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Abstract

We give an explicit description of a family of jointly invariant measures of the KPZ
equation singled out by asymptotic slope conditions. These are couplings of Brow-
nian motions with drift, and can be extended to a cadlag process indexed by all real
drift parameters. We name this process the KPZ horizon (KPZH). As a corollary, we
resolve a recent conjecture by showing the existence of a random, countably infinite
dense set of drift values at which the Busemann process of the KPZ equation is discon-
tinuous. This signals instability, and shows the failure of the one force—one solution
principle and the existence of at least two extremal semi-infinite polymer measures
in the exceptional directions. The low-temperature limit of the KPZH is the station-
ary horizon (SH), the unique jointly invariant measure of the KPZ fixed point under
the same slope conditions. The high-temperature limit of the KPZH is a coupling
of Brownian motions that differ by linear shifts, which is jointly invariant under the
Edwards—Wilkinson fixed point.
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1 Introduction
1.1 Invariant measures of the KPZ equation

For t > s, consider the KPZ equation
_1 p 2 _
0ch(t, x) = zaxxh(tsx) + 5(3xh(t,X)) + W(t,x), h(s,x)=hs(x), (1.1)

with inverse temperature 8 > 0, initial condition A, at time s and space-time white
noise W as driving force. Classically, this equation is ill-posed, but formally, one can
solve the KPZ equation via the Cole-Hopf transformation A(z, x) = %log Z(t,x),
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Jointly invariant measures for the...

where Z solves the stochastic heat equation (SHE) with multiplicative noise:
1
0 Z(t, %) = S0 Z(t, ) + BZ(L, OW (L, %), Z(s,x) = Pl (1.2)

Rigorous solutions to this equation have been discussed in [15, 16, 24, 25]. Recently,
great progress has been made in understanding solutions of the KPZ equation in the
work on Martin Hairer [41, 42] on regularity structures. Another perspective through
paracontrolled distributions has been studied in [40, 55].

It is well-known that Brownian motion with diffusivity 1 and arbitrary drift is an
invariant measure for (1.1). The notion of invariance requires the caveat that invariance
only holds up to a global height shift. That is, if we let i (¢, x | B) denote the solution
to (1.1) at time # > 0 when &(0, x) = B(x) is a Brownian motion, then,

{h(t,x|B) — h(1,0|B) : x e R} £ B.

See [47] and the references therein for a detailed discussion of this height shift. Using
the work of [1-3], one can construct solutions to the KPZ equation with the same
driving noise W but started from different initial conditions. The present paper is
concerned with jointly invariant measures, namely couplings of Brownian motions
F1, ..., F¥ with different drifts such that, on C(R)k , we have for all + > 0O the
distributional invariance

(h(t,*|F") — h(t, 0| F'), ..., h(t,*| F*) — h(z, 0| FX)) 4 (F'¢), ..., F* ().
(1.3)

The existence, uniqueness, and ergodicity of such jointly invariant measures, up to an
asymptotic slope condition, was established in [46] (see Section 3.4 of that paper for
a detailed discussion). We state this condition as follows:

F F
oo < limsup =2 < 3 = lim £® ifA >0
x—>—oc0 |X| X—=0o0 X
F
lim *) = |A| > lim sup x) >—-o0 ifA<0 (1.4)
x—>—00 |x]| X—>00
. (x) .
—00 < lim sup <0 if A =0.

|x]—00 X

Our first theorem gives an explicit description of these measures.

Theorem 1.1 Let Ay < --- < Ay be real. Let Y, ..., Y* be independent two-sided
Brownian motions with diffusivity 1 and drifts M1, ..., Ay, respectively. Set Fé =Y!
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and then for j = 2, ..., k define Fé through

j—1 . .
f [P oY ey,

i=1

j . ﬁY'(y) .7oo<xj~_1<-~-<x1<y
exp[BF;(y)] = e = . yeR
i+, Iy
/ [[ef eomrengy,
—oo<xj_j<--<x1<0 i=l
Then, (F é s F g) is distributed as the unique jointly stationary and ergodic measure

for the KPZ equation (1.1) such that, for 1 < j <k, each F é satisfies almost surely the

asymptotic slope condition (1.4) for . = A;. In particular, F é is a two-sided Brownian
motion with diffusivity 1 and drift A ;.

In Sect.2.3, we extend the measures of Theorem 1.1 to a process {F 3} 1eR, Which
we name the KPZ horizon with inverse temperature 8 (KPZHg for short, or sometimes
simply KPZH). The path space of this process is the Skorokhod space D(R, C(R)) of
functions R — C(R) that are right-continuous with left limits. C(R) is endowed with
its Polish topology of uniform convergence on compact sets. The term KPZ horizon is
introduced in analogy to its zero-temperature counterpart, the stationary horizon (SH),
introduced by Busani in [20] and studied by Busani and the third and fourth authors in
[21-23, 60]. The KPZ fixed point is the large-time scaling limit of the KPZ equation
under the 1 : 2 : 3 scaling [56, 65, 66]. This is discussed more in Sect. 1.3 below.
The SH gives the unique jointly invariant measure of the KPZ fixed point under the
same asymptotic slope conditions (1.4). This picture is completed by the convergence,
as B /' oo, of the projections of KPZHg on C(R, R¥) to those of SH (Theorem 1.5
below).

Theorem 1.1 gives rise to the following description of the difference of two
marginals of KPZH.

Theorem 1.2 Let 8 > Oand{Fé‘}AeR be the KPZHg. For Ay < ha with k. = Ay — A1,

J? o exp(V2BB(x) + Apx) dx
) 1y € R}.

F)\,2 _F)tl . R i{ _11 (
g ) = Fg 0y e Ry = p log 2o exp(V2BB(x) + ABx) dx

In particular,

(FP0) = F3' () 1y 2 0} £ (87 log(1 + X5 pYa 5 (1) 1y = 0}

where X g ~ Gamma(A8~!, B~2), independent of the process {(Yag(y) :y =0}
The law of this latter process is given by

y
{Yrp(y):y =0} < {/0 exp(\/iﬁB(x) +A,3x) dx 1y > O},
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where B is a standard Brownian motion.

The analogous description of the process { F é‘ 2(y)—F é‘ '(y) : y < 0} can be obtained
through the symmetry in Theorem 2.11(iv). Qualitatively, a key feature of the descrip-
tion of these increments is that the extension to the full KPZH process inherently
produces discontinuities:

Theorem 1.3 Let Fg = {F;)}}AER be the KPZHg and Py its distribution on the space
D(R, C(R)). Then, Pg-almost surely there exists a random countably infinite dense
subset Ag of R such that whenever x # y, o Fg (y) — Fg (x) is discontinuous at
a = Aifandonly if A € Ag.

1.2 Discontinuities of the Busemann process in the continuum directed random
polymer

The work of [1-3] constructs a strictly positive, continuous four-parameter random
field {Zg(t, y|s,x) : x,y € R,s < t} on an appropriate probability space of the
white noise so that, for each s € R and suitable initial data A,

(t,y) —~ / PPN Zg(t, y|s, x) dx
R

solves the SHE (1.2) at times r € (s, 00) and agrees with the notion of solution
from [15, 16, 24, 25]. This four-parameter field defines random probability measures
Ql(;’x)_)(t’y) on paths g : [s, t] — R from (x, 5) to (y, t) whose time-r distribution is

given by

Zg(t, ylr,z)Zg(r,zls, x) d
Zg(t, yls, x)

fors <r <t.

05V (g(r) € do) =

In this sense, we say that Zg is the partition function for the continuum directed
random polymer (CDRP) first introduced in [2]. The measures Q}(;’x)%(t’y ) extend in a

Gibbsian sense to measures Q(t’y ) on semi-infinite backward paths g : (—o0,f] > R
rooted at (¢, y). The Gibbs property is that, conditional on the path passing through
(s, x) at time s € (—o0, t), the portion of the path between (¢, y) and (s, x) is dis-
tributed as Q(s’x)ﬁ(t’} '). See [46, Section 9] for a more precise definition and detailed
discussion. The infinite-path measure is said to be strongly A-directed if

Q},””( lim 2 :x) =1.

r——o0o |r|

To study this collection of infinite-path measures, Janjigian and the second and
third authors [46] constructed Busemann functions for the SHE. For a fixed A € R,
these satisfy the almost sure locally uniform limits [46, Theorem 3.16]

Z b 9
By(s,x,1,y) = lim log Zpts, xIr,zr)

) (1.5)
ro=00 = Zg(t,y|r.z,)
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simultaneously for all paths {z, : r < s A ¢} that satisfy lim,_, _ IZr_rI = ). Further-
more, the article [46] constructs the Busemann process

(b5 (s, x, 1, ) : (5, x,1,y) € R, A e R, D€ {—, +}) (1.6)

on a single event of full probability. The sign parameter O € {—, +} is a necessary
ingredient of the construction. In general, A +— bgf (s, x,t,y) is left-continuous,

while A — b/}f (s, x, t, y) is right-continuous. A fixed value A € R is almost surely
not a discontinuity of this process, that is,

P(bg— = bg+) =1 VieR. (1.7)

(See Theorem 3.2(iv) below.) But the existence of random discontinuities across the
uncountably many values A was left open [46, Open Problem 2]. Define the set of
exceptional directions at which jumps occur as

A;,/S ={reR: bz_(s, x,t,y) # b;}’L(s, x,t,y) for some (s, x,¢,y) € R4}.
(1.8)

The set Ap, is exactly the set of directions A at which the semi-infinite Gibbs
measure supported on A-directed paths is not unique [46, Theorems 3.35, 3.38]. The
Busemann process is an eternal solution to the KPZ equation, meaning that started
from any initial time, the Busemann process evolves forward in time via the KPZ
equation. When the Busemann process is discontinuous at A, the one force—one solution
principle fails because there are two eternal solutions to the equation satisfying the
same asymptotic slope conditions. This is manifested in the dynamic programming
principle proved in [46] and recorded in the present paper as Theorem 3.2(v). Theorem
3.5 of [46], recorded as Theorem 3.2(v) in the present paper, established the following
dichotomy: either P(A;, = &) = 1 or P(Ap, is countable and dense in R) = 1. Our
next theorem resolves this question.

Theorem 1.4 Let 8 > 0. Then, P(Ap, is countable and dense in R) = 1.

Theorem 1.4 is equivalent to Theorem 1.3. In particular, we deduce from Theo-
rem 1.1 that the KPZHg is equal in law to the marginal of the Busemann process
(1.6) obtained by fixing s = ¢ and x = 0 (see Corollary 4.3). The presence of the
discontinuity set for any interval of space is derived from the earlier work [46].

The proof of the existence of discontinuities of the KPZHg comes in Corollary 2.13.
Our proof exploits the explicit description of the distribution of F’ ﬁk ) — Fg (y) given
in Theorem 1.2. It would be interesting to see if there is a proof of the condition above
that uses softer properties of Busemann functions and can be generalized to other
models. However, as a counterexample, consider the deterministic approximation of
the Green’s function for the KPZ equation with § = 1 (see [46, Section 1.5, Theorem
3.8])

t—s  (y—-»7
24 20t—s)

H(t, yls, x) = —
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Jointly invariant measures for the...

In this setting, the Busemann function is equal to

l?‘(s,x, t,y) = lim 7‘~((t, ylr,—rk) — 7-[(s, x|r,—rk)
r——00

(1222 = )t —s)
B 24

+(y—x)A,

which is continuous in the parameter A. Thus, any more general condition to prove the
existence of discontinuities would need deeper information about the noise present in
the model and cannot rely only on curvature or strict convexity of the shape function.

1.3 High and low temperature limits of the KPZ horizon

The KPZ equation interpolates between two so-called universality classes. This phe-
nomenon was first mathematically observed from explicit formulas calculated in [5]
and is explicitly noted in [26, Theorem 1.1]. Setting 8 = 1 for simplicity (noting that
the general equation can be obtained from this one by scaling, see [26, Equation (3)]),
welet Z(T, X) = Z1(T, X0, 0), and set

2

X T
Fr(s) = P(log (T, X) + T 5).

Theorem 1.1 and Corollary 1.2 of [26] state that the probability above does not depend
on X and gives these long and short time limits:

lim Fr2~'3T'3s) = Fgue(s) and

T—o00

}iglo Fr~ 214114 (s —1log V27 T)) = d(s), (1.9)

where Fgug is the Tracy-Widom GUE distribution, and & is the standard Gaussian
distribution. The Tracy-Widom distribution is central to the KPZ universality class,
while the Gaussian distribution is central to the Edwards—Wilkinson class [26, 35]. On
the KPZ side of things, much recent work has been devoted to stronger convergence
on the level of the process [27, 28, 56, 65, 66]. See Sect. 1.4.3 for a more detailed
discussion of the relevant literature.

The scaling relations for Zg proved in [1, 3] (recorded in the present paper as

Theorem 3.1) imply that Z(7T,0) = Z;(T, 0]0,0) 4 #ZTW(L 010, 0). Hence,
large times T correspond to high inverse temperatures 8, while short times 7' cor-
respond to small values of 8. In this same spirit, the results of this section show
that the KPZHpg interpolates between the jointly invariant measures in the KPZ and
Edwards—Wilkinson universality classes, seen in the limits as 8§ oo and 8 N\ O,
respectively.

Figure 1 shows a simulation of the KPZHg for three different values of 8, namely
0.1, 1, and 20. In each case, we use the drift values A = —5, —-2.5,0,2.5,5. For
small B, the trajectories tend to look like affine shifts of one another. For large S, the
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trajectories appear to stick very closely together in a neighborhood of the origin. In
fact, before the limit the paths do not actually touch outside the origin, but at 8 = oo,
each pair of paths coincide in a nondegenerate interval around the origin.

As already touched upon above, the next Theorem 1.5 establishes the low-
temperature/long-time limit of KPZHg as its zero-temperature counterpart, the
stationary horizon. The stationary horizon (SH) is a stochastic process G = {G*},er
with path space D (R, C (R)). Marginally, each C (R)-valued component G* is a Brow-
nian motion with diffusivity +/2 and drift 2. See Appendix Appendix B for a precise
definition of the SH. As 8 N\, 0 we see a simple limit from the EW class, as we remark
below in Sect. 1.3.1, and one that is consistent with the short-time limit in (1.9).

The mode of convergence proved is weak convergence of projections on the spaces
C(R,R¥) fork > 1. We expect that convergence on the full path space D(R, C(R))
also holds, as is proved for exponential LPP in [20] and for the TASEP speed process
in [21]. However, the topology of convergence on the space D(R, C(R)) needs to be
adjusted because the set of discontinuities for the prelimiting object is not isolated in
a compact window of space, as is the case in [20, 21]. We leave the investigation of
tightness on D(R, C(R)) to future work. The convergence of parts (i) and (ii) below
are equivalent by the scaling relations of Theorem 2.11(ii) followed by the change of
variable y — yg.

Theorem 1.5 Let {G*};cr be the SH (defined in Appendix B) and{Fg }rer the KPZHp.
Fix two real parameters B > 0and a € R. For any finite increasing vector Ay < - -- <
A, {GH V<i<k is the limit in distribution on C (R, RK), as y — 00, of the following
two processes:

(i) {Fy' @) h=izk

i) {y 1 F et~ 2per
I<i<k

Furthermore, let B be a standard two-sided Brownian motion (diffusivity 1 and zero

drift). Thenas y “\( 0, the processes in parts (i) and (i1) above converge in distribution,

on C(R, R¥), 10 {B(2*) + 2X;*}1<i<k.

For large y > 0, the scaling in Item (ii) above fixes a temperature 8 and considers
a direction perturbed from the drift . This is the scaling of the initial data in the
convergence of the KPZ equation to the KPZ fixed point, as in [27, 28, 56, 65, 66].
Setting y = 271/3T1/3, the sequence in part (ii) becomes

{21/3T—1/3Fa+2'/3T*‘/3M @373 _ 22/3T1/3a°}
p 1<i<k’

which, as T — o0, demonstrates the 1 : 2 : 3 scaling in convergence to the KPZ
fixed point. There are only two scaling parameters now because we are scaling initial
data, so there is no time parameter. However, we can in fact strengthen our result to a
process-level convergence using the recent results of Wu [66]. Let £ = {L(x, s; v, 1) :
x,y € R, s < t} be the directed landscape (DL). For upper semicontinuous initial
datah : R — R U {—o0} satisfying, for some a, b > 0, h(x) <a+b|x|forallx e R
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Fig.1 KPZHg for three inverse
temperature values g = 0.1, 1,
and 20 from top to bottom, and
in each frame for the drift values
A = =5 (pink), A = =2.5
(green), 2. = 0 (purple), A = 2.5
(blue), and A = 5 (red) (colour
figure online)
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and h(x) > —oo for some x, define the KPZ fixed point by

he(t,yls. h) = Suﬁ{h(X)+E(x,S;y,t)}- (1.10)
xXe

Lethy 5 (z, y|s, f) be the solution of the KPZ equation (1.1) started at time s with
initial data f:

1
hzy(t,yls, f) = Elog/Reﬁf(x)Zﬂ(t,y|s,x)dx. (1.11)

Corollary 1.6 Let > 0, a,s € R, and Ay < --- < A. Then, as processes in
C(R-y x R, R¥) equipped with the uniform-on-compacts topology,

Tt 2137283y, Ts 1/37-1/3;., T@t—s) 2
1/37-1/3 Tt 277177y | TS pat2PT=40% . 2 .
{2 T [ﬁhzﬂ<ﬂ4, 2 ‘ﬁ4,Fﬁ © a)+ 5 3log(ﬁT)].
T— .
(t,y) € R XR} = {hg(t,yls,G’\’):(t,y)GRx x R}y<i<k-

I<i<k

Furthermore, let {B® : & € R, 0 € {—, +}} be the Busemann process for the DL
discussed in Appendix Appendix B. Then, for any B > 0 and Ay < --- < Ak, as

processes in C(R*, R¥) equipped with the uniform-on-compacts topology,

3 3 3 3
{21/3T—1/3[b§2‘/3r‘/3xz(E’21/ T/ x,ﬂﬂl/ 7%/ y)+ T(t—s)
’34 /32 /34 ﬂ2 24
T—o00

=30 (B (y, —t; x, —5) : (x, 55y, 1) € RY <<

] (x, sy y,1) €R4}

1<i<k

The temporal reflection in the process {B* (y, —t; x, —s) : (x,5; v, 1) € R4}15i5k
is a manifestation of the fact that in [46], the infinite paths travel south, while the
infinite geodesics in [57] and [22] travel north.

