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We consider random walk in a space-time random potential, also known
as directed random polymer measures, on the planar square lattice with
nearest-neighbor steps and general i.i.d. weights on the vertices. We con-
struct covariant cocycles and use them to prove new results on existence,
uniqueness/nonuniqueness, and asymptotic directions of semi-infinite poly-
mer measures (solutions to the Dobrushin–Lanford–Ruelle equations). We
also prove nonexistence of covariant or deterministically directed bi-infinite
polymer measures. Along the way, we prove almost sure existence of Buse-
mann function limits in directions where the limiting free energy has some
regularity.

1. Introduction. We study a class of probability measures on nearest-neighbor up-right
random walk paths in the two-dimensional square lattice. The vertices of the lattice are popu-
lated with i.i.d. random variables called weights and the energy of a finite path is given by the
sum of the weights along the path. We assume that these weights are nondegenerate and have
finite 2 + ε moments, but they are otherwise general. The point-to-point quenched polymer
measures are probability measures on admissible paths between two fixed sites in which the
probability of a path is proportional to the exponential of its energy. This model is known as
the directed polymer with bulk disorder and it was introduced in the statistical physics liter-
ature by Huse and Henley [38] in 1985 to model the domain wall in the ferromagnetic Ising
model with random impurities. It has been the subject of intense study over the past three
decades; see the recent surveys [15, 16, 21].

Many of our main results concern semi-infinite polymer measures, which we will also call
semi-infinite DLR solutions or Gibbs measures to help connect our results to the usual lan-
guage of statistical mechanics. Semi-infinite polymer measures are probability measures on
infinite length admissible up-right paths emanating from a fixed site which are consistent
with the point-to-point quenched polymer measures. Some of the natural questions about
such measures include whether all such measures must satisfy a law of large numbers (LLN),
whether measures exist which satisfy a LLN with any given direction, and under what condi-
tions such measures are unique. Ideally, one would like to answer these questions for almost
every realization of the environment simultaneously for all directions.

This is the third paper to consider these questions in 1 + 1 dimensional directed polymer
models; the recent [31] and [8] address similar questions in related models which have more
structure than the models considered here.

[31] studies the model first introduced in [55], which is a special case of the model stud-
ied in this paper where the weights have the log-gamma distribution. The authors use the
solvability of the model (i.e., the possibility of exact computations) to introduce semi-infinite
polymer measures which satisfy a LLN with any fixed direction for that model. As alluded to
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in the fourth paragraph on page 2283 of [31], the authors expected their structures and con-
clusions to generalize. We demonstrate that they do, but in addition to studying more general
models, the present paper considers a much wider class of problems than [31]; hence most of
the results we discuss are new even in this solvable setting.

[8] studies 1 + 1 dimensional directed polymers in continuous space and discrete time,
where the underlying random walk has Gaussian increments. The authors show existence
and uniqueness of semi-infinite polymer measures satisfying the law of large numbers with
a fixed deterministic direction, but the event on which this holds depends on the direction
chosen. While the model considered in [8] is not solvable, a symmetry in the model inherited
from the Gaussian walk leads to a quadratic limiting free energy. This is a critical feature
of the model, since the method used in that project relies in an essential way on having a
curvature bound for the free energy.

Some of our results, specifically ones concerning existence and uniqueness of semi-infinite
polymer measures in deterministic directions, can likely be obtained with the techniques of
[8] if one assumes or proves a curvature condition on the limiting free energy, which we will
denote by �. Proving such a condition is a long-standing open problem. We prefer to avoid a
priori curvature assumptions for two reasons: first, most of our theorems are valid under no
assumptions on � and second, as we will see in Section 4.1, the stochastic process that is our
main tool, the Busemann process, is naturally indexed by elements of the superdifferential
of �, and we believe that understanding the structure of this object without any a priori
regularity assumptions might provide a path to proving differentiability or strict concavity of
�.

