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ABSTRACT. We study the behavior of the coupling of solutions to the stochastic heat equa-
tion/parabolic Anderson model (PAM) obtained through convolution with the Greens func-
tion. In this coupling, we show that the PAM with a (sub-)exponentially growing initial
condition has conserved quantities given by the slopes at oo and —oo. These are then
connected to Hopf-Cole solutions to the KPZ equation and the existence, regularity, and
continuity of the quenched continuum polymer measures. We also show that the Green’s
function is strictly totally positive using a novel coupling argument based on the continuum
directed polymer.
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1. INTRODUCTION

This paper is concerned with regularity properties of three interconnected models which
have attracted substantial interest over recent decades: the parabolic Anderson model
(PAM), also known as the multiplicative stochastic heat equation, the Kardar-Parisi-Zhang
(KPZ) equation, and the continuum directed polymer (CDRP). We refer the reader to the
surveys [12, 13, 32, 43, 44] for more information about the broader research area of the KPZ
universality class.

The main object we study is the Green’s function of the PAM, which solves the stochastic
partial differential equation

1
(1 1) atZﬁ(tv l"S, y) = éawzzﬁ(tv ZL’|8, y) + Bzﬁ(t7 $|57 y)W(tv x)
ZB(S7 .I"S, y) = 5(‘7: - y);
(s,y,t,x) € Eﬁ = {(s,y,t,7) € R" : s <t} and B € R. In this expression, W is space-time
white noise and ¢ is the Dirac delta measure at 0.
We use the behavior of the Green’s function to control the behavior of the PAM started
from a more general initial condition

1
O Zg(t,x|s;p) = §amzﬁ(t, x|s;p) + BZs(t, x| s; w)W(t, x)
Zg(s, |s; p) = p(-),

where p is a positive Borel measure through the superposition identity

(1.2)

0

(1.3) Za(t, x|s; ) = f Zs(t, x|, y)u(dy).

—00

When p(dx) = f(x)dx for a sufficiently regular Borel measurable function f, which corre-
sponds to function-valued initial conditions, we will instead write Z3(¢, z|s; f) as shorthand.

The PAM is connected to the KPZ equation, introduced in [36], through formal computa-
tions which defines the physically relevant “Hopf-Cole” solution. Ignoring the distributional
structure of W, formal computation suggests that if Zs(t, z|s;ef) solves (1.2) for a Borel
measurable f, then

(1.4) h(t,x]s; f) = log Zs(t, x|s;e’)

solves the KPZ equation

Oho(t,zs: f) — %6xxh5(t,xs; £) + 5 (@chslt, xls: ) + BW (2, 2)
hs(s,x|s; f) = f(x).

The Hopf-Cole notion of solution defines the solution hg of (1.5) through (1.4). Hopf-Cole
solutions arise as a limit of lattice and continuum models which lie in the KPZ class, see
e.g., [2, 6, 31], and is the standard notion of solution to (1.5).

(1.5)
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Formally, one expects that the solution to (1.1) has a Feynman-Kac interpretation as

Zg(t,x|s,y) = p(t —s,x —y) Z5(t,z|s,y), where

t
Zﬂ(t,$|8,y) = E(Bsg),(t,x) l (exXp: {BJ W(U, Xu>du}]7

and p(t,z) is the heat kernel,

(1.6)

2

67% 1(0700) (t) .

1
p(t,x) = Vort

In the expression in (1.6), :exp: denotes the Wick-ordered exponential, and the expectation
is over Brownian bridge paths X from (s,y) to (¢, ). In this interpretation, Z4(t, x|s,y) can
be viewed as the partition function of a point-to-point directed polymer measure which is
intuitively (but not truly [1, Theorem 4.5]) a Gibbsian perturbation of the Brownian bridge
measure. The interpretation of the solution to (1.1) as (1.6) was made rigorous in [1, 2] when
the initial and terminal conditions are fixed. The KPZ equation can then be interpreted as
governing the evolution of the free energy of this polymer.

To make the above discussion more precise, for —0 < s < t < o and z,y € R, the
(quenched) point-to-point polymer distribution Qé’y%(tw is the probability measure on the
space C([s,t],R) of continuous functions determined by the following finite-dimensional dis-
tributions, for s =ty <t; < -+ <t <ty =t and with g =z, 41 = y:

_ Hf:o Zg(tiv1, Tip|ts, x;)

QP (Xiy € day, ... Xy, € duy) = d.
1.7 o ) Z(t.2]5.v)
_ Hf:o Za(tiv1, Tiva|ti, ;) _ H?:o p(tivr — ti, i1 — ;) o
Zﬂ(tax"s?y) p<t_57$_y) .

1.1. Summary of main results. With the above discussion of the models we consider in
mind, the main contributions of this paper can be summarized as follows.

(i) We show that the Polish space (see Appendix D)
1.8) My = <{ non-zero positive Borel measures ;1 on R : Va > 0, e~ (dx) < o0 ,
H M
R

previously studied in the context of the PAM by Chen and Dalang in [10, 11], is the
sharp class of non-explosive initial conditions for the PAM. By sharp, we mean that
for all initial and terminal times s < ¢ and all 8 simultaneously, (1.3) is finite for all x
if € My and there is finite time blowup if p ¢ M. We show in Theorem 2.5 that
this blow-up time is the same as for the § = 0 case of the unforced heat equation.

(ii) We show that the Polish space (see Appendix D) of strictly positive continuous
functions which represent measures in M,

e~ f(z)dx < oo},

R

(1.9) Cos = {f e C(R, (0,0)) : Ya > O’J

is a natural domain for the PAM. This is natural in two distinct ways: (1) if p € My
then for all s < ¢, Z(t,+|s;p) € Cup and (2), if p is represented by a function in Cyg,
(B, p, s,t) — Zg(t,+|s; p) is continuous. See Theorem 2.8.
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As a consequence,the Polish space of logs of such functions,
(1.10) Cxrz = {f e C(R,R) : Ya > o,f e/ @)= gy < oo}.
R

is a natural domain for Hopf-Cole solutions to the KPZ equation in the sense that
solutions to (1.5) from any function-valued initial condition f either explode in finite
time or can be viewed as continuous dynamical systems in Cypy.
(iii) Using our coupling and growth estimates, we prove conservation of slope at oo and
—o0. Specifically, we show that if there exist A, A_ € R such that
lim —logf(x) = A4, then lim log Zs(t, z|5; f)

r—+00 € r—+00 xX

for all s <t and 5 € R.

(iv) We construct a coupling of the continuum directed polymer measures for all initial
and terminal conditions and all inverse temperatures simultaneously. We also prove
many basic properties including weak and total variation regularity in the initial and
terminal conditions, variants of the Feller and strong Feller properties, simultaneous
Holder 1/2— path regularity, and stochastic monotonicity as the initial condition
varies. Essentially all of these properties are new.

(v) Through analysis of the polymer measures and an argument based on the Karlin-
McGregor theorem, we prove that the map (z,y) — Zs(t,x|s,y) is strictly to-
tally positive for all ¢ > s and § € R. More precisely, we show that for all
(1, oy xn), W1, Yn) €W, = {(21,...,2,) eR" 1 xy < -+ < x,} and all § e R,

(1.11) det [Zﬁ(t,xi|s,yj)]zj:1 > 0.

= AL

Essentially the same strict total positivity appears in [38] using a different argument.
Our proof readily generalizes to other planar directed polymer models.

This paper provides the setting for a companion paper by the last three authors, [34], where
synchronization, a quenched one force — one solution principle, and a characterization of
ergodic stationary (modulo constants) distributions for the KPZ equation are proven. Com-
bined with [20], which rules out an exceptional class of measures not covered by the methods
of [34], that paper shows that Brownian motions with drift are the only stationary distribu-
tions for the KPZ equation on the sharp space of non-explosive initial conditions described
above. The results described above play a key role in that proof.

1.2. Methods. The key heuristic behind the regularity results discussed above is that if
t — s is small, then

t
Zﬁ(t,l‘|8,y) = E(‘é{z),(t,z) l ‘exp: {6J W<U7Xu)du}—|

should be close to one. This suggests that all of the singularity of Zs(t, z|s,y) ast —s — 0
is contained in the heat kernel, p(t — s, x —y). Using the fact that Z5(¢, z|s,y) is stationary
in its spatial coordinates, it is possible to obtain upper and lower bounds for Zz(t, z|s,y)
and 1/ Z4(t, z|s,y) which are uniform over compact intervals in time and sub-polynomial in
space. Our methods to prove these regularity estimates are classical and we do not need to use
any of the pathwise solution theories which have been developed to handle rough equations.
We prove Kolmogorov-Chentsov estimates from the chaos expansion of the solution to (1.1),
keeping track of the growth rates of the constants.
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With the growth estimates in hand, we can then reduce most of the regularity questions to
problems involving the heat semi-group, where standard analytic arguments imply regularity.

Similarly, using the absolute continuity of finite dimensional distributions of the polymer
with respect to Brownian Bridge in (1.7), most of the regularity statements for polymer
measures can be reduced to uniform estimates for the finite dimensional distributions of
Brownian bridge measures.

Our proof of strict total positivity comes from a coupling of the polymer measures and
relies on the Karlin-McGregor [37] identity for the density function of independent copies of
a Markov chain conditioned not to intersect. We provide a proof of this identity applicable
to our setting that follows a well-known argument originally due to Varadhan.

1.3. Related work. Using the superposition principle to define general solutions to (1.2)
has been studied previously. See in particular , [1], [15, Lemma 1.18], and [30]. [30] proves a
regularity result of the solution semi-group to (1.1) similar to our Theorem 2.8, which is one of
our main results discussed as point (i) above. In that result, the space on which the solution
semi-group acts (Myy or Cyp) is replaced by a weighted Besov space. The construction in
[30] and the resulting coupling is sharper than ours in terms of local regularity of the solution
(allowing negative index distribution initial conditions), but does not cover the sharp growth
conditions that were of interest to us from the ergodic theory perspective.

There has been extensive past work on mild solutions to (1.1). The first paper to study
mild solutions was by Bertini and Cancrini in [5], with subsequent work by Bertini and
Giacomin [6] allowing for random initial conditions which include the Brownian stationary
distributions. The state-of-the-art for non-random initial conditions is the previously men-
tioned series of works by Chen and Dalang [10, 11], which worked on the same class of initial
measures My, considered here.

In addition to [30], there is now a rich literature of pathwise approaches to solving sto-
chastic partial differential equations including and related to (1.1) and (1.5) using regularity
structures [28, 29], paracontrolled distributions [26, 42], and energy solutions [23, 24, 27].
See also the recent surveys [16, 25].

The CDRP was originally introduced in [1] with a construction that requires fixing initial
and terminal conditions. Existence then holds on an event of full probability that depends on
the initial and terminal conditions. Our contribution in this work is to couple these solutions
and then prove the regularity properties discussed above.

1.4. Organization of the paper. Nonstandard notation is defined when first encountered,
and all notational conventions and some topological and measure-theoretic preliminaries are
collected in Appendix D. In Section 2, we discuss our setting and state our main results.
Section 3 then constructs the field of solutions to (1.1), proves growth estimates, and then
uses these to prove basic properties about solutions to (1.2). In Section 4, we use these results
to build and prove regularity properties of the continuum directed polymer measures, which
lead in particular to the strict total positivity in (1.11). We study more refined regularity
properties of solutions to (1.2) and of polymers in Section 5. Appendix A is devoted to
the equivalence up to indistinguishability between the superposition solution to (1.2) and
the mild solutions which have previously been studied. Appendix B includes a statement of
the version of the Kolmogorov-Chentsov theorem that we use in our construction. Finally,
Appendix C collects most of the purely computational aspects of the present work.
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2. SETTING AND RESULTS

2.1. Setting. We assume that (2, F,P) is a complete probability space that supports a
space-time white noise W on LQ(R2) and a group of measure-preserving automorphisms of {2
which we describe momentarily. A white noise W is a mean zero Gaussian process indexed
by f € Lz(R2) which satisfies P(W (af + bg) = aW (f) + bW (g)) = 1 and E[W(f)W(g)] =
Sz f(@1:2)g(w1:2)d 2 for a,be R and f,g e L*(R?).

The shlft maps Ty ,, time and space reflection maps R; and Ry, the shear S, , by v relative
to temporal level s, rescaled dilation maps D, 5, and the negation map N act on f e L?(R?)
as follows:

Tsy f(t,x) = f(t+s,2+y) for s,yeR;
Ry f(t,x) = f(=t,z) and Rs[f(t z) = f(t,—2);
(2.1) Ssw ft,z) = f(t,x+v(t—s)) for s,velR;
Doy f(t,z) = Vo f(at,\x) for a,\> 0;
Nf(t,z) = = f(t o)

Their inverses are T;,; = T_t7_I,R1 = Ri,R,' = Ry, S;ll, = Ss—v, D;}/\ = Dgy-1 -1, and
N~'=N.

We assume that (2, F,P) comes equipped with a group (under composition) of measure-
preserving automorphisms generated by Ry, Ry (reflection), {7, : s,y € R} (translation),
{Ssv 1 s,v € R} (shear), {D,, : o, A > 0} (dilation), and N (negation), which act on
Wby WoToy(f) = W(T_y y f), WoSulf) = W(Seos ), WoRi(f) = W(Ry ),
WoRy(f) =W(Rs f), WoDur(f) = W(Dy-1-1 f), and WoN =W(N f). The identity
is given by Id = 799 = R1oR1 = R20Ry = Sop = D11. An example of a Polish space
satisfying these hypotheses in which all of these maps are continuous is described in detail
in [34, Appendix A].

Denote by 1 the o-algebra generated by the P-null sets in F. For —oo < a < b < o0, let L,
denote the B([a, b] x R) measurable functions in L2(R?). Let Fv;" = o(W(f): f € Loy) v N
be the g-algebra generated by the white noise evaluated at such functions and 1. For each
s < t, we define F);, = Fro. = ﬂa<s<t<b}" to be the associated natural augmented
filtration of the white noise.

2.2. Chaos expansions. We take as given the existing results in the literature on existence
of solutions to (1.1) for fixed initial space-time points. We recap the results that we use in
Appendix A. We will understand (1.1) for fixed s,y € R and € R through the mild equation

(2.2) Zg(t,x|s,y) = p(t —s,x —y) + 5J J_ p(t —u,x — 2)Zg(u, z|s,y) W (dudz),

where t > s, x € R, and the stochastic integral is understood in the sense of Walsh [47]. In
the case of 8 = 0, Zy(t,x|s,y) = p(t — s, x —y) is the usual heat kernel. For 8 € R, existence
of an event €, s on which there exists a process Zs(+,+|s,y) € C((s,0) x R,R) which is
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adapted to (F., : s < t) and solves (2.2) is originally due to [5] and is included as part of
Lemma A.3 in Appendix A below.
Solving (2.2) by Picard iteration leads to a chaos expansion of the solution. For k € N, we

define p;, : (R x R)* — R by

k

Pr(tir, Tkl s, yit, @) = HP(EH —ti, Tip1 — Ty),

i=0
with the conventions that ty = s,z9 = y,tx41 = t, Tx41 = x. It is shown in [2] (see also [14,
Theorem 2.2|) that for fixed s,y € R and 8 € R the unique continuous and adapted solution
to (2.2), Zs(t, x|s,y), admits a chaos series representation as

Zﬁ<t7$’87y> = p(t_ S,y—.il?)

6]

(23) + 2 G* J ) f ) Pk (t1k, T1k|S, vy t, o)W (dt day) - - W (dtgdaxy,).

k=1 RY JR

The equality above is understood to hold almost surely and in L?*(Q, F,P) for each fixed
quadruple (s,y,t,x) € Rf‘ = {(s,y,t,2) e R* : s < t} and 3 € R. We include these properties
of Zs(t,z|s,y) in Lemma A.3 below as well and refer the reader to [35, 41] for technical
details concerning chaos expansions.

It will be convenient for us to normalize (2.3) by dividing through by the heat kernel.
Define for s <t

Zg(t, x|s,
Zo(t,als,y) = —2Lt15Y)
plt—s,2—y)
(24) 0 pk(tl'k xl'k|8 yt ZL')
:“Zﬁkf J L LW (diy ) - - - W (diday),
k=1 RF JRF p(t—S,.I—y)

again in L?(Q, F,P). We take the conventions that for all 8 € R, Z4(t,z|t,y) = 1 for all
t,z,y € R and Zy(t,z|s,y) = 1 for all (s,y,t,z) € @? = {(s,y,t,x) e R* : s < t}. The
expression in (2.4) is a rigorous version of the Feynman-Kac interpretation (1.6).

2.3. Solutions to the PAM and KPZ. We begin with the observation that the pro-
cess Z admits a modification Z that is (-7:?; . s < t)-adapted, with paths as functions of
(s,y,t,x, ) taking values in C(Ril x R,R). Then we define our solution of (1.1) through
Zs(t, x|s,y) = Zg(t,ﬂs,y)p(t — s,x —y). In the theorem below, D¢ = {(&,..., 5d) :
ki,...,kq€Z,nq,...,ng € N} is the set of dyadic rational numbers.

Theorem 2.1. There exists an event Qg with P(Qy) = 1 and a o(W(f) : f € L*(R?))-

~

measurable random variable Z.(s,+|+,+) taking values in C(Ef x R, R) such that
(i) For all w e Qq, all (s,y,t,x,3) € D° with s < t,

Za(t,x|s,y) = Z4(t, x|s,y) and Zs(t,x|s,y) = p(t, x|s,y) 25t x|s,y),
where Za(t,x|s,y) is given by (2.4) and Zg(t,x|s,y) is given by (2.3).
(il) For all w € Qy, zg(t,ajt,y) =1 forallt,z,ye R and B € R.
(i) For allwe Qo, Zo(t, z|s,y) = 1 for all (s,y,t,z) € ﬁf.
(iv) For allw e Qg and all (s,y,t,2) € R, and all Be R, 0 < Z4(t,x|s,y) < =
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(v) Foralls < t, Z.(t,

(vi) Fiz the initial time-space point (s,y) € R? and the inverse temperature 3 # 0. Define
the process Zg(t,x|s,y) on {(t,x) € R* 1 t > s} by Zg(t,z|s,y) = Zs(t,z|s,y)p(t —
s,x —y). Then

s,+) is FL,-measurable.

P (Vt € (s,0) and x € R, Zﬁ(t,x]s,y) = Zg(t,a:|s,y)) =1,

where Zg(t,x|s,y) is the unique (up to indistinguishability) continuous and adapted
mild solution to (2.2) satisfying the moment hypotheses of Lemma A.3.

Except in the proofs leading up to the proof of Theorem 2.1 in Section 3, henceforth we
work exclusively with these modifications and drop the tildes. That is, the process Z3 given

by the theorem is denoted simply by Zgz, and the process 25 defined in part (vi) of the
theorem is denoted simply by Zg.

The processes Z3 and Zz inherit certain distributional invariance properties from the joint
symmetries of the Brownian transition probabilities appearing in the multiple stochastic
integrals in (2.3) and (2.4) and the symmetries of the white noise. The following properties
are all reasonably well-known. We include the details for completeness.

Proposition 2.2. The processes Z3(t,x|s,y) and Zz(t,x|s,y) satisfy the following proper-
ties:

(i) (Shift) For each u,z € R, there is an event Qgpipi(u,2) with P(Qepipiu,2y) = 1 so that on
Qshifi(u,z) for all (s,y,t,x,3) € E? x R,
Zat+u,x+zls+u,y+z)oT y_, = Zs(t,x|s,y)
and, for all (s,y,t,x,5) € Rf xR,
Zg(t +u,x+zls+u,y+2)oT y_. = Zs(t,x|s,y).
(ii) (Reflection) There is an event Qx with P(Qr) = 1 so that on Qg, for all (s,y,t,z,5) €
Rﬁ x R,
Zﬁ(_say‘ - Zf,SC) © Rl = Zﬁ(f,l’|$,y) and Zﬂ<t7 _x"sa _y> © RQ = Zﬁ(tam‘&y)
and, for all (s,y,t,x,5) € Rf xR,
Zg(—s,y| —t,x) o Ry = Zs(t, x|s,y) and Zs(t, —x|s, —y) o Ra = Zs(t, z|s,y).
(iii) (Shear) For each (r,v) € R?, there exists an event Qahear(r,y) With P(Qghear(r,)) = 1 50
that on Qshear(rr), for all (s,y,t,x,3) € R? x R,
Zst,e+v(t—r)|s,y+v(s—r))oS,._, = Z5(t,x|s,y),
and, for all (s,y,t,x,5) € R? x R,
l/2
e”(x_y)J”T(t_s)Zg(t, z+v(t—r)s,y+v(s—r))oS,_, = Zs(t,x|s,y).

(iv) (Scaling) For each A\ > 0, there is an event Qgcare(n) With P(Qcaie(n)) = 1 so that on
Qscale()\); fO’I" all (Saya t7$a 6) € R:L X R7

Zﬁ/ﬁ(/\Qt, Az|A%s, Ay) 0 Dy-2 y—1 = Z5(t,z|s,y),
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and for all (s,y,t,z, ) € Rf xR,
)\Zﬁ/ﬁ(AQt, Az A%s, Ay) 0 Dy-2 51 = Z(t, z|s,y).
(v) (Negation) There is an event Qn with P(Q) = 1 so that on Qpr, for all (s,y,t,x,B) €
Rﬁ x R,
Zg(t,z|s,y) o N = Z_5(t,x|s,y)
and, for all (s,y,t,x,5) € R? x R,
Zs(t,x|s,y) o N = Z_g(t, z|s,y).

We note the following corollary, the distributional part of which has appeared previously
as [3, Proposition 1.4], with the same argument.

