the ω from the arguments of B(x, y) and ωx . A function B satisfying property
(e) is called a cocyle. If it also satisfies (f) then it is called a corrector. Our use of the word
“corrector” comes from an analogy with stochastic homogenization. See e.g. [1, p. 467]. The
recovery equation (f) is the analogue of (3.4) in that paper.

2.3 Stationary Polymer Measures from Corrector Distributions

A stationary polymer measure is given by first specifying a stationary future-independent
corrector distribution P with an i.i.d.Ω0-marginal P0. Given a realization of the environment
ω, the quenched polymer measure Qω

v rooted at v ∈ Z
2 is a Markov chain starting at v and

having transition probabilities

←−π (x, x − ei , ω) = eωx−B(x−ei ,x,ω), x ∈ Z
2, i ∈ {1, 2}. (2.8)

Observe that ←−π (x, x − ei , ω) = ←−π (0,−ei , Txω). Hence, stationary polymer measures are
in fact examples of the familiar model of a random walk in a stationary random environment
(RWRE).
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676 C. Janjigian, F. Rassoul-Agha

The quenched point-to-point measure (2.1) can also be viewed as a forwardMarkov chain
starting at u, taking steps {e1, e2}, with absorption at v and transitions

−→π v(x, x + ei , ω)=eωx+ei Zω
x+ei ,v

Zω
x,v

=eωx−Bv(x,x+ei ) , u ≤ x ≤ v, x �= v, i ∈ {1, 2}, (2.9)

where now Bv(x, y, ω) = log Zω
x,v − log Zω

y,v + ωx − ωy . This structure also leads to
stationary polymer measures that are stationary (forward) RWREs with steps {e1, e2} and
whose transitions are of the form −→π (x, x + ei , ω) = eωx−B(x,x+ei ,ω), i ∈ {1, 2}, where B is
an L1 stationary corrector but with the recovery equation replaced by e−ωx = e−B(x,x+e1) +
e−B(x,x+e2) and future-independence replaced by past-independence (defined in the obvious
way). The two points of view are in fact equivalent due to the symmetry of P0 with respect
to reflections of the axes.

It should be noted that although the weights {ωx : x ∈ Z
2} are i.i.d. under P0, the

transitions {←−π (x, x − e1) : x ∈ Z
2} (and {−→π (x, x + e1) : x ∈ Z

2}) are highly correlated,
causing the paths of the RWREs to be superdiffusive with a 2/3 scaling exponent. See for
example Theorem 7.2 of [12].

2.4 Stationary Polymer Measures with Boundary

Another, perhaps more familiar, way of introducing stationary polymer measures comes by
considering solutions to the recursion (2.5), but with appropriate boundary conditions. This
is how these measures were introduced in the study of solvable models mentioned in the
introduction. We explain in this section how this viewpoint is the same as the one via the
framework of corrector distributions.

Given a stationary future-independent corrector distribution P with an i.i.d. Ω0-marginal
P0, a down-right path y = y−∞,∞ with ym · (e1 − e2) = m for m ∈ Z, and a point u ∈ y,
define the quenched path-to-point partition functions

Zy,ω
u,v =

∑

xm,n∈Πy,v

eB(u,xm )+∑n
k=m+1 ωxk . (2.10)

Here, Πy,v is the set of up-right paths xm,n that start at a point xm ∈ y, exit y right away, i.e.
xm+1 /∈ y, and end at xn = v. Recall that an empty sum is 0. If v ∈ y, then Πy,v consists of
a single path and Zy,ω

u,v = eB(u,v).
The cocycle and recovery properties (e) and (f) imply that eB(u,x) satisfies the same

recurrence relation (2.5) as Zy,ω
u,x . Since the two also match for x ∈ y we deduce that Zy,ω

u,x =
eB(u,x) for all x for which Πy,x �= ∅. In particular, this definition is independent of the
boundary y and gives a stationary field {eB(u,v) : u, v ∈ Z

2} of point-to-point partition
functions. Also, this explains why B is called a corrector: it corrects the potential {ωx : x ∈
Z
2}, turning the superadditive log Zω

u,v into an additive cocycle log Zy,ω
u,v . This is a key idea

in stochastic homogenization theory. For more, see for example Sect. 2 of [23].
The corresponding quenched path-to-point polymer measure is given by

Qy,ω
u,v (xm,n) = eB(u,xm )+∑n

k=m+1 ωxk

Zy,ω
u,v

, xm,n ∈ Πy,v.
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Qy,ω
u,v is the distribution of a Markov chain starting at v and having transition probabilities

←−π (x, x − ei , ω) = eωx Zy,ω
u,x−ei

Zy,ω
u,x

= eωx−B(x−ei ,x,ω), x ∈ Z
2, i ∈ {1, 2}

until reaching y. In other words, this is exactly the quenched distribution Qω
v , until absorp-

tion at y and the path-to-point polymer measure is exactly the stationary polymer measure
introduced above.

One can also go in the other direction: starting from a stationary model with boundary we
can define a corrector distribution. More precisely, suppose we are given a boundary down-
right path y = y−∞,∞ with ym · (e1 − e2) = m for m ∈ Z and a point u ∈ y. Abbreviate

I
+
y = {z ∈ Z

2 : z �≤ v,∀v ∈ y}. Equip Ωy = R
I
+
y × R

y with the product topology and Borel
σ -algebra and denote the natural projections of an element ω ∈ Ωy by ωz , z ∈ I

+
y , and ω̄v ,

v ∈ y. Suppose we are given a probability measure P1 on Ωy under which {ωz : z ∈ I
+
y }

and {ω̄v : v ∈ y} are independent and such that the distribution of {ωz : z ∈ I
+
y } is the same

under P1 as under P0.
Letm0 = u · (e1−e2), so that u = ym0 . Form ∈ Z let B(u, xm) = ∑m−1

i=m0
ω̄i form ≥ m0

and B(u, xm) = −∑m0−1
i=m ω̄i for m ≤ m0. Define the path-to-point partition function Zy,ω

u,v ,
v ∈ I

+
y ∪ y, by (2.10). The probability measure P1 is said to be a stationary polymer model

with boundary y if the distribution of

{ωv+z, Z
y,ω
u,y+z/Z

y,ω
u,u+z : v ∈ I

+
y , y ∈ I

+
y ∪ y},

induced by P1, does not depend on z ∈ Z
2+.

For x, y ∈ I
+
y ∪ y let

By(x, y) = log Zy,ω
u,y − log Zy,ω

u,x .