We now sketch what we can show about semi-infinite polymers in more detail. Before be-
ginning, we remark that the set of semi-infinite polymer measures is convex and it suffices to
study the extreme points. Although most of our theorems apply without a priori assumptions
on �, they take their nicest form when � is both differentiable and strictly concave. This
is conjectured to be the case in general. In this case, our results say that except for a single
null set of weights all of the following hold. Every extremal measure satisfies a strong LLN
(Corollary 3.6). For every direction in U = {(t,1 − t) : 0 ≤ t ≤ 1}, there is at least one ex-
tremal semi-infinite polymer measure with that asymptotic direction (Corollary 3.3). Except
for possibly a random countable set of directions, this measure is unique (Theorem 3.10(e)).
The directions of nonuniqueness are precisely the directions at which the Busemann process
is discontinuous (Theorem 3.10(e)). This set of directions is either always empty or always
infinite (Theorem 3.10(c)). The connection between the nonuniqueness set and discontinu-
ities of the Busemann process has not previously been observed. Moreover, this is the first
time the countability of this set has been shown in positive temperature.

We do not resolve the question of whether or not the set of nonuniqueness directions
is actually empty almost surely. As mentioned above, this is equivalent to the almost sure
continuity of the process of Busemann functions viewed as a function of the direction. This
latter question can likely be answered for the log-gamma polymer, where it is natural to
expect that the distribution of the Busemann process can be described explicitly using positive
temperature analogues of the ideas in [25]. It is known that this set is not empty in last-passage
percolation (LPP), the zero-temperature version of the polymer model. See Theorem 2.8 and
Lemma 5.2 in [29].

Aside from the problems discussed above, we study a number of natural related questions.
For example, based on analogies to bi-infinite geodesics in percolation, it is natural to expect
that nontrivial bi-infinite polymer measures should not exist. We are able to prove nonex-
istence of shift-covariant bi-infinite polymer measures and of bi-infinite polymer measures
satisfying a LLN with a given fixed direction, but do not otherwise address noncovariant mea-
sures. We further study the competition interface, introduced in [31] as a positive-temperature
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analogue of the object from last-passage percolation [26]. In particular, we prove that the
interface satisfies a LLN and characterize its random direction in terms of the Busemann
process.

Our results can also be interpreted in terms of existence and uniqueness of global stationary
solutions and pull-back attractors of a discrete viscous stochastic Burgers equation. This is
the main focus of our companion paper [42]. See also [7] and the discussion in [8], which
focuses on this viewpoint.

1.1. Related works. In his seminal paper [56], Sinai proved existence and uniqueness of
stationary global solutions to the stochastic viscous Burgers equation with a forcing that is
periodic in space and either also periodic in time or a white noise in time. Later, [32] extended
Sinai’s results to the multidimensional setting using a stochastic control approach and [22]
used PDE methods to prove similar results for both viscous and inviscid Hamilton–Jacobi
equations with periodic spatial dependence. Periodicity was relaxed in [6, 57], where the
random potential was assumed to have a special form (not stationary in space) that ensures
localization of the reference random walk near the origin and makes the situation essentially
compact so the arguments from [56] could be used. A similar multidimensional model is
treated in [6]. See also [3, 24, 33, 39] for zero temperature results using similar methods.

The connection between solving the stochastic viscous Burgers equation and the existence
of Busemann limits in related directed polymer models was observed in [43] where they
treated the case of strong forcing (high viscosity) or, in statistical mechanics terms, weak
disorder (high temperature). See also the Markov chains constructed by Comets–Yoshida
[18], Yilmaz [60], Section 6 in [53] and Example 7.7 in [28]. The model we consider is in
1 + 1 space-time dimensions, which is known to be always in strong disorder [17, 44].

The recent papers [8] and [31], mentioned earlier, are more closely related to this work as
both study strictly positive temperature polymers in a noncompact setting and in the strong
disorder regime.

Currently, there are two major approaches to studying the general structure of infinite
and semi-infinite directed polymers in zero or positive temperature. The first approach was
introduced by Newman and coauthors [36, 37, 45, 49] in the context of first-passage per-
colation (FPP). This approach requires control of the curvature of �. This property is used
to prove straightness estimates for the quenched point-to-point polymer measures. Existence
and uniqueness results then come as consequences, as well as existence of Busemann func-
tions, which are defined through limits of ratios of partition functions. This is the approach
taken by [8]. See also [4, 5, 12–14, 26, 59] for other papers following this approach in zero
temperature.