Corollary 2.3. For each s < t and z € R, let r = s and set v = z/(t — s). Then, on
Qhear(sp), for all x,y, B € R,

Zs(t,x + z|s,y) 0 Ss— = Zp(t, x|s,y).
Consequently, for each s,y,t, 5 € R with s <t, the process x — Z3(t,x|s,y) is stationary.

It will be convenient to extend the notation (1.3) to allow for positive Borel measures
¢, p e M, (R) as initial or terminal conditions by setting, for s < ¢ and § € R,

25) Zatticlsin) = | | Zott.als.y)ntdn)oiaa) < [0,:2)

The special cases Zg(t, x|s; 1) = Zs(t;0.|s; 1) and Zs(t; Cls,y) = Zs(t; (|s; 0,) return (1.3).
Some of our results will rely on finiteness of certain joint moments of these measures. For
p € [0,0), recalling (1.8) we define

@@-M;@={W@EW&ﬁW>QL£€W”WHWW+VWMM%M@<w}

and note that M2 _(¢) < M2 (p) for 0 < p < ¢ < . These spaces mostly serve as
bookkeeping tools to simplify the statements of our results. We usually work with the case
where at least one of the two measures is Dirac, which always results in a pair of measures
in M2_(p) for all p, as recorded in the following remark:

Remark 2.4. For all z,y € R and all p1,( € My, and all p € [0,0), ((,d,), (0, p) € M2, (p).

Our next result discusses some basic properties of Z. (+, «|+, ) viewed as the solution semi-
group of (1.2), including finiteness, sharpness of the restriction to My, and regularity of the
processes in (2.5). Before stating the result, we collect some notation which is also recorded
in Appendix D. In the statement of part (iv), the local Hélder semi-norm

(2.7) \f\camn(r) _ Sup |f(t1,$1781751) — f(tz,xm 82752”

(trarsng) Itz —t]® + [s2 = s1|* + |z — 217 + [Bo — Bu|
#(t2,22,52,02) €T

is defined on the space
I'=RXT, K,6) x [-B, B]
={(s,t,7,8)eR*: - T <s5,t<T,-K<2< K, t—s>6 —B<j3<B}.
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Recall also the spaces Myg, Cyp from (1.8) and (1.9). In Appendix D, we define Polish
topologies on My and Cyg, with explicit complete metrics daq,, and de,,, in equations
(D.2) and (D.6). Convergence in My is characterized by vague convergence combined with
convergence of integrals of the form Se“”Q p(dzx) for each a > 0. In Cyg, the convergence
is uniform convergence of f and 1/f on compact sets combined with convergence of the
integrals {; e~ f(x)dx for a > 0.

Theorem 2.5. There is an event Qg with P(Qy) = 1 so that for all w € Qq, the following
hold:

(i) (Finiteness and positivity) For all (u, ) € M?_(4) and all s,t,3 € R with s < t,
0 < Zs(t; Cls; ) < 0.
(ii) (Preservation of Myy) If 1, € My then for all s <t and all § € R,
Zp(t x|s; p)dx,  Za(t;Cls;y)dy € M.
(iii) (Explosion off Myyg) If u, ¢ € M, (R) are both not the zero measure, then

ﬁ < sup {a >0: Je_ayQN(dy) —eor JeﬁxQC(dI) B OO}

implies that Zg(t; (|s; u) = o for all 5 € R.

(iv) (Local (1/4—, 1/2—, 1—) Holder continuity) For all u,{ € Myg, all § > 0, all
B,K,T >0, and allac € (0,1/4), v € (0,1/2), andn € (0,1), |Z.(+, *|*; ) |corrnry < o0
and ’Z.(ﬁ C’*, ')|C°"7”7(F) < 0.

(v) (Semi-group property) For all p € M (R), all (s,y,t,x, ) € ]R;1 xR, and allr € (s,t),
Zaft.olsin) = | Zo(t.olr2) Zo(r, s ) and
R

Zaltsls.o) = [ Zaltislr,2)Za(r. 215, )
R

(vi) (Function-valued initial conditions) For all B, K,T > 0 and all f € Cp,

-
lim sup Zg(t,x|s,y)g(x)dx — f(y)| =0 and
ONO ye[-K,K],8¢[-B,B] | JrR
s,te[=T,T'],t—s€(0,0)
dCHE(fvg)<6
-
lim sup Zg(t, xls, y)g(y)dy — f(z)| =
ONO pe[-K,K],8¢[-B,B] | JrR
ste[—T,T,t—s€(0,9)
dCHE(fvg)<5
(vii) (Measure-valued initial conditions) For all T, B > 0 all p € Myg, and all f €
C(R,R.) for which there exist A,a > 0 such that 0 < f(z) < Ae™*’
lim sup fJf )Z5(t, x|s,y)dx((dy) — Jf )| =0 and
N0 ge[—B,B],s,te[~T.T]

dMHE (MC) <(S7t—5€(0,6)

im  sup fff@&ﬁwhwﬂ%@@—ff@ﬂ@ﬂ=0
ONO Be[—B, B, s,te[T,T] R JR R
dMHE(lLL C)<6,t*8€(0,5)
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Remark 2.6. The case of ((dz) = d,(dz) in part (i) and the claim in part (iv) were shown
for fixed u € My and fixed s, 5 € R on a full probability event depending on u, s, and 3
in Theorem 3.1 of [10]. Strict positivity for certain fixed function-valued initial conditions
and fixed initial times s is originally due to Mueller [40], though the proof generalizes to
other initial conditions. We rely on the later estimates of Moreno-Flores in [39]. Part (vii)
improves on Proposition 3.4 in [10], where the limit holds pointwise in L*(Q, F,P) for fixed
o, =C(, 0, and s and ¢ is taken to be compactly supported.

Remark 2.7. A boundary continuity result similar to (vi) appears in Theorem 3.1 of [10],
which includes a Holder regularity estimate at the boundary for Holder continuous initial
data, again for fixed p,s. Our methods can prove similar boundary regularity, but with
suboptimal Holder exponents. We leave this improvement to future work. The only result
which needs to be improved to obtain optimal regularity at the boundary is Lemma C.8,
where the bound needs to not depend on ¢ in order to obtain optimal regularity.

Theorem 2.5(v) says that (1.3) defines a solution semi-group to (1.2). We next turn to
the regularity of this semi-group on natural spaces of measures and functions given by My
and Cyz. We take the following notational conventions. If y € My, and f € Cyg, then for
all e R and s < t, we set

Zg(t,x|s;p)de s <t

d
wu(dz) s=t o

Zg(t, dx|s;p) = {

(2.8)
Zs(tpls,y)dy s <t

1u(dy) s=1t
Similarly, if f € Cyg, then for all 8,t € R, we set
Zg(t,«[t: f) = f(-)  and  Zg(t; flt;+) = f(+)

With these conventions, we have the following regularity result.

Zg(t; puls, dy) = {

Theorem 2.8. There exists an event g with P(2) = 1 on which the following hold.
(i) The following maps from R x My x{(s,t) € R* : s <t} to My, are continuous:

(B, 1, 8,) = Zg(t, dx|s; j1) and (8,1, 8,) = Zg(t; pls, dy).

(ii) The following maps from R x My, x{(s,t) €e R? : s <t} to Cyy are continuous:

(B, 1, 8,t) = Zg(t, +|s; 1) and (8,1, 8,) = Zg(t; s, »).

(iii) The following maps from R x Cpp x{(s,t) € R? : s < t} to Cpp are continuous:
(57f737t)HZ5(t7'|3;f) and (ﬁafasvt)'_)zﬁ(t;f|sa')'

Recall the space Cyp, from (1.10). Note that the bijection g(x) = ef(*) between g € Cyy
and f € Cypy defines a Polish topology on Cxp, (i.e., the topology on Cyp; is the finest
topology in which this identification is continuous). Convergence in this topology is local
uniform convergence of f combined with convergence of integrals of the form { ef(@)—az® gy
for @ > 0. We record the following immediate corollary of Theorem 2.8(iii) for the KPZ
equation
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Corollary 2.9. There exists an event g with P(Qy) = 1 on which the map from R x
Crpz x{(s,t) € R? : s < t} to Cypy given by

(ﬁ?fvsat) = h’ﬂ(tv '|S;f>7
where hg is defined through (1.4) if s <t and hg(s,+|s; f) = f(+) is continuous.

Remark 2.10. (Uniqueness) Because R x Cyp, x{(s,1) € R? : s < t} is separable and Lemma
A.5 shows that for fixed s, € R and f € Cypy, (1.4) agrees with the Hopf-Cole mild
formulation, Corollary 2.9 shows that (1.4) describes the unique continuous modification of
the field of Hopf-Cole solutions of the KPZ equation, up to indistinguishability.

Remark 2.11. (Feller continuity of KPZ on Cyp;) An immediate consequence of Corollary 2.9
is that if F': Cxp, — R is bounded and continuous and if f — ¢ in the topology on Cxp, and
s < t, then E[F(hg(t,+|s; f))] = E[F(hgs(t,+|s;g))]. This is Feller continuity of the solution
semi-group to the KPZ equation, viewed as a Cyp,-valued Markov process.

We next show that the solution h = log Zs to the KPZ equation (1.5) satisfies the same
conservation law (of asymptotic slope) as is preserved by the unforced viscous Burgers equa-
tion. To that end, for A\_, A\, € R, define

(2.9) HA_,\y) = {f : R — R Borel measurable, locally bounded, lirf @ = )u_r}.

Tr— 100 €T
Proposition 2.12. There is an event Qy with P(Qy) = 1 so that on )y, the following holds:
forall \;, Ao, BeR, all fe HA_,\y), and all s < t, hg(t,+|s; f), ha(t; f|s,+) € HA_, Ay),
where hg is defined through (1.4).

2.4. Quenched continuum directed polymers. Next, we turn to the structure of poly-
mer measures. We first show that there is an event of full probability on which the quenched
point-to-point measures defined in (1.7) all exist, are supported on Hélder (1/2)— paths, are
Feller, and satisfy basic continuity and measurability properties.

In the statement of the following result, Egﬁy) (t.2) is the expectation under Qfs D) The

path space Cp; ) = C([s,t],R) is endowed with its uniform topology and Borel o-algebra
B(Cs4), and | f |c’[7 : is the standard n-Hélder seminorm, which is defined in (D.1) in Ap-

pendix D. X = (X,)ue[s is the path variable on Cf;4 and G, = o(X, : 7 € [u,v]) is the
natural filtration. By(Cs4) is the space of bounded Borel functions and M, (Cs ) the space
of probability measures on C[, ), equipped with its standard topology of weak convergence
generated by Cy(Cs 47, R) test functions.

Theorem 2.13. There exists an event Qg with P(Qy) = 1 so that for allw € Qy, the following
holds:

xistence and uniqueness or each (s,y,t,x, € X R, tnere exists a unique
i) (Exist d uni F. h t,z,B) € RI xR, th /st '

B

probability measure Q(s ), (t,z)

on (Cps, B(Crsy)) with finite-dimensional marginals

(1.7).
(ii) (Holder 1/2— path regularity) For each (s,y,t,z,3) € Rf x R and n e (0,1/2),
(2.10) Qi) (Xl < 0) =1
and

(2.11) Qo) Xs =9) = Q) iy (Xe = 2) = L.
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(iii) (Markov property) For each (s,y,t,x, ) € Rf x R, each u,v satisfying s < u < v <t,
and each F € By(Cpy,0))

QP QP
EC ).t [ X)) Gors Goal = EC, xy 0x) [FCOT Q) 19705

(iv) (Continuity) For all s < t, the map (z,y, ) — Q(ﬁs,y),(t,;t) from R3 into My (Csq) is
continuous.

We next use the point-to-point polymers to construct measure-to-measure polymers for
(1,¢) € M2.(4). By Theorem 2.5(i), 0 < Zg(t;(|s; ) < oo for all such (,¢), s < t and
B € R. Measure-to-measure polymer distributions on the path space C|, are defined for

A€ B(Cpsyq) by
212) QA= f f Za(t,xls,) Q0 o (A)C(da)u(dy).
(s31),(8:€) Zs(t;Cls; ) Jr Jr T (s:9),(t,2)

Note that ng)’(t’x) = Q(ﬁs; 5,),(t:62) with this definition. We have the following basic prop-
erties of the measure-to-measure polymers, encompassing their existence, Holder support,
Markovian structure, and regularity properties. In part (v) below, if u — ¢ is not a well-
defined signed measure on R, the total variation measure | — (| is defined as a limit of the
(well-defined) total variation measures restricted to compact sets. See Appendix D.

Theorem 2.14. There is an event Qg with P(y) = 1 so that on Qq, the following hold:

(i) (Existence and density) For all (s,y,t,z, 8) € R} x R and all (11,¢) € M3, (4), (2.12)
defines a probability measure on (Cpsyq, B(Clsy)). For all tiy, satisfying s = to < 1, <
c <t < tgy1 = t, the finite dimensional distributions of this measure are given by

Qf‘w%(mo (X, € dro, Xy, € dy, ... Xy, € day, X, € drpys)
(2.13) 115 Zs(tisr, ziva |ti, ;)
_ d d i=0 ZB\Vi+1, Li4+1|bs, Ly
p(dzo)C(day 1) Za(t: Cls 1)

(ii) (Hélder 1/2— path regularity) For each s < t, each € R, each (u,() € M>(4) and
each n € (0,1/2),

dl‘l:k-

(2.14) Qo Xlep, < 0) = 1.

(iii) (Initial condition) For all 6 € R, all s <t, all u,( € My and all x,y € R,

Q(Sy (tC( ) Q(su ( :x):]-

(iv) (Markov property) For all s < t, all B € R, all u,v € (s,t) satisfying s <u < v < t,
all (p,¢) € M2 _(4), the following holds: for each F € By(C([u,v],R)),

Q° QF
E( ), (t; C)[ (X|[U,U])| G Gual = E(u,Xu),(v,Xv)[F(X)] Q(SM a.s.
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(v) (Total variation norm comparison) For all (p1, (1), (pa, (o) € M2 .(4), all s < t, and
all B € R, we have

B
HQ(&M) (t:¢) Q(S?P«Q)v(t;CQ)”TV

Zﬁ(;ﬂ'éi G él;'i’)m} + Zs(t; Gls; 1) | Zs(t; Gl sy ) ™t — Zs(t; Gol sy ) Y|
Zs(t; Gals; w2 — un])
Z5(t; Cal 85 1)
We turn to continuity properties of polymer measures, including a version of the strong
Feller property, with the caveat that in order to connect back to the usual formulation of a
time inhomogeneous Markov process, one needs to view this as a chain which is killed before
time s if run backward in time starting from ¢ and after time ¢ if run forward in time starting
from s.
Theorem 2.15. There is an event g with P() = 1 on which the following hold.
(i) (Weak continuity) For all s <t in R?, the maps from R* x M, to My(Cpsy)

8 B
(/87 Z, :u) = Q(s;,u),(t,m) and (57 Y, C) = Q(s;y%(t;()

are continuous with the weak topology on My (Csy).

~

+ Za(t; Gols; o) | Zs(t; Gl sy pn) ™ = Zg(t; Gl sy pa) ™.

(ii) (Total variation continuity) If lim, o dat,, (fn, £) = 0 and the total variation mea-
sure |, — | converges to the zero measure vaguely, then for all (s,y,t,x,5) € ]RZTl xR,

: B B : B B
Jim Q) )~ Qs [ 7v = 0= B Q) (1) = Qs i IV
(ili) (Strong Feller property) For all i1, € My, all f € By(R), and all r € R, the maps
(B,8,t,y) — E?,y) (t:0) [ (X0)] and (8,s,t,z) — Eg ), (t, )[f(Xr)]

are continuous on {(B,s,t,x) e R* 1 s <r < t}.
(iv) (Vague boundary regularity) For all p1,( € My, f € C.(R,R), and r € R, the maps

5
(8,8,y) — Eg,y),(t;g) [/ (X;)] and (B,t,z) — E? 1), (t,z) [f(X)]
are continuous on {(B,s,y) e R® : s <r} and {(B,t,x) e R® : t > r}, respectively.

The path spaces come with a natural partial order: f < g means that f(u) < g(u) for
all v in the domain of these functions. Because the paths of the polymer measures are
continuous and we are in a planar setting, it is natural to expect that the polymer measures
are stochastically ordered. One way to rigorize this intuition is through the Karlin-McGregor
identity [37], which we show implies a much stronger strict total positivity condition, recorded
as Theorem 2.16 below. The Weyl chamber W,, was defined above (1.11).

Theorem 2.16. There is an event Qg with P(Qg) = 1 so that on g, the following holds.
ForallneN, s<t, all BeR, and all (z1,...,2,), (Y1, ,Yn) € W,,

det [Z5(t, z;]s, yi>]2j:1 > 0.

The statement of the Karlin-McGregor identity for the polymer measures is Proposition
5.2 below. The resulting stochastic monotonicity is the content of our next result.
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Proposition 2.17. There is an event Qo with P(Q) = 1 so that on Qq the following holds:
Forall s <t, all B e R, all x1 < x2, all y1 < Yy, and all p,( € My,

B B
(215) Q(S,y1),(t;C) <ot Q(S7y2)7(t;g) and Q(s,u (t,z1) St Q(SM ),(tw2)

In the statement of the previous result, <, denotes stochastic dominance. See Appendix
D for a precise definition.
With our main results stated, we turn to the proofs.

3. CONTINUITY, INVARIANCE, GROWTH, AND THE CONSERVATION LAW

In this section, we prove most of our results about the structure of our solutions to (1.1)
and (1.2), beginning with the proofs of Theorem 2.1 and Proposition 2.2. We begin this
section with a brief outline. We take as given the previous results on the existence of mild
solutions to (1.1) and their chaos series representations. We quickly recap these results and
the relevant references in Appendix A. The important points for now are that for a fixed (s, y)
and (3 € R, a unique continuous and adapted solution to (2.2) exists and for fixed s, y,t, x, 5,
this process admits a representation as the chaos series (2.3). We use Kolmogorov-Chentsov
to glue these together and then verify that this process satisfies our assumptions. We include
a version of Kolmogorov-Chentsov satisfying our needs as Theorem B.1 in Appendix B below.
The purely computational parts of the argument are deferred to Appendix C.

We then turn to constructing the modification Z4(t,x|s,y) in Theorem 2.1, which we
obtain by gluing together the processes Z3(t, z|s,y) defined through the chaos series (2.4)
at dyadic rational space-time points. Next, we verify that this process is consistent, i.e. it
defines a version of the processes we started with off the dyadic rationals. This is essentially
immediate from our previous two point estimates. Our Kolmogorov-Chentsov estimates
imply growth bounds, which then allow us to prove most of the remaining results in the
paper.

The first lemma is the restricted version of Proposition 2.2 for the chaos series in (2.4).
Recall the definitions of these transformations at and below (2.1).

Lemma 3.1. The processes Zg(t, x|s,y) and Zs(t,x|s,y) satisfy the following:

(i) (Shift) For each u,z € R and (s,y,t,z,) € R? x R, there exists an event Q=
Oy (u, z,8,y,t,z, B) with P(21) = 1 so that on €,

Zat+u,z+ zls+u,y+z)oT y_. = Zs(t,z|s,y) and
Zg(t +u,x + z|ls+u,y+2)oT_y_. = Zs(t,x|s,y).

(ii) (Reflection) For each (s,y,t,z,53) € RI xR there is an event Q = Qi(s,y,t,x, 3)
with P(Qq) = 1 so that on Qy,

Zﬁ(_say’ - t,.T) oRy = Zﬁ(t,&?|5,y), Zﬁ(—S,y’ - t,l') oRy = Zﬁ(t7x‘87y>7
Zs(t,—z|s,—y) o Ry = Zp(t,x|s,y), and Zs(t,—z|s,—y) o Ra = Zs(t, x|s,y).

(iii) (Shear) For each (s,y,t,z,[3) € R? x R and each r,v € R, there exists an event Q; =
O (s,y,t,x, B,r,v) with P(Q;) =1 so that on 4,

Zﬁ(t7$ + V(t - T)‘Say + V(S - T)) OST,—I/ = Zﬁ(tax‘say)
and

er@+ - S)Zg(t v+vt—r)ls,y+vis—r)) oS, ., = Zs(t,x|s,y).
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(iv) (Scaling) For each (s,y,t,z,8) € Rf xR and each A > 0, there is an event )y =
Qi (s,y,t,x, 5,\) with P(21) =1 so that on )y,
Zﬁ/ﬁ()\Qt, Az|A%s, \y) 0 Dy-2 51 = Z5(t, z|s,y) and
AZ g, (N2t Az N2, y) 0 Dy-2y1 = Zg(t, s, y).

(v) (Negation) For each (s,y,t,z,[3) € Rf x R, there is an event Q1= Qq(s,y,t, x, ) with
P(Qy) =1 so that on §2,

Z_5(t,x|s,y) o N = Zg(t,z|s,y) and Z_g(t,x|s,y) oN = Zs(t, z|s,y).