Then the above definition is equivalent to saying that the distribution of

{ωv+z, By(x + z, y + z) : v ∈ I
+
y , x, y ∈ I

+
y ∪ y},

induced by P1, is the same for all z ∈ Z
2+. Kolmogorov’s consistency theorem allows then

to extend P1 to a probability measure P on (Ω,F) and a few direct computations check that
P is a stationary future-independent corrector distribution with Ω0-marginal P0.

2.5 The Stationary Log-Gamma Polymer

As mentioned earlier, stationary polymer measures with boundaries were a crucial tool in the
study of solvable models. In this section we recall the example of Seppäläinen’s log-gamma
polymer [29], which fits our setting. Related models include the stationary semi-discrete
model in [25], where the boundary (−∞,∞)×{0}was used, which is analogous to y−∞,∞ =
Ze1, and themodels studied in [3,11,32], where y−∞,0 = Z+e2 and y0,∞ = Z+e1 were used.
In all of these models, the reference point is taken to be u = 0.

For θ > 0 let Wθ denote the distribution of a random variable X such that e−X is gamma-
distributed with scale parameter 1 and shape parameter θ . Let Wθ denote the distribution
of −X . The log-gamma polymer is the directed polymer measure on Z

2 with P0 being the
product measure W

⊗Z
2

ρ for some ρ > 0.
Consider the boundary path y−∞,0 = Z+e2 and y0,∞ = Z+e1 and the origin point

u = 0. Then I
+
y = N

2. Fix θ ∈ (0, ρ) and let P1 be the product probability measure
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678 C. Janjigian, F. Rassoul-Agha

W
⊗N

2

ρ ⊗ W
⊗Ne1
θ ⊗W

⊗Ne2
ρ−θ . The path-to-point partition functions Zy,ω

0,x , x ∈ Z
2+, can be com-

puted inductively by the equations

Zy,ω
0,x = eωx (Zy,ω

0,x−e1
+ Zy,ω

0,x−e2
), x ∈ N

2,

and the initial conditions

Zy,ω
0,0 = 1, Zy,ω

0,me1
= e

∑m−1
i=0 ω̄ie1 and Zy,ω

0,me2
= e−∑m

i=1 ω̄ie2 , m ∈ Z+.

Equivalently, By(x, x + ei ), i ∈ {1, 2}, x ∈ Z
2+, are computed inductively using

eBy(x−e1,x) = eωx
(
1 + eBy(x−e1−e2,x−e2)e−By(x−e1−e2,x−e1)

)
,

eBy(x−e2,x) = eωx
(
1 + eBy(x−e1−e2,x−e1)e−By(x−e1−e2,x−e2)

)
,

(2.11)

for x ∈ N
2, and the initial conditions By(me1, (m+1)e1) = ω̄me1 and By(me2, (m+1)e2) =

−ω̄(m+1)e2 , m ∈ Z+. Compare to (3.2) in [29]. Then By(x, y), x, y ∈ Z
2+, are computed via

the cocycle property that By satisfies. The Burke property [29, Theorem 3.3] implies that P1

is stationary in the sense of the previous section.
Alternatively, one can use the boundary path y−∞,0 = Z+e2 and y0,∞ = Z+e1 and then

I
+
y = Z × N and P1 would be the product measure W

⊗ I
+
y

ρ ⊗ W
⊗ y
θ . The partition functions

Zy,ω
0,x , x ∈ Z × Z+, are now computed inductively by the equations

Zy,ω
0,x =

∞∑

m=0

e
∑m

i=0 ωx−ie1 Zy,ω
0,x−e2−me1

, x ∈ Z × N,

and the initial conditions

Zy,ω
0,0 = 1, Zy,ω

0,me1
= e

∑m−1
i=0 ω̄ie1 and Zy,ω

0,−me1
= e− ∑m

i=1 ω̄−ie1 , m ∈ Z+.

Equivalently, By(x, x + ei ), i ∈ {1, 2}, x ∈ Z × Z+ are computed inductively using

eBy(x−e2,x) = eωx
(
1 +

∞∑

m=1

m∏

i=1

eωx−ie1−By(x−e2−ie1,x−e2−(i−1)e1)
)
,

eBy(x−e1,x) = eωx
(
1 + eBy(x−e1−e2,x−e2)e−By(x−e1−e2,x−e1)

)
, (2.12)

for x ∈ Z × N, and the initial conditions By(me1, (m + 1)e1) = ω̄me1 , m ∈ Z. Analysis
of the general polymer model with boundary conditions of this type plays a key role in our
analysis. See in particular the discussion in Sect. 4.2.

By the uniqueness in Lemma 4.3, the distribution of {By(x, x + ei ) : x ∈ Z
2+} in this

construction is the same as the one in the above construction. Consequently, P1 is again
stationary in the sense of the previous section. See Lemma 4.9 for the details of this argument.

3 Main Results

Consider a stationary future-independent L1 corrector distribution P with Ω0-marginal P0.
By shift-invariance and the cocycle property,

E[B(0, x + y)] = E[B(0, x)] + E[B(x, x + y)] = E[B(0, x)] + E[B(0, y)],
for all x, y ∈ Z

2. Hence, there exists a unique vectormP ∈ R
2, called the mean vector, such

that E[B(0, x)] = x · mP for all x ∈ Z
2. In particular, mP ·ei = E[B(0, ei )].
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Our first main result is on the uniqueness of ergodic corrector distributions with prescribed
i.i.d. Ω0-marginal and meanmP ·ei .
Theorem 3.1 Fix an i.i.d. probability measure P0 on (Ω0,F0)with L1 weights. Fix a number
α ∈ R. Fix i ∈ {1, 2}. There is at most one stationary Tei -ergodic future-independent L1

corrector distribution P with Ω0-marginal P0 and such that mP ·ei = α.

In terms of stationary polymers with boundary y = Z e1, this theorem says that, in general,
the Te1 -ergodic stationary distributions form a one parameter family, indexed by the mean of
the boundary weights. The formulation in terms of corrector distributions allows us to extend
this result to more general boundary geometries.