In this paper, we take the other, more recent, approach in which Busemann functions are
the fundamental object. The use of Busemann functions to study the structure of semi-infinite
geodesics traces back to the seminal work of Hoffman [34, 35] on FPP. Here, we construct
covariant cocycles which are consistent with the weights on an extension of our probability
space and then use a coupling argument and planarity to prove existence and properties of
Busemann functions. The bulk of the work then goes toward using this process of Busemann
functions to prove the results about infinite and semi-infinite polymer measures. This program
was first achieved in zero temperature by [19, 20] in FPP and [29, 30] in LPP. [11] also takes
this approach to construct correctors, which are the counterparts of Busemann functions, in
their study of stochastic homogenization of viscous Hamilton–Jacobi equations.

In [31], the desired cocycles were constructed using the solvability of the model. In the
present paper, we build cocycles using weak subsequential Cesàro limits of ratios of partition
functions, which is a version of the method Damron and Hanson [19] used in their study
of FPP. Our situation requires overcoming some nontrivial technical hurdles not encoun-
tered there which arise due to the path directedness in our model. An alternative approach
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to producing cocycles based on lifting the queueing theoretic arguments of [47] to positive
temperature is also possible. These queueing theoretic results furnished the desired cocycles
in [29, 30]. It is noteworthy that the queuing results rely on a specific choice of admissible
path increments, while the weak convergence idea seems to work more generally.

1.2. Organization. Our paper is structured as follows. We start with some notation in
Section 2.1 then introduce the model in Section 2.2. Section 2.4 introduces semi-infinite and
bi-infinite polymer measures (DLR solutions). Our main results are stated in Section 3. In
Section 4, we address existence of covariant cocycles and Busemann functions. Using these
cocycles, we prove (more general versions of) our main results on semi-infinite DLR so-
lutions in Section 5. In Section 6, we use these results to show nonexistence of covariant
or deterministically directed bi-infinite DLR solutions. A number of technical results are de-
ferred to Appendices A and B, and some technical results are stated without proof. The reader
is referred to our preprint [40] for the relatively easy proofs of such results. One such result
on almost sure coalescence of coupled random walks in a common random environment,
Theorem A.2, may be of independent interest to some readers.

2. Setting. We begin by introducing some notation.

2.1. Notation. Throughout the paper, (�,F,P) is a Polish probability space equipped
with a group of F -measurable P-preserving transformations Tx : � → �, x ∈ Z

2, such that
T0 is the identity map and TxTy = Tx+y for all x, y ∈ Z

2. E is expectation relative to P. A
generic point in this space will be denoted by ω ∈ �. We assume that there exists a family
{ωx(ω) : x ∈ Z

2} of real-valued random variables called weights such that

(2.1) {ωx} are i.i.d. under P, ∃p > 2: E
[|ω0|p]< ∞ and Var(ω0) > 0.

We assume further that ωy(Txω) = ωx+y(ω) for all x, y ∈ Z
2. An example is the canonical

setting of a product space � = R
Z

2
equipped with the product topology, product Borel σ -

algebra S, the product measure P
⊗Z

2

0 with P0 a probability measure on R, the natural shift
maps, and with ωx denoting the natural coordinate projection.

We study probability measures on paths with increments R = {e1, e2}, the standard basis
of R2. Let U denote the convex hull of R with riU its relative interior. Write ê = e1 + e2. For
m ∈ Z, denote by Vm = {x ∈ Z

2 : x · ê = m}. We denote sequences of sites by xm,n = (xi :
m ≤ i ≤ n) where −∞ ≤ m ≤ n ≤ ∞. We require throughout that xi ∈ Vi .