Proof. We write the details of parts (ii), (iii), and (iv). Parts (i) and (v) are similar, but
casier. For m € N and f € L?((R*)™), denote the multiple Wiener-It6 stochastic integral by

b= aw

Let G € {T_u >, R1, Ra, Sr—1, Dy-2 x-1, N'} be one of the transformations as in the statement
and let G € {T,.,R,S,,, D)2, N} be the associated dual transformation on functions in
L*(R?). Then by [35, Theorem 4.5], which we may apply by [35, Theorems 7.25 and 7.26],

L (f) oG = 1,(Gy, f), P —a.s.

where G,, is the bounded linear operator mapping L?((R?)™) to itself which acts on product
form functions f(x1,....%m) = [[12, fi(xi) by G f(x1,....%m) = [[[21(G f;)(x;), where
X1.m € (RQ)m

Take G = Ry. Call t1.,, = (t1,...,tm) and —t,q0 = (—tpm, ..., —t1). Note that

(3.1) s<thi< - <ty <t &= —t<—t,<--<—t <-—5.
Moreover, for ti.,, as in (3.1), and with the convention that t,,,1 = ¢ and tq = s, we have

Gm pm(" - t,l’; —S, y)(tmslaxmzl) = pm(_tmzla xm:l’ - t,.ﬁE; -, y)

= ﬁ p(—ti — (=tis1), T — x”l))

HP(Q’H — ti, Tip1 — ;) = pm(tram, Tram | S, Y5 L, ).
i=0

Note that if any non-identity permutation of [m] is applied to the indices i of the coordinates
(t;,x;), then all of the above expressions would be equal to zero. For s < t, the chaos series
representation (2.3) gives

o0

Zs(—s,yl —t,x) 0 G =p(=s+t,y—a)+ > B Inlpm(-] —t.25—5,9)] 0 G
m=1
= p(=s+t,y—a)+ > B[ G p (-] — t.7; —5,7)]
m=1

e}
= p(t—s,2—y) + >, B Inlpm(-]s,y; t,2)] = Zs(t, x]s,y).
m=1

In the above, we have used the symmetrization in the definition of the multiple stochastic
integral for general L?((R?)™) functions (for example, item (ii) on p. 9 of [41]) to re-order
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the coordinates into the unique order for which the integrand is non-zero. Dividing through
by p(t —s,x —y) = p(—s — (—t),y — x) gives the analogous identity for Z5. The proof for
G = Ry is similar. This completes the proof of part (ii).

Next, we consider G = S, _,. Once again, take 1., satisfying the order in (3.1) and let
Z1.m € R™ be arbitrary. We maintain the convention that ¢,,,1 =t,ty = sand xg = y, Typy1 =
x. Introduce the shorthands Ax; = z;,1 — x; and At; = t;,1 — t;. Write a} = x; + v(t; — 1)
and set Az} =}, — ;. Then (Az})? = (Az;)* + 2vAG Az, + v (At;)?. We have for m € N,

G pm (s (s—r);t,x+v(t— r))(tl.m, T1om)
= Q(QWAISZ-)_W exp{ - ZZ;) 2At — I/Z Ax; — —ZAIS }
— e—V(:v—y)—ﬁ(t—s)pm(. 1, 2) (From, T1im)
Similarly,
(3.2) pt—s,x—y+v(t—s)) = e’”(’”’y)’g(t’s)p(t —s,x—y).
Consequently,

Zg(t,x +v(t—r)|s,y+v(s—71)) oG

=p(t—s,x—y+v(t—s))+ Bm_fm[pm(-|s,y+V(s—r);t,x+y(t—r))] oG

18

m=1

=pt—s,x—y+v(it—s)) + Z B L[ G o (+ (s=r);t,x+v(t—r))]
m=1

_ efu(x*y)*é(tfs) (p(t —s,x — i Bml pm |S y,t 1’)])

N

v

= eV D 70t x| s, y).

Dividing by p(t — s, — y + v(t — s)) and appealing to (3.2) gives the corresponding result
in part (iii) for Zg.

Finally, turning to G = Dy-2 y-1, we have for s <t, z,y € R, and A > 0,

AOR(E— ), A5 — 9)) = — o™ B = it )
—5), €T — = e t—s) = — 85T — .
P Y 2Nl —5) P Y
Similarly, for ¢1.,, as in (3.1) and zy., € R™,
A Gy, o+ PN D) (b T1n) = A2 [ p O (tiar — 1), Mwigr — 22)
=0

=\ Hp(ti+1 — b, Tigr — @) = NP ppa (-

i=0

; ta l') (tlzma ml:m)-
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Then
Mg, 5Nt Az \%s, hy) o G
= Ap(\2(t — ), A )+ i ( )m [pm (+| N5, Ay; Nt Az)] 0 G
m(;l i
= Ap(A\2(t — 5), A )+ ). ( ) | Gon P (+ | N2, Ays A2, ) |
m=1
=p(t—s,z—y) Zﬁm m (o], y; ¢, x)] = Zs(t, x|s,y).

The second part of (iv) follows by dividing by Ap(A2(t — s), A(x —y)) = p(t — s,z —y). O

We next turn toward the moment estimates which we use in our application of Kolmogorov-
Chentsov.

Lemma 3.2. Forallpe R, all e R, and allt = 0,
D, := sup E[Z5(5,0[0,0)"] < o0
0<s<t
Moreover, calling
(3.3) D, := sup E[Z(s,0]0,0)"], we have Dpipg= Dpypa.

0<s<t
Proof. For § = 0, t = 0, or p = 0, there is nothing to prove in either claim because
Z5(t,0]0,0)? = 1 in any of these cases. If B,p # 0 and t > 0, (3.3) follows from Lemma
3.1(iv) and (v).
Using stochastic analytic methods, it can be shown that for each p > 0, there exists
C = C(p) > 0 so that

(3.4) Dysp < e?'C

for all t > 0. See, for example, [11, Example 2.10].
For 8 # 0, ¢ > 0, and p < 0, finiteness follows from [39, Theorem 1]. See also [18, Theorem
1.7] for a more reﬁned version of the same idea. O

Remark 3.3. Using inputs from integrable probability, Das and Tsai showed in [19, Theorem

1.2] the sharp result that for all p > 0, limy_ ¢t 'log D, ; = plgp.

With the previous notation in mind, the first main goals in this section are the moment
estimates on the increments of Z4(t, z|s,y) and Zs(t,x|s,y). We start with the spatial
increments.

Lemma 3.4. For p > 2, there exists C' = C(p) so that for allt >0, z,y € R, and f € R,
E[| Z5(t,9|0,0) = Z5(t,2[0,0)]"] < CDpy 1B |z — y[""?

Proof. The result is trivial when either ¢ = 0 or § = 0, since both terms in the absolute
value are then equal to 1, so we assume that ¢ > 0. By Lemma A.3, Z3(+,+|0,0) admits a
modification solving the mild equation obtained from (2.2) by dividing by the heat kernel:

Z4(t,2]0,0) = 1+ ﬁf:pr(t — “Etjx';)p(“ %) 2,210, 0)W (d=dr).
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Using the Burkholder-Davis-Gundy inequality [7, Theorem 4.2.12] and then Hélder’s in-
equality with conjugate exponents p/2 and p/(p — 2), there exists C' = C(p) so that

El[ Z5(t,y[0,0) = Z4(t, 2[0,0)["]

= CWE[U J < — ;Mh o Tﬁt,_xj)p(r’ Z>)2 Z4(r, 210, O)dedr)p/Q]

core([ [ (A=rao_ =)

" ( = T’py(t,_y;)p(n e T}i{ﬁp(r’ Z)>4/p Z5(r, 2|0, O)dedr) W]

= C|B|p[f J ( T;)y — Z))p(r’ ) _ ot Tﬁt’—xz))p(r, Z))Zdzdr] =N

“0 JR < p(t —r,y— Z))p(r, 2 plt—r,z—2)p(r, Z>>2E[Zﬁ(r,u|0,0)p]dzdr]

p(t, z)

) p(t; )

To finish,

[[f (omted ooty
L

lp(t R Y e O (i
p(t,y)? p(t, z)?
B L) P
p(t,y p(t, )
where the last bound follows from Lemmas C.2 and C.5. O

We now estimate the increments of the process in the inverse temperature [:
Lemma 3.5. Fort >0, x € R, (1,0 € R, and p > 2,
E[| Zp, (t,]0,0) — Z5,(t,x|0,0)"] < Ct/*[ 81 — ol Dy sy ™"

Proof. Notice that the shear invariance in Lemma 3.1(iii) implies that for all z € R and
r >0,

E (| 25, (r,20,0) = Z5,(r, 2|0,0)["] = E[| Z4,(r,0[0,0) — Z4,(r,0[0,0)/"]
and similarly, that
E[Z5(t, 2[0,0)"] = E[Z4(t,0[0,0)"].

Abbreviate Z4(r, z) = Z5(r, 2|0, 0). Appealing to the Burkholder-Davis-Gundy and Holder
inequalities (again with conjugate exponents p/2 and p/(p — 2)) in the same way as in the
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proof of Lemma 3.4, there exist C, C" depending only on p so that
[|Z,31(t ZE) Zﬁ2 t Z |p]
r,Z
< B — 52|pE[ )p( %) Zs,(r, z)W(dzdr)

- )p(r, ?)

]

(Z25,(r;2) = Zp, (1, 2))W (dz dr)

+ |31’pE[

g “”‘Zf”“ 2 ez 0k

7

copp([ [ Ans R )

f f t — xt ;)>22p( )de EH Zﬁz (T, 0) - Zﬂl (T‘, 0)|p]dT

]

< C'1B1 — Bol'tiDyyp, + C'|5|PHE 2 f E[| Zp,(r,x) — Z3,(r, )| ]dr.
0

In the third inequality, we appealed to the computations in Lemmas C.1 and C.2. In the
last step, we used shear invariance again to switch 0 to x in the expectation. It follows from
Gronwall’s inequality [7, Lemma A.2.35] and the computation in Lemma C.2 that there is
C" = C"(p) > 0 so that

E[| Z4,(t,2]0,0) — Z4,(t,2[0,0)|"] < C"t*4|8) — Bs|P D,y g, 1P, O

We include two estimates for time differences. The first one will result in a non-sharp
Holder exponent for all nonnegative times, while the second one results in a sharp Holder
exponent at times bounded away from zero. The reason our bounds are not sharp at the
boundary ¢ = 0 is that we use a crude bound in Lemma C.8 to simplify the computation.

Lemma 3.6. For p > 2, there ezists C = C(p) > 0 so that for all e R, all T, K > 1 and
all he (0,1), ift,t + he[0,T] and z € [—-K, K], then

E[|Z5(t + h,2|0,0) — Z5(t, £]0,0)["] < CD,r|BPT*/* KPHP/M.
Moreover, for each § > 0, if in addition we have t,t + h € [§,T], then
E[|Z5(t + h,2|0,0) — Z5(t, ]0,0)|"] < CD, |36~ 2T3P/A KPhP/A,
Proof. Again for r > 0 and z € R, abbreviate Z4(r, z) = Z4(r, 2|0,0). Appealing again to

the Burkholder-Davis-Gundy and Holder inequalities (again, with conjugate exponents p/2
and p/(p—2)), there exist C,C’",C" > 0 depending only on p so that the following hold, with
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the convention that integrals below on [0, ¢] are defined to be zero if t = 0:

E[| Z5(t + h,x) — Z5(t, 2)["] <

prE{ (p - l‘;;))ﬁ(ﬂ 2o hp_(trfh,_x?p(r’ Z)) Z4(r, 2)W (dz dr) p]
+ C'|BIPE [ LR ot 4 R —trfh—;)P(r, 2) 200, W (dzdi) p]
cour|[ [ (e st |
e [ e _(tr fh a:')) ALY 2,2z dr m]
R
covmn [ (£2boazcen_siooggesa) ]
C rmpapm[ [ f plt + —(trfh Pt Z)dedrr/Q

< C"|BIP Dy sT* KPhs.

The last bound comes from Proposition C.10 and Lemma C.4 in general. If instead we also
require that ¢,¢ + h € [0, T], then the last bound becomes

3p, __3p P
C"|BIPDprpd~ 2T+ KPht,
again by Proposition C.10 and Lemma C.4. 0

The previous estimates combine into the following bounds. Because of the different growth
rates of our bounds and the different Holder exponents that they imply, we estimate several
Holder semi-norms below. We restrict attention in the following results to the estimates
which are required for the results of this paper and the companion [34].

Proposition 3.7. Forp > 14, there exists C = C(p) so that for (s;, y;, t;, x;) € Rﬁ, i€ {1,2},
Zf we call T = max{|t1 —t2|, |t1 — 81|, ’tz — 82’} v1and K = max{|xi —.73]“, |yz _yj’7 |l‘2 —y]| .
i,j€{1,2}} v 1 and take B > 0, then

(i) For B € [—B, B,

E[] Z5(t1, y1ls1, 71) — Z5(ta, yalsa, 22)|']
< CDILT’BBPTQPKP (|y1 — y2|p/2 + |{lfl — [L’Q|p/2 + |t1 — t2|p/14 + |51 — 82|p/14)

and for By, Bs € |- B, B],

E H Zg, (t1, )81, 21) — Z, (L, y2|827$2)}p]
/
< CeP” 4Dzo,T,BKpOyl — yalP/? + |21 — Do+ [ty — P/ 4 |51 — soPM |5 — 52|p>.
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(ii) With the same notation as in part (i), for any 601,05 € (0, 1) which satisfy 61 +260 = 1,
there is C' = C'(p,01,02) > 0 so that for all By, 52 € [—B, B,

H Z,Bl t1, y1ls1, fEl)_l - 2,32(t27 Ya|s2, 552)_1’[)]
< Cexp{C’ BT }D2 2p/6s, TBDﬁ}Gl rpK”

X (‘Zh — |+ o1 — 2o + [ty — LM [s1— sofM B —ﬁ1|p>-

(iii) If, in addition, for some d € (0,1), we have t; — s; > 6 for i€ {1,2}, we also have
E U Zgl (tl, y1’81, .’L’l) — 252 (tg, y2|52, SL’Q)’p] < CGCBPTP/4DP’T,B§73P/2KP

X <|y1 — P+ a1 — mofPP [t — G+ 51— s+ | By —/32|p>

and

E (| Zs,(t, y1ls1,21) " — Zﬁz(t2,y2\32,$2)_1‘p]
CleXp{C/Bng%}D22p/92TBD2/9 7,80 PP

X (’yl — yz\p/ + |z1 — 1’2\]?/2 + |t1 — tz\p/4 + |51 — Szfp/4 + |B2 — 51‘17)-

Proof. Without loss of generality, we assume s; < s. Abbreviate again Z(r, z) = Z(r, z|0,0)
and also 8 = (.
27PE H Zp, (L1, y1ls1,21) — 2, (t2, yo|se, $2)’p]
[lZﬁl tl?yl‘sh’ml Zﬁz(tlay1’81>xl }P]

Zg,(ta, Y151, 21 P

) — )
E[| Zs,(t1, y1l51, 1) — Zp,( )
E[| Z5,(t2, 1151, 1) — Z5, (b2, Y251, 21)
E[] Z3,(t2, yals1, 21) — Zp,( )
E[| Z5,( )

‘Zﬁg tQay2|817$2) Z,BQ t2792|52,$2 p]

Z,(t2, Yal|s1, T2

bS]
—_— e

|

|

’p
(3.5) ‘
=E[| Z5,(ts — 51,21 — 1) — Zp, (b — 51,21 — )"
+ |Zﬁ th—s1,y1 —x1) — Z(ta — s1,y1 — 1)

[
| ) —
+E[| Z5(ts = s1,51 —11) = Zp(ta — 51,52 — 11
| )
| )

=

+E[| Z5(ta — 51,92 — 21 g

p

|
']
( )I']
— Z5(ts — s1,y2 — x2)|"]
+E |Zg(t2—51,y2—a:2 _ZIB(tQ_SQ,yQ_ZCQ)’]

The equalities follow from Lemma 3.1, either by shifting (s, x) to the origin, or by shifting
(t2,y2) to the origin followed by a reflection:

Z4(ta, ya|s1,71) — Z5(t2, y2| 51, 22) L Z5(0,0]s1 — to, 1 — y2) — Z5(0,0|s1 — t2, 2 — Y2)

d
= Zﬁ(t2 —S1,Y2 — 371) - Zﬁ(tz — S1,Y2 — 1’2)-
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By Lemmas 3.4, 3.5, and 3.6, in general, there exists C' = C'(p) > 0 so that for any fixed
g >0,
E[| Z5(ti, y1|s1, 21) — Z5(t2, yo|s2, 22)["]
< C|BIPDprsTPK? (’yl - 92‘]3/2 + |z — $2‘p/2 + [t — talPM + |51 — 32\p/14> ;
and for fy, B2 € [-B, B],
E | Z5,(t1, y1]51, 1) — Zp,(t2, yo| 52, 22)["]

pp/4
< Ce“BT" D, p BPT# KP

X <|y1 _y2|p/2 + |JI1 —{L’2|p/2 + |t1 —t2|p/14+ |81 —82|p/14+ |ﬁ1 _B2|p>.

Note that to obtain these bounds using Lemma 3.6, we need to consider times separated by
at most 1 in Lemma 3.6. To achieve this, consider for example the last expectation in (3.5).
Take uy., such that s; = ug < ... < uy = $5 so that u; —u;_; = 1 for each i € [¢ — 1] and
Uy — up_q < 1. In particular, ¢ < 27T + 1. Write

| Z5(ta — s1,y2 — w2) — Zp(ta — s2,y2 — 2)|"

4

(3.6) = | D3 (Zalts —wir, v = 2) = Z(ta — i — w2)
. i=1

¢
< et Z ‘ Za(te — wim1, Y2 — x2) — Zp(ta — uj, y2 — $2)|p

i=1
Now apply Lemma 3.6 to each term above. The other time increment can be handled
similarly.

Similarly, with the gap of 6 > 0, the bound becomes

E H Zs(tr, yals1, 21) — Z(t2, yo|s2, $2)|p]
< CDyrpB 6 "PTK” (Jyr — YolP? + |21 — ol + |t — Pt + |51 — 82|p/4) :

By Lemma 3.2, Z4(t,y|s, z) is almost surely non-zero for each (s,z,t,y, ) € Kf x R, so we
may divide by it for fixed space-time-inverse temperature quintuples. We have

Zp,(t1,y1]51, 1) — Zp,(ta, y2|s2, 22))|
Za (t1,y1ls1, 1) — Z3,(ta, Yoo, x ’12‘ . 2 .
[Zatanbon o)™ = 2 avalon )| = Tz G o 20) 2t ol )

It then follows from Hélder’s inequality that for any 6y, 65 € (0,1) which satisfy 61 + 260 = 1,
letting ¢ = p/6; and r = p/0s,

- _qppl
E (| 26, (tr, pals1, 21) ™" = 25, (b2, Yl 52, 22) '] "
< E[| Zg, (t1, 91|51, 21)[ ]V B[] Zp, (t2, yol s, x2)| 7"
1
K U Z(t,yilst, 1) — Zﬁz(t27y2|52,$2>’q] e

2/r 1/q C BT/ 2+ -
< CD_%T’BD%T’BBGQ T 1 K

1/q
X ((|yl — ?J2|Q/2 + |1 — $2|q/2 + |t — t2|q/14 + |s1 — 82|q/14 + |2 — 51|q> .



24 T. ALBERTS, C. JANJIGIAN, F. RASSOUL-AGHA, AND T. SEPPALAINEN

Recalling that p/q = 61, p/r = 05, and that 2% is a subadditive function for z > 0, we see
that there is C" = C"(01, 05, p) so that

E [| Zg, (ty, y1ls1, w1) " — Za, (2, 2|52, $2)71’p]

< C'exp {C’Beﬁ Tr }D292 Do KP

—2p/02,T,B~" p/01,T,B

x (\?/1 — [P + |21 — 2P+ [ty — toPM 4 |5y — sofPM 4By — 51|p)-
If, in addition, we have t; — s; > ¢ for i € {1,2}, then by the same argument,

E U Zg, (t,yils1, 1) 7" — Za,(t2, 2|52, 372),1‘;9]

< C'exp {C’Be’lee'& }Diegp a5 Dol 150 K
X <|y1 — yglp/2 + |z — :zrg\p/z + |ty — tg\p/4 +|s1 — 32]1”/4 + |52 — ﬂl\p) 0

Proposition 3.7 implies the existence of a Holder continuous modification of Zs(t, z|s,y)
and, away from the line ¢ = s, of Zs(t, z|s,y).

Proposition 3.8. The process (s,y,t,x, ) — Z5(t, z|s, y)wdeﬁned on (Ef X ELR) ND° by (2.4)
admits a unique (up to indistinguishability) modification Z.(s,+|,+) € C(R; x R,R). This
modification satisfies the following conditions:
(i) For each T,K,B > 1, p > 70, « € (0,1/14 — 5/p), v € (0,1/2 — 5/p), and n €
(0,1 —5/p), we have
- P CBPTP/A

(3.7) E [\z.(-,-{-, ) CQM(@?(T,K)X[_RBD] < Ce KP,

for some C' = C(p,«,7y,n) > 0. Moreover, if 6 € (0,1), then for o € (0,1/4 —5/p),

7€ (0,1/2—5/p), and n e (0,1 —5/p),

(3.8) E [|Z7(, e, )P ] < CeCBP T Fng—30/2.