We next turn to the question of determining which values of the parameter mP admit
ergodic stationary polymers. To state our second result we need a few more definitions
and some more hypotheses. Recall the point-to-point partition functions (2.2). Assume that
E[|ω0|p] < ∞ for some p > 2. Then Theorem 2.2(a), Remark 2.3, and Theorems 2.4,
2.6(b), and 3.2(a) of [28] imply that there exists a deterministic continuous 1-homogenous
concave function ΛP0 : R

2+ → R such that P0-almost surely

n−1 log Zω
0,
nξ� −→

n→∞ ΛP0(ξ) for all ξ ∈ R
2+. (3.1)

Given ξ ∈ (0,∞)2, let

∂ΛP0(ξ) = {
b ∈ R

2 : b ·(ξ − ζ ) ≤ ΛP0(ξ) − ΛP0(ζ ), ∀ζ ∈ R
2+
}

(3.2)

denote the superdifferential of ΛP0 at ξ . This is a convex set. Let ext ∂ΛP0(ξ) denote its
extreme points. If ξ ∈ (0,∞)2 then ΛP0 is differentiable at ξ if and only if

∂ΛP0(ξ) = ext ∂ΛP0(ξ) = {∇ΛP0(ξ)}. (3.3)

Otherwise, ext ∂ΛP0(ξ) consists of exactly two points (see Lemma 4.6(c) in [19]). It is
conjectured that ΛP0 is differentiable on (0,∞)2 and then (3.3) holds for all ξ ∈ (0,∞)2.
Note that due to the homogeneity of ΛP0 , ∂ΛP0(ξ) = ∂ΛP0(cξ) for all ξ ∈ (0,∞)2 and
c > 0.

Before presenting our secondmain result in the present paper,we record someuseful inputs
from our companion paper [19]. The first is Lemma 4.5(a) in that paper and it characterizes
the possible mean vectors of corrector distributions.

Lemma 3.2 If P is a stationary future-independent corrector distribution with an Ω0-
marginal given by i.i.d. L p weights, p > 2, thenmP ∈ ∂ΛP0(ξ) for some ξ ∈ {te1+(1−t)e2 :
0 < t < 1} =]e1, e2[.
The second is Theorem 4.7 in that paper and gives existence of corrector distributions for
each such mean.

Lemma 3.3 For each bwith the property that b ∈ ∂ΛP0(ξ) for some ξ ∈]e1, e2[ and for each
probability measure P0 on Ω0 under which the weights are i.i.d. and in L p for some p > 2,
there exists a stationary future-independent L1 corrector distribution P with Ω0-marginal
P0 such thatmP = b.

Let CP0 denote the collection of all stationary future-independent L1 corrector distributions
withΩ0-marginal P0. In words, the last lemma says that as P varies over CP0 , its mean vector
mP spans all of

⋃
ξ∈]e1,e2[ ∂ΛP0(ξ). The next result is an immediate consequence of Lemmas

4.7(b) and 4.7(d) in [19] and Lemma C.1 in [18]. It says that in fact as P spans CP0 each
coordinate of mP spans (E0[ω0],∞).
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680 C. Janjigian, F. Rassoul-Agha

Lemma 3.4 Fix an i.i.d. probability measure P0 on (Ω0,F0) with L p weights, for some
p > 2. Then {mP : P ∈ CP0} is a closed curve in R

2 and for each i ∈ {1, 2}, {mP ·ei : P ∈
CP0} = (E0[ω0],∞).

Our second main result in this paper gives a convenient tool which allows us to identify
ergodic stationary corrector distributions.

Theorem 3.5 Fix an i.i.d. probability measure P0 on (Ω0,F0) with L p weights, for some
p > 2. SupposeP is a stationary future-independent corrector distribution withΩ0-marginal
P0. If mP ∈ ext ∂ΛP0(ξ) for some ξ ∈]e1, e2[, then P is ergodic under Te1 and Te2 .

In principle, this result leaves open the possibility that there could be ergodic stationary
distributions with mean vectors which are not extreme points of the superdifferential of
the free energy. Nevertheless, in our setting, it is expected that ΛP0 is differentiable, in
which case every element of the superdifferential would be extreme. In particular, under
this hypothesis, for each ξ ∈]e1, e2[, Lemma 3.3 furnishes a future-independent L1 corrector
distributionPξ withΩ0-marginalP0 such thatmP = ∇ΛP0(ξ). Then, under the hypothesis of
differentiability, using Theorems 3.1 and 3.5we have the following complete characterization
of all ergodic stationary polymer measures.

Corollary 3.6 Fix an i.i.d. probability measure P0 on (Ω0,F0) with L p weights, for some
p > 2. Assume ΛP0 is differentiable on (0,∞)2. Then for i ∈ {1, 2}, the collection of Tei -
ergodic stationary corrector distributions is exactly given by {Pξ : ξ ∈]e1, e2[}. In particular,
for each ξ ∈]e1, e2[ and each i ∈ {1, 2}, Pξ is the unique Tei -ergodic future-independent
corrector distribution with Ω0-marginal P0 and such thatmP = ∇ΛP0(ξ).

As a consequence, the above and Lemma 3.4 imply that the one-parameter family of
ergodic measures constructed in [29] is unique and assumption (2-6) of the scaling theory in
[30] is satisfied.

4 The Update Map

4.1 Motivation

In order to study the ergodic theory of stationary distributions or, equivalently, of corrector
distributions, it will be convenient to reformulate the recovery and cocycle properties in
exponentiated form. Given B : Z

2 × Z
2 → R define the random variables Vn,k = eω(n,k) ,

Xn,k = eB((n,k−1),(n+1,k−1)), and Yn,k = eB((n,k−1),(n,k))−ω(n,k) for n, k ∈ Z. The next lemma
rewrites the corrector property in terms of this notation. Compare (4.1) with (2.11).

Lemma 4.1 B is a corrector if and only if the following hold for all n, k ∈ Z:

Yn+1,k = 1 + Vn,k

Xn,k
Yn,k and Xn,k+1 = Vn+1,k

(
1 + Xn,k

Vn,kYn,k

)
. (4.1)

Proof The cocycle property (e) is equivalent to

B(x − e2, x) − B(x − e1, x) = B(x − e1 − e2, x − e1) − B(x − e1 − e2, x − e2)

for all x ∈ Z
2. Together, the cocycle and the recovery properties (e) and (f) are equivalent to

eB(x−e2,x)−ωx = 1 + eB(x−e1−e2,x−e1)−ωx−e1 eωx−e1 e−B(x−e1−e2,x−e2) and

eB(x−e1,x) = eωx
(
1 + eB(x−e1−e2,x−e2)−ωx−e2 eωx−e2 e−B(x−e1−e2,x−e1)

)
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holding for all x ∈ Z
2. Plug in x = (n + 1, k) in the first equation and x = (n, k) in the

second one, then apply the definitions of V , X , and Y . ��
We will see in Lemma 4.3 below that iterating the first equation in (4.1) gives

Yn+1,k = 1 +
n∑

j=−∞

n∏

i= j

Vi,k
Xi,k

for all n, k ∈ Z. (4.2)

Compare with (2.12) to see that this sum can be viewed as defining a polymer with boundary
conditions.