1.3.1 Jointly invariant measures for the Edwards—Wilkinson fixed point

In contrast with the y — oo limit to the SH and in light of the y \ 0 limit in Theorem
1.5, it is natural to ask whether {B(*) + A;*}1<i<k is a jointly invariant measure for
the Edwards—Wilkinson fixed point [26, 35]. The Edwards—Wilkinson fixed point is

governed by the 1-dimensional additive stochastic heat equation d;u = %u o+ W. It
is well-known that this equation, started from initial data f at time 0, is solved as

t
u(t,xlf)=/Rp(t,x—y)f(y)dy+/0 /Rp(t—s,x—y)W(dsdy)- (1.12)

It is also well-known that the increments of tvrlo—sided Brownian motion B is invariant
in time for u. That is, u(z, +; B) — u(¢, 0; B) = B. From (1.12) it follows that, for any
appropriate function f : R — Rand A € R,

ut, x| f)+r)=ult, x| f)+ rx.
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Hence, in the sense of (1.3), {B(*) + A1, ..., B(*) + A¢*} is a jointly invariant measure
for the SHE with additive noise, where the common noise W drives the equation from
the different initial conditions. Indeed, this can be expected from Theorems 1.1 and
1.5, as the B\ 0 limit of (1.1) is precisely the additive SHE.

1.4 Methods and related literature
1.4.1 The O’Connell-Yor polymer and intertwining

The proof of Theorem 1.1 comes from first showing that the KPZHg describes jointly
invariant measures for the semi-discrete O’Connell-Yor (OCY) polymer introduced
in [53]. We show that the KPZHg satisfies certain distributional invariances under
scaling to initial data for the SHE. Then, we show that the KPZHg is jointly invariant
for the SHE and use a uniqueness result from [46] to conclude the proof.

The proof of invariance of the KPZH for the O’Connell-Yor polymer comes from
an intertwining argument that was originally developed for TASEP in [38]. The main
idea is to find the invariant measure for a different Markov chain with a more tractable
invariant distribution, then prove that this simpler process intertwines with the process
of interest via mappings from queuing theory. Since then, [37] adapted this method
to discrete last-passage percolation, [60] extended this to the semi-discrete model of
Brownian last-passage percolation, and [14] extended this to the positive temperature
inverse-gamma polymer. The present paper is the first to extend this method to a
positive temperature semi-discrete model. While one can take limits of the positive
temperature model to get the zero temperature model, the opposite direction is not a
straightforward task. The key inputs needed to complete the intertwining argument
in this setting are found in Sect.2.1. Other details of the argument that bear close
resemblance to previous work are relegated to Appendix A.

The convergence step to the SHE requires a substantial amount of nontrivial work.
Convergence of the OCY polymer (with the initial point fixed) to narrow wedge solu-
tions of the SHE was established in the sense of finite-dimensional distributions by
Nica [51]. In Sect. 3.2 of the present paper, we prove in full detail, using different meth-
ods than those in [51], the convergence of the four-parameter field of the OCY polymer
to the Green’s function of the SHE (in the sense of finite-dimensional distributions)
and prove convergence of solutions from appropriate initial data.

Similar items to Lemmas 3.5, 3.8, 3.10, and Theorem 3.9 in Sect.3 appeared in
an unfinished manuscript of Moreno Flores, Quastel, and Remenik. As no proofs for
the precise results we need appear in the literature, we provide them in Sect.3. We
develop several new ideas to complete the technical details of these results. This work
in Sect. 3 may have independent interest.

1.4.2 Discontinuities of the Busemann process and one force-one solution principle
At this point it is reasonable to expect that discontinuities appear universally in the

Busemann processes of 1+1 dimensional KPZ models on noncompact spaces. As
evidence for this, a dense set of discontinuities has been established in discrete, semi-
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discrete and fully continuous settings, in both positive and zero temperature, and in the
putative universal limit (DL). An overview of this recent development appears later in
this section.

The one force—one solution principle (1F1S) states that, for a given realization of
the driving noise and a given value of the conserved quantity in a stochastically forced
conservation law, there is a unique eternal solution that is measurable with respect to
the history of the noise. That the failure of 1F1S is associated with the discontinuities
of the Busemann process has now been observed in both discrete and continuous
settings [14, 45-47].

Busemann functions and the one force—one solution principle have been studied in
the past for the Burgers equation with discrete random forcing, both in compact and
noncompact settings [6—13, 31, 32, 39, 43, 44, 49, 49, 61]. Specifically, in the works
of Bakhtin and coauthors [7-10, 12, 13], one sees analogous results for Busemann
functions and semi-infinite geodesics, which are the zero-temperature counterpart of
semi-infinite polymer measures. The failure of 1F1S did not arise in this earlier work
because the focus was on a fixed, nonrandom value of the conserved quantity. As
mentioned above in (1.7), there are no fixed discontinuities. This is a general fact
about polymer models with differentiable limit shapes.

We give a brief summary of the history. The first observation of random discon-
tinuities of the Busemann process was completed by Fan and the third author [37]
for the exactly solvable exponential corner growth model. Across a single horizon-
tal edge, they showed that the Busemann process, indexed by the direction, can be
described by a compound Poisson process. Across all edges, the union of the discon-
tinuities is countably infinite and dense. This result was used in [47] to characterize
the set of directions with non-unique semi-infinite geodesics as the same as the set of
discontinuities of the Busemann process.

Similar studies were carried out for Brownian last-passage percolation (BLPP) by
the third and fourth authors [60] and for the directed landscape (DL) [21] by Busani
and the third and fourth authors. Here, the characterization of exceptional directions
of semi-infinite geodesics is exactly analogous to that of [47], but additional non-
uniqueness of initial segments of geodesics appears due to the semi-discrete setting
in these models. As a result, new methods of proof were developed to achieve these
results. The studies [22, 60] used a description of the Busemann process for Brownian
LPP developed in [60] and the remarkable fact that the Busemann process along a
horizontal line for BLPP agrees with that of the DL. Unlike in the exponential corner
growth model, the drift-indexed Busemann process of BLPP along a single horizontal
interval is not a compound Poisson process, nor does it have independent increments.
Thus, obtaining a full description of this process remains an open problem. However,
the characterization of the process in terms of coupled Brownian motions permits some
distributional calculations, enough to show that the drift-indexed Busemann process
along an interval is a step function.

The recent work [ 14] studies the Busemann process for the inverse-gamma polymer
and discovers a similar explicit description as in [37]. However, the jumps of the
Busemann process across a single horizontal interval are now dense, unlike in the zero
temperature case where they are isolated. Likewise, the paper [46] showed that, for the
KPZ equation, if the set (1.8) is nonempty, the jumps are present along each horizontal
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interval and are therefore dense. In the present work, we obtain a description of the
Busemann process for the SHE in terms of coupled Brownian motions with drift. But,
just as in the zero-temperature cases of BLPP and the DL, the drift-indexed process
along a horizontal interval does not have an explicit description that we know. However,
we can compute the distribution of an increment of this process. Then in Corollary
2.13, we apply a novel condition developed in Lemma 2.12 to show the existence
of jumps. Our work demonstrates that the corresponding phenomenon in [14] is not
simply a manifestation of discrete lattice effects.

1.4.3 Stationary horizon and KPZ universality

SH was first constructed by Busani [20] as the scaling limit of the Busemann process
of the exponential corner growth model. [20] conjectured SH to be the universal
scaling limit of Busemann processes of models in the KPZ universality class. Shortly
afterwards, SH was independently discovered in the context of Brownian last-passage
percolation by the third and fourth authors [60]. A brief introduction to the SH is given
in Appendix Appendix B.

In [21-23], the third and fourth authors, together with Busani, studied the role of
SH in the KPZ class and established further evidence of its universality:

(i) Given appropriate conditions on the asymptotic slope of the initial data, the SH is
the unique multi-type stationary distribution of the KPZ fixed point (1.10) that evolves
in the environment given by the directed landscape.

(ii) As a consequence, the SH gives the distribution of the fixed-time-level Buse-
mann process of the directed landscape. In this representation, the parameter A
corresponds to the space-time slope of semi-infinite geodesics.

(iii) The suitably scaled TASEP speed process introduced by [4] converges to the
SH. In the limit, X represents the scaled and centered values of the speed process. This
suggests that SH is a general scaling limit of multitype invariant distributions, beyond
the Busemann functions of stochastic growth models.

(iv) A framework is given in the work [23] to show convergence to the SH under
conditions that are expected to hold in great generality. These conditions are (a) con-
vergence of the point-to-point LPP process to the DL, (b) marginal convergence of
individual Busemann functions to Brownian motion with drift, and (c) tightness of
exit points on the scale N2/ under stationary boundary conditions. As an application
of the general framework, it is shown that the Busemann process of six solvable LPP
models converge to the SH in the sense of finite-dimensional distributions.

The high-level analogy between KPZHg and SH is that they both describe unique
jointly invariant distributions, KPZHg for the KPZ equation and SH for the KPZ
fixed point. Additionally, KPZHg and SH share certain properties. Both are couplings
of Brownian motions with drift whose increments are ordered. Both are translation-
invariant and have a reflection symmetry (Theorem 2.11(i) and (iv)). However, the
two processes are not the same in law. One way to see this is Theorem 1.3). While the
full SH process A +— G* € C(R) has a dense set of discontinuities A € R, for given
x < y the points of discontinuity of the restricted process A — G*(y) — G*(x) are
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isolated. In contrast, for any x < y, the process A — F é (y)—F é‘ (x) contains the full

countable dense set of discontinuities of the process A — F2% € C(R).

There has been much recent work on the convergence of the KPZ equation to the
KPZ fixed point. This was first accomplished in two independent works of Quastel
and Sarkar [56] and Virag [65]. Recently, Wu [66] proved that the Green’s function of
the KPZ equation converges to the directed landscape. Combined with the previous
work of Das and Zhu [27, 28], who showed localization of polymer path measures in
the CDREP, this establishes that the annealed polymer measures of the CDRP converge
in distribution to the geodesics of the DL (See [28, Theorem 1.9]).

1.5 Organization of the paper

Sect. 2 constructs the KPZ horizon. The mappings that define the projections of this
process onto C (R, R¥) are developed in Sect. 2.1. In Sect. 2.3, we construct the KPZH
as a process of Brownian motions indexed by the drift A € R. The remaining subsec-
tions of Sect. 2 establish properties of this process, including the proof of Theorem 1.2
in Sect.2.5. In Sect. 2.6, we show the existence of discontinuities in the A parameter.
The main technical Sect.3 begins with background on the stochastic heat equation
from [1, 2, 46]. Then we prove the weak-noise limit of the O’Connell-Yor polymer
to the stochastic heat equation. The paper culminates in the proofs of the main the-
orems in Sect.4, except for Theorem 1.2, which is proved earlier. The invariance of
KPZH under the KPZ equation is established through the limit from OCY to SHE. A
uniqueness theorem for invariant distributions completes the characterization of the
Busemann process as KPZH. Appendix A contains additional technical proofs for the
queuing mappings. Appendix B contains the necessary background information for
the stationary horizon.

1.6 Notation and conventions

o Cpin(R) denotes the space of continuous functions f : R — Rsuchthat f(0) = 0.

e Increments of a single-variable function F are denoted by F (x, y) = F(y)— F (x).
Increment ordering between functions f,g : R — R: f <j,. g if f(x,y) <
g(x,y)forallx < y,and f <jpc gif f(x,y) < g(x,y) forall x < y.

e For random variables X and Y and probability measures p, X LyandX ~Y
both mean that X and Y are equal in distribution, and X ~ u means that X has
probability distribution f.

e Random variable X has the gamma distribution with shape parameter « > 0 and
rate B > 0, abbreviated X ~ Gamma(w, ), if X has density function f(x) =
() ' pox@ e B on R,

e A two-sided standard Brownian motion is a continuous random process {B(x) :
x € R} such that B(0) = 0 almost surely and {B(x) : x > 0} and {B(—x) : x > 0}
are two independent standard Brownian motions on [0, 00).

e If B is a two-sided standard Brownian motion, then {¢cB(x) + ux : x € R} is a
two-sided Brownian motion with diffusivity ¢ > 0 and drift u € R.
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e The complementary error function erfc is defined as erfc(x) = \/%? f xoo e_”2 du.

2
. 1 X
e The heat ker.nel.ls p(.t, Xx) = NeETid 2% 1,50 for (¢, x) € Rz.. .
e Ranges of indices in vectors and sequences are abbreviated as in x,., =
(X, XmA4-1s e vy Xp).

e The domain of pairs of space-time points with strictly ordered times is R# =
{(s,x,t,y) e R : 5 <1},

e Ina C(R)-valued stochastic process A > Y*(+), the bullet marks the missing real
variable: Y*(*) = (x » Y*(x)) € C(R).

e Coordinatewise order on R?: (x, y) < (a,b) means thatx <aandy < b.

2 Construction and properties of the KPZ horizon
2.1 Mappings defining finite-dimensional distributions

Let Cpin(R) denote the space of continuous functions f : R — R satisfying f(0) = 0.
For Y, B € Cpin(R) satisfying

T Y(x) — B(x)
imsuyp ——— >

X—>—00

0, 2.1
and for 8 > 0, define the following transformations:

y
0p(B,Y)(y) =B~ 10g/ exp (B(B(x,y) — Y(x,y))) dx

Dg(B,Y)(y) =Y(y) + Qp(B,Y)(y) — Qp(B, Y)(0),
Rg(B,Y)(y) = B(y) + Qp(B,Y)(0) — Qp(B, Y)(y).

2.2)

Iterate the mapping Dg as follows:
Dél)(Y) —Y, and Dg”(yl, Y2 ... v = Dﬁ(yl,D;"“)(ﬂ ..... Y'Y forn>2. (2.3)

Given a Borel subset A C R, we define three state spaces of n-tuples of functions.

i
(x) exists and lies in A}.

2.4)

AA = {Y =¥ Y eCun®): forl <i<n, lim

X—>—00

Note that if the components of Z € Cpin (R)" are Brownian motions with drifts in A,
then Z € A% almost surely. Next, set

Yi
)J,’,4 = {Y =l ..., Y™ e Cpm(]R)" cforl <i<n, lim @) exists and lies in A,
X—>—00 X
Yi Yifl
andfor2 <i <n, lim *) > lim x)
X—>—0Q0 X X—>—00 X

(2.5)
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and
X,fx = {;7 =@, ....f"e y;‘ 0 >imen Mfor2 <i< n} (2.6)

The most common choices for A will be R. (to be used for the state space of
invariant measures in the O’Connell-Yor polymer) and R (to be used as the state space
of invariant measures in the KPZ equation). Section 7 of [60] shows that these state
spaces are Borel measurable subsets of the space C (R, R").

Next, define a transformation Di(sn) on n-tuples of functions as follows. Let A € R.
For Y = (Y'.....¥") € YA the image n = (n'.....51") = D’ (Y) € X} is
defined by

n":Dg)(Y‘,...,Y") forl <i <n. (2.7)

Lemma 2.4 below proves that Dg’) (YA - xA

For a finite increasing real vector A = (A} < Ay < --- < A,), define the measure
v’i on y}f as follows: (Yl, LYy~ vi‘ ity ..., Y"are mutually independent and
Y is a Brownian motion with drift ;. Define the measure ué on XX as

M% =v*o (Dgl))_l. 2.8)

This is the key definition of the section. In each application of (2.7) the drifts satisfy
A1 < --- < A; and so the mappings are well-defined.

We prove a series of lemmas about these measures. These measures and their
properties have analogues in zero temperature (see [20, 22, 60]), but their extensions
to positive temperature require a different perspective and the proofs are different. The
first result below derives a formula for Dg') (Y',...,Y™). Once the first properties of
the mappings and measures are established, some proofs go through just as they do
for zero temperature in [60]. For such results, we provide the full details in Appendix
Appendix A.