€O (R (T,K,6) x [ B,B])

(ii) For each fe R, T)K =1, p > 56, a € (0,1/14 —4/p), v € (0,1/2 — 4/p), we have

(3.9) E [’Zﬁ<'> |+ ')Emw@?(m{))] < C|BPDyrsT*PK?,

for some C = C(p,a,7y) > 0. If 6 € (0,1), then moreover for a € (0,1/4 — 4/p),
v€(0,1/2—4/p),

(3'10) E [‘25(5 '|'> ') ga,w(R?(ﬂK’(g))] < CDp,T,B5_3p/2|6|pT2pr»
(iii) For each T,K,B = 1 and 61,05 € (0,1) with 61 + 205 = 1, for all p > 70, and all
ae(0,1/14 = 5/p), v€(0,1/2 = 5/p), and n € (1 = 5/p),

P p
Z (v oo NLIP CBY%1T%01 26 P
E [‘Z( ’ ‘ ’ ) cav%"(Rf(T,K)x[—RB])] < Ce Df;p/ﬁz,T,BK

for some C = C(p,a,7v,m,01,02) > 0. In particular, Z5(t,z|s,y) > 0 for all
(s,y,t,z,p) eﬁf x R.
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Proof. To apply Theorem B.1 as stated in Appendix B, we fix T, K, B > 1 and map
R?(T,K) x [-B,B] to K ={(s,y,t,z,5) : 0 < x,y,0 < 1,0 < s <t <1} by defining

(3.11)  frrp(s,y,t,x,B) = Z_props(—T +2Tt,—K + 2Kx| — T + 2T's, — K + 2Ky)

for (s,y,t,x,B) € K, where Z3(t, z|s,y) is defined to be equal to one if 5 =0 or s = ¢t and
is given by (2.4) otherwise. By Proposition 3.7(i),

/
(3-12) E[‘fT,K,B(tlaxla 8173/1751) - fT,K,B(t2,$2, 8273/2752)‘1’] < CeCB 1" 4Dp,T,BKpX
<|t1 — t2|p/14 +|s1 — 32|p/14 + |z — -’152|p/2 + |y — yz|”/2 + |f2 — 51|p>,

for (t1, 1, s1,y1, 1), (t2, T2, 52,42, B2) € K.

With p > 70, (3.12) gives assumption (B.1) with v = p, d = 5, a; = & — 5 for the time
increments, o; = £ — 5 for the space increments, and o; = p — 5 for the inverse temperature
increments. By Theorem B.1, there is an event Qr  with P(Q2r x 5) = 1 such that fr g s
admits an almost surely unique continuous modification of fr x p to K which agrees with
(3.11), defined through (2.4), on the dyadic rationals. Then, the bound (B.2) and the
estimate in (3.4) implies that

pTP/4
(313) E[|fT,K|IC)a,’Y7’U(’C)] g CecB T Kp

for some C' = C(p, a,y,m) > 0. To conclude the proof of (ii), the extension of fr x to K is,
by definition, an almost surely unique continuous modification of Z4(t, z|s,y) to Ef (T, K) x
[—B, B] which agrees with Z_5 o5(—T + 2Tt, —K +2K3| — T + 273, — K + 2K7) defined
via (2.4) for dyadic rational (£, Z, 3, 7, B) € K. On the intersection ()
then gives a unique extension of Zz(t, z|s,y) to @f x R which agrees with (2.4) on (@f X

nen $dan on on, consistency

R) n D°. By transferring the variables again as in (3.11),

| fr. K| cermic)

_ |fT7K7B(t/1’ x/h 3/1’ yi? Bi) - fT7K,B(t/27 :)3/2, 3/27 yé7 Bé)|

- sup / /'l / ! la / /vy / /|y / /|n
() 2,8 90,8, # [t — t|™ + |s) — sh|™ + |2y — 5| + [y — w7 + |81 — Bl
(t5,%,55,95,5)
(t5,m5,57,95,8;) €,

€{1,2}
_ s | Z5,(t1, 1]51,91) — 2, (t2, 2252, y2)|
- (tl,:t:l,Sh&I/)lel)?é [t1—ta|*+|s1—sp| + o1 =22 +y1 7 + [B1—Ba|"

(t2,22,52,92,82), @1 @Ky @By
(ti,wi,84,9i,8:)€
R (T,K)x[~B,B],
ic{1,2}

= ’25('7'

K ')‘Comn(@f(T,K)x[_aB])
and (3.7) follows from (3.13). The proofs of (3.9) and (3.10) are similar.
To prove (iii), we repeat the argument verbatim with (3.11) replaced by
fres(s,y,t,r,8) = Z_propg(—T + 2Tt, —K + 2Kz| — T + 2T's, — K + 2Ky) .

That we are permitted to divide by Z3 for dyadic rational (s,y,t,x,3) € K follows from
Lemma 3.2. With this definition, take 6;, 605 as in Proposition 3.7(ii). That result and the
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estimate in (3.4) gives

E[|fr.x Bt 21,51, y1, b1) — frx,B(t2, T2, S2, Y2, B2)[7 |
P p

o 20
e KpD722p/02,T,B

x (lyr = g2l”? + o1 — 2afP? + [ty — 6™ + [s1 — s2|M + [B1L — Bof?)

< Cexp®®

for some C' = C(p,01,02) > 0. The remainder of the proof is now identical to the previous
case. [

Next, we show that this construction is consistent with the processes that we started
with, i.e., for each fixed s, y, 8 € R, it defines a version of the unique continuous and adapted
solution to (2.2).

Lemma 3.9. Let 2(, .
(i) For all (s,y,t,z,[) € E? x R éﬁ(s,y,t7,:1j) is ]—“g measurable.

ii) For any fixed s,y, 5 € R, the process Z t,x|s,y) defined on {(t,x) e R* : t > s} by
B
Zg(t,x|s,y) = Z5(t, z|s,y)p(t —s,x —y), satisfies

«,+) be the process constructed in in Proposition 3.8. Then

P (40> 5.0 R Zultalsnn) = Zattalsun)) = 1

where Zg(t, x|s,y) is the mild solution to (2.2) coming from Lemma A.3.

Proof. Take dyadic rational sequences s,,t,, Tn, Yn, Bn With s, < s <t < t, and t, — t,
Tp — X, Sp — S, Yo — vy, and B, — B. Then by construction, ggn(tn,xn,sn,yn) is fﬁ?tn
measurable. Taking limits and appealing to continuity and the left- and right- continuity of
}"?; as defined in Section 2 gives the first claim.

Fix s,y, 8 € R as in the second part of the statement. By Lemma A .3, there exists a unique
(up to indistinguishability) continuous and adapted solution (2.2) satisfying the moment
assumptions of that result and for each fixed ¢ > s and x, 8 € R, this process agrees with
the chaos expansion (2.3) with probability one. Because both Zs(+,+|s,y) and Zg(-, ‘s, y)
are continuous, it suffices to show that for fixed dyadic rationals ¢ and z with ¢t > s, we

have ]P’(Zﬁ(t, x|s,y) = Zs(t,z|s,y)) = 1. Now, for a sequence s,, y,, of dyadic rational points

with s, € (s,%), S, — S, Yo — y, we have P (Zg(t,x]sn,yn) = Zg(t,w\sn,yn)> = 1 by the

construction of Zs in Proposition 3.8 and the fact that Zs(t, | sy, y,) agrees with (2.3) with
probability one. Similarly, Zs(¢, x|s,y) agrees with (2.3) with probability one for each fixed
t,s,x,y with t > s. By Proposition 3.7, we have E[|Z5(t, z|Sn, yn) — Zs(t, z|s,y)|P] — 0 for
all p > 2, which implies that Zg(t,x\sn,yn) = Zg(t,x|s,,y,) converges to Zs(t,z|s,y) in
probability. The result now follows from almost sure continuity. 0]

With Lemma 3.9 in hand, we now complete the proof of Theorem 2.1 and Proposition 2.2.

Proof of Theorem 2.1. We verify that the process constructed in Proposition 3.8 satisfies all
of the desired conditions. Proposition 3.8 and Lemma 3.9 show the first, fourth, fifth, and
sixth parts of the claim. To see that the second and third hold, note that by definition, we

have ég(t,x]t,y) = 1 and éo(t,x\s,y) = 1 for (s,y,t,z,p) € (Ef x R) n D°. Continuity
extends to all (s,y,t,x, ) € Ef x R. d
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Proof of Proposition 2.2. Proposition 2.2 follows from Lemma 3.1, Proposition 3.8, and
Lemma 3.9, except when either 5 = 0 or ¢t = s. In either of these cases, Z5(t,z|s,y) = 1
and so the result is trivially true. 0

Throughout the remainder of the paper, we write Z4(t, x|s,y) to mean the unique continu-
ous extension provided by Proposition 3.8 and set Zs(t, z|s,y) = p(t —s,x —y) Z5(t,x|s,y).
Lemma 3.9 justifies this, because the mild solutions to (2.2) are defined only up to in-
distinguishability in any case. An immediate corollary of Proposition 3.8 is almost sure
sub-polynomial growth and decay of Z4(t, x|s,y) as a function of the spatial coordinates
x,y for all times and inverse temperatures simultaneously.

Corollary 3.10. For each p > 70, there exists C' = C(p) so that for all T, K, B > 1,
(i) We have

’ [ sup Z4(t,ls, y>p] < CeOP K,
(s,y,t,7,8)€R; (T,K) x[—B,B]

P

E [ sup Zs(t, x|s, y)p] < CeCBIT? Dl_/gpoT’ZBKZ&p_
(s,y,t,2,8)€R, (T,K) x[~B,B]

(ii) For each € R, we have

E[ sup zw,x\s,y)p]sch,wW(TKW,
(s,y,t,2)eR; (T, K)

- 1/4 3/2
E [ sup Za(t x]s,y) p] S CDf/Bp,QT,ﬁDQQ/o,QT,,B|B|p(TK>3p'
(s,y,t,2)eR; (T, K)

(i) We have the almost sure growth bounds

(3.14) JP’(HT>O: lim K* sup Z5(t, z|s,y) >0) =0,
K= (5,,t,2,8)€R; (T,K) x [~ B, B]

(3.15) P <3T >0: lim K* sup Zs(t,z|s,y) ' > 0) =0.
K=o (s,y,t,2)€R (T,K) x [~ B, B]

(iv) We have the almost sure Hélder semi-norm growth bounds

P (HT,B > 0,a € (0,1/2),7 € (0,1/4),n € (0,1) :

(3.16)
L KT Z(ey o]0, #)|comn i (r,m0,1/5)x [~ B.B)) > O> = 0.
Proof. Recalling that Z3(0,0[0,0) = 1, we have for p > 70 and v € (0,1/14 — 5/p),

sup Zﬁ(t,l’|8,y)p
(s,y,t,2,8)eR,; (T,K) x[—B,B]

|Zﬂ(t7l’|87y) - ]'|
L+ 2|7+ [s|7 + [y + |8

<2042 sup (
(s,y,t.,8)€R, (T,K) x [~ B,B]

<2+ 10%(TEB) Z5( [+, +) I()J%W(@f(T,K)x[—B,B])'

>p5p(TKB)’”’
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Proposition 3.8(i) then gives the first claim. The second comes from the same argument and
Proposition 3.8 (iii) with ; = 1/2 and 6, = 1/4.
We now prove (3.14). Take p > 70, T, B > 1 and € > 0. We have for N € N,
P ( sup Zs(t,z|s,y) 26]\74) < ONPe?

(s,y,t,x,ﬁ)e@? (TvN) X [_BvB]

for some C' = C'(p, T, B). The Borel-Cantelli lemma then gives, along the sequence N — o0,

P(A@ON“‘ sup Zs(t,z|s,y) >0> =0.

(s,y,t,2,8)eR} (T,N) x [~ B, B]
Note that SUD(, 1 o )R (T )< [ 5,5 Z5(t,x|s,y) is nondecreasing in T, K, and B. By con-
sidering T, B € N, (3.14) follows. The proof of (3.15) is similar.

To see (3.16), we again appeal to monotonicity of | Z4(s, [+, *)|cr @i (r,x,1/K)x[B,5)) 11
T,K, and B. Take o,/ € (0,1/2) satisfying o < o, v, € (0,1/4) satisfying v < +/,
and n,n" € (0,1) satisfying n < 7, and let T, B > 1 and K > max{T, B}. Then for
(t1, 21, 81,91, F1) and (o, x2, S2,Ys, B2) € ]R?(T, K,1/K) x [-B, B] with (t1,x1, $1,v1, 51) #
(tg, T2, 52,92, B2), observing for example that |zo — 21|* = |29 — 21 ||z — 21| < |2y —

z1|%v/2K, we have
— o™ + [yo — | + [t — o + |52 — 51| — By
|1 — 22|* + Jy2 — 11 |* + [t — L] + |52 — 51| + |52 — B < VIR
o — ol + lya — "+ b~ La F |52 — s+ B~ Al
This implies the bound

| Z,B('a '|'a ')|C“W*’7(R?(T,K,1/K)><[—B,B]) < OV 2K| ZB('7 "'v ')|ca’w”n'(R;1(T,K,1/K)x[—B,B])'

Therefore, it is sufficient to show that for each n € N, with o, = 1/2—1/4", ~,, = 1/4—1/8",
and 7, = 1 — 1/2", we have

P (HT, B> 0,: lm K77 Z5(c, o[, +)lconmm s or,ie1/m) <[ B,8) > 0) = 0.
This follows from the estimates in Proposition 3.8 exactly as in the proof of (3.14). O

Remark 3.11. One quick consequence of Corollary 3.10, which we use frequently, is that for
any T > 1, there exists C' = C(T, B,w) so that for all z,y € R, all t,s € [-T,T], and all
ﬁ € [_B7 B]7

CTH+ ol + [y < Zs(t als,y) < O+ Jof* + [y[h).
The power 4 above is purely an artifact of our proof.

We next turn to the proof of Theorem 2.5, which shows basic properties of our solution
to (1.2). We start with the semi-group property of the fundamental solutions, which is
essentially the Chapman-Kolmogorov identity for the continuum polymer. This result is
already contained in [1, Theorem 3.1(vii)], though the proof there is light on details. For
completeness, we include a more detailed proof here.

Lemma 3.12. There exists an event Qo with P(Q) = 1 so that for all (s,y,t, z, 3) € Rf xR
and all r € (s,1),

(3.17) %@M&M=JZNJM@%&JMMW-
R
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Proof. First, fix s,y € R, f € R, and r > s. Recall that the C((s,0), R)-valued random
variable Zg(+,+|s,y) is the unique mild solution to (2.2) coming from Lemma A.3. Call
f(z) = Zs(r, z|s,y) and notice that Lemma 3.2 implies that (A.3) holds for f. It then
follows from Lemma A.5 that for ¢ > r and = € R,

Zs(t,xlr f) = f Za(t, 2|, 2) Z5(r, 2|5, y)dz
R

is the unique C((r, ), R)-valued and adapted solution to the mild equation

U(t,x)szp(t—r,a:—z dz+ff (t —v, 2 —w)U(v,w)W (dv dw)

satisfying the moment hypothesis in (A.3). Recalling the mild formulation (2.2), we also
have for all z € R,

f(z) = Zs(r,z|s,y) = p(r — s,z —y) + LJT p(r — v,z —w)Zg(v,w|s,y)W(dv dw)

The moment estimates in Lemma 3.2 imply that we may use the stochastic Fubini theorem,
see [17, Theorem 4.33] or [47, Theorem 2.6], to write

Zo(t 2|7 f) :JRp(t—r,x—z)f(z)dz—i—fRJ:p(t—U,x—w)Zg(v,wh"; FIW (dv dw)
=JRp(t—r,x—z)p(r—s,z—y)dz
+J]Rp(t—r,x—z) fpr(r—U,z—w)zﬂ(v,ms,y)vv(dvdw)dz
n fﬂJt ot — v, — w) Zs(o, wlrs YW (do dw)
ot — e —y) +JRLTp(t—v,:n—w)Zg(v,w|s,y)W(dvdw)

+ fth p(t — v,z —w)Zg(v, w|r; fYW (dv dw).
We then have for all ¢ > r and = € R,
Za(t, x| f) — Zs(t, s, y)
= J}R Jtp(t — v,z —w)(Zg(v,w|r; f) — Zg(v,w|s,y))W (dv dw).

The Burkholder-Davis-Gundy and Gronwall inequalities now imply that

Zg(+se|ri ) = Zs(+,+]5,9) = 0.

(3.17) then holds for all (s,z,t,y,8) € RI xRnD® and r € D with r € (s,¢) on a single
set of full probability. Continuity of the left hand side of the expression in (3.17) and the
integrand of the right hand side, combined with the growth estimates in Corollary 3.10
and the dominated convergence theorem, imply that the result holds simultaneously for all
(s,2,t,y,8) e Rt xR and r € (s,1). O
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Proof of Theorem 2.5. On the complement of the event in equation (3.14) of Corollary 3.10,
for each T, B > 0, there exists a constant C' = C(T, B,w) so that for all s <t in [-T,T],
all Be [-B,B], and all z,y e R, C (1 + |z* + |y|") ' < Z5(t,z]s,y) < C(1 + [z* + |y[*).
Then, for p, ¢ € M2, we have

o< 0 [ [l ot = 52 = w(d ()
ffzﬁtas w)¢(dz) p(dw) JJ (1+ |2* + Jw|Hp(t — 5, 2 — w)¢(d2)pu(dw) < o

by the conditions defining M?2_(4). This implies (i).
We now turn to the first case of (ii). Fix a > 0 and s,t € R with s < ¢. Call b = —S)

Again, by Corollary 3.10, there exist C,C” > 0 depending on s,t, B,w so that whenever
B € [_B7 B]7

| e zattalsimde = [ [ et s - ) Zatt,alsintinis
C [ [ et (e aft + lyidonay)
R JR
< C'J J e~ 5% eV dap(dy) + C”J J e~ e’ (1 4 |y|Hdap(dy).
R JR R JR

The inner dz integrals can now be computed and result in Gaussian density functions in y,
up to normalization. Therefore, both terms are finite by the condition that u € Myg. The
remaining case of (ii) is similar.

To prove (iii), suppose that for some K > 0, {[—K, K| > 0 and pe M, (R). Call A >0
the supremum in the statement of (iii) and, without loss of generality assume that A is finite
and consider the case that for all a < A, { e~ ju(dy) = 0. We have

min.e(— g, k] Pt — 5,2 — w)
| [, 2t sl wictasiuta) = cc-r K] | EEEAEE DL ),

Limit comparison now shows that if m < A, then the above integral will be infinite,
implying (iii).
Next, we turn to part (iv). Fix K,B,T > 0 and € € (0,7/2) and restrict attention to
s<t—e xe[-K, K], and 8 € [-B, B]. Then we have
1

_ (z—y)? 2
plt — 5,2 — y) Zp(t,2]s,y) < C—e 307 (1 + [a]* + [y[*) < C'e™ ¥
27(t — s)

for some C" = C'(K, T, B,¢,w). Pointwise continuity on Rf’ xR ={(s,t,z,8) e R* : s < t}
follows from the previous estimate and the dominated convergence theorem. Now, we turn to
controlling the Holder semi-norms. It follows from (3.16) that for each T, B > 1, v € (0,1/4),
v € (0,1/2), and n € (0,1), there exists C' = C(T, B, a,y,n,w) > 0 so that for all K > 1,

’Z'<'7 "', ‘)|cavWI(R;1(T,K,1/K) x[-B,B]) = C(l + K7)

To see Holder regularity, take any § € (0,1) and let M > 1 be sufficiently large that 1/M < 4.
Take (t1, 71, 51, B1), (t2, 72, 52, B2) € R?(Ta M, ) x[~B, B] with (t;, 71,51, B1) # (t2, T2, S2, B2).
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We have

| Zg, (t1, w1|515 1) — Zg, (ta, Ta|so; )]

|ty — ta|™ + |so — $1| + |22 — 22|V + | B2 — Bu|”

Se 125, (L1, 1|51, y) — Zg, (ta, 22|52, y) | u(dy)
T ta —ta|* + [s2 — s1]® A+ w2 — @] + [Be — B
- Sel 25 (L, 1]s1,y) — Zp, (ta, wa| 52, y) | p(ta — 59,22 — y) u(dy)
h [ty —t1]® + [s2 — 51]* + w2 — 21 |7 + [B2 — B |"

N S ot = s1,210 —y) — p(ta — 52,20 — y)| 25, (t1, 11]51, y) pu(dy)

[t — t1]® + [sg — s1|* + |22 — 2|7 '

Then, by Corollary 3.10, there exists C' = C(T, B, M, ., 7,1, w) so that

’251(t1—81,$1—y)—252(t2 S2,Ty — y)| (
R |t2 = t1|* + |s2 — s1]® + |xg — 1|7 + | B2 — 51|”
M

S| Zo(e,¢]e, o) pamm o max t—s,x— d
| Ze(e5 0], *)]eon 1(RH(T,M,8) % [~ B,B]) J_M (s,2)eRI(TM5) p( y)p(dy)

— S2, Xy — ?J)M(dy)

+ o 00, a,n, w“[— max If—S,l‘— d
JR\ [ *)le T (RE(Ty,1/y) % [~ B,B]) (s,t,a:)eRf’(T,M,é)p( y)p(dy)

<C f max — p(t — s,z — y)u(dy)

M (st x)€R3(T M,0)

+ N

J 1 +yl")  max  p(t—s,z - y)u(dy)) <
R\[-

(s,t,2)eR3(T,M,5)

Recall that

(3.18) ouplt, ) — (x—z _ i) olt, )

22 2t

and 1/M < ¢. By Corollary 3.10 and the previous observation, there is a constant C' =
C(T, B, M,w) so that we also have

[p(ty — 81,21 —y) — plta — 52,70 — y)| Zp,(t1, 71]51,9)
1(dy)
|t2 — t2|o¢ + |82 — 81|a + |JZ2 — ZL‘2|’Y

< Cf max  p(t — s,z —y)(1+ |y[")u(dy) < .
R (s t,x)eR?(T,M,é)

Part (v) follows from Lemma 3.12, the definition of of a physical solution via superposition
n (1.3), and Tonelli’s theorem.