We now motivate the main tool in the proofs of Theorems 3.1 and 3.5, which we will call
the update map Φ.

First, observe that if the variables {Vn,k, Xn,0 : n ∈ Z, k ∈ Z+} are given, then the
variables {Xn,k : n ∈ Z, k ∈ N} can be computed by induction on k, via (4.2) and the second
equation in (4.1), provided one shows that (4.2) defines the unique solution to the recursion
in the first equation in (4.1).

This observation and the equivalence of stationary corrector distributions and stationary
polymer measures with boundary, discussed in Sect. 2.4 (with here y = Ze1), reduce the
problem of finding a stationary corrector distribution P with Ω0-marginal P0 to the question
of finding a process {Vn,k, Xn,0 : n ∈ Z, k ∈ Z+} such that {log Vn,k : n ∈ Z, k ∈ Z+}
are i.i.d. with marginal P0 and, after computing {Xn,k : n ∈ Z, k ∈ N} as described in the
previous paragraph, the process {Vn,k, Xn,k : n ∈ Z, k ∈ Z+} is stationary under shifts in
both the n and the k indices.

Stationarity of this process under shifts in the n index can be guaranteed by starting with
any process {Vn,k, Xn,0 : n ∈ Z, k ∈ Z+} that is already stationary under these shifts. Hence,
the task is to ensure that the process {Vn,k, Xn,k : n ∈ Z, k ∈ Z+} is also stationary under
shifts in the k index.

This question can be formulated as a fixed point problem. Begin by taking {log Vn,0 :
n ∈ Z} i.i.d. with marginal P0 and consider a stationary sequence X = {Xn,0 : n ∈ Z},
independent of the V -variables. Compute the next row of variables, X = {Xn,1 : n ∈ Z} via
(4.1) and (4.2). This defines an update map: if we denote the distribution of A = {log Xn,0 :
n ∈ Z} by μ, the updated distribution Φ(μ) is the distribution of A = {log Xn,1 : n ∈ Z}.
A more precise definition is given in Definition 4.5 below. In order to construct a corrector
distribution with a desired mean, we then need only find a distribution μ that is a fixed point
for the map Φ and such that the expected value of log X0,0 takes a prescribed value.

One way to find this fixed point is to follow a procedure familiar from the theory of
Markov chains. Namely, one starts with an arbitrary stationary process A = {log Xn,0 : n ∈
Z} that has the prescribed mean, then computes the distribution of the stationary process
A = {log Xn,1 : n ∈ Z}. It will turn out that this process has the same mean. One might then
expect the distributions we obtain by iterating this procedure to converge to a distribution
which is stationary under the update rule, so long as there is a unique such distribution. A
natural way to ensure that this holds is to show that this update map Φ is a contraction in an
appropriate space.

4.2 Preliminaries

We now begin working toward a precise definition of the map Φ mentioned above. As one
can see from the discussion in the previous section, the first step in even defining the update
map is to ensure that (4.2) is the unique solution to the recurrence in first equation in (4.1)

123



682 C. Janjigian, F. Rassoul-Agha

within the class of processes that we study. Additionally, we need to prove that the map can
be iterated. These technical points are the focus of the present section.

The definition and properties of the update map Φ that we study in this section and in
Sect. 4.3 require fewer assumptions than our main results. Hence, the next two sections have
their own setting and notation and can be read independently.

Suppose that we are given a stationary process X = {Xn : n ∈ Z} and an i.i.d. sequence
V = {Vn : n ∈ Z} with X0 > 0 and V0 > 0 almost surely. Assume the two families
are independent of each other and denote their joint distribution by P , with expectation E .
Suppose E[| log X0|] < ∞ and E[| log V0|] < ∞. Let I denote the shift-invariant σ -algebra
of the process {(Xn, Vn) : n ∈ Z} and assume that

E[log X0 | I] > E[log V0] P-almost surely. (4.3)

Lemma 4.2 Suppose that Y = {Yn : n ∈ Z} satisfies the recursion
Yn+1 = 1 + VnX

−1
n Yn, P-almost surely and for all n ∈ Z. (4.4)

Then n−11{0 < Y0 < ∞} log Yn → 0 almost surely.

Proof Let a ∈ R and ε > 0 be given and abbreviate Uk = log Vk − log Xk . Define

Fε
0 (a) = a and Fε

n+1(a) = log
(
1 + exp

{
Fε
n (a) +Un − E[U0 | I] + ε

})
for n ∈ Z+.

An induction argument shows that for any n ∈ N, we have

Fε
n (a) = log

(
1 +

n−1∑

m=1

exp
{n−1∑

k=m

(Uk − E[U0 | I] + ε)
}

+ exp
{
a +

n−1∑

k=0

(Uk − E[U0 | I] + ε)
})

.

As usual, we take an empty sum to be zero. Rearranging we get

n−1 log
(
eF

ε
n (a) − 1

)
= ε + n−1 log

(n−1∑

m=1

exp
{n−1∑

k=m

(Uk − E[U0 | I])
}

+ exp
{
a +

n−1∑

k=0

(Uk − E[U0 | I])
})

and therefore

∣
∣
∣n−1 log

(
eF

ε
n (a) − 1

)
− ε

∣
∣
∣ ≤ n−1(|a| + log n) + n−1 max

0≤m≤n−1

∣
∣
∣

n−1∑

k=m

(Uk − E[U0 | I])
∣
∣
∣.

(4.5)

Birkhoff’s ergodic theorem implies that

lim
n→∞ n−1

n−1∑

k=0

(Uk − E[U0 | I]) = 0.

A calculus exercise implies then that the right-hand side in (4.5) vanishes as n → ∞. Thus,
Fε
n (a) = log(1 + enε+o(n)) and therefore n−1Fε

n (a) → ε P-almost surely, for any a ∈ R.
Another induction (using the fact that E[U0 | Ī] ≤ 0) shows that on the event 0 < Y0 < ∞,

we have 0 ≤ log Yn ≤ Fε
n (log Y0) for all n ∈ N. The claim of the lemma follows. ��
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The next lemma proves that (4.2) is the unique stationary and almost surely finite solution
to the recurrence in first equation in (4.1).

Lemma 4.3 The process Y = {Yn : n ∈ Z} given by

Yn = 1 +
n−1∑

m=−∞

n−1∏

k=m

Vk
Xk

(4.6)

is the unique stationary and almost surely finite solution to (4.4). For any other process Y for
which (4.4) holds P-almost surely for all n ∈ Z, Y must satisfy P

{
lim j→−∞ |Y j | → ∞}

> 0
and then either Y is stationary and P(|Y0| = ∞) > 0 or Y is not stationary.