For x ∈ Vm and y ∈ Vn with m ≤ n, the collection of admissible paths from x to y is
denoted X

y
x = {xm,n : xm = x, xn = y, xi − xi−1 ∈ R}. This set is empty unless x ≤ y. (x ≤

y is understood coordinatewise.) The collection of admissible paths from x to level n is
denoted X

(n)
x = {xm,n : xm = x, xi − xi−1 ∈ R}. The collection of semi-infinite paths rooted

(or starting) at x is denoted by Xx = {xm,∞ : xm = x, xi − xi−1 ∈ R} and the collection of
bi-infinite paths is X = {x−∞,∞ : xi − xi−1 ∈ R}. The spaces Xy

x , X(n)
x , and Xx are compact

and, therefore, separable. The space X can be viewed naturally as V0 × {e1, e2}Z which is
separable but not compact. We equip these spaces with the associated Borel σ -algebras X x,y ,
X x,(n), X x and X . Given a subset of indices A, we denote by X x,y

A , X x,(n)
A , X x

A and XA the
associated sub σ -algebra generated by the coordinate projections {xi : i ∈ A}.

The space of probability measures on a metric measure space (�,B), equipped with the
topology of weak convergence, is denoted M1(�,B). Expectation with respect to a measure
μ is denoted Eμ. For u, v ∈ R

2, we use the notation [u, v] = {su + (1 − s)v : s ∈ [0,1]} and
]u, v[= {su + (1 − s)v : s ∈ (0,1)}. The set of extreme points of a convex set C is denoted
by extC.
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2.2. Finite polymer measures. For an inverse temperature β ∈ (0,∞), x ∈ Vm, and y ∈
Vn, with m,n ∈ Z, and x ≤ y, the quenched point-to-point partition function and free energy
are

Zβ
x,y = ∑

xm,n∈Xy
x

eβ
∑n−1

i=m ωxi and Fβ
x,y = 1

β
logZβ

x,y.

We take the convention that Z
β
x,x = 1 and F

β
x,x = 0 while Z

β
x,y = 0 and F

β
x,y = −∞ whenever

we do not have x ≤ y. Similarly, we define the last passage time to be the zero temperature
(β = ∞) free energy:

Gx,y = F∞
x,y = max

xm,n∈Xy
x

{
n−1∑
i=m

ωxi

}
.

The quenched point-to-point polymer measure is the probability measure on (X
y
x,X x,y)

given by

Qω,β
x,y (A) = 1

Z
β
x,y

∑
xm,n∈A

eβ
∑n−1

i=m ωxi

for a subset A ⊂X
y
x , with the convention that an empty sum is 0.

For a tilt (or external field) h ∈ R
2, n ∈ Z and x ∈ Vm with m ≤ n, the quenched tilted

point-to-line partition function and free energy are

Z
β,h
x,(n) = ∑

xm,n∈X(n)
x

eβ
∑n−1

i=m ωxi
+βh·(xn−xm) and F

β,h
x,(n) = 1

β
logZ

β,h
x,(n).

We take the convention that Z
β,h
x,(m) = 1 and F

β,h
x,(m) = 0 while Z

β,h
x,(n) = 0 and F

β,h
x,(n) = −∞ if

n < m. Again, we define the point-to-line last passage time to be the zero temperature free
energy:

Gh
x,(n) = F

∞,h
x,(n) = max

xm,n∈X(n)
x

{
n−1∑
i=m

ωxi
+ h · (xn − xm)

}
.

The quenched tilted point-to-line polymer measure is

Q
ω,β,h
x,(n) (A) = 1

Z
β,h
x,(n)

∑
xm,n∈A

eβ
∑n−1

i=m ωxi
+βh·(xn−xm) for A ⊂X

(n)
x .

We will denote by E
ω,β
x,y the expectation with respect to Q

ω,β
x,y and similarly E

ω,β,h
x,(n) will denote

the expectation with respect to Q
ω,β,h
x,(n) . The random variable given by the natural coordinate

projection to level i is denoted by Xi . We will frequently abbreviate the event {Xm,n = xm,n}
by {xm,n}.