Turning to (vi), let B, K, T > 0 be as in the statement. Let ¢ > 0 and r > 4K be arbitrary
and let ¢ € C.(R, [0,1]) satisfy p(z) = 1 on [—r,r] and ¢(z) = 0 on R\[—2r,2r]. Take any
d € (0,1/2), any g € Cyp with de,(f,9) < 0, any x € [-K, K], any § € [-B, B], and any
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s <tin [-T,T] with t — s < §. Use the triangle inequality to write

i Zs(t, x|s,y)g(y)dy — f(x)

(3.19) < | ple = 5.2 =)o) Zatt.21s,) = ety

(3.20) |t = 5.0 =)ol Zstt.ls.) = 110 = )y
(3.21) + -JR p(t —s,x —y)lg(y) — f(y)le(y)dy

(3.22) |t =50 =)o) = 1)1 = o)y

(3.23) #| | ot = sa =)oy - fa)

(3.24) |t = 50— )70~ o)y

From the definition of d¢,,, (D.6),
and all g € Cyp with de, (f,9) < 0,

(3.25) sup |f(z) —g(x)] <C, and max g(z)<C.

—2r<z<2r —2r<z<2r

there exists C' = C(r, f) > 0 so that for all ¢ € (0,1/2)

We begin with the expression in (3.19). For each r as above, there is a 6y = do(r, K, €) €
(0,1/2) so that whenever § < 0y, | Z5(t,x|s,y) — 1| < e for all z € [-K, K], y € [-2r,2r],
and s < tin [-7,T] with t — s € [0,0). Bounding g by the constant C' from (3.25) on the
support of ¢, then bounding ¢ by 1 and using the fact that the heat kernel integrates to 1,
it follows that applying
(3.26) lim lim lim sup

r=® EN0ONO e[k K] e[ B, B]

s,te[—T,T,t—s(0,0)
dCHE (fyg)<5

to the expression in (3.19) results in a value of 0. A similar argument controls the expression
n (3.21): on the support of ¢, use (3.25) to bound |g(y) — f(y)| by CJ, then bound ¢ by
1 and use the fact that the heat kernel integrates to 1 to see that applying (3.26) to (3.21)
results in a value of 0. Turning to (3.23), notice that f(z) = ¢(z)f(x) for z € [- K, K]. Since
o(z) f(z) is compactly supported and continuous, convergence of (3.23) to 0 after applying
(3.26) is a standard fact about the heat kernel.

By Corollary 3.10, there is a constant ¢’ = C'(w, B,T,K) > 0 so that for all z €
[-K,K],y € R, and s < t in [-T,T], | Z5(t,z|s,y) — 1| < C'(1 + |y/*). Then we may
bound the sum of the terms in (3.20), (3.22), and (3.24) by

f p(t — 5,2 — yY) L W)[C'g(y) (1 + Jy[*) + g(y) + 2f(y)]dy
R
For |y| > 4K and z € [—K, K|, we have

—2(z —y)® < =29 + 4Jy||z] — 22° < —2y° + 4K|y| <
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For t — s < ¢ < 1/8, notice that ﬁ
y € [—r,r]°. For such values of s,t,z,y, this leads to

pt—s,x—y) = ;6_(m_y)2[ﬁ_2]e’2(x’y)2 < ;6_4&{7—2@6’?/2.

27t — 5) /2 (t — 5)

-2 4(t£s) Since r = 4K, we have |z —y| > K if

It follows from the definition of d¢,, that there is a constant C” = C”(f) so that if
dews (f,9) < 1/8, then

J e (1+ [y[Y)g(y)dy < C".
R

Then there is C” = C"(w, f, B,T, K) > 0 so that for all g € Cyx with de,,(f,g) < 1/8, all
€e[-K,K],all s<tin[— T,T] with ¢t —s < 1/8, and all r > 4K,
ok 2
f plt = 5,2 = Y- WIC9W) (L + [y") + 9(y) + 2f (Y)ldy < ——=e 1.
R 27(t — s)

It follows that applying (3.26) to the sum of the terms in (3.20), (3.22), and (3.24) also
results in a value of zero. The remaining case of (vi) is similar.

Next, we turn to part (vii), with the proof being similar to that of part (vi). Let B,T > 0
be as in the statement. Let € > 0 and r > 1 be arbitrary and let ¢ € C.(R, [0, 1]) satisfy
o(x) =1on [—r,r] and p(z) = 0 on R\[-2r,2r]. Take any 6 € (0,1/2), any ¢ € My with
Ay (G, 1) < 6, any B e [—B, B], and any s < ¢ in [T, 7] with ¢t — s < 0. Use the triangle
inequality to write

' JRJR f(2)Zs(t, x| s, y)dxe(dy) — JR f(y)u(dy)‘

s < meZB(t,x\s,y)dx—f<y>\so<y><<dy>
(3.28) n f fRﬂm)Zﬁ(ms,y)dx(l— C(dy) + f F)(1 — o(y)C(dy)
(3.29) C(dy) — fR f(y)u(dy)'-

The hypothesis implies that f € Cyy so by part (vi), there exists 6y = do(w,r, B, T') so that
for all e [-B,B], all s <tin [-T,T] with t — s < dy, and all y € [—2r, 2r],

< €.

f F(@)Z5(t, 2], y)de — F(y)

There exists C = C(u,r) > 0 so that whenever dy,, (¢, 1) < 1/2, §z o(y)((dy) < C. Tt
follows that applying
(3.30) lim lim lim sup
=00 eNOONO  ge[— B, B],s,te[-T,T)
d g (1:,6)<0,t—s€(0,0)

to the expression in (3.27) results in a value of 0.
Recall that we may bound p(2/a,z)(1 + |z|*) by a constant depending only on a times
p(1/a,x) for all z € R. By Corollary 3.10 and the hypothesis on f there exist C’,C”, C" > 0,
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all depending on w,a, A, B, K and T, so that whenever t — s < 1/2, the expression in (3.28)
is bounded by

C/f <f p(2/a, 2)p(t — 5,y — ) (1 + o]t + [y|)dz + e_“y2>“dy)
R\[—r,r]c R

< C"f p(1fa+t—sy) + p(1/a,y) + e_ay2) ((dy) < C”’f e ((dy)
R\[—r,r]c B[

_rr,rr]c

<cmet | eEra)
R

From tlzle definition of duy,,, there exists C"” = C"(u, a) so that whenever d (¢, 1) < 1/2,
. e"sY ((dy) < C™. Tt follows that applying (3.30) to the expression in (3.28) results in a
value of zero. Sending da, (¢, 1) \ 0 sends the expression in (3.29) to zero, directly from
the definition of dq,,, (the topology is generated by test functions satisfying the hypotheses

satisfied by f). The remaining case of (vii) is similar and so the result follows.
U

Next, we turn to the proof of the conservation of asymptotic slope, Proposition 2.12.

Proposition 2.12. The condition defining H(A_, ;) implies that f(z)dz € My Local
boundedness of Zg(t,|s, f) follows from the continuity in Theorem 2.5. Fix T,B > 0
and restrict attention to -7 < s <t < T and —B < § < B. By Corollary 3.10, there exists
C = C(T,B,w) > 0 so that C7(1 + |z|* + [2|") ™' < Z5(¢,z|s,2) < C(1 + |z|* + |2|*) for
all z,z € R. Fix e > 0 and f € H(A_, A,). By hypothesis, there exist ¢, C" > 0 so that the
following hold:

C/|:1(0070] (z)eP-F97 4 1(0,00) (as)e(’”_e)x] < f(x) < C”[l(oo@] (z)eP-—97 4 l(oyoc)(x)eo‘*“)x]

dem Ul < (1 4 | * + 2| 7! < 1, and
L< (14 o' 4+ |24 < C'ecllzl+1zD),
We prove one inequality, with the others being similar. We have

1
liw ~1og | plt — 5,0 2) Zs(t.]s,2) ()
R

x—0 L

1
> lim = log f plt — s, — 2)(1+ [a[* + |21 f (2)dz
R

z—w0 L

Q0
> lim lim — logJ p(t — s,z — 2)e et 9%
eN0z—n L 0

1
= lim lim — logf plt — s, — 2)eP 7220z = X
eN0z—n L R

To explain the last two steps, let X be a Normal(0, t — s) random variable on (2, 7, ). Then

0 0

| ot == etz = [ ple = s gehe ey — e gy
—0Q0 x

which has Gaussian decay as * — o0 and so is negligible compared to the full-space integral

of the same function. The form of the Gaussian moment generating function then completes

the proof. 0
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We defer the proof of Theorem 2.8 to Section 5, where we prove it along with Theorem
2.15.

4. CONTINUUM DIRECTED POLYMERS

We initially view the measures Qfs Di(t) defined in (1.7) as measures on the product space

(R B(R)#4) and then show that each induces a unique measure on (C (s,4]: B(C[s,q)). That
this is true for all (s,y,t,x,[3) € ]R;1 xR = {(s,y,t,z,8) € R® : s < t} is the content of
our first main result in this section, Theorem 2.13. This was previously shown for fixed
s,y,t,z,3 € R on a event of full probability depending on all of these parameters using a
different argument in [1]. Before turning to our proof of Theorem 2.13, we begin with some
preliminary observations.

For s < t we define a random variable X on C([s, ], R), by

Xu:Xu_(t_qu+u_th))

t—s t—s

where X is the coordinate random variable. Note that the definition of X depends implicitly
on s and t, but we suppress this dependence. Denote by P(S () and Egg)’(m) the law and
expectation associated to a Brownian bridge from (s,y) to (¢, z). We start this section with

an easy lemma recording some well-known and basic properties of Brownian bridge.

Lemma 4.1. For —0 <s<a<b<t<ow, z,y€ R, and p > 1, there exists C = C(p) so
that

[b—al”

E(BB m)[’X — X" < C<\b a\p/Q + \t—5]P<’t_8|p/2 + \x—y\p)),

B2 ol IXP1P < O (1t o2 1yl + o = o)

Moreover, the distribution of X under PBB

(). (t.0) (+) @ the same as the distribution of X under
P00 ()

Proof. Let PBM denote the two-sided Wiener measure (C,B(C)), i.e., the law of two-sided
standard Brownian Motion, and let EPM denote the corresponding expectation. Computa-
tion of covariances shows that on the interval u € [s,t], under PBM,

u—Ss u—S
= Xyos — —— X -
u PR ‘f’y"‘t_s(x y)

is a Brownian bridge between (s,y) and (t,x) and s. In particular, this representation also
shows that E(), 1 [F(X)] = E{(5) .0 [F(X)] for all F e By(Cs ).

b —

[t = s

=
Cp(lb—al'? + m(ﬁ — 5|7 + |z —yl)),

ot [[Xo — XaP1V? < EPM[|Xy — X177 + |(EBM[IX PP e — )
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for some C), > 0 by standard estimates for Normal random variables. A similar argument
and the reflection principle gives for s < a < t,

L el X1 < Gy (Ja =2+ =Sl o2yl 4 = =)
Recalling that |a — s| < |t — s], the result follows. O
For s <t; < .- <t <t, we denote by Qfs7y)7(t’x)‘t1 ..... " the distribution of (X,,..., Xt,)
under Q(, ), defined in (1.7) and by P(oy) |, the law of (Xi,,..., X;,) under

Py t2)- We have the following bound on Radon-Nikodym derivatives which will play
a key role in most of what follows.

Lemma 4.2. There exists an event Qg with P(Qo) = 1 so that on €, the following holds.
For each T, B > 1 and each k € N, there exists C = C(T, B, k,w) so whenever —T < ty =
s<t1<<tk<t=tk+1<Tand—B<ﬂ<B

7

k
-1 4
¢ g(l + |Xti+1‘ + |th' dPBB

(5,9),(t, -'E)’tl ,,,,, ty
k
<O A+ Xl +1Xulh), PEY) (y-aes.
i=0

Proof. Observe that by (1.7), we have P(Bsg) (t.0) almost surely,

Hf:O Zﬁ(ti+17 Xti+1 ’tiv Xti)
Zﬁ<tk+17 th+1 to, Xto)

The result follows from the growth bounds, (3.14) and (3.15), in Corollary 3.10. O

dP B ..... (X, X)) =

(8,9),(t,2) ’t1 ----- tk

Next, we turn to the proof of Theorem 2.13, which we prove along with the following
estimate, which will play a role in the proof of Proposition 5.2 below.

Lemma 4.3. There exists an event Qg with P(g) = 1 so that on Qq, the following holds.

(i) For each T,B > 1, n€ (0,1/2) and € € (0,1), there ezxists C = C(T, B,n,e,w) > 0 so
that for all s <t in [=T,T] and all 5 € [—B, B],

(4.1) B’

(s,9),(t,@)

(ii) For each T, B > 1 and each n € (0,1/2), there exists C = C(T, B,n,w) > 0, so that
forall s <t in[-T,T] and all B € [—B, B,

[ Xley, ] < CL+ [ 7201 + [y[72077),

,8 ~
EC . [ Xlensal < O+ [2]'® + [y])

Remark 4.4. The bound in (4.1) may look odd in view of the shift invariance implied by
Proposition 2.2, from which one might expect a bound depending only on |z — y|. Because
we work on a single full probability event for all initial and terminal points simultaneously,

likely no such bound is possible: the process z — Egﬁz oyl X ]cn ] should be expected to
mix as r — o0 and its distribution can be shown to have unbounded support.
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Proof of Theorem 2.13 and Lemma 4.5. First, notice that Lemma 3.12 implies that the mea-
sures defined in (1.7) define probabilities. Now, take 7, B > 1 as in the statement and
—-T<s<t<Tand fe[-B,B]. Fors<a< b <t and v > 0, appealing to the identity
n (1.7) and Lemma 4.2, there exists C' = C(T, B,w) so that we have

0P B Z5(t, z|b, Xp) Z5(b, Xpla, X,) Zp(a, Xa|s,y)
B a1 X = Xa T = BE) ['X” Xal? Z5(t, 2[5, y)
< CECS) o l1Xe = Xa (14 [a]* + [y + [ + [ Xa])"].

By the Cauchy-Schwarz inequality and Lemma 4.1,

B
EY ) o [1Xs = Xo[1] < C'EEE) (o [1X0 — Xo[PTV2(1 + [ + [y]'°)

" /2 |b B a|’y /2 5 5 16 16
<O b—al™ + ([t = s["" + |27 + [y[") | (L + ]2 + |y[),

[t — s
(4.2) < C"b— a1 + |x|'F7 + |y|'o+)

for some C’,C”,C" which depend on T, B,~, and w. To obtain the last line, it helps to
observe that |b — al/|[t — s] < 1 and |t — s| < 2T'. Similarly, we have

Z5(t, z|b, Xp) Z5(b, Xpla, X,) Zp(a, Xa|s,y)
Z3(t,x|s,y)

B ~
EC ) [ X — X1 =

oot

[|Xb %P

< OBl [|Xb = X[ (U folt o gl + 10+ X!
< OB (1K = X1+ Jal! ') < O — a (1 [ + o)

for some C,C’,C" depending on T, B,~ and w, where in the last step we appeal to the
distributional identity in Lemma 4.1.

The existence of a unique measure on (Cps 4, B(Cs4)) with finite dimensional marginal
distributions given by (1.7) follows from the Kolmogorov-Chentsov theorem, recorded as
Theorem B.1, (4.2), and a standard measure theoretic argument as in [46, Theorem 2.1.6].
Now viewing Qijy)ﬁ’x) as this measure on (Cfs4, B(Cls,)), the estimate in (4.2), with say
q = 2, combined with Kolmogorov-Chentsov where we choose v = (4 + 2¢)/(1 — 2n), which
satisfies n = 1/2 — (2 +¢€)/v € (0,1/2 — 2/v), implies that (4.1) holds. Lemma 4.3 follows
similarly.

To show (2.11), by path continuity, it suffices to show that

lim EQ X =yl =0 and lim B¢

™8 CHONCED) r 't (s:y) (thX |]:O

As above, we have

Zﬁ(t7$|T’ XT’) Zﬁ(Ta Xr|37y)

E
Z5(t,x|s,y)

0 X~y =FEB [ixr .
C

- - 2 B
< Zae gyt WPV ECS) g [ 2] -

as 7\, s, by dominated convergence (dominating by || X.|, + |z|) and path continuity of
Brownian bridge.
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We now turn to (iii). For fomi1 € Co(R,R)™2 and s =ty < t; < ...t, < tpy1 = t,
and calling zp = y and 2,,; = z, whenever 1 < ¢ < j < n, multiplying and dividing by
Z3(t;, zj|t;, z;) inside the integral, we have

EQﬁ ﬁfk (X+,) SHnH Se(z) TTizg Zs(thers Zosa [te, 20)dz1in
) (t) . Zg(t,x|s,y)

_ Jo(@) frn(y
ZB (t,2[5,y) Hf 2k) 23 tk+1,2’k+1|tk,zk) (torzi),(t225) Hf X,

n

Zg(t, ziltis 2:) H f(2) Zs(thrrs 2es|te, 21)dz10d25n

k=j+1
5 i—1 n+1
= EQ 0 [ka X)) Bex)..x4,) lnfk th} 11 fk(th)]
k=0 k=j+1

The monotone class theorem [21, Appendix Theorem 4.3] then implies the result.
To show part (iv), note that by [8, Theorem 8.2, (2.11) and (4.1) imply that the family
{Q(Bs,y),(t,x)(-):—stsysK,—BsﬁsB} is tight. It therefore suffices to show continuity of the finite

dimensional distributions. This follows from (1.7), continuity of Z.(t,+|s,+) and Scheffe’s
lemma. O

Now, we turn to the study of measure-to-measure polymers and Theorem 2.14.

Proof of Theorem 2.14. We begin by proving part (i). Our first claim is that for any A €
B(Cls4), the map (z,y) — Q(ﬁ&y)’(t’r) (A) is Borel measurable. Let &€ = {A € B(C[sy) such
that (x,y) — Qéx)’(s’y) (A) is Borel measurable}. It is easily checked that £ is a A system. By
the Portmanteau theorem [21, Theorem 3.3.1] and Theorem 2.13, for open sets O € B(C, )
the map (z,y) — Qéx)’(&y)(O) is lower semicontinuous and therefore O € £. By the 7 — A
theorem [21, Appendix Theorem 4.2], £ = B(C[y).

Verifying the axioms of a probability measure follows immediately from the fact that each
Q@7x)7(s’y) is a probability measure and Tonelli’s theorem. The formula for the density follows

immediately from the definition of Q(BS,N) (1) I (2.12) and considering expectations of Borel

functions of the form f(Xs, Xy, ..., X4, X¢)-
Part (i) is an immediate consequence of (2.10) in Theorem 2.13 and the definition of

B .
Qo (1) 10 (2:12)
Part (iv) follows from Theorem 2.13 (iii) and (2.12).
To verify part (iii), first recall that (d,,¢), (1, ,) € MZ,(0) = M2, (4). The result follows
immediately from (2.11) in Theorem 2.13 and (2.12).
To see Part (v), note that, for example, for any A € B(Cp,y)
B -
|Q(S im1),(t:¢1) Q(S;m%(t;Q)(AN o
S]RQ Z/B t? x | S, y)Q(ﬁsjy%(t,z) (A)Cl (dx):ul (dy) _ S]RQ Zﬁ(t7 x | S, y)Q/(Bs’y),(t’x) (A)C2(dx):u1 (dy) ‘
Z(t; Cils; ) Zg(t; Gal ss )
< | S Zott 2l DRy ) (G2 (dy) = S Zs(t, 215, 9)Q( ) (1) (A >c2<da:>m<dy>‘
Zﬁ(ta (1’87 :U’l)
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_|_

L Zs(t, w15, 9)Q0, ) .0y (Ao d)pa (dy) (Zs (8 Culsi ) ™ = Zs (8 Gal s ) ™)

R

_ 281G = Glsi )
Zs(t; Cils5 1)

where in the last step, we bounded the absolute value of an integral (of an arbitrary mea-

surable set) against (; — ( by the integral against |(; — (»| and used Q(BS Dt x)(A) <1 A
similar computation gives

B B8
’Q(&Hl)a(t%@) B Q(S;,U;Q),(t;CQ)(A)’ <

Zg(t; Gl s 2 — pal) 4 .
< Zs(t; Gal s 12)| Z5 (t; Gall s — Zs(t; Gal s ,
Zg(t; Cals; 1) + Zs(t; Gals; 12)| Z (8 Gal s ) 5(t; Calss pi2) ™|

The result follows from the triangle inequality and the fact that for any measure m, |m|ry <
2sup, [m(A)]. O

+ Zg(t; Cols; )| Za(t; Cilsy pn) ™ — Za(t; Gl sy pa) ™

5. REGULARITY OF SOLUTIONS AND POLYMERS

Having constructed the measure-to-measure polymers, we now prove the following tech-
nical result, which describes convergence properties of partition functions and quenched
polymer measures.

Proposition 5.1. There is an event Qy with P(Qg) = 1 so that the following holds for all
w e Q, all s < t, and all § € R.

(i) Let B, — B, sp < t, for alln, s, — s, and t, — t. Suppose that (uy,(,) € M3, (4)

: L 1
1 a sequence of measures satisfying for some a < 50=5)

supf (1 + [af* + [y e @ Cu(dw)an(dy) < o0
n R2
and that there exist positive Borel measures (, p so that ¢, — ¢ vaguely and i, —
vaguely. Then Zg, (t; Calsn; ftn) — Zs(t; C|s; p).
(ii) Suppose that for p > 24 and for n € N, a sequence of measures (jin, () € M2, (p)

satisfy for some a < Q(tl_s)

sup f f (L4 [2f? + [ylP)e 02 Co(da)pn (dy) < o0
n R JR

and there exists (u, () € M2, (p) so that ¢, — ¢ and p, — p vaguely. Let B, — B.