Proof Suppose Y is given by (4.6). By the ergodic theorem and (4.3)

lim
m→−∞

1

|m|
n−1∑

k=m

(log Vk − log Xk) = E
[
log V0 − log X0 | I]

< 0 almost surely. (4.7)

Hence 1 < Yn < ∞ almost surely. It is also clear that Y is stationary and that (4.6) implies
(4.4).

Conversely, let Y satisfy (4.4) P-almost surely and for all n ∈ Z. Iterating (4.4) implies
that whenever j < n − 1, we must have

Yn = 1 +
n−1∑

m= j+1

n−1∏

k=m

Vk
Xk

+ Y j

n−1∏

k= j

Vk
Xk

. (4.8)

Suppose now that

P
{

lim
j→−∞

| j |−1 log |Y j | > 0
}
= 0, (4.9)

where we take the convention that log∞ = ∞. Then this and (4.7) imply that almost surely

lim
j→−∞

|Y j |
n−1∏

k= j

Vk
Xk

= 0.

In this case, taking j → −∞ in (4.8) along a subsequence that realizes this liminf implies
Y is given by (4.6) almost surely and for all n ∈ Z.

If, alternatively, the probability in (4.9) is positive, then with positive probability |Y j | →
∞ as j → −∞. If we furthermore assume that Y is stationary, then the ergodic theorem
implies that |Y0| = ∞ on the event {|Y j | → ∞}. To see this last claim note that for any
c > 0, |k|−1 ∑0

i=k 1{|Yk | ≥ c} → P(|Y0| ≥ c | I) almost surely. Consequently,

P
{|Y0| �= ∞, |Yk | → ∞} = E

[
1{|Y0| �= ∞}1{|Yk | → ∞}]

= E
[
P(|Y0| �= ∞ | I)1{|Yk | → ∞}] = 0.

The lemma is proved. ��
Given the setting at the beginning of the section, define Y = {Yn : n ∈ Z} by (4.6). By

Lemma 4.3, Y satisfies (4.4) and 1 < Y0 < ∞ almost surely. Define the stationary process

Xn = Vn+1(1 + V−1
n XnY

−1
n ) = Vn+1Yn+1

Xn

VnYn
∈ (0,∞) , n ∈ Z. (4.10)
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An induction argument shows that for n ∈ N, we have

Y1V1

n∏

k=1

Xk = Yn+1Vn+1

n∏

k=1

Xk . (4.11)

Lemma 4.2 implies that log Yn/n → 0 almost surely. Also, log X0 > log V1 almost surely.
Hence, Birkhoff’s ergodic theorem implies log X0 is integrable and

E[log X0 | I] = E[log X0 | I]. (4.12)

Lemma 4.4 Suppose {(X1
n, Vn, Y

1
n , X1

n) : n ∈ Z} and {(X2
n, Vn, Y

2
n , X2

n) : n ∈ Z} both satisfy
equations (4.6) and (4.10). Note that both families share the same V variables. Suppose also
that X1

n ≤ X2
n for all n ∈ Z. Then Y 1

n ≥ Y 2
n and X1

n ≤ X2
n for all n ∈ Z.

Proof It follows immediately that if X1
n ≤ X2

n for all n ∈ Z, then

Y 1
n = 1 +

n−1∑

m=−∞

n−1∏

k=m

Vk
X1
k

≥ 1 +
n−1∑

m=−∞

n−1∏

k=m

Vk
X2
k

= Y 2
n .

Then one has X1
n/Y

1
n ≤ X2

n/Y
2
n for all n ∈ Z. It follows that

X1
n = Vn+1

(
1 + X1

n

VnY 1
n

)
≤ Vn+1

(
1 + X2

n

VnY 2
n

)
= X2

n .

The claim now follows by inductively repeating the above argument. ��

4.3 Definition and Properties

We are now ready to give the precise definition of the update map Φ. Given a Polish space
X, letM1(X) denote the set of Borel probability measures on X. Expectation with respect to
a measure μ ∈ M1(X) is denoted by Eμ. Let ΩA = ΩW = R

Z. We denote the coordinate
projection random variables on ΩA by (An : n ∈ Z) and on ΩW by (Wn : n ∈ Z). Similarly,
on the spaceΩA ×ΩW , we denote the natural coordinate projections by ((An,Wn) : n ∈ Z).
The spaces ΩA and ΩA × ΩW come equipped with a natural group of shift operators. Call
I the shift-invariant σ -algebra on ΩA and I0 the shift-invariant σ -algebra on ΩA × ΩW .
Abusing notation and identifying I with I ×ΩW in ΩA × ΩW , we have I ⊂ I0.

Recalling how X , V , and Y were introduced in Section 4.1, it is most natural to formulate
the definition of Φ in terms of the variables An = log Xn , Wn = log Vn , and An = log Xn .

Definition 4.5 Let Γ be a probability measure Γ ∈ M1(R) with
∫ |s| Γ (ds) < ∞. Let

M0 = ∫
s Γ (ds).

The update map Φ = ΦΓ : M1(R
Z) → M1(R

Z) maps a probability measure μ ∈
M1(ΩA) which satisfies Eμ[A0| I] > M0, μ-almost surely, to the probability measure
Φ(μ) ∈ M1([−∞,∞]Z) as follows. Let A = (An)n∈Z have distribution μ and let (Wn)n∈Z
be i.i.d. Γ -distributed random variables, independent of A. Then, Φ(μ) is the probability
distribution of (An)n∈Z defined through

Xn = Vn+1(1 + V−1
n XnY

−1
n ),
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where Xn = eAn , Vn = eWn , Xn = eAn , and Yn is given by

Yn = 1 +
n−1∑

m=−∞

n−1∏

k=m

Vk
Xk

.

Two consequences of (4.12) are that EΦ(μ)[A0] = Eμ[A0] and EΦ(μ)[A0| I] > M0,
Φ(μ)-almost surely. Thismeans that themapΦ is mean-preserving and that it can be iterated.

Next, we turn to proving that Φ is a contraction. To achieve this we will rely on couplings
in the natural product spaces. Let (A1, A2) = {(A1

n, A
2
n) : n ∈ Z} and (A1, A2,W ) =

{(A1
n, A

2
n,Wn) : n ∈ Z} be the natural coordinate projections on ΩA × ΩA and ΩA × ΩA ×

ΩW , respectively. Equip all these spaces with the product topologies, Borel σ -algebras, and
natural shifts.