2.3. Limiting free energy. For β ∈ (0,∞], there are deterministic functions �β : R2+ →
R and �

β
pl : R2 →R such that P-a.s. for all 0 < C < ∞,

(2.2) lim
n→∞ max

x∈Z+|x|1≤Cn

|Fβ
0,x − �β(x)|

n
= lim

n→∞ sup
|h|1≤C

|Fβ,h
0,(n) − �

β
pl(h)|

n
= 0.

These are called shape theorems. The first limit comes from the point-to-point free energy
limit (2.3) in [53] and the now standard argument in [48]. The second equality comes from

the point-to-line free energy limit (2.4) in [53] and |Fβ,h
0,(n) − F

β,h′
0,(n)| ≤ |h − h′|1.
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�β is concave, 1-homogenous, and continuous on R
2+. �

β
pl is convex and Lipschitz on R

2.
Lattice symmetry and i.i.d. weights imply that

�β(ξ1e1 + ξ2e2) = �β(ξ2e1 + ξ1e2).

By (4.3)–(4.4) in [28] �β and �
β
pl are related via the duality

(2.3) �
β
pl(h) = sup

ξ∈U
{
�β(ξ) + h · ξ} and �β(ξ) = inf

h∈R2

{
�

β
pl(h) − h · ξ}.

h ∈ R
2 and ξ ∈ riU are said to be in duality if

�
β
pl(h) = h · ξ + �β(ξ).

We denote the set of directions dual to h by Uβ
h ⊂ riU . In the arguments that follow, the

superdifferential of �β at ξ ∈ R
2+,

(2.4) ∂�β(ξ) = {
v ∈ R

2 : v · (ξ − ζ ) ≤ �β(ξ) − �β(ζ ) ∀ζ ∈ R
2+
}
,

will play a key role. We also introduce notation for the image of U under the superdifferential
map via

∂�β(U) = {
v ∈ R

2 : ∃ξ ∈ riU : v ∈ ∂�β(ξ)
}
.

The following lemma gives a useful characterization of ∂�β(U). The proof is a straightfor-
ward exercise in convex analysis and is included in [40].

LEMMA 2.1. For h ∈ R
2, −h ∈ ∂�β(U) if and only if �

β
pl(h) = 0. Moreover, if −h ∈

∂�β(ξ) for ξ ∈ riU , then ξ · h + �β(ξ) = 0.

Concavity implies the existence of one-sided derivatives:

∇�β(ξ±) · e1 = lim
ε↘0

�β(ξ ± εe1) − �β(ξ)

±ε
and

∇�β(ξ±) · e2 = lim
ε↘0

�β(ξ ∓ εe2) − �β(ξ)

∓ε
.

These are the two extreme points of the convex set ∂�β(ξ). The collection of directions of
differentiability of �β will be denoted by

Dβ = {
ξ ∈ riU : �β is differentiable at ξ

}
.

[54], Theorem 25.2, shows that ξ ∈ Dβ is the same as ∇�β(ξ+) = ∇�β(ξ−).
Abusing notation, for ξ ∈ riU define the maximal linear segments

Uβ
ξ± = {

ζ ∈ riU : �β(ζ ) − �β(ξ) = ∇�β(ξ±) · (ζ − ξ)
}= Uβ

−∇�β(ξ±)
.

Although we abuse notation, it should be clear from context whether we are referring to sets
indexed by directions or tilts.

We say �β is strictly concave at ξ ∈ riU if Uβ
ξ− = Uβ

ξ+ = {ξ}. The usual notion of strict
concavity on an open subinterval of U is the same as having our strict concavity at ξ for all ξ

in the interval. Let

Uβ
ξ = Uβ

ξ− ∪ Uβ
ξ+ = [

ξβ, ξ
β]

with ξβ · e1 ≤ ξ
β · e1.