Then Q?:;un),(t;gn) converges weakly to Q’(BS;H),(“O in Mi(Clsq)-
1

(iil) If pn, G € My are sequences of measures satisfying for some a < 5—5)

supf (14 |z[Ye ™ ¢u(dz) < 0 and supJ (14 |y|He™ ™ (dy) < o
n R n R

and there exist (, j € My so that the total variation measures |p,, — p| and |G, — (|
converge vaguely to zero, then for all x,y € R,

B8 B8 B8 B8
| Qi) = Qs lrv =0 and Q) ey = Qs iy lrv = 0
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Proof. To see (i), notice that vague convergence of the factors implies vague convergence
of the product measure: pu, ® ¢, — p ® (. In particular, there exists K > 0 so that
pn ® G([—K, K]?) — n® (([—-K, K]?) > 0. Without loss of generality, we assume that
the pre-limit terms are all non-zero as well. Let 7" > 1 and B > 1 be such that for all n,
—T < s, <t, <Tand —B < 3, < B. By considering n sufficiently large, assume that
m > a for all n. By hypothesis and Corollary 3.10, there exists C' = C(T, B,a,w) so
that we have for all n,

(5'1) SUPJ Zﬁn(tn>x|smy)ﬂn(dy)<n<dx)
n  JR?
< Csupf (1 + Jaf* + y[*)e " 1, (dy) Ga(da) < o0
n R2

SUPJ Zg, (tnv$|5na y)ﬂn(dy)gn(dx)
(R\[-M,M])?

c 4 4\ —a(z—y)?
< T [0 el e ) ).

The estimates above show that Zg, (¢, x|s,, y)(o(dz) i, (dy) is tight and bounded in total
variation norm and so every subsequence has a weakly convergent subsequence by Prohorov’s
theorem [9, Theorem 8.6.2]. Consider test functions ¢, € C.(R). Then because the conver-
gence Zg, (tn, x|sn,y) — Zg(t,x|s,y) is uniform on the support of ¢(x)1(y) and everything
is continuous in (z,y), along any weakly convergent subsequence, we have

JRQ ()P (y) Zs, (tn, |80, Y)in(dy)Ca(dr) — JR2 p(x)(y)Zs(t, x|s,y) u(dy)((dx).

Thus Zg, (tn, €| Sn, ¥)Cu(dx) i (dy) — Zs(t, x| s, y)¢(dx)pu(dy) weakly. Weak convergence im-
plies {2 Zs(t, 2|5, y)Co(dx) pn (dy) — Sz2 Za(t, |5, y){(dx) pu(dy) and so part (i) follows.
Turning to part (ii), notice that by Proposition 3.8, for any B, K > 1

min Zs(t, x|, - 0.
(r,y,B)E[—K,K]w[_B,B]{ ﬁ( | Z/)}

Take B sufficiently large that 3, € [—B, B] for all n. We have

SR S]R\ —M,M] Zg(t, x|, y)Cn(dz) pn(dy)
SRQ Zg (t,x]s,y)Caldz) pn(dy)
C'sup,, §g (1 + [2]” + [y[")p(t — 5,2 — y)Gu(da) i (dy)

<
T+ | MP)Y, ® ([ K, K]? min Zs(t, x|s, y)}
(M) ® (K K)o i, {75t o5, )}

QU (tu (Xs € [-M, M]°) =

5 Cn tﬂn)

Therefore, the one-point distribution of X, under Q(ﬁ o) (tspm) is tight.

Now, pick n € (0,1/2) and € € (0, 1) sufficiently small that 4f§; € (0,p — 4). For such 7,
(2.12), (4.1), and Corollary 3.10, imply that there exists C' = C(s,t, B,n,€,w) > 0 so that
for fe[-B,Bland -T <s<t<T,

O O el e eV G X )
fed R JR

EQ”
Zs(t; C|s; )

(s3p),(£:€) [

C(dz)p(dy).
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Therefore

QBn
E(shun)’(t?Cn) [‘X C?s,t]

sup, §g2 (1 + [ + [y”)p(t — 5, 2 — y) pin (dy)Cn (d)
ming ye-x k] {(1+ [z + |y[) ot = 5,2 = y)} @ pn ([ K, K]?)°

By [8, Theorem 8.2], it follows that {Q () © T € N} is tight in M, (Cps ) and so it suffices

to show vague convergence of the ﬁmte dlmensmnal marginals. Take ¢y, ..., prr1 € C.(R,R).
Then for s =ty <t; < -+ <ty <t =tr,1, we have

] <

k
Bn
E(QS;MnL(t;Cn) [SOO(Xs) | | ‘Pi(Xti)SOkH(Xt)]
i=1

Sl o) BT o (LT i(Xe) ok ()25, (1,2, )i ()G ()
Z (8 Cal 5 1)

The denominator was shown to converge to Zs(t;(|s; 1) in part (i).The convergence of con-
tinuous functions (in (z,y))

k
ﬂn B
0 o [ LT 00)] = B2 0 [ [0
=1

is uniform on the (compact) support of po(x)prs1(y) by Theorem 2.13 (iv). Similarly, the
convergence of the continuous functions (in (z,v)) Zs, (t,x|s,y) — Zs(t, z|s,y) is uniform
on the support of o (x)pr+1(y). We may then conclude from vague convergence of p, ®¢, —
1 & ¢ that

k k
Bn B
T FE 31 ) EIEATEa] B AP EES) | EEARE
i=1

i=1

The result follows.
To see that (iii) holds, we appeal to Theorem 2.14 (v) and part (i) of this result. O

With the previous result in hand, we turn to the proof of Theorem 2.8.

Proof of Theorem 2.8. We begin with part (i). Take p, — p in the metric on My defined
in equation (D.2) and 5, — B,s, — s, t, — t, and s, < t,, for all n. Let f € C(R,R,) be
any function for which there exist a, A > 0 such that 0 < f(2) < Ae=*" for all z € R. The
claim is that with the convention in (2.8),

fR F(2)Zs, (b, |5, 1) — fRﬂx)Zﬁ(t,dm;m.

We first consider the case where s < t. Then, by hypothesis, we have for any b > 0

| ey da) < A [ et ey o
R2

RQ

= A’f e~ i (dz) — A/J e~ u(dz).
R R
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where A" = A’(A,a,b) and ¢ = ¢(a,b) are explicit and come from standard computations
involving Gaussian kernels. It follows that the integral on the left is bounded as a function
of n. The hypotheses of Proposition 5.1(i) are satisfied and so

Zg, (tn; flsn; tin) — Zs(t; fls; 1)

Next, suppose that s = t. If for all sufficiently large n, s, = t = t,,, then there is nothing
to be shown, so we may assume without loss of generality that for all sufficiently large n,
tp, — sp > 0 and ¢, — s, \, 0. This case follows from Theorem 2.5(vii).

Next, we turn to part (ii). Again take p, — p in My and 5, — 8,8, — s,t, — t,
and y, — y, where s, < t, for all n and s < t. We just showed that the integrals against
f e C(R,R,) for which there exist a, A > 0 such that 0 < f(z) < Ae *" for all z € R
converge. To show convergence in Cyyg, because the limit is strictly positive, it then suffices
to show that for any m € N,

lim  sup  |Zg, (tn, Ylsn; tin) — Zs(t, yls; )| = 0.

" ye[—m,m]
If not, then for any € > 0, there would exist y, € [—m,m] such that |Zg, (., Yn|Sn; ttn) —
Zg(t,yn|s; )| > € for all n. Passing to a subsequence, we may assume that y, — y €
[—m,m]. By continuity of y — Zs(t,y|s; 1), this would imply that for all sufficiently large
n, | Zg, (tn, Yn|Sn; ) — Z5(t, y|s; )| > €/2, which contradicts Proposition 5.1(1).

Finally, we turn to part (iii). Take f,, — f in the metric on Cy; defined in equation (D.6)
and 8, — 3,8, — s, t, — t, and s, < t,, for all n. Then because uniform convergence
implies vague convergence of the represented measures, we have f,(z)dr — f(x)dx in the
topology of My. Part (ii) then implies the result if s < ¢. Consider now the case s = t.
We may assume that ¢, — s, > 0 for all sufficiently large n, else there is otherwise nothing
to prove. In this case, convergence of the integrals appearing in the metric de,, in (D.6)
follows from part (i). As f € Cyg is strictly positive, it remains to show that for m € N,

lim max |Zg, (t,, z|sn; fn) — f(z)| = 0.

n—00 —MITIMm
This follows from Theorem 2.5(vi). O

Next, we show the corresponding continuity results for the quenched polymer measures,
recorded as Theorem 2.15.

Proof of Theorem 2.15. Part (i) is an immediate consequence of Proposition 5.1(ii). Simi-
larly, part (ii) follows from Proposition 5.1(iii).

Turning to (iii), take s < r < t and f € B,(R) as in the statement and let xz,y € R be
given. We have

_ SR f(2) Zp(t,x|r,z) Z5(r, z|s,y)p(t = r,x — 2)p(r — 5,2 — y)dz
Zlg(t,l’|8,y) .

Continuity in (s,y,t, z, ) now follows from continuity of the denominator and the integrand,
Corollary 3.10, and the dominated convergence theorem, whenever s < r < t.

Next, we consider part (iv) f € C.(R,R). Take sequences s, — r with s, < r, y, — v,
and [, — (. Passing to subsequences, we handle the cases of s, = r for all n and s,, < r for

B
EY o [f(X)]
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all n separately. If s,, = r for all n, then by Theorem 2.13, E%B;L) oL/ (X)) = f(yn) which
converges to f(y) by contmulty Now, consider the case of s, < r with s, — r.

n 2) Zs, (t,x|r,2) Zs, (r, 2|80, yn) p(t — 1,2 — 2)p(r — Sy, 2 — yp)dz
(Sn7yn)7(t7$) Zﬁn (t7 € ‘ STLJ yTL)

The denominator converges to Zg(t, x|s,y) by continuity. Convergence of the integral follows
from observing that Z4, (7, z|sp, y,,) — 1 uniformly over z € supp f and p(r — s, 2 — Y, )dz —

d(y) vaguely. Continuity of (¢, z, ) — E(ij) (tayLf (X:)] 1s similar.
Now, take ( € Myg. We have

, § Za(txls,p)p(t — 5,2 — ) BL ), o [F(X)]¢(dw)
Bl ol /(X)) = 2T '

Continuity of the partition function Zs(t;(|s,y) in (¢,y,s, ) follows from Theorem 2.5.
Continuity of (¢,y,s, ) — EQﬁ oy L[ (X)) Zs(t z]s, y)p(t — s, 2 — y), Corollary 3.10, and
the dominated convergence theorem give continuity of the integral, which holds by the result

shown above for the point-to-point measures. Continuity of (s,t,z, ) — EQ:M) oy Lf (X0)]
is similar. If f € C.(R,R), continuity of (s,y,3) — Eg,y) wolf(X)] and (¢, z,B) —

B

Eg;p),(t,x)[f(XT)] on {(s,y,8) € R* : s < r} and {(t,2,8) € R® : t > r} follow from the

same argument. O

We now turn to the Karlin-McGregor formula, recorded as Proposition 5.2 below. Before
stating the result, we introduce and recall some notation. We denote the Weyl chamber in
R™ by W,, = {(z1,...,2,) 1 21 < -+ < x,}. For (z1,...,2,), (Y1, .-, Yn) € Wy, s,t, 2,y € R
with s < ¢, p,( € Myg, and Bl, ..., By € B(Clsy), and denoting the coordinate random
variables by (X1!,..., X™), we set

Q(Sryly 5Yn)s (:6) (XZ € Bi’ 1 < Z - H 8,Yi), X € B ) and
B i . -
Q(s;u),(t,xl,...,zn)(Xz eB;,1<i1<n)= H (s30), ml)(X € B;).

That is, Q (500 (0) is the law of n independent point-to-measure polymers. The polymer
paths start from the points y1,...,y, at time s and run until time ¢, where they share a
boundary condition given by the measure (. We view this as a measure on on the product

space C([s,t], R)™. There is a similar interpretation for Qé,u) (b1 As before, we replace

(s;p) with (s,y) if p = 6, with similar notation for (¢,z). Call G — o(X} . . X' s <
u < t) the associated natural filtration. For each s < t and each n € N, introduce the
ggt)—stopping time

7" — inf{u € [s, ] such that there exist i, j € [n] with i # j and X! = X7}.

We say that (By,...,B,) € B(R)" are coordinate-wise ordered if x € B; and y € B; with
1 < j implies x < y.

Proposition 5.2. There exists an event Qo with P(2) = 1 so that on ), the following
hold:
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(i) For all s <t, allr € (s,t), all B R, all (By,...,B,) € B(R)" which are coordinate-
wise ordered, all 1, € Myg, and all (x1,...,2,), (Y1, Yn) € W,

S

_ f det lZB(t;dr? Zj)Z,B(ra Zj,s’yi):|d21:n
Zs(t;Cs,yi)

Qfs,yl,...,m,(t;o(Xrl eDB,...,X" € B,, 7™ > 1)

1<i,j<n
B1 ><“‘><Bn

and

S

_ J det [Zg(t,xih’,zj)Zg(r,zj|s;u)]dZLn
Z5(t, x| s; o)

wa)’(m__m(x} eB,...,X" € B,, 7™ > )

1<i,j<n
Bi1x--xBp

(ii) For all s < t, all r € (s,t), all B € R, all (x1,...20), (Y1, Yn), (21,-..,2,) € W,
and all p,( € My,

7 o (+: N7 . , 7 Ny 2\ g
det [ 5(75?(’7'7 ZJ) ﬂ(T? z]\s,yz)] ~0 and det [ 5(15,[&‘7’, Z]) /3<7nvz]‘3aﬂ)] ~ 0.
L<i,j<n Z(t;Cls,y1) Zp(t, x| s; )

(i) For all s <t, all e R, and all (y1,...,yn), (21, ..., 2,) € W,

det [Zs(t,z;|s,y;)] > 0.

1<i,j<n

1<i,j<n

Note that Theorem 2.16 is Proposition 5.2(iii). The form of the first part of the proof
is adapted from an argument due to Varadhan, which is sketched in the discrete case in
Exercise 4.3.5 of [33].

Proof of Proposition 5.2. Consider f € R (y1,%2....,yn) € W,,, ( € My, and ¢1,...¢p, €
C.(R,R) where the sets B; = supp ¢; are coordinate-wise ordered as in the statement. In
particular, note that this condition enforces that suppy; nsuppy; = J if i # j. Call

s )
?s,yl,...,yn),(t;o the expectation under Q(Bs,yl,...,yn),(

on [n] = {1,...,n} and fix o € S,. We consider the G") martingale defined by

o QP - ) o(i) n
M (U) - E(s,yl,...,yn),(t;g) [H Spl(Xr )‘ gs:u :|

1) Denote by .S, the group of permutations

Independence of the coordinate random variables and the Markov property of Q(ﬁs,yi),(t;o(.)

imply that for u < r, Q(ﬁs,yl,...,yn),(t; 0 almost surely,

g = B
M?(u) = HEZX{T@),(&C) [%(Xr)]

_ J H 0i(z) ﬁ Zs(t; Clr, 2i) Z(r, zilu, Xg(i))dzl. .
" Za(t: Clu, X3 |

Note that the path continuity of X, under Q(ﬁs (8:0) combined with Theorem 2.15(iv) implies

Yi
. . : B
that 1 — M? is then a bounded and continuous G{") martingale on [s, 7] under Qs ) (1:0)"
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Therefore, all of these properties also hold for

sgn(o g B
(5.3) M (u) = ES: (— 1)) N7 (y) = Kc}’ejtén[Eavxi)’(t;o[goj(Xr)]]
g€SH
. Zs(t; ) Zs(r, zilu, X3) "

(5.4) = f H%(ZZ) det l (t; Kl 21) Zp(r Z]|u ) dz1.p,.

R™ 59 Zﬁ(t§ Clu, X7) ij=1
By the optional stopping theorem,

B n B n
M(s) = B, oM A )] = B o M + MO0 ,)]

Note that on the event {7'5(3) < r},M(TS(fZ)) = 0 because two rows in the matrix in the

determinant in (5.3) are equal. On the other hand, because the y; are ordered and the
supports of the test functions ¢; are also ordered, if ¢ is not the identity, then path continuity
forces

o(y _ TTRe’ _ 8
M?(r) = HE(T7X;,<i))7(t;C) [(pi(XT)]l{T,ff?w} =0, Q(s,yl,...,yn),(t;g)‘almOSt surely.

When o is the identity, by Theorem 2.13, M?(r) = [[, »i(X,) almost surely under
Q(ﬁs 1) ()" Consequently, we have

n Za(t: N7 . .
J H%(Zz) det [ ﬁ< ’dn%) ﬁ(r’ZZ|87y])]dZ1;n
" =1

1<i,j<n Zg(t; Cls, y5)

_ e’ - i
o E(Svylv-"vyn)ﬂ(t;g) l H ()07, (XT):L{TS(T? >T}] :
=1

A standard monotone class theorem [21, Appendix Theorem 4.3] argument then implies
that the previous identity holds with []}", ¢; replaced by f € By(W,). In particular, if

(Bi, ..., B,) are coordinate-wise ordered, then
Zﬁ(tacyra Zi>Z,5(T7 Zi‘3>yj) B i . (n)
J 1455 [ Zs(t; Cls,y5) Azt = Qo)) (Xr € Biri € [n] 707 > ).
Bl><"'><Bn
The result for Q(ﬁw) (ta1,..2n) 15 similar. This completes the proof of part (i).

Turning to the proof of parts (ii) and (iii), note that non-negativity of the determinant in
part (ii) follows immediately from part (i). The claim is that this inequality is everywhere
strict. Note that by multilinearity of the determinant, we have

Zﬁ<t7<‘r7 Zj>Z[3(T7 zj’87yi> o H?:l ZB(t,C|T’7 ZJ) ' '
- n det Zﬂ(ra Z]|Sayl)
Zﬁ(t7C|Sayl) Hi:l Zﬁ(t7C|Sayl) I<i,j<n

with a similar identity for the other term in part (ii). By strict positivity of the first term
on the right-hand side of this equality, we see that parts (ii) and (iii) are equivalent.

Fix s <t, re(s,t), (y1,-.-,yn) € W,, ( € My, and § € (0,1). Let By,..., B, € B(R) be
bounded Borel sets of positive Lebesgue measure with the property that if x € B; and y € B;
with 7 < j, then y — x > §. Our first claim is that for any sets satisfying these conditions,

(5.5) det

1<i,5<n

Q(ﬁs,yl,...,yn),(t;c)(Xz e B; forie [n], 7" > r) > 0.

s
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Y1 Y2 Y3 Ya

FIGURE 5.1. The path X’ starts at y; at time s and reaches B; (dashed, at level
r) at time r, while remaining inside the tube connecting y; and B; (drawn in solid
lines) between times s and r. Before time v, the tube is a symmetric cylinder with
diameter 4¢ around the straight line segment connecting y; and ¢;. The tube expands
at a time v (which is slightly smaller than r) in order to allow the path enough space
to reach any point in B;, while still not allowing for intersections with any other
path.

For each i, let [a;,b;] = (p,cpapla 0] be the smallest closed interval containing B;. By
hypothesis, we have for i € [n — 1], b; + 6 < a;11. Call ¢; = (a; + b;)/2. In order to show that
this event has positive probability, we first show that with positive probability, for some v
slightly smaller than r, each of the n paths remains in a narrow symmetric cylinder of radius
e around the straight line segment connecting (s, ;) and (v, ¢;) for the entire time interval
[s,v]. These cylinders will be chosen to be narrow enough that the paths cannot intersect
before time v as long as they remain in the cylinders. Then the path is required to end in
B; at time r, without exiting the interval (a; — §/4,b; + 6/4) on [v,r]. See Figure 5.1 for an
illustration. 3
Recall that for a < b, we defined the process X on C([a, b],R) by

Xu:Xu_ l)_—uXa+u_aXb ;
b—a b—a

Note that the definition of X depends on the space on which it is defined through a and
b, which we suppress. For v € (s,r) denote by ¢;,(u) the straight line segment connecting
(s,y;) with (v,¢;), where ¢; = (a; + b;)/2, i.e., for u € [s,v],

v—u u—3Ss a;+b;

Ei,v(“)zv_s'yi+v_s‘ 9 .