Lemma21 Ler Y', ..., Y" ¢ Cpin(R) be such that all the following integrals are
finite. Then, forn > 2 and B > 0,

n—1 ) )
I1 SO @)=Y (i) g

Ly —00<X,_|<-<X|<y i=1
exp[ﬁD(ﬁ”)(Yl ..... Y (»)] ) SO 1 1 - 09
/ [P =Y gy,

—00<Xy_1<--<x1<0 i=l1
Furthermore,

V) [0 exp[B(Y2(x) — Y!(x)] dx
[ exp[BY2(x) = Y1 (x)]dx

exp(BRp(Y', YH) (1)) = (2.10)
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Proof We prove this by induction on n. We start with the base case n = 2. From (2.2),

PV [V exp(B(Y (x, y) — Y2(x, ) dx
Sooo exp(B(Y! (x,0) = Y2(x, 0)) dx

BY'O) Y exp(B(Y2(x) — Y'(x))) dx
10 exp(B(r2() — i) dx

exp(BDs(Y", Y?)(»))
(2.11)

The proof of (2.10) is analogous. Now, assume that (2.9) holds for n > 2. Then,

exp(,BDgl)(Y1 ,,,,, "))
=exp(BDp (Y, DYV (V2 Y ()
PRONE exp(,gw(ﬁ"*”(ﬂ ..... Yy — Ye))dxg
[ exp(BDY V2, L Y — ¥ (ep)dy

BY' ) Y ( PV [ 1= exp[B(YIH (x;) — Yi(x)] dxi)e PV G dx,

00<Xy | <+ <X)<X| I1

PRoo@V20D [ vy T exp[BOYTH () = V()] dxy)e= Y 0y

1 | _ . .
VOV ey <y T2 exp[ B () — ¥ () ]dx;

Sy weny <0 TIZ] @XP[BOYIH () — ¥ (i) ]dx;

The first equality used the definition of D", the second the n = 2 case, and in the
third the induction assumption. In the third equality, an integral over the set {—oco0 <
Xp—1 < --- < xp < 0} was cancelled from the numerator and the denominator. O

Lemma 2.2 Assume that (B, Y) € Y5 with

B Y
lim =a<b= lim .
X—>—00 X x—>—00 X
Then,
Rs(B,Y Dg(B, Y
lim Rp(B, Y)(x) —a, and lim Dg(B, Y)(x) —b.
X——00 X X——00 X

Proof By Lemma 2.1, it suffices to show that

1 y
lim — log/ PYO=BE) gy = B(b — a).
—0oQ

y—>—00y

Fixe > 0,andlety < Obesuchthatxe < B(x) —ax < —xeandxe < Y(x) —bx <
—xe for all x < y. Then, for such y,

eﬁ(b—a+28)y

— /y eﬂ(b—a+28)x dx
B —a+2e) o0
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: : B(b—a—26)
- /’ SO@=BO) gy < /y plo—a—2ex g _C T
—o0 —o00 B —a—2¢)

Taking the log of all sides and dividing by y yields

1 y
B(b —a —2¢) < liminf — log/ PTI=BOD gy
y—>=—00y

—00
1 Y
< lim sup — log/ PYO=BO) gy < B(b —a + 2e).
y—>—00 Y —00
Sending & N\ 0 completes the proof. O

Lemma2.3 Let(B,Y),(B,Y') € y§ besuchthatY <inc Y'. Then, B <inc Dg(B,Y)
<inc Dg(B,Y'). If Y <inc Y', then Dg(B,Y) <inc Dg(B,Y’) as well.

Proof Let x < y. We use Lemma 2.1 to write

ffoo P @D-BQ@) g,
X —
f_oo eBY@)—B@) gz

Y ,B(Y(2)—B Y LB(Y (x,2)—Bl(x,
fx ePX@D=BQ@) 4, ) _ eﬂB(x,y)<1 N fx ePY . )=B(x,2) g, )
ffoo eBY(2)—B() (7 ffoo ePY (x,2)=B(x,2)) (7

exp[BDg(B,Y)(x, y)] = ePBEY)

— eﬁB(x,y)<1 4

All statements of the lemma now follow from the last equality. O

Lemma2.4 For p > 0and A SR Dy : Yt — X[,

Proof LetY = (Y!,...,Y") and n = D/(E")(Y). From Lemma 2.2 and induction, it
follows that for 1 <i <n,

. Yix) . oni(x)
lim = lim .

X—>—00 X X—>—00 X

It remains to show 7n;_1 <inc 1i, which we prove by induction. By Lemma 2.3,
772 = D,g(Yl, Y2) >ine Y1 = 7]1. Now, we assume that

n' =D Y s DY V(YT =g

We apply this assumption, replacing Y, ..., Y/ with Y2, ..., Y/*+! along with Lemma
2.3 to get

ni+1 — D/(5i+1)(Y1, e Yi+1) — Dﬂ(Yl, D/(gl)(Yz’ o Yi+l))
> D Y] D(i_l) Y2 Yi — D(l) Y] Yi — i
inc Dp(Y ", 8 xs,....Y") = 13( v YD) =n.
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Lemma25 Let § > Oand .y < -+ < Ag. Let Afv, BN be sequences such that
AIN — A cmd,BN — Bas N - oc. Set AN = ()»N,...,A,iv)andiz Ay evvy AR
Then, u:}}}:’ — Mg weakly as measures on C (R, R¥).

Proof Realize the distributions in terms of (7711\,, R ’7]1(\/) ~ ugz and (n', ..., n%) ~
‘ k k

wh.where (). ... k) = D;;<z1 L Zyand (L nf) =DP ! LR,

and the Brownian motions (Z}, ..., Zk) ~ v and (Y1, ... YK) ~ v* are coupled

so that Z%, (x) = Y (x) + A — 1;)x. By (2.9),

) = ZL )+ 5 log / exp{ v (Z3 () = Ziy (i)

—OO<Xj | < <X <Y i=1

~.

-1

1 . .

-5 log/ exp| v (Zi ) = Zly (i) i
BN —00<xj_j<-<x1<0 i=1

Dominated convergence applied to the integrals gives (n}v, ceey n’]‘v) =0, .... 0%
in the sense of finite-dimensional distributions. Each ’7§v is a Brownian motion with
drift va, so each marginal is tight in C(R). Hence, the process (n}v, A n’l‘v) is tight
in C(R, R¥). O

For y > 0 and o € R define the mapping 7}, o : C(R) — C(R) as
Tyaf () =y~ f(r*0) +ax.
Extend it to a mapping T;”a :CR,R") - C(R, R") of n-tuples componentwise:
Ty o(fioeoos fu) = Tyafio oo Tya fu)-
For o = 0 use the shorthand notation 7, = Ty,0 and 7)) = T7/ ;.

Lemma2.6 For B,y > 0, « € R, and Y'Y ..., Y" such that the following are all
finite, we have

Ty DG (', Y™ = DT (YY), (2.12)
and
Ty Rg(Y', Y?) = Ry (T, (Y', Y?)). (2.13)

Consequently, for . = (A < -+ < A),

) - (.o
iy o (Ty )" = T, (2.14)
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In particular,
—17
Wy = A (1! (2.15)

Remark Equation (2.15) allows us to perform computations for 8 = 1 and extend to
general .

Proof (2.14)follows from (2.12) because, if (Y!, ..., ¥") ~ v*, then T;{a(yl, L Ym

~ p¥A+@.@ We turn our attention to proving (2.12). To do so, we use Lemma 2.1.
For y € R,

(IR O T16))

n—1

1
=y 2y +ay+ e [ [T esplpr ! = vtz

O<Xpy 1< <X1<y i=1

n—1

1
- toe [ [T exp(BO+ ) — ¥ (o)

By co<y—<-<x1<0 ;|

n—1

1 . .
=Tya¥ () + 5y o8 / [T exp(By (Ty oY ™ (i) = Ty 0 Y (wi)))dw;

—0<Wy 1< <wW) <y i=1

n—1

1 ) .
— ——log / [T exp(By (Ty.aY ™ (i) = Ty Y (wi)))dw;
By —o0<wy_<-<wy<0 ;3

= DY (Tt Ly,

where in the second equality, we made the change of variables x; = y2w;, with the
Jacobian term cancelling in the difference of the logs of the two integrals. The proof
of (2.13) is analogous. O

Lemma2.7 Let B > 0 and let Y>,Y', B! : R — R be so that the following are
well-defined. Set B> = R,g(Y1 Bh). Then

Dy(Dp(B'. Y"), Dy(B* ¥?) = D (B ¥'. ¥?). (2.16)
Proof Written out fully, the statement reads
Dg(Dg(B', YY), Dg(Rg(B', Y1), Y?) = D/(;)(Bl, v', v?).
By applying Lemma 2.6 to each of the operations D and R, this is equivalent to

TgD1(D1(Tg-1B', Tg-1Y'), Dy (R\(Tp1 B', Ty Y'), Tp-1¥?)
= Dy (Ty1 B!, Ty Y!, Ty V).
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Hence, it suffices to prove the B = 1 case. For this, we drop the subscript in the
mappings D, R, and D®. We make repeated use of Lemma 2.1. By (2.9),

exp(DP (B, Y, Y2 ()
POV [ pexey DY () = B! () + Y2 (w) — Y (w)) dx dw (2.17)
o ex0@P(Y1(x) = BL(x) + Y2(w) — Y (w)) dx dw

We turn to the left-hand side of (2.16) for 8 = 1. We repeatedly use the n = 2 case of
Lemma 2.1 as follows:

eDBYDO) 7 DBLYH@)-DBLYH() gy

1 yl 2 v2
exp[D(D(B",Y'), D(B*, Y*))(y)] [0 oD P DELI0 gy
—00

eB'O) Y V=B gy
O e @-Bwa I

(2.18)

where

VP =B2w) gy (O ¥ w@)=B W) gy

X
[ BB w0 .
L NS [0 VP )=B2w) gy [*__ oV (w)=BT(w)

T wft e dw

/ooo oY) —Blw) dw)2 . ) —B2(w) 4y,

:‘/y eYl(x)—Bl(x)(
oo (s Y w)—B!(w) dw)2 fi)oo eY2(w)=B2(w) gy
1 1 2 1 1 1
_ /y -8l (O e @=BIw) gy)? r* Y2@)=Yiw) (v Y@-BG) gz qu i
—0 (f* o ¥ =B ) dw)? [0 eV =YW v Y1@-B'@) qzdw

Therefore, Iy/Io = 1;/1j, where

. /y 0B @) Jro [ exp(Y2(w) — Y1(w) + ¥ (2) — Bl(2)) dzdw .
—00

T (g !0 )’
(2.19)

Comparing (2.17), (2.18), and (2.19), to prove (2.16), it suffices to show that for each
y€eR,

, X w o Y2 -y w)+rl(2)-Bl(z
/) eV =Bl gy /y -1 L0 [loe OO O dzdw
—oo (% ¥ w=Blw) dw)2

—00

1 1 2 1
:/ OB O+Y2@) Y ) gy g,
—o0o<w<x<y

(2.20)
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On the left-hand side of (2.20), integrate by parts in the second dx integral over
(—o00, y] with

Y2(x)—B! oy —Bl(w) -
do = V2 (x)/ Y @-Bw g\
—0oQ0
X w
° = / / =Y )+ @-B'@) g, 4y
—00 J —00
Then the left-hand side of (2.20) equals

Y Yw-B o B! -
f J 0B gy | / S -B'w) g,
—00 —00

* Y )2( ) )l(w) )1(2) B](Z) g
—0oQ J —00

X=—00

1

y x o
+/ (/ oV =B dx) / YOV @Y ()-8 () dzdx]
—o00 \J—00 —00
Yo w-Bw gy [T -
:/ el ¥ * dx/ eV dx
—o0 —00
y w y2 yl y! B!
_/ / P2V WY O-B'®) gz gop
—00 J —00
:f Y O=B O+ )Y W) 40 g
(xw)e(—00,y)?

_ / GV D=B O+ @)=Y W) g g
—00<X<wW<Yy

One readily sees that the last right-hand side above equals the right-hand side of (2.20).
|

2.2 Consistency and invariance

With the needed inputs from Sect. 2.1, the following results follow analogously as for
zero temperature in [60, 62]. The key technical input for both of these results is Lemma
2.7 above, whose proof is much different than in zero temperature (see [60, Lemma
7.6]). The full proofs of the following two results are found in Appendix Appendix A.

Lemma28 Leth = (A <Ay <---< X)) e RUIF(L, ... ") ~ /Lé, then for any

. . iy seens ki
subsequence Li; < -+ < ki, ("1, ..., n'k) ~ u; veobie)
Theorem 2.9 For an increasing vector A = (AL, ..., An) of strictly positive drifts

0 <Al <--- < Ay, the measure ug is an invariant measure for the Markov chain on

X,]ER” whose time m —1 to time m transition is defined as follows. Let (n}wl e nfwl )
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be the state at time m — 1, and let B,, be a standard two-sided Brownian motion,
independent of the Markov chain in the past. Then the state at time m is

(n}",...,n,’;,> = <Dﬂ<3m, n;“), ...,Dﬂ<Bm, nii,_1>>~ (2.21)

Remark The strictly positive drifts ensure that condition (2.1) is satisfied, and the
transformations above are well-defined almost surely.

2.3 Construction of the KPZ horizon

The Skorokhod space D(R, C(R)) consists of functions R — C(R) that are right-
continuous with left limits. C (R) is endowed with the topology of uniform convergence
on compact sets. A generic element of D(R, C(R)) isdenotedby F = {F *1,eRr, Where
F* € C(R) for each A. The standard o-algebra Bp on D(R, C(R)) is generated
by the projections 7*1~* : D(R, C(R)) — C(R, R¥) defined by M (F) =
(F?, ..., F*) (See, for example, [17, Sections 12-13] and [58, Page 101].) Recall
the measures M% defined in (2.8).

Proposition 2.10 On the space (D(R, C(R)), Bp), there exists a family of probability
measures Pg indexed by the inverse temperature f > 0, satisfying the following
properties. Let Fg = {F, é} 1eR denote the random element of D(R, C(R)) under the
measure Pg.
(i) ForB>0and,» e R, F é‘ is a two-sided Brownian motion with diffusivity 1 and
drift A. In particular, Pg-almost surely, Fé‘ (0) =0 foreach » € R.
(i) For B > 0 and an increasing vector A= < - < M) € RK of drifts,
the C (R, R¥)-valued k-tuple (Fé‘l, e Fg") has distribution ug. Equivalently,
A)—l

in terms of projections, Pg o (1w = /,L%. In terms of the mapping D/(gk) and

independent Brownian motions YL, ..., Y% with drifts A1 < -+ < Ap,

A M) 4 I 7@yl 2 k) [ y1 k
(Fﬂ Fﬁ> = (Y ’DB (Y ,Y),...,Dﬂ (Y Y)) (2.22)

The measure IPg is the unique probability measure on D(R, C(R)) satisfying this
finite-dimensional marginal condition.

(iii) For B > 0, Pg-almost surely, for all .1 < Ay, Fé“ <inc Fé‘z.

Remark With a nod to the stationary horizon (SH) discussed above in Sect. 1.3, we call
the process { F é‘} reR the KPZ horizon at inverse temperature 8, abbreviated KPZHg.

Proof The construction follows a similar procedure as the construction of the SH in
[62] (we note here that the SH was originally constructed as a limit of the Busemann
process in exponential LPP in [20]). We start by recalling Lemma 2.8, which states that

the measures /L% are consistent. Thus, for A = (A] < --- < Ay), if (nl, e, nk) ~ ,uj‘,

each ' has distribution uzi, which is the law of a two-sided Brownian motion with
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diffusion coefficient 1 and drift ;. By Kolmogorov’s extension theorem, there exists a

unique measure ,u,(g on C(R)Q = HQ C(R) under which, for {f “lacg € C (R)Q and

any choice of @ = (a1, ..., a;) € QF withay < -+ < o, (I?“',...,I?O"f)fvu%.ln

particular, under u% each F% is a Brownian motion with drift o.

Because the measures /leg are supported on the sets XIER of (2.6), we have that
g (F <ine F*2 Vay <oy € Q) = 1. (2.23)

Hence, there is a full probability event for /1,%, on which, foreach A € Rand x € R,
the limits

F*(x) :=Q;ian{‘kl*~*“(x) and F)‘_Qiian}“ﬁ“(x) (2.24)

exist. By construction,
Mj? <F)‘ <ine F* VA €eR,a € Q witha > ,\) =1 (2.25)

Then, on the event of (2.25), for A <a < b < B,
F*(A,a) 4+ F*(b, B) < F¥(A,a) + F*(b, B),
or equivalently,
0 < F%(a,b) — F*(a,b) < F*(A, B) — F*(A, B),
implying that the convergence is uniform on compact sets. The same holds for limits
from the left. By monotonicity, u%(F = <o FY <o F* YA € Q) = 1. Addi-

tionally, uniform convergence ensures that, for each A € R, F*~ and F* are both
Brownian motions with drift A. Hence, for each A € Q,

ui?(ﬂ - Fr = FA> —1.

In summary, we have defined a stochastic process { F*};cr whose projection to the
rationals agrees with { F*} 2eQ under the measure M%- Let 1 < A < A3 be real, and
choose rational values o) < A] < ap < Ay < a3 < A3 < a4. Then,

A A A
F* <inc F* <inc F*? <inc F*? <inc F* <inc F”3 Sinc Fo, (226)

This implies that, ug—almost surely, simultaneously for every A € R, the following
limits exist uniformly on compact sets, and they agree with the limits along rational
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directions.

F*=lim F* and F*~ = lim F“.
a\ a/ 'k
Therefore, the process { F*};cr lies in the space D(R, C(R)). Let IPg be the push-
forward of the measure ,ug to D(R, C(R)) under the map defined by (2.24). Without
reference to the measure, we use {F ,§\} 2eR to denote the process.

We check that {F?},cg satisfies the claims of the theorem. Item (i) follows from
the uniform convergence along rational directions. Item (ii) follows because for ratio-
nal directions the finite-dimensional distributions were defined to be ,u%. The limits
in (2.24) and the weak convergence of Lemma 2.5 extend this property to all real
directions. Since the o-algebraon D (R, C (R)) is generated by the projections, unique-
ness of this process on D(R, C(R)) follows. To verify Item (iii) for real A; < X,
pick rational «q, ap such that A1 < a1 < a2 < Ap. Then (2.26) and (2.23) give

s A
Flgl <inc Fgl <linc ng <inc F/52~ |

2.4 Distributional invariances of the KPZH
We prove the following distributional invariances of KPZHg. Item (iv) below is not
needed elsewhere in this paper, but it is included here for future use.
Theorem 2.11 For B > 0, let Fg be the KPZHg.
(1) Translation invariance: for each x € R, {Fé‘(x, X+ 9)}her 4 Fg.