Lemma B.1 justifies setting Uβ
ei = {ei} for i ∈ {1,2}, since it implies that the free energy is

not locally linear near the boundary.
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If ξ ∈ Dβ , then Uβ
ξ− = Uβ

ξ+ = Uβ
ξ while if ξ /∈ Dβ then Uβ

ξ− ∩ Uβ
ξ+ = {ξ}. For h ∈ R

2,

the set Uβ
h is either a singleton {ξ} or equals Uβ

ξ− or Uβ
ξ+, for some ξ ∈ riU dual to h. In

particular, it is a closed nonempty interval.
With the exception of Section 4.1, our results are for a fixed β < ∞. Therefore, in the rest

of the paper, except in Section 4.1, we will assume without loss of generality that β = 1 and
will omit the β from our notation.

2.4. Infinite polymer measures and DLR solutions.

DEFINITION 2.2. Given ω ∈ � and x ∈ Vm, m ∈ Z, a probability measure � on
(Xx,X x) is a semi-infinite quenched polymer measure in environment ω rooted at xm = x

if for all n ≥ m and all up-right paths xm,n ∈ X
(n)
x :

(2.5) �(Xm,n = xm,n) = �(Xn = xn)Qω
xm,xn

(Xm,n = xm,n).

DEFINITION 2.3. Given ω ∈ �, a probability measure � ∈ M1(X,X ) is said to be a bi-
infinite quenched polymer measure in environment ω if for all n ≥ m and any up-right path
xm,n the following holds:

(2.6) �(Xm,n = xm,n) = �(Xm = xm,Xn = xn)Qω
xm,xn

(Xm,n = xm,n).

Equations (2.5) and (2.6) are the positive-temperature analogues of the definitions of semi-
infinite and bi-infinite geodesics in percolation.

Sections 2.4 and 2.5 in our preprint [40] explain how these definitions fit into the standard
formalism of Gibbs measures and how semi-infinite and bi-infinite polymer measures are
precisely the semi-infinite-volume and infinite-volume solutions to the familiar Dobrushin–
Lanford–Ruelle (DLR) equations. Hence, we write DLRω

x to denote the set of semi-infinite
quenched polymer measures in environment ω rooted at x and we denote the set of bi-infinite
quenched polymer measures in environment ω by

←−→
DLRω.

Equations (2.5) show that DLRω
x is a closed convex subset of the compact space

M1(Xx,Xx), which we view as a subspace of the complex Radon measures on Xx . By
Choquet’s theorem [51], Section 3, each element in DLRω

x is a convex integral mixture of
extremal elements of DLRω

x .
Naturally, conditioning bi-infinite DLR solutions on passing through a point produces

rooted DLR solutions. See [40], Lemma 2.9, for a proof.

LEMMA 2.4. Fix ω ∈ � and � ∈ ←−→
DLRω. Fix x ∈ Vm, m ∈ Z, such that �(Xm = x) > 0.

Let �x be the probability measure on (Xx,X x) defined by

(2.7) �x(Xm,n = xm,n) = �(Xm,n = xm,n | Xm = x),

for any up-right path xm,n with xm = x. Then �x ∈ DLRω
x .

We also study consistent and covariant families of DLR solutions, in the sense of the
following two definitions.

DEFINITION 2.5. Given ω ∈ �, we say {�x : x ∈ Z
2} is a family of consistent rooted

(or semi-infinite) DLR solutions (in environment ω) if for all x ∈ Z
2, �x ∈ DLRω

x and the
following holds: For each y ∈ Vm, m ∈ Z, x ≤ y, n ≥ m and for each up-right path xm,n with
xm = y,

�x(Xm,n = xm,n | Xm = y) = �y(Xm,n = xm,n).

We will denote the set of such families by
−−→
DLRω.
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Define the shift θz acting on up-right paths by θzxm,n = z + xm,n.

DEFINITION 2.6. A family {�ω
x : x ∈ Z

2,ω ∈ �} is said to be a T -covariant family of
consistent rooted (or semi-infinite) DLR solutions if for each x ∈ Z

2, ω �→ �ω
x is measurable,

there exists a full-measure T -invariant event �′ ⊂ � such that for each ω ∈ �′, {�ω
x : x ∈ Z

2}
is consistent in environment ω, and for all z ∈ Z

2, �
Tzω
x−z ◦ θ−z = �ω

x .