Given two stationary probability measures μ1, μ2 on ΩA, let M(μ1, μ2) denote all sta-
tionary probability measures on ΩA ×ΩA, with marginals μ1 and μ2. Define the ρ̄ distance:

ρ̄(μ1, μ2) = inf
λ∈M(μ1,μ2)

Eλ
[|A1

0 − A2
0|

]
. (4.13)

By the ergodic decomposition theorem, when μ1 and μ2 are ergodic the infimum may be
taken over ergodic measures λ. It is shown in [14, Theorem 8.3.1] that the ρ̄ distance is
a metric and the infimum is achieved. Our main technical result is a positive-temperature
analogue of an argument originally due to Chang [4]. Note that the technical assumption
P(V0 > c) > 0 for all c, required in [4], is not needed in positive temperature.

Proposition 4.6 Let μ1 and μ2 be two ergodic probability measures on ΩA. Assume
Eμi [|A0|] < ∞ and Eμi [A0] > M0, i ∈ {1, 2}. Then ρ̄(Φ(μ1),Φ(μ2)) ≤ ρ̄(μ1, μ2).
If in addition μ1 �= μ2 but Eμ1 [A0] = Eμ2 [A0], then ρ̄(Φ(μ1),Φ(μ2)) < ρ̄(μ1, μ1).

Proof Fix an ergodic λ ∈ M(μ1, μ2) and let P = λ ⊗ Γ ⊗Z ∈ M1(ΩA × ΩA × ΩW ). We
denote the corresponding expectation by E . Being a product of an ergodic measure and a
product measure, P is also ergodic. Let A3

n = A1
n ∨ A2

n . Then

E[A3
0] ≥ E[A1

0] = Eμ1 [A0] > M0.

Thus, the setting at the beginning of the section applies to X3 = {X3
n : n ∈ Z} = {eA3

n : n ∈
Z} and V = {Vn : n ∈ Z} = {eWn : n ∈ Z}. For i ∈ {1, 2, 3}, construct Ai = {Ai

n : n ∈ Z}
using (4.6) and (4.10), with the convention that Xi = (Xi

n : n ∈ Z) = {eAi
n : n ∈ Z}. Lemma

4.4 implies that P-almost surely A3
0 ≥ A1

0 ∨ A2
0. Hence P-almost surely and for all n ∈ Z

|A1
0 − A2

0| = 2A1
0 ∨ A2

0 − A1
0 − A2

0 = 2A3
0 − A1

0 − A2
0 and

|A1
0 − A2

0| = 2A1
0 ∨ A2

0 − A1
0 − A2

0 ≤ 2A3
0 − A1

0 − A2
0.

(4.14)

By (4.12) we have E[Ai
0] = E[log Xi

0] = E[log Xi
0] = E[Ai

0] = E[Ai
0] for i ∈ {1, 2, 3}.

This and (4.14) give

E[|A1
0−A2

0|] ≤ E[2A3
0−A1

0−A2
0]=E[2A3

0−A1
0−A2

0]=E[|A1
0−A2

0|] = Eλ[|A1
0−A2

0|].
The left hand side is greater than ρ̄(Φ(μ1),Φ(μ2)). The first claim now follows by taking

the infimum over λ on the right hand side.

123



686 C. Janjigian, F. Rassoul-Agha

Turning to the second claim, suppose that Eμ1 [A0] = Eμ2 [A0] and that μ1 �= μ2. Let
λ ∈ M(μ1, μ2) be an ergodic minimizer of (4.13). Then there exists an integer n > 1 with

P
{
A1
1 < A2

1,A
1
m ≤ A2

m ,1 ≤ m < n,A1
n > A2

n

}=λ
{
A1
1 < A2

1,A
1
m ≤ A2

m ,1 ≤ m < n,A1
n > A2

n

}
> 0.

Under the event above, we have

( n∑

k=m

A1
k

)
∨

( n∑

k=m

A2
k

)
<

n∑

k=m

A3
k

whenever 1 ≤ m < n. This is equivalent to

( n∏

k=m

X1
k

)
∨

( n∏

k=m

X2
k

)
<

n∏

k=m

X3
k . (4.15)

We also have X1
k ∨ X2

k ≤ X3
k for all k ∈ Z. Then the representation (4.6) of Y i , i ∈ {1, 2, 3},

gives Y 3
n+1 < Y 1

n+1 ∧ Y 2
n+1 and from (4.10), it follows that for i ∈ {1, 2}

Xi
n+1 = Vn+2

(
1 + Xi

n+1

Vn+1Y i
n+1

)
< Vn+2

(
1 + X3

n+1

Vn+1Y 3
n+1

)
= X3

n+1.

Thus, P
(
A1
n+1 ∨ A2

n+1 < A3
n+1

)
> 0. In particular,

ρ̄(Φ(μ1),Φ(μ2)) ≤ E[|A1
0 − A2

0|] = E[|A1
n+1 − A2

n+1|]
= E[2A1

n+1 ∨ A2
n+1 − A1

n+1 − A2
n+1]

< E[2A3
n+1−A1

n+1−A2
n+1]=E[|A1

0−A2
0|]=Eλ[|A1

0−A2
0|]=ρ̄(μ1, μ2).

The result follows. ��
Let Mα

e (ΩA) be the set of ergodic probability measures μ ∈ M1(ΩA) with marginal
mean Eμ[A0] = α. The following is an immediate consequence of the previous proposition.

Corollary 4.7 For each α > M0 there exists at most one μ ∈ Mα
e (ΩA) with Φ(μ) = μ.

Lemma 4.8 Supposeμ ∈ M1(ΩA) is stationary,Φ(μ) = μ, and for some constant α > M0

we have

lim
n→∞

1

n

n−1∑

m=0

Am = α, μ-almost surely. (4.16)

Then μ ∈ Mα
e (ΩA).

Proof By the ergodic decomposition theorem, there exists Qμ ∈ M1
(Mα

e (ΩA)
)
with

μ =
∫

Mα
e (ΩA)

ν Qμ(dν).

Let φ be a bounded measurable function on ΩA. Then

EΦ(μ)[φ(A)] = EμEΓ ⊗Z [φ(A)] =
∫

Mα
e (ΩA)

EνEΓ ⊗Z [φ(A)] Qμ(dν)

=
∫

Mα
e (ΩA)

EΦ(ν)[φ(A)] Qμ(dν).
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This is equivalent to Φ(μ) = ∫
Φ(ν) Qμ(dν). Since Φ(μ) = μ, uniqueness in the ergodic

decomposition theorem implies that Qμ ◦ Φ−1 = Qμ. In particular, Φ(ν) ∈ Mα
e (ΩA) for

Qμ-almost every ν. Also, for any k ∈ N

∫

Mα
e (ΩA)

ρ̄(ν,Φ(ν)) Qμ(dν) =
∫

Mα
e (ΩA)

ρ̄(Φk(ν),Φk+1(ν)) Qμ(dν).