(ii) Scaling invariance: foreach > 0,y > 0,anda € R, {y ™! Fé‘ (Y2 +as}ier 4

At
{F)),//g a}AER
(iii) Stationarity of increments: for .y <y < -+ < Ay and \* € R,

B B B

A2 A
(Fﬁ Fﬁ""’

(iv) Reflection invariance: {Fé)‘)(— -)} 4 Fg, where
reR

=M—_ 1: (—a)
F =lim F
ﬂ a, A B

Proof For A| < --- < A, by definition of the KPZHg (Proposition 2.10(ii)),

X m) 4 1 1 2 &) [ y1 k
(FISI,...,F/S")=<Y,D,5<Y,Y),...,D/6 <YY)> (2.27)

where Y!, ..., Y" are independent Brownian motions with drifts A1, . .., A,,. It follows
from Lemma 2.1 that D;}k)(Yl, AU Yk)(x, xX+y) = Dék)(Yl(x, X4+, ..., Yk(x, X+

*))(y), from which Item (i) follows. Item (ii) follows from Lemma 2.6.
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Now we note that Item (iii) follows from Item (ii): Setting y = 1, we obtain

A An d A+HA* An+A* *
(Fﬁ‘,...,Fﬁ>:(Fﬁ‘+ (-)—A*-,...,Fﬂ+ (-)—x-),

SO

A2 Al An n—1) 4 MM A A Y S PR ok
<F/3 —Fﬂ ,...,F/3 —F/3 )-(F/S Fﬂ ,...,Fﬂ F/S >

Item (iv) follows from Theorem 3.2(iii) and Corollary 4.3, the first of which is
proved in [46] and the second of which we prove later in this paper. One may notice
that Item (i) also follows from Theorems 3.2(ii) and Corollary 4.3, but we have proved
this item here to avoid circular logic because it is used to prove Corollary 4.3. O

2.5 Difference of two functions (Proof of Theorem 1.2)

Proof of Theorem 1.2 Let Y!, Y2 be two independent Brownian motions with drifts
A1 < A2. By (2.22) and (2.9), as processes indexed by y € R,

) y YZ(x)—Y! Yy B(Y2(x)-Y!
ER-F ) 4 [2_ePIPO-Y'w) gy 3 PTO=YI@) gy
0 2(x)—Y! 0 2(x)—Y! :
[0 ePP@-Y'@) gx [0 ePP@-Y'@) gx
(2.28)

The process (Y 2(+) — Y1(+)) has the distribution of «/5,3B(-) + BA-, where B is a
standard two-sided Brownian motion. When only considering the process for y > 0,
by the independence of Brownian increments, the numerator (as a process in y > 0)
and the denominator of the last ratio in (2.28) are independent. The distribution of the
denominator is computed in Lemma A.2 using results from [34]. O

2.6 Discontinuities of KPZH in the drift parameter
Lemma 2.12 On a probability space (2, F,P), let A +— X (L) be an increment-

stationary, nondecreasing, almost surely continuous process with E[X (1) — X(0)] <
o0. Then, for every ¢ > 0,

lim aP(X(n~ ') — X(0) > &) = 0. (2.29)

Zsn—00

Proof Partition [0, 1] into disjoint intervals of length n !, and let

JE =Y "X (i/n) — X((i — 1)/n) > &}.

i=1
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By increment-stationarity, E[J?] = nP(X n~hH = X(0) > e). By pathwise uniform
continuity of X on [0, 1], J? = 0 for large enough n. The bound ¢J;; < X (1) — X (0)
and dominated convergence complete the proof. O

Remark The condition (2.29) appears in Chapter 12 of [19] as a defining condition
of Brownian motion. The process we will apply this to is of a different nature, as it is
nondecreasing and does not have independent increments.

Corollary 2.13 For y € R and B > O, the process ) +— Fg (y) is not almost surely
continuous.

Proof We may take y > 0 because for y < 0, Theorem 2.11(i) and F é(O) =0
(Proposition 2.10(i)) implies

{Fé@)} ={—F,é<y,0>} i{—Fg(o,—w} ={—F,é(—y>} .
reR LeR reR reR

By the scaling relations of Theorem 2.11(ii), it suffices to take § = 1. We apply
Lemma 2.12 to the process A — F lx (y), which has stationary increments by Theorem
2.11(iii) and is strictly increasing by Proposition 2.10(iii). Since Fl}‘ is a Brownian
motion with drift A (Proposition 2.10(i)), we have IE[FI1 ()] =y < oo.Lemma2.12
reduces the problem to showing that for some ¢ > 0,

liminf A~'P( F}(y) — F? 0.
min (l(y) () >¢)>

In fact, we show that this is true for all ¢ > 0. For each A > 0, let X, Y3 (y) be the

independent random variables of Theorem 1.2 with 8 = 1 so that F f‘ (y) = F 10 (y) 4
log(1 + X, Y, (y)). Observe that for a standard Brownian motion B,

Yy £ /Oy exp(v2B(x) + rx) dx > /y exp(vV2B(x))dx =: Y,

0

where Y is taken as a new random variable independent of X,. By formula 1.8.4 on
page 612 of [18], Y has a density function fy that is strictly positive on (0, co). For
e>0,lete’ =e® —1>0.Since X; ~ Gamma(a, 1),

P(F}(y) = F)(3) > &) = P(X, Y (y) > &) = P(X,Y > &) =P(X, > /)

= /OO fy(w)Lx)‘_le_x dxdw >
0 &' /w ro) -

1 oo -1 ,—x Ce
— / / frw)x et dxdw = ,
L) Jo Jivie w) ro)

where C; is a positive constant. Thus, fvliminfi\ oA 'P(F}(y) > &) > C; > 0
because lim;~\ o A'(A) = 1. O

@ Springer



S. Groathouse et al.

3 Stochastic heat equation

This section collects the necessary background on the SHE and KPZ equation. Sec-
tion3.1 mainly summarizes results from [1, 46]. Section 3.2 deals with convergence
of the OCY polymer to the SHE.

3.1 Green’s function and Busemann process of the SHE

We briefly describe the construction of the four-parameter field Zg(-, *|+, <) from
[1-3]. We primarily adopt the notation of [1] and [46]. In the following, we give a
brief overview of white noise. Some standard references are [48, 52].

On an appropriate probability space (€2, F, P), a space-time white noise W is a
mean-zero Gaussian process whose index set is L2(R?), with Lebesgue measure. It
satisfies the almost sure linearity W (af + bg) = aW (f) + bW (g) as well as the L>
isometry property:

E[W ()W (g)] = A; DR drdy.

One immediate consequence is that, whenever A and B are disjoint, or more generally,
their intersection has Lebesgue measure 0, W(1,4) and W (1p) are independent. As a
point of notation, we often write

W(f):/ f(t,x)W(dtdx):/ £, x)W(t, x)dt dx,
R2 R2

where the second equality is formal because W is arandom distribution and not defined
pointwise.
We can also define multiple white noise integrals, as in [52, Section 1.1.2], denoted

k
Ik(f)=/ / fan . nexn ) [ W, dx).
R JR¥ i=1

These satisfy E[I;(f)1;(g)] = 0 for k # j (orthogonality), and

ET(H) < 1 1 2@ - 3.1

Equality holds if we replace f with the symmetrization of f, but in general, we have
an inequality (see [52, Section 1.1.2]).
We define Zg as the following chaos expansion, where convergence holds in L%(P).

e’} k k
Zg(t, yls, x) = ’;Oﬁ" /R /R H)p<ri+1 — 1, Xit1 — xi)l]j! W (dt;, dx;). (3.2)
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2
Here, p(z,x) = ﬁeifl(t > 0) is the heat kernel, and the conventions in the

integrals are fp = s,x0 = X, %41 = t, and xxg4; = y. For f : R — R.g with
sufficient decay at +00, and ¢ > s, define

Zg(t,yls, f) = /RZﬂ(l,y|s,x)f(x) dx. 3.3)

When the value of s is unspecified in (3.3), we take s = 0. Theorem 2.2 and Lemma
A.5 of [1] prove that, in the rigorous sense of solutions in [15, 16, 24, 25], the process
(3.3) solves the SHE defined in (1.2), for strictly positive functions f = e”s satisfying

/ ef‘”2f(x) dx < o0
R

for all @ > 0. In fact, solutions can be defined for a class of measures which are
not necessarily absolutely continuous with respect to Lebesgue measure, but in all
applications of this paper, f(x) = e8®+* where B is a Brownian motion, and
A € R, so the necessary conditions are satisfied. We refer the reader to [1, Appendix
A] and the references therein for a more technical discussion on the solution of the
SHE from measure-valued initial data.

Theorem 3.1 [, Proposition 2.3], [2, Equation (18)] Let 8 > 0. Then
the following distributional equalities hold between random elements of C(R%, R).

(i) (Shift invariance) For given u,z € R, Zg(t, y|s, x) 4 Zg(t +u,y +z|s +
u,x +2).
(i) (Reflection invariance) Zg(t, y|s, x) 4 Zg(t,=yl, s, —x).
(iii) (Rescaling) For given A > 0,Zg(t, y|s, x) 4 AZﬁ/ﬁ(kzt, Ay|k2 S, AX).

Furthermore,

(iv) There exists a constant C = Cg so that for allt > s and x, y € R,
E[Z5(t, yls.x)] < Cp*(t — 5.y — x).

We are particularly interested in the A = 2 case of Theorem 3.1(iii), in which the
distributional equality becomes

Zp(t, yls. x) L B2Z1(B*t, By | B*s. B2x). (3.4)

Jointly with the Busemann functions, by appeal to the Busemann limits (1.5), we have
this distributional equality:

P50 x5 030, Zp (¥ |5 X s s x ) € RY, (51,01 ) € RY, A e R D € (—, 41

AP0, p2x, B0 B20), 221 (B B2y 1B B2)
(s,x,1,y) € R4, ', 2", 1,y e R?, reR, O€{—, +}}. (3.5)
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In the following theorems, we use (3.5) to transfer the statements for B = 1 from
[46] to general B > 0. We introduce the following class of functions, named FF; . Let
f R — (0, 0o) be a Borel function that is locally bounded. Then, for A € R, we say
that f € I if

1 1
—ooflimsupM<k=1imM ifA>0

X—>—00 X X—=00 X

1 1

lim M =[Al > limsupM > —00 ifA <0 (3.6)
X—>—00 |x] X—>00 X
1
oo < limsup &S ® _ if 3 = 0.
|x]—00 |x]

Theorem 3.2 [46, Theorems 3.1, 3.3, 3.5, 3.23, and Corollary 3.4] Let B > 0. Then,
there exists a stochastic process {bgm(s,x, t,y) . s,x,t,y,A € R,Oo € {—,+}}
defined on the probability space (2, F,P) and satisfying the following properties.
For this process, we define

Apy ={reR: bg_(s, xX,t,y) # b§+(s, x,1,y) for some (s, x,t,y) € R*}.

When ) ¢ Abﬁ, we write bg = bg_ = bg+.

(i) For each t,» € R, under P, the process y +> bg (t,0,t,y) is a two-sided
Brownian motion with diffusivity B and drift A.
(ii) (Shift) Forr,z € R, as processesins, x,t,y, A € R, O € {—, +},

d
bg‘:‘(s,x, t,y) = bzu(s +r. x4z, t+r,y+2).

(iii) (Reflection) As processesins,x,t,y, A € R, 0 € {—, +},

byl (s, x,1, ) < by PV, —x. 1, —y).

@iv) Foreach A € R, P(A € Abﬂ) =0.
(v) Either P(Apy = &) = 1 or P(Apy is countable and dense in R) = 1.

Furthermore, there exists an event of full probability on which the following hold:

(i) Foreach» e Rand O € {—, +}, bgm e C(R*, R).
(i) Forallx < y,t,and o < A,

by, x,1,y) < BT 1, y) < by (6%, 1,y) < byt x, 1, ).

More specifically, whenever L € Abﬁ, b;}f(t,x, t,y) < ngr(t,x,t, y), and
consequently, for each a # 0,

Apy ={reR: bg—(o, 0,0,a) # bg+(0, 0,0, a)}.
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(iii) Forallr,x,s,y,t,z,AandallO € {—, +},
b x5, ) + b (s, v, 1,2) = b a1, 2).
@iv) Foralls,x,t,y, andallO0 € {—, +},
by (s, x,1,y) = O1l1/mA b3 (s, x,1,y), and byt(s,x,1,y) = Olll\mk byt (s, x, 1, y).

(v) Forallt > r,alls,x,y,\, and allO € {—, +},

AQ

A0
elp Gxty) / ebe (‘Y’X’V’Z)Zﬁ(t,yh,z) dz.
R

(vi) Forall & ¢ Ay, and [ €y, the following limit holds uniformly on compact
sets of (s, x,t,y) € R4:

lim Jr f(@Zp(t, y|r,2)dz _ Bty
r>=00 [p f(2)Zp(s, x|r,2)dz

For later use, we derive the following uniqueness result from Theorem 3.2.
Theorem 3.3 Let (f!,..., fX) be a coupling of initial data with f; € I, almost
surely fori € {1,...,k}. If, forallt > 0,

{Z'g(t,'|efi)

d i
i = 1€X <i<ks
Zp(t,0lef") }1<i<k {exp(f)}hi<i<k

then

{exp(f)1<izk < {exp(b (0.0, 0,%)}1i<-

Remark A stronger uniqueness property is true. The joint Busemann process is the
unique stationary and ergodic jointly invariant distribution for the KPZ equation under
more general conditions on the asymptotic slopes at =00. We refer the reader to Section
3.4 of [46] for a more detailed discussion.

Proof The r = s case of Theorem 3.2(v) along with the additivity of Theorem 3.2(iii)
implies that

bAD ,0" ,
eb;ksu(t,o,z,y) _ fRe po0s Z)Zﬁ(t’ yls,z)dz

; (3.7)
A
Jr ehﬁD(S’O’S’Z)Zﬁ(Z, 0ls,z)dz
and Theorem 3.2(ii) implies that for all s < ¢,
A0 d A0
exp(bﬂ (t’ovtv.)) - exp(bﬁ (s707s7.))' (38)
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The s = ¢t case of Theorem 3.2(vi) states that for A ¢ Abﬂ and f € Iy,

lim fR f(Z)Zﬁ(t7 )’|i’, Z) dZ _ bg([,o,l,y)
ro—co [o f(2)Zg(t,0lr, 2)dz ’

uniformly on compact subsets of y € R. Then, using (3.7), Theorem 3.2(iv), and
the shift invariance of Theorem 3.1(i), for any (deterministic or random) k-tuple of
functions (fl, e, fk), so that, with probability one, each fi € [Fy,,ast — oo, we
have the following distributional convergence on C(RF, R):

{ Zp(t,+lel")

; — {exp(b5 (0,0,0, ) }1<i<
Zﬁ(t,0|€f)}1§i§k P ==

In particular, if for all # > 0,

Zﬂ(f»'|€fi)} 2 fexp(F)) i
{Zﬁ(l,0|efi) |<ick = {exp(fDh=i<t

. d .
then {exp(f")}1<i<k = {exp(b (0, 0,0, ) }1<i=- =

3.2 Convergence of the O’Connell-Yor polymer to SHE

In his section, we show convergence of the O’Connell-Yor polymer to the Green’s
function of the SHE (Theorem 3.9) and prove a convergence result for the model
started from initial data (Theorem 3.10). The O’Connell-Yor polymer (alternatively,
the Brownian polymer), first introduced in [53], is defined as follows. On a probability
space (2, F, P), let B = (B,),cz be a sequence of independent, two-sided standard
Brownian motions. For (m, x) < (n, y) € Z x R, define the path space

) —mt2
Xy, ny) = {Com—1, Xmy -+, %) €R7M2 i x = xp ) <xpy < < xp =y}

For (x, m), (y,n) € RxZ withm < nandx < y, the point-to-point partition function
is defined as

Z;d(n, ylm,x)(B) = / eXp {:3 ZBr(xr—l, xr)}dxm:n—l- (3.9

X(/11,)(),(n.y) r=m

Throughout the paper, 8 > 0 is a positive inverse-temperature parameter. The super-

script in Z;d stands for semi-discrete. For m = n, define

Zm, y\m, x)(B) = PBnt),
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The argument B will often be omitted from the notation. From the definition, the
Chapman-Kolmogorov equation holds: namely that, form <r <nand x < y,

y
Z§(n, ylm, x) = / Z¥ (. ylr, w)Z o — 1, wim, x) dw. (3.10)
X
We also define a partition function with a boundary at level m = —1. For a random

or deterministic initial function f : R — R with f(x) — O sufficiently fast as
x — —o0, define, forn > 0 and y € R,

y
Z;d(n, ylf) = / f(x)Z;d(n, y10, x) dx. (3.11)

For n = —1, define z;d(—l, vl f) = fy).
Abbreviate the Poisson distribution as

n
g(n.y) = e 1((n.y) € Lo X Rp). (3.12)

For integers n > m, real numbers y > x, and y € R, set

2
Yy (n, ylm, x) = e 070770028,y m, ). (3.13)
Next, define

Sknlm)={m =no <ny <--- <ngp <ngy1 =n:n; € Z}, and
Ar(ylx) ={x=yo<y1 < - <y <yk+1 =y :y € RL

Lemma 3.4 There exists a constant C > 0 so that, for all integers k > 0, n > m, and
all real numbers y > x, whenevern € §;(n|m) andy € Ax(y|x),

k
[ 14> @is1 = niv yig1 = y0) < Creny)
i=0

e—2(y—x)p2(n—m) k Vi1 — yi)z("iJrl—"i)

a®FD/2 L Ry — )1 (i =) VT

k

(3.14)

Furthermore, for eachn € §;(n|m),

k 22(n7m)[(n o m);]2(y _ x)qu(n —m,y — X)
dei =

g(n,y)
/‘Ak(ylx) ; 71("+1)/2[2(n —m) +k]'

=1

k 1

il:!) Vi —n)v1

(3.15)
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Proof From the definition, it follows that

k k ) 2(njr1—n;)

2(y— (Vi1 — yp) o
[[2° @i —niyipi =y =20V [ [ ———5—, (3.16)
Pl ieg L —n)!

and Stirling’s approximation implies that for large n,

2n]l/7n

(!> ~ >

In particular, there exists a constant C so that —— ,]2 < Coxz57m— [2n]' f forn > 1.Inserting this

bound into (3.16) proves (3.14). The mtegral (3.15) is the computation of a Dirichlet

integral after the change of variable w; = y’;% O

Lemma 3.5 For e > 0, for all integers n > m and real numbers y > x + ¢, the field
Y, (n, y|m, x) satisfies the following It6 integral equation:

Y, (n, ylm, x) = Z qn—k,y — (x + &)Y, (k,x +¢&|m, x)

m<k<n

+)// Z qgn—k,y —w)Y,(k, w|m, x)dB(w)3.17)

€ m<k<n

where {B,},c7 are the i.i.d. Brownian motions that define Z)S/d.