Because ¢ € Mg, there exists K > 0 so that ([—K, K| > 0. Without loss of generality,
we may assume that K is sufficiently large that a; — 1,b, + 1,41 — Ly, + 1 € [-K, K].
By Lemma 4.3 | there exists C' = C(t,s, K,w) > 0 so that for all x,y € [-K, K] and all
u,v € [s,t] with u < v,

Q° %
B Xleys 1= €

Let € € (0,0/4) be sufficiently small that for i € [n — 1], y;41 — v; > 8¢ and for i € [n],
b; —a; > 8¢. In particular, (¢; —€,¢;+€) < [a;, b;] for all i € [n]. Take m € N sufficiently large
that C(r — s)¥/*/m'/* < 2. Let uj = s+ (r —s)Z, j € {0,...,m}, be a uniform partition of

1
m
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[s,7] with mesh size m~!(r —s). In particular, we have for all z,y € [~ K, K] and all j € [m],
1/4
8 S m'/%e
Q(uj,l,z),(Uj,y) (u,vE[suljl-f)huj] ‘Xu Xv| ) Q(u] 1,%),(uj,y) <‘X|CI/;L L) = —(T' _ 8)1/4> < €,

by Markov’s inequality and the choice of m. The next part of the argument is illustrated in
Figures 5.2 and 5.3. Call

. ' | 5 )
E; = { sup | X}, — i, ()| < 2€¢, X € Bj, Vu € [tp_1,7] : X € (ai — Z’bi n Z) }
ue[‘S?um—l]

Momentarily viewing E; as an event on C[,, instead of the product space, for any = €
[-K, K] and i € [n], we have

QLo B = Qs 0 (Xr € By Vje[m—1]: Xy, — liw, ,(uj)| <

Viel[m]: sup |X,—X,|< e>

u,ve[uj—1,u4]

= EC o 00) [HQ(u] X ) <uj,xu].>( sup [ Xy — X, <€)1{|Xujei<uj><e}1{X;'eBi}]

w,v€[uj_1,u;]

> (1= 6" Q.00 <Xﬁ € By Vje[m—1]:[Xy — li(wy)] < 6>,

where in the second-to-last step, we have repeatedly applied the Markov property and in the
last step that € < §/4. Finally, by Lemma 4.2, there is a constant ¢’ = C'(T, m,w) so that

Qi (1 (Xi € Bi; Vje [m—1]: Xy, — ()] < 6)

O/

2 m _KigngP(f"’yl) (tm) |:X S B’M VJ S [ ] . ‘X’u,] - €Z<u])| < E] > 0

The strict positivity of the infimum follows because the probability being minimized is
positive for each x and continuous in x. Continuity can be seen either by applying dominated
convergence to the integral form of the probability or abstractly as a consequence of the
strong Feller property of Brownian bridge. We have

1
o9 B) = Z5z gy Jy 2o b 0 B
C'(-K, K]

>
(1+2K)™Zs(t;C|s, yi)

x inf {Zg(t z|s,y;) P (Syl) wo)| Xy € Bi;Vje [m] | Xy, — €i(uy)] < e]}
ze[—K,K]

Now, notice that by construction, we have |y; —y;| > 8¢ and |¢; —¢;| > § +4e > 8e. Therefore

Wiy 1 (W) =l (u)] > 8e for all u € [s,un,—1] and so the tubes in Figure 5.1, which the

event F; forces the path to remain in, do not intersect up to time w,,_;. By hypothesis, we

also have a; — b;_; > ¢ and so the tubes also do not intersect on [u,,_1,7]. Consequently, by
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Um—1

u

m—2

Ul

FIGURE 5.2. On E;, the i path is required to lie within € of ¢;,,, ,(u;) at the
times {u; : j € [m — 1]}. Between these times, the path is required to remain inside
the larger cylinder of radius 2¢ (the union of the light and dark grey regions) around
i () (thick). The points ¢; ,, , (u;) and some admissible values of X};]. are marked
as bullets. An inadmissible path between these values (due to exiting the cylinder
between w,,—o and u,,—1) is drawn as a zigzag. In order to exit in this way, the
path between Xqij, and Xij deviates from the straight line between those points
by more than e.

1

[ ]
a; —&/4 a; c; — €

FIGURE 5.3. By Lemma 4.2, X/, € (¢; — €,¢; + €) (solid at level u;,—1) and
X! e B; (dashed, at level r) with positive probability. If € is such that (c;—e¢,c;+¢€)
[a;, b;], then in order to exit the interval [a; — §/4,b; + 6/4], the path must deviate
by more than 0/4 from the straight line connecting X, _ and X} on the time
interval [wp,—1,7].

-1

independence,
Qe 0 X1 € Buie [n] 1) > 1)
B _ B )
> Q(S7y1,-..,yn)7(t;c)(E1’ con b)) = H Q(s,yi):(t;é) (E’) > 0.
Now, consider (ay,...,a,),(b1,...,b,) € W, with a;_1 < b;_1 < a; forie {2,...,n} and call

B; = (a;,b;). The previous result implies that

Zﬁ(t,C’T, Zi)Z,B(ra Zi‘37yj)
oo, 2p) €W, 0 det =0 B ..., XBy
{(zl, ,Zn) € 1<i,ej<n[ Z5(6: 15, 7) | |( 1 X xB,)
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has Lebesgue measure zero, with a similar result for the other determinant in (ii). By (5.5),
it follows that for all (xy,...,z,), (y1,...,yn) € W, the Lebesgue measure of the sets

{(zl, ey Zn) EW,, 1231;@ [Zg(r, zj\s,yi)] = 0} and

{(zl, ) EWa: det [Zo(taylrz)] - o}

1<7,57<n

are both zero.

For a permutation o € Sy, set W) = {21, € R" : 2,(1) < --+ < Zy(ny}. By the Chapman-
Kolmogorov identity in Lemma 3.12 and the Cauchy-Binet-Andréief identity, [4, Lemma
3.2.3]), for any (y1,...,Yn), (x1,...,2,) € W, and any s < r <,

det [Z,g(t,yj|s,xi)] = det lf Zﬂ(t,yj|r,z)Z5(r,z|s,xi)dz]
R

1<i,j<n 1<i,j<n
1
- ﬁ R~ 1<(33t<n[ZB (t’ Y |T’ ZZ):I 1\d7et\n|:Z5(T7 % | S5 x])] le:n

= f det [Zs(t,y;|r,z)] det [Zs(r, z|s, ;)| dz1m
W

! o 1<t,5<n 1<i,i<n
oeSn

- Z J det [Zs(t, y;|7, 200)) ] det[ Za(r, 200 |5, 25) | d21m

we 1<i,j<n

1
— i 2| det [Zattaglr )] det [Zatrsils )] do

s " 1<i,j<n 1<i,5<n
n

=f det [Zﬁ(t,yj|r, zz)] det [Zg(r, zi]s,:vj)]dzlzn > 0,
W

1<i,j<n <i,j<n
n
by the previous observation. 0

Proof of Proposition 2.17. It suffices to check stochastic monotonicity for the finite dimen-
sional distributions. By Proposition 5.2 (ii), for all s < r < ¢, all § € R, all ( € My, all
11 < yo and all z; < 29, we have

Zg(t; Clr, 21) Zs(r, 2118, 31) Zp(t; Clr, 22) Zp (7, 22|, y2)
Zg(t;Cls, y1) Zg(t;Cls, y2)
Zg(t;Clry 1) Za(r, 218, y2) Zg(t; C|r, 22) Z5(r, 22| S, y1)
Zg(t;Cls, y2) Zg(t:C|s,y1)
For any a € R, integrating both sides of this expression on (—o0,a) with respect to z; and
on (a,o0) with respect to zo, we have

B 8 3
Q(S y1),(t:€) (Xr < G)Q(s,yg),(t;o (Xr = CL) > Q(s,yg),(t;<)<X7‘ < a)Q(S,y1)7(t;C)(X"’ > a)
All of the probabilities above here are strictly positive, so we may re-write this as
o 8
Q( 2. (1) X >a) > Q(Svyl)(t;é‘) (X = a)
B )
Q(Svy2 ), (8:6) (X = CL) 1- Q(s,yl)»(t;ﬁ) (XT = a)
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which holds if and only if
B
Q(Sva (tC ( > a) = Q(szyl)v(t§c) (XT > a)

We prove stochastic monotonicity of the n-point distributions by induction. Assume that
for all s < t, all ( € Myg, all y; < ys, all a1, € R™, and all ry,, € R" satisfying s < r; <
- <r, <t, we have

Q(s,yQ ),(%;¢) ( 1 = a,. . Xrn > Cln) > Q'B (5.1) (tC)(Xrl = aq,... aXr‘n = an)

Now, fix ajper € R™™ and ry.4q with 7y < -+ < 7, < 741. The induction hypothesis
implies that for each y € R,

2 Qﬁ ()(T1 =ay,..., X, = an)l{ZZG«nJrl}

(5,9):(rn+1,2) n
is non-decreasing. We have

Qﬂ 5,y2) (t g)(Xm =ay,..., X, = a”l?X"'nJrl = CLn-&-l)

B
(S,yz (t( [Q ,yg Tn+17Xr +l Xrl al? e 7X7‘n = )1{X7‘ 41> an+1}:|

B
(s y2),(t;C) [Q (5,91),(rn+1,Xrp, 1) (Xm ag, ... 7Xrn = an>1{X7"n+1>an+1}]
QP B
E(S y1),(:¢) [Q( $,91)5(Tn41, Xrn+1 (Xrl ap, . .- ’XTn = an>1{X7'n+1 >an+1}]
QB (5,91),(t:€) (Xrl ag; .- ’XTn Z Qn, XT’n+1 > an+1)7

where in the first inequality, we apply the induction hypothesis and in the second, we applied
the base case of the induction with 7 = 7, 1. This implies the first inequality in (2.15). The
second is similar. 0

APPENDIX A. MILD SOLUTIONS AND UNIQUENESS

In this section we discuss some details and partially survey the literature concerning exis-
tence and uniqueness of mild solutions to (1.2) with possibly random initial conditions. We
then show that the superposition formulation of Zs(t,z|s; 1) is, up to indistinguishability,
the usual mild solution to (1.2).

Let X be a random variable taking values in the space of positive Borel measures satisfying
P(X € Myg) = 1 and which is independent of the white noise after some initial time s,
which we will typically take to be zero. For such s, define fmx = /\a<5<t<b0'(]:a b ,X)
be the augmentation of the natural filtration of the white noise enlarged by o(X). Setting

Wo(g) = 0 for all g € L*(R) and Wy(g) — Wi(g) = W (fs1y), where fo4(r, ) = 1q(r)g(z)
and —o0 < s < t < o, it is straightforward to check that W;(+) defines an orthogonal

martingale measure for ¢ > 0 in the sense of [47] with respect to either ;ng,t or ]-"(V)Ift’X. See
the discussion in Chapter 2 of [47].
For each s € R, the mild formulation of (1.2) seeks fixed points U to the Duhamel equation

(A.1) Ult,x) = fu@ p(t,z — 2)X(dz) + 5J fR p(t —r,x — 2)U(r, z)W(dz dr)

which take values in an appropriate class of functions on {(¢,z) € R* : ¢t > s}, where the
stochastic integral is understood in the sense of Walsh [47].
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Various hypotheses for existence and conditions for uniqueness of solutions have appeared
in the literature. For non-random initial data, the minimal assumption that has been studied
is that of [10, 11], who assume that

(A.2) X is a non-random measure in My .

The first paper to allow for random initial data was [6], who assume that there exists a
random variable X, € C(R,R) so that for each p > 0, there exists a, > 0 for which

(A.3) X(dz) = Xo(x)dx and sup e~ R[| Xo(r)[P] < 0.

The first paper we are aware of to systematically study mild solutions of (A.1) was [5]. The

results in [5] are stated and proven only under the assumption that for all ¢t > 0,

2
(A.4) X is non-random and sup sup \/?T(J p(r,x — z)X(dz)) < 0.
re(0,t] zeR R

We begin by recalling this original result, appealing to translation invariance of the model
to extend these results from the case of s =0 to s € R.

Theorem A.1l. ([5, Theorem 3.1]) Under Condition (A.4), for each s € R there exists an
(.7:32 s < t) adapted solution U € C((s,0) x R,R) to (A.1) satisfying for all T > s,

(A.5) sup supf f J J (t—r,x—y)’plr —v,y — 2)?E[U(v, 2)*|dzdydvdr < 0.
te(s,T] zeR

Moreover, under (A.4), if U and V' are any two solutions satisfying (A.1) and (A.5), then
U and V' are indistinguishable.

The most general existence and uniqueness result for non-random initial data is the fol-
lowing result, which comes from combining results in [10] and [11].

Theorem A.2. ([11, Theorem 2.4] with [10, Theorem 3.1]) Under Condition (A.2), for each
s € R, there exists an (F., : s < t) adapted solution U € C((s,0) x R,R) to (A.1) satisfying

(i) For allt > s and x € R,

t
f f p(t — 7,z — 2)E[U(r, 2)*]dzdr < o
s JR
(ii) For allt > s,

Ll EKJJ (1 — 0 — 2)U(r, 2)W (d= dr)

_L Lp(t - = 2)U(n Z)W(dzdr))2] _0

Moreover, if U and V are any two solutions satisfying these properties, then U and V are
indistinguishable.

Both the results in [10, 11] and [5] apply to show the existence and uniqueness of a solution
to (2.2) for fixed initial conditions s, y, which we record below. The claim about the solution
being represented by (2.3) is sketched in Section 3.2 of [1]. A pedagogical proof appears in
the lecture notes [14, Theorem 2.2].
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Lemma A.3. For each s,y € R, there ezists a unique (up to indistinguishability) (.FEQX :
s < t)-adapted process Zg(s,+|s,y) taking values in C((s,),R) which satisfies the mild
equation (2.2) and the conditions in either Theorem A.1 or A.2. Moreover, this process is a
modification of the process defined for fized (s,y,t,xz,[3) € Rf xR by (2.3).

We next turn to the assumption in (A.3), which allows for a class of random initial data
which is rich enough to include the exponential of Brownian Motion with drift, which are
increment-stationary for KPZ [22].

Theorem A.4. [6, Theorem 3.1] Under Condition (A.3), for each s € R, there exists an
(fgf:{X s < t) adapted process U(t, x) taking values in C([s, ), R) which satisfies the mild
equation (A.1). For each T > s, there exists a constant a > 0 so that resulting process
satisfies

(A.6) sup supe I E[|U(t, z)*] < .

te[s, T] xeR

Moreover, if U and V' are two such continuous and adapted solutions satisfying (A.1) and

(A.6), then P(U(t,x) = V(t,x) for allt > s,x € R) = 1.

We now show that Zs(t,z|s; X) defined through (1.3) agrees with the mild solution in
(A.1) in the previous results.

Lemma A.5. Assume that X satisfies either (A.2) or (A.3). For each s € R, up to indistin-
guishability, Zs(+,+|s; X) (as defined by (1.3)) is the unique continuous and adapted solution
to (A.1) in Theorems A.2 and A.4 respectively.

Proof. Because mild solutions are formulated for fixed initial conditions and fixed 3, scaling
and translation invariance implies that it is without loss of generality to consider the case of
B =1and s = 0. By construction, Z;(t,x|0; X) is adapted and continuous, so we just need
to check that it solves the mild equation and the moment conditions of the two theorems.
To check that Z;(t, z|0; X) satisfies (A.1), we will apply the stochastic Fubini theorem; see
[17, Theorem 4.33] or [47, Theorem 2.6]. This result shows that whenever

¢
f J J p(t —r,x — 2)*E[Zi(r, 2|0, y)*] X (dy)dzdr < oo, if (A.2) holds or
0 JrJr

LMLJ%Mt_rﬂ“‘@ﬁmzﬂﬁ4@9?Nﬂ3&@fﬁ@¢MT<coﬁ(AB)hd&g

we have

Zy(t, z]0; X) = J Zy(t,2]0,y) X (dy)
R

r t

p@x—waw+L

J}Rp(t — 7T —z) JR Z1(r, 210, y) X (dy)W (dzdr)

I
[ S—

R
~

pwx—waw+f

0

[
[ S—

f p(t —r oz — 2)Zy(r, 2|0; X)W (dzdr).
R R
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Recall that we have E[Z; (r, 2|0, y)?] < Dqsp(t, 2—y)?. Considering that E[ X (y)*|dy € My,
it suffices to consider the first integral under (A.2). By Lemma C.2,

JJJ (t —r,x— 2)°p(r, 2 — y)?dzdr X (dy) = ff (t,z —y) X (dy),

which is finite by hypothesis. It remains to check the moment hypotheses. Call V(t,z) =
Zy(t, x]0, X), so that V (¢, z) solves (A.1). Under (A.3), by Cauchy-Schwarz applied twice

B[V (t,2)?] ff [zl (t, 2|0, 2) Z1 (t, z|0, w)} E[Xo(w) X (2)]dzdw

< CD?JJ J p(t,z — 2)p(t,z — w)e’® WD gy
R JR

2

2 5 . 9
< CDM( f plt,a—2)(e2" + efz)dz) — ODy, (e%ét + e§r+§t) |
R

where C' is the value of the supremum appearing in (A.3). This verifies (A.6).
Next, we turn to showing conditions (i) and (ii) in Theorem A.2 under (A.4). We have

Lt JR p(t =1, — 2) B[V (r, 2)*]dzdr

< Dy, JO t JR ot —ra— z)( JR o,z — y)X(dy))2dzdr

2
(z z) +(z v) +(z—w)

t
- . o~ (208) o (552) oo (s 5)
- J}R JRJ 2m)32r\/t — 1 Jg ’ € dze \20=1) dr X (dv) X (dw)

( 1 2) (a2 +2=)

dr X (dv) X (dw)

fff zwm\h

22 z(v+w r)(v—w (v +w?
f f J D2t e o T (2t+7‘) (= 2r(2t+r§ . )er(dv)X(dw)
2mA/T(r +2(t — 1)

D 2lallvl= v? 2
<etj 2t dr(f e X(dv)) < 0.
0 2mA/1(r +2(t — 1)) R

In the last step, we bounded |x(v + w)| < |z|(Jv] + |w|), —(t — r)(v — w)? < 0, and then
t <2t —r. (i) follows.

Still considering the case of (A.2), we now verify condition (ii). For simplicity, we take
the case of u =1t + h, h > 0, h — 0. The case of u =t — h follows similarly.

[(JJ (w— 1,0 — 2)V(r, 2)W(dz dr) ff t—rx—z)V(rz)W(dzdr))]

—E[(JJ pt+h—rv—2)— (t—r,x—z))V(,)W(dzdr))]
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t+h 2
+E[(f J p(t—i—h—r,v—z)V(r,z)W(dzdr)> }
2
Dggtf f (t+h—r,v—2z)—p(t—r, xz))Z(J p(r,zw)X(dw)) Lo (r)dz dr
R
2
+ DZRJ J pt+h—rv—2)>? <J p(r,z — w)X(dw)) L(tsn)(r)dzdr
R JR R
Note that the integrands in both integrals above converge to zero pointwise.We bound
) 2
(o0 =02 = ple = e = ) ( [tz = w) X)) 2000
R
2
(A.7) <2p(t+h—10v—2)° (f p(r,z — w)X(dw)) Lio,)(7)
R
2
(A.8) +2p(t — 7,z — 2)? <f pr,z — w)X(dw)> L0, (7)
R

By the generalized dominated convergence theorem [45, Theorem 4.17], to show that the
first integral converges to zero, it suffices to show that

2
lim f J p(t+h—rv— 2)2<J p(r,z — w)X(dw)) Lo (r)dzdr
R e Je 8

_ JR JR ot =11 — 2)? ( JR o,z — w)X(dw))Ql(Qt) (r)dz dr < o

Note that there are two claims here: the integral in (A.8) does not depend on h or v and is
the limit of the integral in (A.7) as h \, 0 and v — x. We must show that the integral in
(A.8) is finite and that the integral in (A.7) converges to it. Arguing as above, we compute
for h = 0 (now, including the case of (A.8)),

f J (t+h—rv—2) (JR o,z — w)X(dw))Ql(oi)(r)dz dr

(‘t w y
:J (2m)~2 fe—f(m%_,ﬁi)ez(wh rrte) o (B )er(dy)X(dw)
R\JRJO (t+h—7)rJr
(t . T+U+“’)2
rort 21)3/2 S v iw?
:J J Cr) e oot o () ar X () X ()
RIRJO (t + h—7)ry /i + 2
r rt 3/2 2 r v(ytw w-y)? _ (wiy)?
:J 2r) e’ (w%h*(mh)(wh—r))* e e =) dr X (dy) X (dw)
RJRJO 20+ h)r(t+h—r)

The integrand is continuous in A and v, so to show that this integral converges, we may use
the ordinary dominated convergence theorem. For any h € [0,t] and v € [-K, K|, r € (0,1)
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and y,w € R, we have

_3/2 T v w —w —r
) - (e + ey + S - SR ]
N2+ R)r(t+h—r)
1 K|yl tlw) _ y?+w?
t 8t R
t-r-(t—r)

and

LKyl +lw]) _ y2+w?
t

st dr X(dy) X (dw) < oo

L

The result follows. It remains to show that

lim J J p(t+h—rp— 2)? ( JR o(r,z — w)X(dw)) s (P dr = 0,

bR IR
which follows from essentially the same estimates as in the previous case. (ii) now follows. [

APPENDIX B. CONTINUITY OF STOCHASTIC PROCESSES

This appendix presents a version of the Kolmogorov-Chentsov theorem sufficient for our
purposes. For d > 2, we consider a process X with values in a complete separable metric
space (5, 0) and indexed by d — 2 copies of the unit interval [0, 1] and one copy of the time-
ordered unit triangle Ts = {(s',s?) : 0 < s' < s' +0 < s* < 1} with a gap § € [0,1).
The case § = 0 corresponds to enforcing only the ordering s' < s?. Generic points of
[0,1]972 x T; are denoted by r = (r!,... r? 2 rd=1 rd) with superscripts for coordinates.
The last two coordinates satisfy 7?1 < 74 —§. Subscripts are reserved for indexing sequences
in [0, 1]d_2 x Ts.

ForneZ, let

Dspn = {(k',... k)27 €[0,1]? x Ts : k',..., k" € [0,2"]}
and then D5 = J,cz, Dsn, the set of dyadic rational points in [0, 1]972 x Tj.

Theorem B.1. Fiz d > 2 and § € [0,1) as above and let (S, p) be a complete separable
metric space.

(a) Suppose {X, : r € Ds} is an S-valued stochastic process defined on a complete
probability space (Q, F,P) with the following property: there exist constants A < oo and
Qai,y...,0q,v >0 such that

d
(B.1) Elo(Xs, X,)" ] < AZ |s" —ri|% % for all r,s € Dj.

i=1

Then there exists an S-valued process {Yy : s € [0,1]972 x T5s} on (Q, F,P) such that the path
s +— Y,(w) is continuous for each w € Q and P{Y; = X} =1 for each s € Ds. Furthermore,

for all choices of o; € (0,;/v) forie [d],
0. V)| S 20t )
; 1 — 20i— ;v (1 _ 2—ai/y) < .