The inequality in Proposition 4.6 then implies that

Qμ

({
ν ∈ Mα

e (ΩA) : ρ̄(ν,Φ(ν)) = ρ̄(Φk(ν),Φk+1(ν)) ∀k ∈ N

})
= 1.

By the second part of Proposition 4.6 it must be the case that ν = Φ(ν) for Qμ-almost every
ν. Corollary 4.7 then implies that Qμ is a Dirac mass and so μ ∈ Mα

e (ΩA). ��

We close this section with a proof of the stationarity mentioned at the end of Sect. 2.5.

Lemma 4.9 Fix ρ > θ > 0. Assume {Vn : n ∈ Z} are i.i.d. such that 1/V0 is gamma-
distributed with scale parameter 1 and shape parameter ρ. Assume Xn are i.i.d. such that
1/X0 is gamma-distributed with scale parameter 1 and shape parameter θ . Assume the two
families of random variables are independent. Then {Xn : n ∈ Z}, defined by (4.10), has the
same distribution as {Xn : n ∈ Z}.

Proof Let Y ′
0 be independent of {Xn, Vn : n ∈ Z+} with 1/Y ′

0 being gamma-distributed with
scale parameter 1 and shape parameter ρ − θ . Define {Y ′

n : n ∈ N} and {X′
n : n ∈ Z+}

inductively using

Y ′
n+1 = 1 + VnX

−1
n Yn and X′

n = Vn+1(1 + V−1
n Xn/Y

′
n).

The Burke property [29, Theorem 3.3] tells us that {(Y ′
m+n, X

′
m+n, Xm+n, Vm+n) : n ∈ Z+}

has the same distribution for all m ∈ Z+ and that {X′
n : n ∈ Z+} has the same distribution as

{Xn : n ∈ Z+}.
Using Kolmogorov’s extension theorem we can extend the above random variables to a

family {(Y ′
n, X

′
n, Xn, Vn) : n ∈ Z}. In particular, the distribution of X′ is the same as that of

the process X and Y ′ and X′ satisfy the above induction for all n ∈ Z.
By the uniqueness in Lemma 4.3, Y ′ must equal the process Y defined by (4.6), which

then implies that X′ is the same as X defined by (4.10). The claim now follows because we
already established that X′ has the same distribution as X . ��

5 Proof of Theorems 3.1 and 3.5

Fix an i.i.d. probability measure P0 on (Ω0,F0) with L1 weights. Let P be a stationary
future-independent L1 corrector distribution withΩ0-marginal P0. Let Xn = eB(ne1,(n+1)e1),
Yn = eB(ne1,ne1+e2)−ωne1+e2 , and Vn = eωne1+e2 , n ∈ Z. Future independence implies the
two processes X and V are independent of each other. Let I be the invariant σ -algebra
for the process (X , V ). Let μ be the distribution of A = {log Xn : n ∈ Z}. Let M0 =
E[ω0] = E[log V0]. Recovery (f) implies that B(0, e1) > ωe1 and hence E[log A0 | I] =
E[B(0, e1) | I] > E[ω0]. In particular, α = mP ·e1 = E[B(0, e1)] > M0.
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Lemma 5.1 There exists a Borel-measurable map F : R
Z × R

Z×N → R
Z
2×Z

2
such that

P-almost surely,

{B(x, y, ω) : x, y ∈ Z × Z+}
= F

({B(ne1, (n + 1)e1) : n ∈ Z}, {ωne1+ke2 : n ∈ Z, k ∈ N}).
Proof Lemma 4.1 implies that Y satisfies (4.4). Since it is a stationary almost surely finite
process, Lemma 4.3 implies that Y has the representation (4.6). Then the second equation in
(4.1) says that eB(ne1+e2,(n+1)e1+e2) is equal to Xn , defined by (4.10). This argument shows
that the process {B(ne1, ne1 +e2), B(ne1 + e2, (n + 1)e1 + e2) : n ∈ Z} is a measurable
function of {B(ne1, (n + 1)e1) : n ∈ Z} and {ωne1+e2 : n ∈ Z}.

Since P is stationary, we have that A = {log Xn : n ∈ Z} has the same distribution μ as
A. In other words, Φ(μ) = μ. This lets us repeat the above procedure inductively to get that
{B(x, x+ei ) : x ∈ Z×Z+, i = 1, 2} is ameasurable function of {B(ne1, (n+1)e1) : n ∈ Z}
and {ωne1+ke2 : n ∈ Z, k ∈ N}. We also have B(x + ei , x) = −B(x, x + ei ), P-almost
surely. Then the cocycle property (e) implies that for x, y ∈ Z × Z+, B(x, y) is the sum
of B(xk, xk+1) along any path with steps {±e1,±e2} from x to y. The claim of the lemma
follows. ��
Corollary 5.2 If P

′ is a stationary future-independent L1 corrector distribution with Ω0-
marginal P0 and the distributions of {B(ne1, (n+1)e1) : n ∈ Z} under P

′ and P match, then
P

′ = P.

Proof Lemma 5.1 implies that the distributions of {B(x, y) : x, y ∈ Z × Z+} under P and
P

′ match. Then stationarity of the two probability measures implies P = P
′. ��

Proof of Theorem 3.1 As was mentioned in the proof of Lemma 5.1, μ is a fixed point of Φ.
Corollary 4.7 says that there exists at most one ergodic such μ. Corollary 5.2 thus implies
that there exists at most one Te1 -ergodic P. Switching e1 and e2 around in the definitions of
X and Y we get the same result for the Te2 shift. ��
Proof of Theorem 3.5 Theorem 4.4 and Lemma 4.5(c) in [19] imply that n−1B(0, ne1) con-
verges almost surely tomP ·e1. Since B(0, ne1) = ∑n−1

m=0 Am we have that (4.16) holds and
Lemma 4.8 says that μ is ergodic. Corollary 5.2 says P is determined by μ ⊗ Γ ⊗(Z×Z+).
Since this is a product of an ergodic measure and a product measure, it is ergodic. Ergodicity
of P under the Te1 shift follows. A symmetric argument gives the ergodicity under the Te2
shift. ��
Acknowledgements C. Janjigian was partially supported by a postdoctoral grant from the Fondation Sciences
Mathématiques de Paris while working at Université Paris Diderot. F. Rassoul-Agha was partially supported
by National Science Foundation grants DMS-1407574 and DMS-1811090.