Remark We observe that in the ¢ = 0 case, since Y, (k, x|m, x) = 1(k = m), we
obtain

y
Yy(n,ylm,x) =q(n—m,y —x)—i—y/ Z qgn—k,y —w)Yy,(k,w|m, x)dBy(w).

X
m<k<n

This further implies that
ElY,(n,ylm,x)] =qn —m,y — x). (3.18)

Proof WithNYy (n, y|m, x) defined, let 17y (n, y|m, x) denote the RHS of (3.17). We
prove that Y, (n, y|m, x) = Y, (n, y|m, x) by induction on n > m. First, note that

?},(m,ylm,x) =q0,y —x—¢&)Y,(m,x +¢&|m,x)

y
+ y/ q0,y —w)Y, (m, w|m, x)dB;,(w)
x+e

2
— o~ =)= Lrety By (x.xte)

y 2
+y f === L W)y Bu(rw) g p
x+e
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o O S Xy By) <6—§(x+s>+y3m<x+s)

y »?
+y / e Tt B, (),
x+e

so the equality Y), (m, y|m, x) = 17), (m, y|m, x) reduces to

2 2 y 2
e~V Ba() _ g~ Gy Baate) |, / o~ H Ut Bn@) gp ().
x+é

which follows from It6’s formula. Now, assume that for some n > m, 17}, n —
Lwlm,x)=Y,(n— 1, w|m,x) forallw > x + ¢.

From the definition (3.13), the Chapman-Kolmogorov equation (3.10), and defini-
tion (3.13) again,

2 y
Y, (n,ylm, x) = e O7F —VT(Y—X)/ Z)S/d(n — 1, w|m, x)e? Br@) gy
X

2 y
_ e—(y—x)—%(y—XHVBn(y)/ 259G — 1, wim, x)e™7 B dy
X

2 y 2
— B .e—(1+%)y/ Y (1 1, wim, x)e B o,
X

Let d denote differentiation in the real variable y, with x fixed. An application of It6’s
formula to the last line above gives

dYV(ns Y|m,x) = [Y)/(n - 15 Y|m,x) - Yy(l’l, y|mvx)]dy +)/Yy(i’l, Y|m,x)dBn(y)
(3.19)

Additionally, a simple computation shows

dgin—k,y—x)=[qgn—1—-k,y—x)—qn—k,y—x)]dy forne€Zsyandy > x,
(3.20)

where we set g(—1, w) = 0 by convention. Differentiate the right-hand side of (3.17)
and apply (3.20) and g (n, 0) = 1(n = 0) to obtain

dyy(n,ylm,x) = Z dgin —k,y — (x + &)Yy (k,x +¢&|m, x)

m<k<n
+y Y. qn—k 0)Yy(k, ylm,x)dBy(y)
m<k<n
y
by [ % dg—ky -y, Eowim0 B G2D
x+e

m<k<n

=[Yy(n — 1, yIm, x) = ¥, (n, ylm, x)1dy + y Yy (n, y|m, x) d By ().
(3.22)

@ Springer



S. Groathouse et al.

In the first equality above, we have used the stochastic Leibniz rule (see for example,
[54, Equation (6.2.25)]). Then, comparing (3.19) and (3.22), the induction hypothesis
implies that the process

X(y) =Y, (n,ylm,x) — )N’y(n,y|m,x)

satisfies dX = —Xdy. Since g(n, 0) = 1(n = 0), we observe further that 17 (n,x +
glm,x) =Yy, (n,x+¢&|m, x) forn > m, so X has the initial condition X(x+e) =0.
Thus, X(y) =0forally > x +¢,and Y, (n, y|m, x) = Y (n, y|m, x), as desired.

O

We now use Lemma 3.5 to write Y, as an infinite series of iterated stochastic
integrals.

Lemma3.6 Let g and Y, be defined as in (3.12) and (3.13). For every n > m and
y > x, Y, (n, y|m, x) can be written as the following L?(P)-convergent infinite sum

o0
Yy (n, ylm, x) =Yy Ii(n, y|m, x),

k=0
k
I, ylm,x) = Y / Hq(an ni, yirr —yi) [ | dBui (i), (3.23)
Senlm) Y A% 1o i=1

where, inthe k = 0 case, we use this notation to mean lo(n, y|m, x) = g(n—m, y—x).
Furthermore,

E[Yy, (n, ylm, x)*1 = Y y*ElIx(n, y|m, x)*], (3.24)
k=0

and there exists a universal constant C > 0 so that for all integers n > m and k > 0,
and real numbers y > x and y > 0,

Chy —0)kg*(n—m,y —x)

2
B ylm, 207 = =0 ST G D))

(3.25)

Proof. Picard iteration of (3.17) in Lemma 3.5 in the case ¢ = 0 gives the expansion
(3.23), assuming that the series is convergent. By independence of the By, the fact that
1t6 integrals have mean 0, and the It6 isometry, we have that

k k
ElL(n, y|m, )1 (n, ylm, )] = 8= ) f [14* i1 = ni. i =y [ v,
Sk(n\m)Ak(ylx) i=0 i=1

Hence, as long as the sum on the right-hand side of (3.24) is convergent, the expansion
(3.23) is L2(P) convergent, and (3.24) holds. For this, it suffices to show (3.25),
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and it further suffices to show the m = x = 0 case by translation invariance. For
shorthand notation, set Y, (n, y) = Y, (n, y|0, 0). Then, by Lemma 3.4 and Stirling’s
approximation, there exists a constant C > 0 (possibly changing from line to line) so
that

2
E[(I];(n’y)) ] = 2 : Z Hq (niv1 —ni, yiy1 _yl)l_[dyz
q°(n,y) (n,y) S Ay 10
kLY

2y, 112k
SC 27!y 1—[ 1

[2n + k11 s i=o V (it1 —ni) V1 296
(3.26)
2n+122n

1
k
<C
T ;)1_!) Vo —ny v

yhnl/2

(2n @n + bk 8%:) 11;[) \/(n,_H——n)\/

2n+1/292
where in the last line, we made the observation that -2 2 < 1. Now, observe

Q212
that
al ) 1
5%),’1;[) (ni41 —ni) \/1 Z 1_[ «/T

> Kk mp=ni=
202 io mi ) (3.27)
1 > O)> I(Zl 1Ll <n)
dt;.
/nakl_[(«/LtzJ\/l \/(n llLtiJ)\/lzl]

Make the change of variables #; = s;(n + k) to obtain

(n+k)k/ ﬁ( n1(si > 0) ) nL(ZE Lsi(n + k) Sﬂ)ﬁd.
w2 Jou L\ v ol VI - s+ oy v 11T
(3.28)

We now bound the integrand above. Since s; > 0, we have
sin
s,»(n+k)\/lz(s,-n—1)v127, (3.29)

where in the last inequality, we have used (x — £) v 1 ﬁ
Next, observe that

k k
Y lsin+k] = —k+ > si(n+k),

i=1 i=1
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SO
k k

Ylsin+b]<sn=Y s <1 (3.30)
i=1 i=1
When this occurs, we have

k k k k
ZLSi(n +k)] =< ZSin +k2sl- <k+ Zsin
i=1 i=1 i=1 i=1

SO
k
n—Y i_ySin

k
(n—Lsi(n—l-k)J)\/lz(n—k—Zsin)\/lz P

i=1

, (3.31)

where we have again used the bound (x — ¢) v 1 > /‘? for £ = k. Combining
(3.15),(3.28),(3.30), and (3.31), we obtain

S
e (n) i=0 V@i —n) vl
K2k + 1(n + k)* 1(s, > 0) 1(21 s5; < 1)
- [ TI(e 2 B

*11)/2 —
n l 1_21 IS, i=1

CK(n + k)k
T n®ED20((k+1)/2)

Substituting this bound back into (3.26), we obtain

E[e )] _ ok k (n +k)* B
q*(n,y) ~ Y (2n + k)knk2T ((k + 1)/2) ~ nk?T'((k + 1)/2)’
as desired. O

Lemma 3.7 Given a space-time white noise W, one can couple the field of i.i.d. Brow-
nian motions { B, },c7 with W so that

00 k k
Yy (n. ylm, x) = kX_jO vt fR fR Hq(mm = Lt yier = y0) U W(di;. dy).

(3.32)

where we define ty = m, tyy1 = n, yo = X, and yy4+1 = y.

Proof Given a space-time white noise W, we can define a field of i.i.d. two-sided
Brownian motions {B,},cz by

B.(y) = Wadr,r +11x[0,y])) »y=0
—-WA(r,r+11x[y,0])) y <O
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Alternatively, we can use a single definition using the formal equality

y r+1
B, (y) :/ dx/ dt W(t, x). (3.33)
0 r

From the definition of B,, we have the formal equality

r+1
dB,(x) = dxf dtW(t, x). (3.34)

Now, with the B, defined in terms of W, we show that we can write Y, as (3.32).
Using (3.34), the kK = 1 term in (3.23) can be written as

y n
V/ Zq(n—r,y—z)q(r—m,z—x)dBr(z)

y X2 r+1
=V/ Zq(n—r,y—z)q(r—m,z—x)dzf dt W(t,z)
y ) n r+1
:y/ dzZ/ dtgn—t],y—2)q(t] —m,z—x)W(t, z2)

y n+1
=y/ dz/ dtgn—[t],y —2)q([t] —m,z—x)W(t,2)

=V/ dZ/ dtgn — t],y —2)q(t] —m,z —x)W(z, 2),
R R

and this matches the k = 1 term of (3.32). The last line follows because the integrand
is 0 outside the original bounds of integration. The general case follows using the same
reasoning and induction. O

We prove an intermediate lemma for a scaled transition function. With ¢ as in
(3.12), set

pn(t, y1s,x) = VNg([tN] — [sN], (t —s)N + VN (y — x))
and PN(f’)’)ZPN(I7Y|070)~ (335)

Lemma 3.8 The following hold.

(i) As N — oo, pn(t,y|s,x) — p(t — s,y — x), pointwise, for x,y € R and
t>s.
(i) Foreacht >0,y € R, a > 0, and integer M > 1,

tv/N+y
lim e“lxlp%(t, v10, x)dx = / oM,y — x)dx < oo. (3.36)
R

N—>o©o J_~o
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Proof Item (i): The pointwise convergence py(t, y|s,x) — p(t —s,y —x) is a
simple application of Stirling’s approximation. We prove the x = s = 0 case to avoid
clutter, but the general case is entirely similar.

- — IN]
pn(t, y|s, x) = /Ne N~ $)+vN(y— x)<(N(f 5)-(FL;/N_J§'y x)) )

__IN e—tN+LtNJ+«/Ny<tN+\/_y)LtNJN

Ve () P

(3.37)

where the last step follows from the Taylor expansion

IN+/Ny\ tN++/Ny— [tN]
/N )_LtN“og(H /N )

Lt;\’J (zN + \/LZN;J— LtN) )2 +oWN"?

(N ] 1og<

=tN—~/Ny—|IN| —

2
—tN—+/Ny— |tIN] — % T oN"V?

Item (ii): Recall the convention py (¢, y) = pn(t, ¥|0, 0). Changing variables, (3.36)
is equivalent to

VN
lim P2 (e, —x)dx:/ ab Y521, —x) dx
R

N—oo J_~o

We prove this by showing separately that

t~N 00
/ X M (¢ ) dx f S _xydx,  (3.38)
and
—y —y
/ ) M iy s / et oM iy, (3.39)
—o —00

First, by completing the square and changing variables, we obtain

00 ” o021/ (2M) )
e pM(t, —x)dx = / e " du
/y ~/ (2m>M/2 JE oy

0021/ 2M) \/*
_ NI
i anona e 5 Y e )
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On the other hand,

/tﬁ “ M(t —x)dx—NM/z_/W ax ,—M(EN— Xf)(tN_x\/»)MUNJ
-y -y (LN HM

which, upon the transformation w = (tN — x+v/N)(a/~/N + M), we obtain

NM=1)/2 jat/N (tN+y/N)(a/N+M)
(LIN DM (o //N + MYMUNI+1 /

_ NMDRet VNN y(MUN] + 1, (N + yvVN)(@/VN + M)
"~ (UNIDM(a//N + MYMUNI+1 (M[tN])!

e Y wMUNT gy (3.40)

(3.41)

where y (s, x) = f(;‘ e “u~! du is the lower incomplete gamma function. Tricomi
[64] showed that as a — o0, the function y has the following asymptotic expansion
that holds uniformly on compact subsets of z (see also [63]):

1/2
y(a+ lr(z izl()za) ) %erfc(—z) +o(1). (3.42)

Inserting this asymptotic into (3.40) and using Stirling’s approximation, we obtain

l\/ﬁ N(M_])/ze""ﬁ(MLtNJ)' \/ﬁ
ox M. ~ . (—vy —
/0 e py (T, —x)dx 2(LtNJ!)M(a/\/N+M)MUNJ+1 erfc( 2t( y at/M))

_ NMD2eat VN o TN (M N | fe)M N

2Q2m|tN )M /2
x (UN/)MUNIM (/N + MYyMUN] erfe \/E(—y - at/M))
em‘/ﬁ o MUNJ oY 2t/(2M) \/7
- 2V M Q2rr)M=D/2 (1+ Mﬁv) 2f(2m)<M n/2 rc - y_m/M)

The last step comes from

2
o _ _ o 1
zaﬁ—MLzleog(lJrM—W)_m\/ﬁ MLtNJ(MW 2MzNjLo(N ))
A
M o(1).

This proves (3.38). The proof of (3.39) is similar: the left-hand side is transformed into
an incomplete gamma function via the transformation w = (M —a/ VN)(Nt—x+/N).
In this case, we are left with a gamma function minus an incomplete gamma function,
and the asymptotic expansion (3.42) gives us the needed asymptotics. O
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We introduce the scaled O’Connell-Yor polymer partition function, whose conver-
gence to the fundamental solution of SHE is proved next. For § > 0 and a sequence
By such that N'/4 8y — B, define a scaling factor

2

2
UG, 1x,v5 B) = VN exp(=N(1 + %N)a —5) = VN1 + ’37”)@ -)
(3.43)

and the scaled partition function

Zn(t, yls,x) =Yn(s, t,x,y; IBN)ZE{(}V(UNJJN"F)M/N | IsN|,sN
+xvN)1x < (t — )V'N + y)
= N Vs (UN].IN + yWN|IsN].sN + yVN).  G4D

We use representation (3.32) in terms of white noise for Zy (¢, y|s, x) and then scale
the white noise suitably to relate Zy(¢, y|s, x) to Zg(t, y|s, x). This produces for
each N a coupling of Zy (¢, y|s, x) and Zg(t, y|s, x) on the probability space of the
white noise. We show that in this coupling, their L? distance converges to zero.

For the next proofs, recall the standard fact from analysis known as the generalized
dominated convergence theorem: if f, — f a.e., |f,| < g, — g ae.,and [ g, —

[ g <oo,then [ f, - [ f.

Theorem 3.9 Fix B > 0 and a sequence By such that N'/*By — B. For each N we
have a coupling of Zn and Zg on the probability space of the white noise so that this
limit holds:

lim IE[ |ZN(t, yls, x) — Zg(t, y|s,x)|2] =0 foreachs <tandx,y € R.

N—o0

In particular, the weak convergence Zy(t, y|s,x) = Zg(t, y|s, x) holds for each
s<tandx,y e R.

Remark We sketch here how our result is consistent with that in [51, Theorem 1.2].
An independent proof follows. Ours gives the result for the four-parameter field, while
[51] handles the two-parameter case. A change of coordinates is required to transfer
between the two results, as shown in the discussion below. We note that [S1, Theorem
1.2] is a more general result about partition functions for d nonintersecting paths,
while we only handle the d = 1 case. There, the semi-discrete partition function is
rescaled by the Lebesgue volume of the path space Xg,0),(1,x):

- !
Zsn, x) = )%sz(n, x]0, 0).