Z?:I |5t — 7|

(B.2) E[ sup
r#SsIn

in [0,1]9-2xTs
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(b) Suppose {X, : s € [0,1]472 x Ts} is an S-valued stochastic process that satisfies the
moment bound (B.1) for allr, s € [0,1]2xTs. Then the process Y of part (a) is a version of
X. If X is almost surely continuous to begin with, then P{Y, = X Vs € [0,1]972 x Ts} = 1.

The proof is a standard chaining argument, which we omit.

APPENDIX C. COMPUTATIONS

The following sequence of lemmas present elementary computations that go into our Hoélder
regularity estimates. We omit the details of standard identities.

Lemma C.1. Fort >0 and x € R,

f plt— 1w — 2P plr, 2 Vi

z = 1 r
p2(t,x) NG T T

Lemma C.2. For 0 <t and z € R,

[[ [ demr=potray o

Lemma C.3. Fort,h >0 and x € ]R,
* t+h—rx—2)>? 2 t+h 2h

J ['0( ha 2r,x ) el 2) ]dzdrz * larcsin<1——>+z]
JO JR p (t + hv I)
Lemma C.4. Fort,h >0 and x € R,

t+h _ 2 2 I

J ( plt+h QT’I 2) el 2) dzdr = t+h T _ arcsin 1—ﬂ < 4vh.
t JR p*(t + h, ) 2ym |2
Proof. By Lemma C.3,

rhf t+h—rx—z) plr2)? _rhzfm

pi(t+ h,x) (t+h—r)r
f VE+h _\/FJ
2\/7 t+h—7’ 1—u)
\/ﬁ WJ
e m 2¢/m 1—v2

S e ()

For the inequality, we observe that for x € (0,2), § — arcsin (1 — ) < 8y/x. This can be
verified by observing that the two functions are equal at 0 and the derivatives remain ordered
n (0,2). Writing (¢t — h)/(t + h) =1 —2h/(t + h), we have

- 2] < 2 <o
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Lemma C.5. For 0 <t and z,y € R,
Vit — p(t — — t— —

i Ifc Y| J J [ T, y 2)p(r,z) p(t —r,x — 2)p(r, Z>]drdz -

2 Y) p(t, x)
Proof. Notice that for r € (0,1),

— )2 _ )2 2 t 2 2 )2

(y—2)+(z—2)" 27 _ ,_re+y) +:v_+y_+7°(:v y)
2(t —r) T r(t—r) 2t
Therefore, after changing variables, in the second equality,
J [p(t -y - Z)p(?”, Z) p<t - T — Z)ﬂ(ra 2)]d2
R

p(t,y) p(t, )

aEl
~

24y | w=2)2+G-a)? | 22

1 t = l “ 2(t—7) +5

=——— | ¢ dz
) Je

2m)r(t—r
1 t MJ 77(; >Z2d 1 t 7(;&24)2;
= — e —-r e r(-r 2 = e -r)
2m)r(t—r) R 2y /m\| r(t—r)
To compute the dr integral, we now substitute s = ﬁ, which satisfies r = liit'
t? t 1+ st)? t t
dr = ———ds, =< +S), dr =ds
(1 + st)? t(t—r) st? r(t—r) V/s(1 + st)
R
o 2\ rt—nr© T‘zf 1+st) °
For a = 0, call
t w0 1
I(a) = —— ds————e °
() zﬁL “s(L+st)"
We have 1(0) = @ and
I/(Oé) \/7
2[ 1 +stt

Substitute u = as so that

du_ o NS eV s 1 e

« 1+st  a+ut’ 1+ st Vaa+ut

Then
—t (* 1 Vu -1 1 [~ 1 1

—Uu

el —— | du—=e"=

— | 4 > =
ovm )y “Vaa+ ut /T dy N 2/a

I'(a) =

It follows that

0 o yz — )2 —
t J P S =P (z — ) >m_|x y|'
24/7 Jo \/§(1+st) 4 2 2

The next result follows from the previous result by expanding out the square.

2t 2t At(t—r)

57
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Corollary C.6. For 0 <t and x,y € R,

JJ [ t—ry—i)p(m) _p(t—r;)ﬂzt’—;)p(m)] dedr < |3 — .

Next, we turn to the case where the heat kernels have different time coordinates, but the

same space coordinate. We begin by computing the space integral of the cross-term that
will appear when we expand out the square:

Lemma C.7. For 0 <t, h >0, and x € R,

J |:p(t +h —Tr,T— Z)p(T,Z) p(t— r,T — Z)p(T,Z>]dZ =
i p(t + h,x) p(t, )

t(t+h) _2? W2y
e 2t GFR)((E+h)(t—r)+E(E+h—))) 1(07”(7«)
A2mr((t+h)(t—7) +tt +h—1))

Proof. Write

J lp(t +h—r,x—2)p(r,z) plt —r,x— z)p(r, z)]dz
R p(t + h, ) p(t, )

= (21)\/(75—:;h ] \/(t t ) f lez(fim*i (2((f+}12)r)+(2z(tz7>“)+ )]dz Ot)(T)
s —7r)r —7)r Jr

We note that

[( ! + 1>](m—z)2+122

2t+h—r) 2t—r r
( 1 i 1 n 1) (2(t1 r) + t+h r) ) n (2(151 ) + t+h ) ) %
= - Z — "'L‘ °
At=r) 2t+h—r) T 2(t1 5T (t+1h =t . 2(t1 5t (t+1h 5t .
We have
1 N 1 +1_(t+h)(t—r)+t(t+h—r)
2t+h—r) 2t—r) r 2t+h—r)t—r)r
It follows that
f |:p(t +h— raT— Z)p(T, Z) p(t - T - Z)p(?”, Z):|d2
R p(t—i-h,l‘) p(tax)
1 t+h t 2n(t+h—r)(t—r)r
- X
2n\[ (t+h—r)r\| (t—r)r\| t+h)t—7)+t{E+h—7)
lBQ(t+h) 2t Sy TaEFh=y T :|1(O,t)<r)-
The remainder of the claim is tedious but easy algebra. U

The next result is the point where our results become suboptimal. A more refined analysis
is likely possible to improve this estimate if one is interested in optimal Holder regularity at
the boundary, but it suffices for our purposes.
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Lemma C.8. Ford<1,0<d<t<t+h<T withT >1, and z € R,
£ \/7 h\/7T3/2$2
2 o/ 863
JJ plt+h—re—z)p(rz)plt —rx—2)p(r2) - vt
p(t+h,x) p(t, x) 2

Proof. Applying Lemma C.7, we define for ¢, x as in the statement and h € [0, T — ¢],
JJ p(t +h—rx—2)p(r,z) p(t —r,x — 2)p(r, 2) dodr
p(t+ h,x) p(t, x)
— t+ h [e—i (t+h)((t+h)(th—2:)+t(t+h—r))) ] dr
\/27r 0 \/T((t +h)(t—r)+tlt+h—1))
Without loss of generality, take T > ¢. Notice that for all A > 0,
= J dr = —\/H
24/ Jo ATt —1) 2

To see this, notice that the term in the exponential is negative if A > 0 and that

I(h) < 1(0)

d t+h

dh \/r((t-ﬁ-h)(t—r)-‘rt(t-&-h—r)) B rt — 0
t+h 2+ (Rt —r) +tt+h—7

r((t+h)(t—r)+t(t+h—r)) ( )(( )( ) ( ))

Notice that 0 < r < ¢ implies that (t + h)((t + h)(t —7) +t({t+h —71))) = t(t + h)h = §*h
Therefore,

1 (" Wi+h 2
s e 38 dr = J(h).
T Jo A/r(t+h—7)

By dominated convergence, J(0) = 1(0) = \/—’Tt. Differentiating under the integral, for h > 0,

I(h) = ;

xer t+h 22h
/h = JRE— e — 23Td
I 2[J[2t+h Grh—r) 5] it h—n Y
f x?r T
+ [ ——dr
NG t+h—7“) 203 |\|r(t+h—r)

We have

! N t t
) R (S — Y | i L
JO "+ h—r)pe \/; arcsm( t+h>’

Jt dry | ———— = —/It + (t + h) arcsin ( L)

0 t+h—r t+h
Recognizing that v/ht > 0, arcsin(, /75) >0, and 0 < (¢t + h)arcsin(y/+5) < 57T, we see
that
1 |T 1

2
/ R x_ 3/2
J'(h) = 2\/El5\/ﬁ+453T W]
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and therefore

Vi VAT
J(h)>T_W>\/> h 353 T . U

Lemma C.9. For he [0,1], a € (0,1], t € [0,h*], and z € R,

f J < p(t+h —tr+a:h—wz>)0(r, z)  plt— r,p:]it’—xz))f)(r, z)) dedr < 10R2

Proof. By Lemmas C.2 and C.3,
J f ( plt+h—rx—z)p(r z) _p(t—r T — z)p(r z)) dodr

p(t+ h,z)
JJ t+h—r:v—z p(r, z)? fdrfdz z)Qp(r,z)dedr
p(t + h,z)? p(t, x)?
_QJJ t+h—7‘x—z)( )p(t—rm z)p( )dzdr
p(t+h .73)
S 2 2
JJ p(t +h—r,x—2)2p(r, z)* Jdrfdz — 2)*p(r, z) dodr
p(t+ h,z) ,:zc)2
2h T \/E
= 1—— ) += < 10h%2.
2{ [arcsm( t+h>+2}+ 5 0h
In the last step, we bounded arcsin(-) < 7/2, v/t + h < v/2h*2, and used a crude bound on
the numerical prefactors. 0J

Finally, we combine our estimates to obtain the last bound needed for our Holder estimates.
Proposition C.10. For T, K > 1,t€ [0,T], x € [-K, K|, and h € [0, 1],
f f t"‘h—’r‘x_Z)p('f’,Z)_p(t—'l",l'—Z)p(’l",Z) dz d?" 10T3/2K2h1/7
p(t+ h,x) p(t, )
If, in addition, for 6 > 0, we have t,t + h € [0, T], then
2
J f t-l—h—?"x—z)p(r,z)_p(t—r,x—z)p(r,z) dZdT<ET3/2K2\/E
p(t + h,x) p(t, x) 03

Proof. For h = 0, there is nothing to show, so take h € (0, 1]. The first claim holds by Lemma
C.9 if t € [0, h¥7]. By Lemmas C.2, C.3, and C.8 (with § = h?7), we have for ¢ € [h%7,T],

JJ( t+h—7’x—z)p(rz)_p(t—rx—z)p(rz)) i

t+h,x)

_ _ 2
JJ p(t +h—r,x—2)*p(r, 2) dzd'r’—i-JJ p(t —r .z — p(r,z) dodr
p(t + h,x)?

p(t+h—rx—z)p(r,z) p(t —r,z — 2)p(r,
2 J p(t+ h,z) p(t, )

\/7 2h T \/> Nz
< 1 — —— _ h3/14 T3/2K2h1/7
NG [arcsm( T h) + 2] —mt + - 3

) dzdr
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< vrh + lh%“ + ﬁT3/2K2h1/7 < 10732 K2pV7,
2 &S 8

In the last step, we bounded arcsin(-) < 7/2 and vt + h < v/t + V/h.
If, instead, t,t + h € [J, T] for some fixed § > 0, the same argument gives

JJ ( t+h—7’x—z)p(r,z)_p(t—r,x—z)p(r,z)>2dzdr

t+h,z) p(t, )
Vt+h 2h Vin NG
< 1— T+ 2 h+2h K
NG [arcsm ( = h) + ] t+ ﬁf—i_ 353

< gT?’/QKQ\/E. O

APPENDIX D. NOTATION, TERMINOLOGY, AND CONVENTIONS

Constants in proofs. Constants are typically denoted C,C’,C”,... or ¢,d,c”,.... In the
statements of results, constants reset between results. Within proofs, constants reset for the
proof of each claim of a result, unless otherwise indicated.

Notation. The integers are Z, the non-negative integers are Z, = {0,1,2,...}, the natural
numbers are N = {1,2,...}, the real numbers in d dimensions are R?, the rational numbers
are Q¢, and the dyadlc ratlonals are D? = {(in e QTd) kl, cooykayny, ... ng € Z}. The
standard coordinate basis vectors in R? are denoted by e;,i = 1,2,...,d. For n € N, we
denote [n] = {1,...,n}. We denote tuples with subscripts. For m < n with m,n € N, ., =
(Tos Tint1s -+ - ) and Ty = (T, Tne1, .-+, Ty ). The Weyl chamber in R™ is denoted by
W, ={(z1,...,2,) e R" : 1 < --+ < x,}. The maximum of two real numbers a,b € R is
sometimes denoted by a v b and the minimum is sometimes denoted by a A b.
For T, K, > 0, we have the following domains of our various fields of solutions:

s,y,t,x) e R 1 s <t} R?z{(s,y,t,m)eR4:s<t},
s,t,x) e R s <t}

R, - {
- |

(
(
{(s,y,t,x) E]R
(
(

(T K) = -T<s,t<T,—K <z,y <K},
(TK(S) {sy,tx)eR4 -T<s,t<T,—K <z,y< K,t—s >},
RY(T,K,8) ={(s,t,z) e R} : -T < s,t <T,-K <z < K,t — s > 6}

Hélder seminorms on functions. Given KK < R% and o € (0,1] and f € C(K,R) the a-Hélder
semi-norm is defined by

(D.1) flescy = sup [, wa) = Fys, - )l

xl:dvyI:dEK: sz=1 |‘,'UZ - yl|a
Z1:d#Y1:d

We define time-space Holder semi-norms for K < R*, f e C(K,R), and a,v € (0,1] by

|f|ca V(’C) = sup ’f(thxl? 817y1) - f(t2,w2, 32,y2)|

(tl,xl,Sl,yl)?é(tg,xz,sg’g)@) ‘tl - t2’01 + |S]_ — 82|a + ‘xl — .7;2’1/ + |y]_ - y2’y’
(ti,xi,si,yi)elC,ie{lz}
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and, similarly, time-space-inverse temperature Hélder semi-norms for K = R®, f € C(K,R),
and «, v,y € (0,1] by

|f(ty, 21, 81,91, B1) — f(t2, T2, 52,92, B2)]

|f|cavVﬁ(ic) = sup > > » » .

(st~ 01— 2|+ 81— $2|* + |21 — @2 + [y — o] + [B1 — B

(t2,22,52,y2,82)

(tiswiysi,9:,8:) €Ki €{1,2}

Topological conventions and notation. In this section X denotes an arbitrary metric space.
C(X,R) is the space of continuous functions from X to R with the topology of uniform
convergence on compact sets. Cp(X,R) is the space of bounded continuous functions is
equipped with the supremum norm.

B(X) is the Borel g-algebra of X. The bounded Borel measurable functions on X are
denoted by By(X). A measure p on (X, B(X)) is said to be positive if u(B) € [0, o] for all
B € B(X) and signed if u(B) € R for all B € B(X). The zero measure 0 assigns measure 0
to all B € B(X). A measure is non-zero if it is not the zero measure.

We denote by C.(X,R) the space of compactly supported continuous functions equipped
with the supremum norm. C.(X,R,) is the space of such functions which are also non-
negative. The positive and locally finite Borel measures on R? are M (R? B(R)). We
say that p, € M, (R B(R)) converges to u € M (R% B(R)) vaguely if {4 () pn(dz) —
§pa () p(z) for all € C.(R?, R). M;(X) is the space of probability measures on X. When
restricting attention to finite positive measures, we typically use the weak topology, where
the test functions come from Cy(R% R). See [9, Definition 8.1.2].

The space My, U{0} defined in equation (1.8) admits a natural Polish topology, which we
metrize as follows. Let {p, : j € R} € C.(R,Ry) be a countable dense subset of C.(R,R.).

Define for ¢,n € Mg,
R R

D2 dulcn = 327(1n |
JR e~ m ¢ (dy) — JR e~ mV (dy) D :

7j=1
Lemma D.1. (M, u{0},d,,) is a complete separable metric space.

o0
+ Z 27m (1 A
m=1

Proof. Note that the sum over j in the definition of da4,, metrizes the vague topology on
M (R). Let {¢,} be a Cauchy sequence in (Myg, dpty). Then there is a vague limit ¢, — ¢.
By completeness of R, there exist {a,, : m € N} with

am = lim | e =¥ ¢, (dy) and A, = supf e m Y Co(dy) < o
R

n—o Jp n

To conclude completeness, we need to show that
(D.3) U = f = ((dy).
R

FixC.(R, R )-functions {y : k € N} that satisfy 1j_px < ¥r < 1[_g_1,41]- Vague conver-
gence implies that

= lim | o™ w7 4y (y) Cu(dy) = f

eﬁfm@«@»/Lam%ww as k /oo,
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Now, let m < ¢ and k € N.

e—;y2<n<dy>=f eV 1V ¢, (dy) < M) J e G, (dy)
[k,OO) [k:,OO)

2¢1_ 1
< ek (f m)Ag.

(D.4) f[k,oc)

Fix m € N. Since { e~ m¥ ((dy) < o,
(D.5) Jim ) e” 7 (1= ¥n(y)) C(dy) = 0.
—00 R

Take ¢ = 2m in (D.4) and let k € N. Let 0x(1) denote a quantity that depends on (k,n) and
vanishes as n — o when £k is fixed.

fR e ¥’ ((dy) — am fR ™ m¥ Py (y)C(dy) — f

R

<

™ w Y P (y) Cn(dy)‘

+ J e~ my (1 — wk(y)) ((dy) + f e~ my Coldy) +
R [k,%0)

fR e 37 Coldy) — an

<on(l) + f e (1= () C(dy) + e 37 Agyy + o(1).

First keep k fixed and let n — oo to remove og(1) + o(1). Then let &k — o0. (D.3) has been
verified. It remains to show separability.

We claim that measures of the form Z?:l a;0p, where a; € Q n(0,0) and b; € Q are dense.
It suffices to show that for each M, J € N, each € € (0,1), and each ( € My, there exists
n € N and a.,, b1, as above so that for n = 37" | a;0p, and all j € [J] and m € [M],

| esdc = [ erin | e wctan - | e iratay
R R R R
Fix K > 0 so that for all m € [M],

| ety <o
R\[—K,K]

and suppy; < [—K,K]. The result now follows from density of measures of the form
> aidp, in the space of finite positive measures on [—K, K]. O

<€ and < e.

We also introduce a metric on the space of strictly positive continuous functions repre-
senting measures in My, which we denoted by Cyy in equation (1.9) above:

Cup = {f € C(R,(0,m0)) : Va > O,J e f(x)dx < oo}.
R

We equip this space with the metric defined for f, g € Cyy by

(D.6) dey(f.g) = D> 27" (1 A sup l|f(x) —g(z)| + ‘ﬁ _

—_m<Tr<m

1
9()

JR e~V f(y)dy — JR e‘wg(y)dyD

)

moozl
+ Z 2™m (1 A
m=1

We have the following.

Lemma D.2. (Cyps, dc,,,) is a complete separable metric space.
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Proof. The first term in the metric ensures that Cauchy sequences in (Cyg, de,,;;) are Cauchy
under the supremum norm on any interval [—m,m| for m € N, hence a locally uniform
limit taking values in C(R,R,) exists. The second term ensures that the locally uniform
limit point is strictly positive. Locally uniform convergence implies vague convergence of
the represented measures. The last term in the metric then ensures that these measures are
Cauchy in My and so, by Lemma D.1, the integrals against Gaussian kernels converge as
well. Therefore (Cyg,de,,) is complete. Separability can be seen by taking a dense subset
of compactly supported continuous functions in C(R,R;) and then adding small rational
positive € times Gaussian kernels to each term to make the functions strictly positive. [

Total Variation of (Formal) Signed Measures. Given a signed measure p on (X, B(X)), the
total variation measure |u| is given by the sum of the positive and negative parts in its Jordan-
Hahn decomposition. See [9, Definition 3.1.4]. The total variation norm is |u|ry = |p[(X),
which satisfies ||u|rv < 2sup{|u(A)] : A € B(X)} < 2|u|ry. Given two finite positive
Borel measures j,¢ on R?, we denote by |u — (| the total variation measure assigned to
to the signed measure given by their difference. Given two locally finite positive Borel
measures /i, on R, the difference 1 — ¢ may not define a signed measure, but we define
the positive measure corresponding to the total variation of the difference by |u — ¢|(A) =
M asoo |l arane — Cli-aranal (A) = limpo [ — C[(A ~ [-M, M]?), where the measures
ft(—ar,arje and CJ[_py ape are the finite measures obtained by restricting 1 and ¢ to [—M, M].
The limit exists by monotonicity.

Stochastic Processes. We call C = C(R,R) and denote by X = (X; : t € R) the canonical
process on (C,B(C)). For —0 < s <t <0, Gy = 0(X, : s <u<t)and G,y = o(X;). For
—w < s <t < o, the spaces C[,4) = C([s,1],R) of real-valued continuous functions on [s, t],
equipped with the uniform topology and Borel o-algebra B(C[y), are naturally embedded
into (C,B(C)) by restriction. We abuse notation and at times continue to use the notation
X to denote X5 = (Xy s <u<t).

If Ais set and F' and G are stochastic processes on a complete probability space (€2, F,P)
indexed by A, then we say that F and G are modifications of one another if for all a € A,

P(F(a) = G(a)) = 1.
We say that ' and G are indistinguishable if
P(for all « € A, F(a) = G(a)) = 1.

Stochastic Ordering. We say that a function F:C(R,R) — R (resp. F:C([s,t],R) — R)
is increasing if F(X) < F(Y) whenever X; < Y; for all t. Given two probability mea-
sures P and Q on C(R,R) (resp. C([s,],R)), Q stochastically dominates P, denoted P <
Q, if {F(X)P(dX) < [F(X)Q(dX) for all increasing F € Co(C(R,R),R) (resp. F €
Cb(C([S,t],R),R))
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