References

1. Armstrong, S.N., Souganidis, P.E.: Stochastic homogenization of Hamilton–Jacobi and degenerate Bell-
man equations in unbounded environments. J. Math. Pures Appl. 97(5), 460–504 (2012)

2. Balázs, M., Rassoul-Agha, F., Seppäläinen, T.: Large deviations and wandering exponent for random
walk in a dynamic beta environment. Ann. Probab. 47(4), 2186–2229 (2019)

3. Barraquand, G., Corwin, I.: Random-walk in Beta-distributed random environment. Probab. TheoryRelat.
Fields 167(3–4), 1057–1116 (2017)

4. Chang, C.S.: On the input-output map of a G/G/1 queue. J. Appl. Probab. 31(4), 1128–1133 (1994)

123



Stationary Directed Polymers 689

5. Chaumont, H., Noack, C.: Characterizing stationary 1+ 1 dimensional lattice polymer models. Electron.
J. Probab. 23, 19 (2018)

6. Chaumont, H., Noack, C.: Fluctuation exponents for stationary exactly solvable lattice polymer models
via a Mellin transform framework. ALEA Lat. Am. J. Probab. Math. Stat. 15(1), 509–547 (2018)

7. Comets, F.: Directed Polymers in Random Environments. Lecture Notes in Mathematics, vol. 2175.
Springer, Cham (2017)

8. Comets, F., Shiga, T., Yoshida, N.: Probabilistic analysis of directed polymers in a random environment:
a review. In: Stochastic analysis on large scale interacting systems, Adv. Stud. Pure Math., vol. 39, pp.
115–142. Math. Soc. Japan, Tokyo (2004)

9. Corwin, I.: The Kardar–Parisi–Zhang equation and universality class. Random Matrices Theory Appl.
1(1), 1130,001, 76 (2012)

10. Corwin, I.: Kardar-Parisi-Zhang Universality. Notices Am. Math. Soc. 63(3), 230–239 (2016)
11. Corwin, I., Seppäläinen, T., Shen, H.: The strict-weak lattice polymer. J. Stat. Phys. 160(4), 1027–1053

(2015)
12. Georgiou, N., Rassoul-Agha, F., Seppäläinen, T., Yilmaz, A.: Ratios of partition functions for the log-

gamma polymer. Ann. Probab. 43(5), 2282–2331 (2015)
13. Giacomin, G.: Random polymer models. Imperial College Press, London (2007)
14. Gray, R.M.: Probability, random processes, and ergodic properties, 2nd edn. Springer, Dordrecht (2009)
15. Halpin-Healy, T., Takeuchi, K.A.: A KPZ cocktail—shaken, not stirred...toasting 30 years of kinetically

roughened surfaces. J. Stat. Phys. 160(4), 794–814 (2015)
16. den Hollander, F.: Random Polymers. Lecture Notes in Mathematics, vol. 1974. Springer, Berlin (2009)
17. Huse, D.A., Henley, C.L.: Pinning and roughening of domain walls in ising systems due to random

impurities. Phys. Rev. Lett. 54(25), 2708–2711 (1985)
18. Janjigian, C., Rassoul-Agha, F.: Busemann functions and Gibbs measures in directed polymer models on

Z
2. (2018). Extended version (arXiv:1810.03580v2)

19. Janjigian, C., Rassoul-Agha, F.: Busemann functions and Gibbs measures in directed polymer models on
Z
2. Ann. Probab. (2019). https://doi.org/10.1214/19-AOP1375

20. Janjigian, C., Rassoul-Agha, F.: Existence, uniqueness, and stability of global solutions of a discrete
stochastic Burgers equation. (2019). Preprint

21. Janjigian, C., Rassoul-Agha, F., Seppäläinen, T.: Geometry of geodesics through Busemann measures in
directed last-passage percolation (2019). Preprint (arXiv:1908.09040)

22. Kardar, M., Parisi, G., Zhang, Y.C.: Dynamic scaling of growing interfaces. Phys. Rev. Lett. 56, 889–892
(1986)

23. Kosygina, E.: Homogenization of stochastic Hamilton-Jacobi equations: brief review of methods and
applications. In: Stochastic and Partial Differential Equations, Contemporary Mathematics, vol. 429, pp.
189–204. American Mathematical Society, Providence, RI (2007)

24. Krug, J., Meakin, P., Halpin-Healy, T.: Amplitude universality for driven interfaces and directed polymers
in random media. Phys. Rev. A 45, 638–653 (1992)

25. O’Connell, N., Yor, M.: Brownian analogues of Burke’s theorem. Stoch. Process. Appl. 96(2), 285–304
(2001)

26. Quastel, J.: Introduction toKPZ. Current Developments inMathematics, pp. 125–194. International Press,
Somerville, MA (2011)

27. Quastel, J., Spohn, H.: The one-dimensional KPZ equation and its universality class. J. Stat. Phys. 160(4),
965–984 (2015)

28. Rassoul-Agha, F., Seppäläinen, T.: Quenched point-to-point free energy for random walks in random
potentials. Probab. Theory Relat. Fields 158(3–4), 711–750 (2014)

29. Seppäläinen, T.: Scaling for a one-dimensional directed polymer with boundary conditions. Ann. Probab.
40(1), 19–73 (2012). Corrected version available at arXiv:0911.2446

30. Spohn, H.: KPZ scaling theory and the semidiscrete directed polymer model. In: Random matrix theory,
interacting particle systems, and integrable systems, Math. Sci. Res. Inst. Publ., vol. 65, pp. 483–493.
Cambridge University Press, New York (2014)

31. Thiery, T.: Stationary measures for two dual families of finite and zero temperature models of directed
polymers on the square lattice. J. Stat. Phys. 165(1), 44–85 (2016)

32. Thiery, T., Le Doussal, P.: On integrable directed polymer models on the square lattice. J. Phys. A 48(46),
465,001, 41 (2015)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

123

http://arxiv.org/abs/1810.03580v2
https://doi.org/10.1214/19-AOP1375
http://arxiv.org/abs/1908.09040
http://arxiv.org/abs/0911.2446

	Uniqueness and Ergodicity of Stationary Directed Polymers on Z2
	Abstract
	1 Introduction
	2 Setting
	2.1 Random Polymer Measures
	2.2 Corrector Distributions
	2.3 Stationary Polymer Measures from Corrector Distributions
	2.4 Stationary Polymer Measures with Boundary
	2.5 The Stationary Log-Gamma Polymer

	3 Main Results
	4 The Update Map
	4.1 Motivation
	4.2 Preliminaries
	4.3 Definition and Properties

	5 Proof of Theorems 3.1 and 3.5
	Acknowledgements
	References