Theorem 1.2 of [51] states that for any sequence By with N'/4By — Bas N — oo,
we have the following convergence in distribution as N — oo:

Z4(t,x10,0)

Zsd —@
ZﬂN(LtN+x«/ﬁJ,lN) exp( ) tN) = p(t, x)
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Furthermore, as a process indexed by (¢, x) € (0, 0o) x R, the convergence holds in
the sense of finite-dimensional distributions, and there exists a coupling in which the
convergence is in L? for any p > 1. Using Stirling’s approximation, one can directly
apply this result to show that, in the s = x = 0 case, the following convergence holds
in L2(P):

«/ﬁexp(—N( ﬂN)t—s))z*d(LtNer«/_J IN|[sN +x+/NJ,sN)
= Zg(t, y|s, x). (3.45)

It is reasonable to think this would extend to general s < 7 and x, y € R, but some
additional justification would be needed since the shift invariance does not immediately
work through the floor functions. To see how the result in Theorem 3.9 appears from
(3.45), replace ¢ with t — JLN and s with s — \/Lﬁ, then replace x with —x and y with
—y and use the reflection invariance of Zg (Theorem 3.1(ii)). To make this argument
directly rigorous, one would need to show uniform convergence on compact sets,
or change the parameterization and show that the chaos series still converges. We
emphasize here that our proof below is self-contained, uses different methods, and
does not rely on the result of [51], although the white noise coupling is the same.

Proof of Theorem 3.9 With Zy (¢, y|s, x) from (3.44) and for a sequence Sy with
NY4By — B, Lemma 3.7 implies

Zn(t, yls,x) = VNYg, (IN], tN + yvV/N|[sN], sN + yv/N)
oo k
= WZ,B]]%/ / [ Tattiea) = Lt yigr = y0) Wdti, dyi),
k=0 REJREG

where tp = SN, txky1 = [tIN],yo = sN +x+/N, and yy = tN + y\/ﬁ. Now,
consider the transformation

G 3nsise = Qo0 = (7)o G40

This transformation alters the white noise, but multiplying by the square-root Jacobian
term N3%/4, we have the following distributional equality on the level of processes
in (s,x,7,y) € ]R‘% (note that the transformation does not depend on the choice of
S, X, t,y):

Zn(t, yls, x) = Z(N”“ﬁzv)"Jk (t, s, x) —Z(N”ﬂﬂ ENEED/2
k=0 k=0

‘/;{k /]Rkl_[q |_Nt1+1J LN[}J N(tl+l tl)+«/_(yl+l yl HW(dtlvdyl)

i=1
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0 k k
=Y Ny fR ) /R AT evtGiyiviln, v [ Wi dyi) (3.47)
k=0 i=0 i=1

where py is defined in (3.35), and we define 1) = s, fx+1 = ¢, yo = x, and yx4+1 = V.
We recall that N'/#8y — B. Since ¢(n, y) = 0forn < Oory < 0, the integrand of
the kth term in (3.47) is supported on the set

Ae(N, 5,1, 9, %) == {sN +xVN < ;N + yiv/N < ti41N + i1 VN,

N tiy1N 1
and%<t,~<ﬂ,

< 1<i§k}.

The chaos series (3.47) is the version of Zy (¢, y|s, x) that we couple with the SHE
through the common white noise. It is compared with the chaos series (3.2) of Zg:

o0
Zp(t,yls,x) =Y BrI(t, yls, x) =

k=0
o) k k
> B /k /k [Totiv1 =t yiss =y [ Wi@n, dyo,
k=0 UREIRY o i=1

(3.48)

where the integrand of the kth term is supported on the set Ay (z|s) where s <
ti < tiyg for 1 < i < k. We seek to show that for fixed (s,x,t,y) € R‘%,

limy_ o0 [ZN (2, yls,x) — Zp(t, yls, x)g2qpy = 0. We note that for any integer
Ko =0,

Zy (@, yls, 0 = 25t y1s, 0
| 2wt yis0 = Zpa 3150,

Ko
1/4 5 k7N _ gk
5];”(1\] ﬂN) Jk (l,yls,x) ﬁ Jk(t"yls’x)HLZ(P) (349)

+ Hk_gjﬂ(zvl/wzv)kj,ﬁv(t, yls’x)HLz(p) + Hk—éﬂ BE I, y|s,x)HL2(P)_

Since the series for Zg is almost surely convergent in L?(P), for any & > 0, there
exists Ko > 0 so that

e < e&. (3.50)

| 3 s

k=Ko+1
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Then, by (3.1), reversing the transformation (3.46), and dividing by the N3¥/2 Jacobian
term, we get

2

k k
2w S /k /k [ [tpw Gisr, yiralte, v [ [ dtidys
( REJRY 10 i=1

x k
— Nk/2+1 Z / nq2(ni+1 — i, Yiyl — Vi) Hd)’i

Se(UN] LN ) Dk AN+YVNIsN+xVN) i=1
(3.51)
629 g y—t21 (=N + G = VNG (UN] = [sN][(t =N + (v = 0)VN)
- (LeNJ = LsNDF2T((k + 1)/2)
_ Cilpy@yls o -
F(k+1/2) = T(tk+1)/2)

HJkN(t,y|s,x)‘

where the constant C changes from line to line and depends on the fixed parameters x, y
and s < ¢, but not on N. The last inequality follows from the pointwise convergence
pN(t,y|s,x) = p(t —s,y — x) (Lemma 3.8(i)). Then, using orthogonality of each
chaos for different values of &, there exists K¢ sufficiently large so that forall N > 1,

oo 2 o0
| > aBsnidayiso) L= 3 WYABFIY @ Y1 g,

LX(P)

k=Ko+1 k=Ko+1
k
i C
= Tkt 2 ~°
k_ZK0+1 ((k+1)/2) (3.52)

Then, combining (3.49),(3.50), and (3.52), and recalling that N'/*8y — B, the proof
is complete once we show that, for each k > 0,

lim supHJkN(t, yls,x) = Ji(t, yls, x)

N—oo L@

When k = 0, this is simply the convergence of the nonrandom quantity [py (¢, y|s, x)1?
to pz(t — 5,y — x), which is Lemma 3.8(i). Thus, we take k > 1 in the sequel. We
again use (3.1). That is,

v 2
ORI B R AT
k k 2 k
= /A fk<npN(ti+1’Yi+l|ti»yi) —[Tptir1 =i, yis —)’i)> [ [duay:.
RY JRE N . .
i=0 i=0 i=1

(3.53)

Recall that Hf:o PN (tix1, Yi+1lti, yi) is supported on the set Ay (N, s, ¢, ¥, x), while
l_[f:o p(tit1—1i | yit1—yi)is supported on the set where t; 1 > t; foralli. By Lemma
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3.8(i), the integrand in (3.53) converges to 0 Lebesgue-a.e. Expand the square, drop
the cross term, and use (3.14) of Lemma 3.4 to conclude that the integrand in (3.53)
is bounded by a k-dependent constant times

Nk+1
TG+ D/2

ﬁ ((tix1 = )N + (i1 — yi) /N> it M= LiND

e 2La=)N+(y=0)V/N1p2(1N]~LsN])

(3.54)
o (Ut N] = LaN DIV (L NT = [N VT
k
+[ [ o =t yier — ) (3.55)
i=0

A Stirling’s approximation computation nearly identical to that in the proof of Lemma
3.8(i) shows that the term in (3.54) converges pointwise to the term in (3.55). By the
generalized dominated convergence theorem, it then suffices to show that the integral
over Ax(N, s, t,y, x) of the term in (3.54) converges as N — oo to

k k
/k /k sz(tiJrl —lis Yitl —yz')l_[dtidyz'
RE JRE :

Wt 1
2k k/2 pz(t S,y _x)/ 1Bk 1_[ dtl < 00,
t—s— Y4 1

(3.56)

where

k
Bk={ti>0,1§i§k,Zti<t—s}.
i=1

The equality above comes as follows. To compute the integral on the left in (3.56),
write the integrand as

1 k 1 _ Oig1 -)?
e i+l

1
2tk D)/2 il;[) Vi — 1 ,1:([) Vtivr — 1)

and recognize the second product as a product of transition probabilities for a diffu-
siVity —= Brownian motion. Hence,

%

k k
/k /k [P s =ty yia — yi) [ [ dtidys
REJRY o i=1
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_ —O— /69 / Hl(t1+l > 1;) l_[dl
kg D2 [ —s) RE o VIit1 — i v

and one readily verifies that this agrees with (3.56). Next, reversing the transformation
(3.46) just as in (3.51) (and dividing by the N 3k/2 Jacobian term), the integral over
Ar(N,s,t,y,x) of the term in (3.54) is equal to

—k/241
N =N+ N2 L5 N )
LD
d ig1 — y) 20 —ni=0)

X
Sk(U/\%\:[\NJ) Ak(1N+y~/7|SN+X\/7) ]:!) [2(nj4+1 _"l)]'\/ (njg1 —n;) V1 l_[

3.15) N~R2Z 2UNIZBND[(iN | — |sN DI = )N + (v = )N )k[pN(z,yls,xn2
7 (k+1)/2 [2([tN] — [sN]) + k]!
k
1

(njy1—nj)v1

X
Sk(LEN]ILsN]) i=0

(next by Stirling’s approximation and py — p)

N=*=D2 =y k 1
~—— Pt —s.y—x) Y —
kk/2 R — .
S se(LeN I LsN =0 ¥ (i1 —n) V]
N=*=D2 =y LARI
= p°(t—5,y —X) —_
2k k/2 m,z>:0 ll_[l Jm v
S mi=tN ]~ [sN]

N—k=D/2 =

:—zk %) P2t — s,y —x)
k k+1
xv/Iszl(t,'>O,1§i§k,tk+1=LtNJ—LsNJ—iz}Lt,J)l]_[Wndt,
-5 [ (T )y .
,0 (t S,y —X) dt; ,
2k k/2 e ,1—[1 NIV I\ (N = [sN] = YK 1) v 1

where the last integration is over the set

k
BNy = {6 >0, 1=i <k Y luNJ = iN] = 1sN ],
i=1
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Comparing to (3.56), the proof is complete once we show that

lim [ 1 (ﬁdr-/ N ) N
N—oco Jgx = KN YNNIV (N = N = Y5 D v T

(3.57)

k
1 1
= 1 ||di— . 3.58
./Rk Bk(izl tﬁi) f— _Zk ( )

The proof is technical and lengthy, and is handled in Lemma 3.11 at the end of the
section. O

Lemma3.10 Ler f : Q x R — R. ¢ be a jointly measurable function, independent of
Zf;}v and Zg such that, for some o > 0,

E[f(x)] < P! vx e R. (3.59)
For a sequence By with NV/*By — B > 0and Zy(t, y|s, x) defined as in (3.44),

under the coupling of Theorem 3.9, the following convergence holds for each choice
ofyeRandt > 0:
} 0.

(3.60)

N—o00

tv/N+y
lim EH/ f(x)Zy(,y|0,x)dx — /f(x)Zﬁ(t,y|0,x)dx
s R

In particular, for a finite collection { fi}1<i<k of jointly measurable functions f; :
QxR — R each satisfying (3.59) for some a > 0, the following weak convergence
holds for finite-dimensional distributions of these processes indexed by y € R:

t\/ﬁ+y N—o00
{/ fi(x)ZN(t,yIO,x)dx:yeR} =

—o0 1<i<k

{/ fix)Zg(t, y|0,x)dx : y € R}
R

1<i<k

Proof We can integrate over the whole space R in the left integral in (3.60) because
Zn(t, |0, x) is defined to be zero for x > /N + y. Then, by independence and the
growth assumption on f, we have

B [ £eolzn (10,0 = Zpte, 310,01 ds

< /Reo""'EHZN(t, y10,x) — Zg(t, y]0, x)|1dx. (3.61)
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By Theorem 3.9, we have, foreacht > Oand x, y € R,

N—
E[IZy (1, y]0,x) — Zg(t, y]0,0)[] < E[|Zy(t, y10,x) — Zg(t, 10, 2)]*11/2 "% 0.

By (3.2), (3.18), and the choice of scaling, E[Zy(t, y|0,x)] = pn(t, y]0, x) and
E[Zg(t,y10,x)] = p(t,y — x). Thus, the integrand on the right-hand side of the
integrand in (3.61) is bounded above by

Pl pn(t,y —x) + p(t,y —x)).

Lemma 3.8(i)—(ii) implies that py (¢, y — x) — p(¢, y — x) pointwise and that

/ P (py(t.y —x) + plt.y —x)) dx =5 / 2¢“Mp(t, y —x)dx < oo,
R R

so the generalized dominated convergence theorem completes the proof. The finite-
dimensional weak convergence holds because finite linear combinations also satisfy
the limit in (3.60), so the Cramér-Wold theorem completes the proof. O

We conclude this section by completing the unfinished business of the proof of
Theorem 3.9.

Lemma 3.11 The convergence of (3.57) to (3.58) holds.

Proof For this, we break the set By (N) into two disjoint pieces,

k
k+1 2
B,i(N):{ti>% Vi<i<kandi—s— ti>ﬁ}

i=1
and BZ(N) = Bi(N) \ B} (N).

We use the dominated convergence theorem to show that the integral over B,l(N )

converges to the desired limit, and we argue separately that the integral over B,% (N)
goes to 0. First, observe that, Lebesgue a.e.,

k
N
1
BW)(U Lt,NJvl)\/(LtNJ—LsNJ—Z{.‘:leiNJ)vl B

(ﬁ : ) ! (3.62)
Vi s ok
Observe that, since x — 1 < [x] < x,
LN] V1 1 IN] —|sN| =Y 4N ¢ 1
5N ] >4 — — and [tN] [sNV] Z,_ll.z JZI—S—ZH— ,
N N N
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and thus, for N large,

k+1 2 /LtNJvl
t,>T:>t,>N:>t,—— - d f (3.63)

and

t—s—Xk:t~>£=> N = 2
~'" N (UN] = [sN] =5 N vl “\i—s =35 o
(3.64)

Therefore,

N N
1.
BM”(E LiN] Vv 1)\/(LtNJ —sN] =Y NV

k
2 2
<t (12 )
‘ 111 ti t_S_Zf‘(:IIi

and the right-hand side is integrable over R¥ (it is a constant multiple of the Dirich-
let density). The dominated convergence theorem now implies the convergence of
integrals of the functions in (3.62).

We turn to showing the integral over B,%(N ) converges to 0. Observe first that on
the set By (N),

k k
UN]—sN) =¥ 4N k+1_ k+1
t—s—E t > ~ 1 -z (3.65)

From the firstinequality of (3.65), we observe that, for all N, sufficiently large (depend-
ingont,s),

i<— V1<i<k=—t—s—

k;l Zti . LtNJ;LsNJ

i=1
k(k+1 k+1 2
_w _krl > = (3.66)
N N N

Next, we break up the set B,f(N ) into 251 — 2 disjoint sets determined by whether
;i < k+1 for 1 <i < k and by whether t — s — Zf‘ 1<% 2 The minus 2 comes
because B (N) is one of these possible sets, and (3.66) ehmmates another poss1b111ty
Enumerate these sets as {Bk } 1<j<2k+1_p. We show that the 1ntegral over each B J

converges to 0. We do this by considering four separate cases for B> i J To avoid messy
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calculations, we use the shorthand notation

‘ N
I (N ZZ/ 2.j ( di ) ’
(V) ) H \/LtzNJvl \/(LrNJ—LsNJ—Zf‘_ILanl

Case 1: 2 or more of the #; for 1 <i < k satisfy #; < ]%1: Without loss of generality,
we say that, for some £ > 2,; < %forl <i</{,andt; > ]%lforﬁ—f—l <i<k.
For £ + 1 < i < k, we use the bound in (3.63). We also make use of the following
bounds which hold in general:

| N N
Y - JN and VN. (3.67
LNV = o \/(LtNJ—LsNJ—Zf_lLtiJ)\/IS G-

Observe also that on Br(N), for 1 <i < k, and all N sufficiently large,

IN| — [sN|+1
0<ti§L ! ]stJr <t—s+1.

Then,

] (k+1)/N ¢ t=s+1 o k=t
I]g(N) = W(f \/th) </ —du) < Ck, O)N~D/2 5 .
0 0 \/ﬂ

Case 2: Exactly one of the #; for 1 <i < ksatisfiest; < k“ andr — Zile ti > %:
Without loss of generality, we will say #; < ]%1 We start 51m11ar1y to the last case,
but instead use the bound (3.64) for the last term. In the following, the constant C > 0
depends on ¢ — s and k and may change from line to line.

k
; 2 2
I/ (N) < \/N/ dn( dt; /-) - -
k RK l:l_! Na)Ve—s=3* 4

k
k+1
1(0<t1<%, ti>0,2<i<k, ;ti<t—s>

<C\/_/ dtl(l_[dt,\/7> #ﬁ‘_ltl

k
k+1 .
1(0<l[<m,[i>0,2§l§k, i_Elll<1)
k+1
<CVvNP(0O< X —).
= << 1<(t—s)N)
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where P is the distribution of a random vector (X1, ..., X+ 1) that is distributed
according to the Dirichlet distribution with parameter vector (1, Faeens %). The next

step follows from X; having a Beta distribution with parameters (1, ’%). Thus, for
constants C1, C, > 0 changing from term to term,

k+1 C2/N L
NP(0<X  <——)=C;V/N 1 — pk/>1
VN ( = 1<(t—s)N) “/_/0 =0

=C1vVN( — (1 = C/N)?) < CcN~12,

Case 3: 1; > k'H forl <i<kandt—s — Zle t; < %: We use (3.63) and (3.67)
to get the estlmate

k
; /1
J . L —
Ik(N)gcx/NA;{k IBkz.J(N)| |dt, .
i=1

for a constant C depending on k. Next, consider the following change of variable:

k
~ k41 ~ .
tl:T—i_t_s_Elti’ t[:ti, 2§lSk (368)
i=

On the set B,f’j, the assumption t — s — Zf;l 4 < % and (3.65) imply that 0 < <
%. Furthermore,

k
~ k+1

t—s—Ztiztl——>().
im1 N

In summary, the transformed vector lies in the set
k+3 d
B, (N)._’0<t1§ N t >0,2<i <k, E L <t s]

Putting this all together,

k

1 1
I’N C /12,f< d”l—>
(N) <= CVN iT1 t\/f- \/I—S—Z,lt,-f-k"”

i=2 N

k
~ 1
<C\/_/ 1'*‘2] d’\i< dti\/_w
1= tl

The asymptotics of the integral can now be reduced to the computation of a beta
probability, just as in the previous case.
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Case 4: Exactly one of the 7; for | <i < ksatisfiest; < ]%1 and 7 —s —Zf-‘zl 4 < %
Without loss of generality, we will say that t, < % Then, using the bounds (3.67)
fori = 1, 2 and the last factor, then (3.63) for3 <i <k,

k
I (N) <CN3/2/ 1,2 . dndn | | —.
k = Js
Rt B ) Ill \/;i

Making the same change of variables (3.68) as in the previous case,

) (k+3)/N (k+1)/N t=s+1 k=2
I/(N) < CN3/2/ dtlf dt U —du) <CN'? >0,
0 0 0

Ju
where the last k — 2 integrals may be taken from O to r — s + 1 for sufficiently large
N by the same reasoning as in Case 1. This concludes all cases. O

4 Proofs of the main theorems
4.1 Characterization and regularity of the Busemann process

We now turn to proving Theorem 1.4. To do this, we prove invariance of the KPZHg
for the SHE. Then, we use the uniqueness result from [46] (recorded as Theorem
3.3) to show that KPZHg describes the Busemann process. Corollary 2.13 gives the
existence of discontinuities. We first prove an intermediate invariance result for the
O’Connell-Yor polymer.

Proposition 4.1 Let § > 0, and let Fg = {F}},cr be the KPZHg. Let B, By, ... be
a sequence of i.i.d. Brownian motions, independent of Fg and defining the partition
function (3.9). Let ng(n, y|f) be as defined in (3.10). Then, forn > 0 and 0 < A1 <

- < Ak, we have this distributional equality on C (R)X:
Z(n, 1P . N
v = {exp(BF5' () h1<i<k- 4.1)

Z3(n. 01" it

Proof We prove this by induction. Forn =0, > > 0, and y € R,

. s y P y
zg 01 = [ PO z50. 5100 dx = [ exp(ppeo -+ Bocx, ) d,
o0

—00 —

and therefore, for0 < A < --- < Ag,

Aj ) )
zgoy My l SO [ exp(BUE ) — Bown)dx
- . ‘YE = 0 i VRS
Z;d(oy()leﬂFﬂl) . J=oo exp(B(Fg' (x) — Bo(x))) dx ek
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2.9 ;
) {exp(Dp(Bo. i)}y i -

By Theorem 2.9, this has the same distribution as {exp(8 F é‘ Yh<i<k-
Now, assume the invariance (4.1) holds for some n > 0. Then,
SEEO

789 41 Py = [ Z89 + 1,10, x)d
g (41, ylexp(BFg)) = . g (141,510, x)dx

y y
B [ [ explph 00+ By w ) 250, wio.x) dwax
—00 JXx
=/' / eXP(/~‘3(F,_«§(%)+Bn+1(w,y)))ngd(mwIO,JC)dxdw
—00 J—00

3.11 y
©ab / exp(B Byt (w. 1)) Z (n, w] exp(BF})) dw.

—00

Then,

A

BFg'

yzsd w B
5 eﬁ3n+1(.") Y B (wle A)e_ﬁB”'H("’) dw
. Fp' — Fo!
‘Zfsd(n+1,yeﬁ ) , - Z;d("’o‘gﬁ #
———:yeR
1<i<k

A
0 Z%d(n,w | eﬁFﬂ )

A
sd ﬁFﬁl
Zﬂ (n+1.0]e ) - e_ﬂBn-H(“)) dw

00 4 ﬂFﬁl
Zﬂ (@.0e ) 1<i<k

A
BBy () ¥ B (W) —BBpr1(w) 4
e e e w
4 ‘ Jooo :yeR
1<i<k

)\.'
[0, 10 g,

@11 {eﬁD<B,,+1,F,§">} d

A.
BFg'
l<i<k {e

B Yi<izk-

The first distributional equality is the induction assumption and the second one The-
orem 2.9. O

Let the fundamental solution Zg of SHE be defined as in (3.2), and recall the
definition with initial data (3.3).

Theorem 4.2 Let B > 0, and let Fg be the KPZHg, defined on the probability space
(2, F, P) and independent of the SHE Green’s function Zg. Let t > 0 and real
Al < -+ < Ag. Then,

y
Z4(1.+10, BFg' .
Zp(t,710.€77F ) < (exp(BF} (D)1=t 4.2)

1<i<k

A
Zp(1,010, ePF8)

Proof For N € Nand 1 < i < k,set ul¥ = (, + g)N*I/4 + B~INY* and
By = N~U4B. Let N be large enough so that M,N > 0fori € {1,...,k}. By (4.1),
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foreveryn > 1,

d "
Z§ (n.+| exp(By Fj )

N {CXP(,BN )}1 <i<k-
Zi (0,01 exp(By Fy! )

1<i<k

Then, we have that

exp(—(VN + 2/2)y) [NV eXP(ﬂN ! <x>)Z“d (tN.tN + yv/N |0, x) dx "
1y €
I Ooexp(ﬁN ! (x))zbd (tN,tN10, x)dx ik
£ fexp(pn ’(tN IN+yV/N) = N +B22y) v e R} (4.3)

IS

{exp(ﬂNFglé (VN) — (\/N-i-ﬂz/Z)y) = R}lsigk

1B

[exp(BFg (1) 1 v € R} iy

where the second equality follows from shift invariance (Theorem 2.11(i)), and the
third equality follows from the scaling relations of Theorem 2.11(ii). For + > 0 and
x,y €R, set

2 2
Un(t, x,y) = Jﬁexp(—(NJr P ;/N>t - (ﬁ+ %)(y —x))

so that, for our choice of By, ¥n (¢, x,y) = ¥n (0,1, x, y; Bn), Where the latter was

deﬁnled in (3.43). By a change of variable from x to V'Nx, the first line of (4.3) is
equal to

N
VN exp(—(v/N + g% /2)y)f’\/7+yexp(ﬁNFM" (xf))zsd (N, IN + yv/N|0, x/N) dx

:yeR
ff %o exp(By Fy a v (VNDZ (N N10. xV/N) dx ik
<i<
P W)~/ 2
JYEy v (X M= ﬂ/)xtij(t,x,y)Z;d (N, IN + y/N |0, x/N) dx
— N cyelR
R (N+B2)2
SN ey (A M= ﬂ/”wN(z,x,O)zsd (N, IN |0, x/W) dx o
Uy

f’f” exp(ﬁF L)Y (7, X, ;)zsd (tN,tN + y/N|0, x</N) dx

IS

:yeR

fi‘o/:exp(ﬂFﬂ (x))t//N(t,x,O)Z;;‘iv(tN,tN\O,xf)dx

I<i<k

where the distributional equality follows from the scaling of Theorem 2.11(ii), simi-
larly as is done in (4.3). Lemma 3.10 implies that the above converges to, in the sense

of finite dimensional distributions on C (R, RF ),

BF,
Zg(t, y10, ﬁ
_ p(.y10,e ) yeR

1=i<k | 25,000, b ) ik

Jiz XPBFR (N Zp (1, y10, 1) dx

- tyeR
S exp(BE (1) Zp (1,010, x) dx
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(4.4)

In the application of the Lemma, f;(x) = s @ for which the condition E[ f (x)] <
e“I*! follows immediately. Tightness follows because the distribution of the process
does not depend on N by (4.3). Then, by comparing (4.3) and (4.4), for each t > 0,

By
Zp(1,+10,e"7F ) d :
LI LB sk
Zp(1.010,¢"7) |, .
Corollary 4.3 Let B > 0. Then, the following distributional equality holds as processes
in D(R, C(R)):

d
{bff”*(o, 0,0, -)} < (BFjhick.
reR

Proof The invariance of Theorem 4.2 and the uniqueness of Theorem 3.3 establish
that for Ay < --- < Ag,

{bfs“"”(o, 0.0, '>} < (BF} ik

1<i<k

The choice of factors of B comes by comparing drifts, using Proposition 2.10(i) and
Theorem 3.2(i). The equality of processes in the path space D(R, C(R)) follows by
the uniqueness of Proposition 2.10(ii). O

Proof of Theorem 1.1 The description of the measures used in the theorem comes from
Lemma 2.1 and the definition of the finite-dimensional marginals of the KPZHg in
Proposition 2.10(ii). Uniqueness follows directly from Corollary 4.3 and the unique-
ness in Theorem 3.3. In handling the factor of §, we recall that we define solutions to
the KPZ equation as in (1.11) as

1
hzy(t,yls, f) = Elog/Reﬁf(")Z,g(t,yls,x)dx. O

Proof of Theorem 1.3 By Corollary 2.13, the KPZHg is not almost surely continuous.
Corollary 4.3 gives the equality of the Busemann process and the KPZHg. By Theorem
3.2(v), the set of discontinuities Ag is countable and dense in R with probability 1.
The presence of the discontinuities for the process A +— F é‘ (x, y) is Theorem 3.2(ii)
(originally proved in [46]). This completes the proof. i

Proof of Theorem 1.4 This is a direct consequence of Corollary 4.3 and Theorem 1.3.
|
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4.2 Limitsas 8 /" ooand B \, 0

Proof of Theorem 1.5 We first prove the limit as 8 ' 0o: Proposition 2.10(ii) implies

that, for Ay < --- < Ag, (FX', ..., Fg") ~ Mz"“"kk. By Lemma 2.1, we can describe
this distribution as (FM, el Fg") < (n}j, R n’é), where for independent Brownian
motions Y!, ..., Y¥ with drifts Ay enns Ay nl =Y! andfor2 <n <k,

B

n—1

n%(y) =Y'o)+p7! log / l_[ exp[ﬂ(YiH(x,') . Yi(x,'))]dxi
o<y <-<xi<y i=1
n—1

— B log / [Texp[Br™* (i) — Y (xi))]dx;.

—o<xy_1<-<x1<0 =1

By the convergence of the L? norm as 8 7 oo, the zero-temperature limit  — oo
converts the polymer free energy into last-passage percolation. Therefore, on a single

event of full probability, simultaneously foreach y e Randn € {2, ..., k},
n—1
lim 7% (y) =Y'(y) + su { (Yi“(x»)—Yf(x))}
g0 P g g —00<xn715p~~5x15y Z l l

i=1

n—1
- sup { > ) - Yf(xi»}.

—00<Xy—1 <+ <x1 <0 i=1

Lemma B.3 and Definition B.1 imply that, in the sense of finite-dimensional distribu-
tions on C(R¥, R),

(n},(z-x s n§(2->) LGN, ..., GM).

Tightness holds because each component in the prelimit is a Brownian motion with a
fixed drift.

For each B, the process in Item (ii) has the same distribution as the process in Item
(1) by the scaling relations of Theorem 2.11(ii).

Now, we prove the convergence as 8 \ 0. By Theorem 1.2, as processesin y > 0,

-1
ﬁlXA,ﬁYA,ﬁ>ﬂ

F2() = B3 () £ B~ log(1 + X3 s Yo p (1) = 1°g<1 T

4.5)
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where A := A2 — A1, X, g has the Gamma distribution with shape )\,3’1 and rate 8 -2,
and

y
Yip(y) = / exp(v2BB(x) + ABx) dx (4.6)
0

where B is a standard Brownian motion. For fixed A,y > 0, couple the Y} g(y)
together with a single Brownian motion B using (4.6). Note that for 8 < 1,

f " exp(VIBB(x) + 1Bx) dx < f " exp(VEIB()| + Ax) dx.
0 0

and the right-hand side is finite almost surely. By dominated convergence, Y; g(y)
converges almost surely to y as 8\ 0. Next, the random variable X, g/B has mean
A and variance A8, so for any ¢ > 0, by Chebyshev’s inequality,

li ]P( X, 45— ):o. 47
ﬂlgb |8 2.8 | > ¢ 4.7

Hence, there exists a coupling of copies of X, g (which we may keep independent of
Y p(y)) so that X, g — A almost surely as 8\ 0. In the product space, using (4.5),
B~ log(1 + X;.,8Y5.,8(y)) converges almost surely to Ay. Therefore, for each ¢ > 0
and y > 0,

lim sup P(IF5> (y) — Fg' () = (ka = A1)yl > £) = 0.
BNO

The result also holds for y < 0 because {F;(Mhier = (=F;(y,0)}rer 4
{—FE‘(O, —¥)}h.er (Theorem 2.11(ii)). Now, let A1 < ... < Agand {y; ; : 2 <
i <k,1 < j < J;}beafinite collection of points in R. By a simple union bound, for
each ¢ > 0, we have

. i Py
llmSUPP< sup |Fg' vi,j) — Fg' (3i,j) — (i — A1)vi, ] >8> =0.
B\0 2<i<k,1<j<J;

Since the marginal distribution of F é‘ ! does not change as 8 \ 0 (a Brownian motion
with drift A1), it follows by Slutsky’s Theorem that, in the sense of finite-dimensional
distributions,

(Fgl @2)..... Fy* (2-)) BNY (B(2+) + 201, B(2%) + 20e, ..., B(2*) + 20),

where B is a standard Brownian motion. Convergence on C (R¥) follows because the
marginal distribution of each component on the left-hand side is a Brownian motion
with drift A; and therefore is tight. O
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Proof of Corollary 1.6 Given Theorem 1.5, we follow a similar procedure to the proof
of [66, Corollary 1.9]. The only needed change is that the joint distribution of the initial
data changes with T'. Let Hg = log Zg. Recalling the definition (1.11) of solutions to
the KPZ equation, we observe that

Tt 2137213y Ts 1/37—1/35.
1/37-1/3 e e AR PP
2137 [ﬁhzﬂ<ﬂ4, e O -a)
L Ta=9 2 }

w3 log(«/ET)

1 1/37—1/3
_l/37—1/3 atp2137-173),
=27°T lOg[ﬂg721/3T2/3 exp(ﬁF}6
Tt 213723y, 1 T(t —
it’iy‘ s x)+ (t S) dx
Bt ot Bt 24

173, ,0l/372/3 21/372/3
_Al/37-1/3 -2 a+p2131=13y,; (2V°T B ax
=2°T log/]Rﬁ exp(ﬁFﬂ ( 52 x) 3
Tt 21/3T2/3y‘Ts 21/3T2/3x> Tt—9Y,
gt B gt B2 24 *

_ 1/372/3 1/372/3

d 51/37—1/3 at+p2!3T=135, (2°T 2 PT P ax
=27°T log/ﬂéexp(,BFt3 < 5 x) 3

Tt —
+ M (Tt, 21/3T2/3y‘Ts, 21/3T2/3x) + %) dx

f(x) - Bax

+Hﬂ<

+'Hﬁ<

_ 1/372/3 2/371/3
21371 og [ exp(2-1/3T1/3| pal/3p—1/3 ot 21T 1/%(2/ % x)f 2251 Pax
R A B2 B

1/372/3 ¢ _
+21/3T*1/3H1(Tt,2‘/3T2/3y‘Ts,21/3T2/3x)+2 T24(t S)]>dx

—2137-173 log/ exp(2—1/3T‘/3[F;(x) +HT (@, yls,x)]) dx
R

where the distributional equality is theorem 3.1(iii), and we define

J3p—13, o 213T2/3 22/371/3
FT(x) = g2\ AT\ Ry A,( / x) B ax
p B
/372304 _
H (1, yls. ) = 213771y (71, 21/3T2/3y\Ts, 21T2x) + %

h,-T(t, y) = 2137173 log/Rexp(E_lﬁTlﬂ[F}(x) +HT (s, yls, x)]) dx.

Note that {F; };<;<x and HT := {HT (t, y|s, x) : t > 5,x, y € R} are independent
by assumption. We observe that F} is a Brownian motion with diffusion +/2 and drift
2X;i; hence its law does not depend on 7. By [66, Theorem 1.6], HT converges to
L in C(RY, R). By [56, 65], for each i, h! := {hl(t,x; FT) : t > s,x € R}
converges in distribution on C(R.;, R) to the KPZ fixed point Ao (z, y; s, GH) =
sup, g {G* (x) + L(x, s; y, 1)}. Hence, this sequence is tight in C(R~, x R, R¥). All
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together, the sequence
((Frh<ise, H 4] hizizi) 4.8)

is tight on C(R, R%) x C(R%, R) x C(R~; x R, R). Let

(G V1<i<k, L, {gih1<i<k) 4.9)

be a subsequential limit. We may write the first component {G%};<; <4 and the second
as L because we know the SH and DL are, respectively, the law of the limits of
the first and second component. by the weak convergence of th , we also know that,

marginally, for each i, g; < he(e, s, G’xi). By Skorokhod representation ( [33,
Thm. 11.7.2], [36, Thm. 3.1.8]), there exists a coupling of (4.8) and (4.9) where, as
T — oo, convergence holds in the sense of uniform convergence on compact sets.
Now, we follow the procedure of [66]. We observe that for fixed t > s and y € R,
with probability one,

he(t, y; GM) = sup{G™ (x) + L(x, 0; y, 1)}
xeR

= lim sup {GY(x) + L(x,0; y,1)}

M*)OO‘leM

M—o00T—o00

M
= lim lim 21/3T_1/310g/ exp
-M
(2—1/3T1/3[F;(x) +HT @, yls, x)]) dx

< lim lim 21/3T_1/310g/exp
R

T M—>ooT—o0

(2—1/3T1/3[F}(x) +HT (¢, y]s, x)]) dx = gi(t,y).

Hence, since we already established & . (z, y; G)‘i) < gi(t,y), there exists an event

of probability one on which, for 1 < i < k, all (t,y) € Q- x Q, ho(t, y; G*) 4
gi(t,y). Equality on R.; x R follows on this full probability event by continuity.

We next turn to the convergence of the Busemann process. It suffices to show that,
foreachr € R, the following distributional convergence holds, in the sense of uniform
convergence on compact sets.

_ 1/372/3 1/372/3
{2‘/3T—1/3[b§21/3T 1/%(%’2 1312 x Tt 21312/ y>+ T(t—s)
B B2 B4 B2 24
T—o00

=7 (B (y, —t;x, =) 1 (¥, 557, 0) € Rf}lgigk,

:I:(x,s;y,t)eRf}

where we use the shorthand notation Rf = R x R., x R x R.,. By the dynamic
programming principle and additivity of the Busemann process (Theorem 3.2(iii),(v))
as well as the relation between Busemann process and the KPZH (Corollary 4.3), for
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s, t>r,
b (s x . y) = b0, 10 9) = BT, 0,5,0)

(BL)+
=10g/Rebﬁ CO0rD 7z, yr, 2) dz
(4.10)
(Br)+
—log/Rebﬂ (r’o’r’Z)Zﬂ(s,x|r,z)dz

d
= Bhz, (1. y|r. Fy) — Bhz,(s. x: |r, F}),

where the distributional equality holds as processes in A x (x,s; y, 1) € R x R‘r‘.
Similarly, by the additivity and evolution of the Busemann process from Theorem

B.4, along with the distributional equalities L(x, s; y, t) 4 L(y, —t; x, —s) (Lemma
B.5) and the distributional equality between Busemann functions and the SH (Theorem
B.4(v)), fors,t > r,

B’H'(y, —t;x,—8) = B}""(y, —1;0,—r) — BH'(x, —s;0,—r)
sup{L(y, —t; z, —r) + B)‘+(z, —r;0,—r)}

zeR
— sup{L(x, —s; z, —r)‘i‘BH—(Z, —r; 0, —r)} 4.11)
zeR :
L sup{G*(2) + L(z, 75 y, D} — sup{G*(2) + L(z, 75 x, $))
zeR zeR

=he(t,ylr, G*) — he(s, x|r, GP),

where, again, the distributional equality holds as processesin A x (x, s; y, t) € Rx Rﬂ.
Here, we have also used the independence of the Busemann process at time —r and the
DL for times less than —r (Theorem B.4(iv)). Comparing (4.10) to (4.11) and using
the first part of the theorem in the « = 0 case, we get

21/3T—1/3[bﬂ21/3T*1/3A,-(E 2VP12Rx Tt 21/372/3Y)+ T(I—S)}
’ pUBT TR 24

4
(x, 83 p,1) € Rr}

1<i<k

Tt 213723 T 1/37—1/3,. T(t—
d {21/3T71/3[hzﬂ(7,72|—:, é T A,)_,_ ()
g B B 24
(Lo 2ETR T a1y 16 =)
ﬂ4’ /32 ﬂ4’ B 24

T—o00

— {hL(t,ylr,G)"') —hp(s,x|r, G)‘i)

2
- g1og(ﬁT) —hz,

+ % 1og(f2T)] S sy g) € R;‘}

I<i<k

4
C(x, s y,1) € Rr}

1<i<k

d s
L(BY (y, —1;x, =) 1 (x, 835, 1) € Ré}lsisk-
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Appendix A Queues and the O’Connell-Yor polymer

Recall the transformations Qg, Dg, Rg defined in (2.2). We state one of the main
theorems from [53]. Their theorem is stated for § = 1. The statement for general
B > 0 follows from Lemma 2.6 since

Dy(B,Y) = TgDi(T;.,(B,Y)), and  Rg(B,Y)=TyRi(T5 (B, Y)).

Theorem A.1 [53, Theorem 5] Let B and Y be independent two-sided Brownian
motions with drift so that the drift of Y is strictly larger than the drift of B. Let 8 > 0,
and let Qg, Dg, Rg be defined as in (2.2). Then, (Rg(B,Y), Dg(B,Y)) 4 (B,Y),
and for each 'y € R, {Dg(Y, B)(x), Rg(Y, B)(x) : —00 < x < y} is independent of
{Qp(x) : x > y}.

LemmaA.2 Let B be a standard two-sided Brownian motion, and let B, A > 0. Then,

0 —1
(f eﬁﬁB(mex) ~ Gamma (M~ B72).
—00

Proof Theorem 4.4 in [34] (also Equation 1.8.4(1) on page 612 4 of [18]) states that
for y,o > 0,

o0
(/ e o B)—yx d)c)_1 ~ Gamma(2yo 2, 20 2)
0

(as a caution, we note that [34] parameterizes the Gamma distribution by shape and
scale, so the result is stated there with scale o2 /2). Observe that

0
/' VBB _ / = NIBB-ipx 4 / % VBB —Apx
—00 0 0

and so the result follows upon substituting 0 = +/28 and y = Af. O

The remainder of this appendix contains the omitted proofs from Sect.2.2, along
with some additional lemmas. These follow similarly as for zero temperature in [37]
and [60], modulo the necessary inputs from Sect.2.1. We first prove an intermediate
lemma.

LemmaA.3 Letn > 2, and let (Bl, YL ..., Y™) be su_ch that thefollowjng operations
are well-defined. Let B > 0. For2 < j < n, define B/ = Rg (B/=1, YI=1Y. Then, for
1<k<n-—1,

Dyt (B Yt L y"y = DEt Y (DB YY),
Dy(B*, %), DY V(B Yk ym). (A1)
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We note that the case k = n — 1 of Lemma A.3 gives us
DYFVBYL Y LYy = D (Dg(B'. YY), . Dg(B".Y™).  (A2)

Proof of Lemma A.3 Equation (2.16) gives us the statement for n = 2. Assume, by
induction, that the statement is true for some n — 1 > 2. We will show the statement
is also true for n. We first prove the case k = 1. Using (2.16) in the second equality
below,

D (Dp(B', "), DY (BL Y2, ... ¥™)
= Dp(Dp(B". YY), Dg(B*. DY~V (¥%, ... ¥")
= Dp(B'. Dp(¥' . DY V(Y2 Y™))
=Dp(B'. D (¥'.....Y")
=Dy v .

Now, let2 < k < n — 1. Then, by definition of D*+D and the induction assumption,

D/(Sk“)(D,g(Bl, Yl) ,,,, Dﬁ(Bk, Yk), D/(S”_Hl)(Bk“, Ykt Y™y
=Dg(Dg(B", ¥, DI (DB, ¥?), ..., Dy(BE, vh), DD (BT ykHL L ymy)

=Dp(Dp(B', Y1), DYV (B2, Y2, y") = DY (D(BY, v, DY (B2, Y2, vm).

The lemma now follows from the k = 1 case. O

The multiline process is a discrete-time Markov chain on the state space y(“ ) 4

(2.5), where a € R. The analogous process is defined in a discrete setting for partlcle
systems in [38], for lattice last-passage percolation in [37], and in zero temperature
BLPP in [60]. Starting at time m — 1 instate Y,,_; = Y = (Y1, Y?,...,Y") €

(a Oo)the time m state is given as

Ym :?: (?1,72,...,?n) S yn
is defined as follows. Let B € Cpin(R) satisfy

lim x 'B(x) =a.
X—>—00

First, set B! = B, and Y = Dg (Y', BY). Then, iteratively fori = 2,3, ..., n:

Bl =Rg(B~'¥Y'""), and Y =Dg(B Y. (A.3)

Lemma A.4 The mapping (A.3) is well-defined on the state space y(“ 100
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Proof This follows from Lemma 2.2: By induction, each B! satisfies

. B'(x)
lim =a

x—>—00 X

Therefore, since Y € yn“’“’), forl <i <n,

Yi(x) — B
lim sup M > 0.

X—00 X O

Theorem A.5 At each step of the evolution of the multiline process, take the driving
Junction B to be an independent standard, two-sided Brownian motion with drift

a € R. For each ) = (A, ..., Ap) € Rio witha < A < -+ < Ay, the measure v*
on y,i"*“’) is invariant for the multiline process (A.3)

Proof Assuming that Y = (Yl, .Y e y3$>0 are 1.i.d. Brownian motions with
drifts A1, ..., A,, we must show that the same is true for 71, R Y By Theorem A.1,

?l = Dg(B L Yl) is a two-sided Brownian motion with drift A1, independent of B? =
Rg(B 1 y1), which is a two-sided Brownian motion with drift a. Hence, the random

paths 71, B2, Y2, ..., Y"are mutually independent. We iterate this process as follows:
Assume, forsome?2 < k < n—l,thattherandompathsyl, .. .,7k_l, Bk Yk .. yn
are mutually independent, where for 1 <i < k—1, Yi is a Brownian motion with drift
Xi. Applying Theorem A.1 again, 7k = Dg (B*, Y¥) is a two-sided Brownian motion
with drift Ag, independent of Bkl = Rg (Bk, Y k), which is a two-sided Brownian
motion with zero drift. Since (Yk, B*t1) is a function of (B¥, Y%), it follows that

—1 —k ) .
Y ,...,Y Bkl yk+1 7" are mutually independent, completing the proof.
O
Proof of Lemma 2.8 (Consistency of the measures) It suffices to show thatif (', ..., ")
has distribution ugl """ 1 then
[ — [ A ,...,)»,', ,)»i ,...,)uy,
T Il T

LetY = (Y',....¥") ~vFandn =D’ (V) son = (n'.....0") ~ ub.
(n)

For i = n, the statement is immediate from the definition of the map D g - Next,
we show the case i = 1. For 2 < j < n, by (A.2), we may write

. , P - S
DY (', ... vy = DY V(DY ¥?), Dp(Y2, ¥3), ... Dp(YI =1 YTy,

where Y! = Y!, and for i > 1, Y\ = R(Y'"',Y)). Then (5%, ..., 0" =
Dgﬁl)(f’z, e, )?"), where Yi = Dﬂ(Yi_l, Yi) for 2 < i < n. By Theorem A.5,

@ Springer



Jointly invariant measures for the...

Y2, " are independent, completing the proof in the case i = 1. Using the defi-
nition of D’ (2.3), fori < j <n,

DY (', ... ¥I) = Dp(Dp(Y!, Dp(Ya, - Dp(¥' ' DYV vy,
(A.4)

We apply (A.2), just as in the i = 1 case, to obtain

Dlgf"'*”(yi,...,yf)

=Dy (DY Y, Dp(VT vy = DY@ YD), (AS)

Wherf{ yi = Y, and for j > i, Yi = R(Y~/_l, Yj). For j > i, we define Y/ =
D,g(Yf_l, Y7). Then, by (A.4) and (A.5), wheni < j < n,

Dy =Dyt Ly LR,
and thus,

(' Ty =Dy Ly PP (A6)

By Theorem A.5, Y i+l ...,I?" are independent Brownian motions with drifts
Aidlyeens An Tp;:se randoAm paths are functions of Y*, ..., Y" so the paths functions
vyl ... yi-b yi+tl Y7 are also independent. Thus, by (A.6),

1 i—-1 i+l

SRR VIR VIR
' Tt )~ it i),

O

Proof of Theorem 2.9 Let Y ~ v*. Let n= Dg’)(Y) so that § ~ M%} Then, for Brow-
nian motion B, let S g denote the mapping of a single evolution step of Y according
to the multiline process (A.3) and ’Z;gB denote the mapping of a single evolution step
of n according to the Markov chain (2.21). By definition of D;}k) and Equation (A.2),

[7;° )l = Dpn*. B) = Dp(B'. DY (v', ... Y*) = DYTV(B ¥ Y
= DY (Ds(B', Y"), Dg(B2, ). ... Dg(BF, Y5))
=D ((SF D11 [SEW), - [SF (N1 = DY (SF (V)

Therefore, TﬂB n) = Dgl)(S g (Z)), and because § = D" (Z), we have
T2 (Y)) = D(SP(Y)).

Theorem A.5 implies that Sg (Y) 4 Y ~ v, Therefore, ’]733 (n) 4 ngn)(Y) ~ ,uX.
O
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Appendix B Stationary horizon and the directed landscape

The stationary horizon (SH) was first introduced by Busani in [20] and was later
studied by Busani and the third and fourth authors in [21, 22, 60]. We refer to those
articles for a more complete description. Analogously to how the KPZHg describes the
jointly invariant measures for the O’ Connell-Yor polymer and the KPZ equation, it was
proved in [22, 60] that the SH describes the jointly invariant measures for Brownian
last-passage percolation and the KPZ fixed point. Jointly invariant measures for the
KPZ fixed point are made precise through the coupling with the directed landscape.
See [29, 30, 50, 56, 65, 66] for more on the KPZ fixed point and directed landscape.
We briefly describe the needed definition and facts about the SH, DL, and the KPZ
fixed point here.

The directed landscape (DL) is a random continuous function £ : R‘% — R.
By convention, we switch the ordering of space-time coordinates to L(x, s; y, t) (in
contrast to the ordering in Zg(¢, y|s, x)). Given the DL, we can construct the KPZ
fixed point started from time s as

hpe(t, yls, ) = sup{h(x) + L(x, s; y, 1)}, t>s5, yeR.

xeR

SH is constructed with the zero-temperature counterparts of the mappings of
Sect.2.1. We denote these with the same letters but without the B subscript. For
functions that satisfy Y (0) = B(0) = 0 and limsup,_, ., Y (x) — B(x) = —oo,
define

D(B.Y)(y)=B(y)+ sup {Y(x)—Bx)}— sup {¥Y(x)— B(x)}. (B.I)

—00<x<y —0o<x<0
As in (2.3), iterate the mapping D as follows:
DY(y)=vY, and D' Y% ..., Y =D, D" V2% ..., Y") forn>2.

A mapping D™ : y}? — X,iR is defined as follows: the image n = (n',...,n") =
D™(Z) € A, is defined for Y = (Y', ..., Y") € YR by

' =DOw!, ... Y)forl <i<n.

For A = (A < --- < Ay), we define the measure p’!'>~*» (again without the 8
subscript) as

MX _ vi o (D(n))—l'
Definition B.1 The stationary horizon {G} <R is aprocess with paths in D(R, C(R)).

Its law is characterized as follows: For real numjbersNA = < < M), the k-
tuple (G*1, ..., G*) € C(R)¥ has distribution y* o (TX) !, where T is the mapping
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C(R)F — CR)* defined by

TE(fry s i) = (f12x), ..., fi(2x)).

In this definition, we multiply by a factor of 2 so that the marginal distributions
are Brownian motions with diffusivity +/2. This is the correct parameterization for
invariance under the KPZ fixed point.

LemmaB.2 [[/20], Theorem 1.2; [60], Theorems 3.6(iii), 5.4] Forc > 0andv € R,

_ d
{cGe(utv)(c 2)c) —2vx:x e Rjyer = {Gu(x) : x € R}yer.

Lemma B.3 [/60], Lemma 7.2, and see Appendix D in [59]] ForY = (Yl, oY),
define

—00<Xp—] = =<X|=X

AV (x) = sup {Xn:w’(xi) — Yi_l(xi)}.
i=l1

Then, if A,{ (0) is finite, for n > 2,
DM Y2 Y =y (x) + AV (x) — AY(0).

The following states properties of the Busemann process for the DL from [22]. For
a single direction A, these properties were previously established in [57].

Theorem B.4 [22, Theorems 5.1-5.2] On the probability space (2, F,P) of the
directed landscape L, there exists a process

{B'(p;q) : A €R, O €{—,+}, p,q € R?)

satisfying the following properties. All the properties below hold on a single event of
probability one, simultaneously for all directions ). € R, signs O € {—, +}, and points
p.q € R%, unless otherwise specified.

(i) (Continuity) As an R* — R function, (x,s;y,t) — B2 (x, s: v, t) is continu-
ous.
(i) (Additivity) For all p, q,r € R?, B2 (p; q) + B*2(q; r) = B*O(p; r). In par-
ticular, B*2 (p; q) = —B*2(q; p) and B*2(p; p) = 0.
(iii) (Backwards evolution as the KPZ fixed point) Forall x,y € Rand s < t,

B (x,s;y,t) = sup{L(x,s;2, 1) + B(z, 1; y, 1)} (B.2)
zeR

(iv) (Independence) For each T € R, these processes are independent:

(B (x,s;y, ) : A eR, Oe{— +} x,yeR, s, >T}
and {L(x,s;y,t):x,yeR, s <t <T}.
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(v) (Distribution along a time level) For each t € R, the following equality in distri-
bution holds between random elements of the Skorokhod space D(R, C(R)):

(B (10, D)rer £ {Gr()), p

where G is the stationary horizon.
We also make use of the following symmetry of the directed landscape.

Lemma B.5 [30, Proposition 14.1] The directed landscape satisfies the following
symmetry

{L(x,s;v,t):(s,x,t,y) € R#} 4 {L(y,—t;x,—s):(s,x,1,y) € R?}.
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