3. Main results.

3.1. Semi-infinite polymer measures. We begin with a definition of directedness. For A ⊂
R

2 and ξ ∈R
2, let dist(ξ,A) = infζ∈A |ξ − ζ |1.

DEFINITION 3.1. For a set A ⊂ U , a sequence xn ∈ Z
2 is said to be A-directed if |xn|1 →

∞ and the set of limit points of xn/|xn|1 is included in A. We say that � is strongly A-directed
if

�
{
(Xn) is A-directed

}= 1.

We say that � is weakly A-directed if for any ε > 0,

lim
n→∞�

{
dist(Xn/n,A) > ε

}= 0.

A family of probability measures is said to be weakly/strongly A-directed if each member of
the family is. Sometimes we say directed into A instead of A-directed, almost surely directed
instead of strongly directed and directed in probability instead of weakly directed.

When A = {ξ} is a singleton, weak directedness into A means � satisfies the weak law
of large numbers (WLLN) while strong directedness means the strong law of large num-
bers (SLLN) holds, with asymptotic direction ξ in either case. We then say that � satisfies
WLLNξ and SLLNξ , respectively.

First, we address the existence of directed DLR solutions. Recall at this point that we set
β = 1 throughout this section.

THEOREM 3.2. There exists an event �exist such that P(�exist) = 1 and for every ω ∈
�exist and every ξ ∈ U there exists a consistent family in

−−→
DLRω that is strongly Uξ−-directed

and a consistent family in
−−→
DLRω that is strongly Uξ+-directed. If ξ /∈ D then for each x ∈ Z

2

the members rooted at x, from each family, are different.

The following is an immediate corollary.

COROLLARY 3.3. For any ω ∈ �exist and for any ξ ∈ riU at which � is strictly concave,
there exists at least one consistent family in

−−→
DLRω satisfying SLLNξ . If, furthermore, ξ /∈ D,

then there exist at least two such families.

For x ∈ Vm, m ∈ Z, two trivial (and degenerate) elements of DLRω
x are given by �

ei
x =

δxm,∞ with xk = x + (k − m)ei , k ≥ m, i ∈ {1,2}. These two solutions are clearly extreme in
DLRω

x .
We say that �x ∈ DLRω

x is nondegenerate if it satisfies

(3.1) �x(xm,n) > 0 for all admissible finite paths with xm = x.

The next lemma states that outside one null set of weights ω, convex combinations of �
ei
x

are the only degenerate DLR solutions.
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LEMMA 3.4. There exists an event �nondeg such that P(�nondeg) = 1 and for all ω ∈
�nondeg and x ∈ Z

2, any solution �x ∈ DLRω
x that is not a convex combination of �

ei
x ,

i ∈ {1,2}, is nondegenerate.

The next result is on directedness of DLR solutions.

THEOREM 3.5. There exists an event �dir such P(�dir) = 1 and for all ω ∈ �dir, all
x ∈ Z

2 and any extreme nondegenerate solution �x ∈ DLRω
x there exists a ξ ∈ riU such that

one of the following three holds:

(a) �x satisfies WLLNξ and is strongly Uξ -directed or strongly Uξ -directed,
(b) �x is strongly Uξ -directed, or
(c) ξ ∈ D and �x is weakly Uξ -directed and strongly directed into Uξ ∪ Uξ .

If ω ∈ �nondeg, then Lemma 3.4 says the only extreme degenerate solutions of the DLR
equations are �

ei
x , i ∈ {1,2}, which are {ei}-directed. Theorem 3.5 shows that if ω ∈ �dir,

then there are no nondegenerate extreme DLR solutions directed weakly into {e1} or {e2}.
Note that when � is differentiable on riU we have Uξ = Uξ± = Uξ = Uξ for all ξ ∈ U .

When � is strictly concave at a point ξ we have Uξ = Uξ± = Uξ = Uξ = {ξ}. Thus, the
following is an immediate corollary.

COROLLARY 3.6. The following hold:

(a) Assume � is differentiable on riU . For any ω ∈ �dir, for all x ∈ Z
2, any extreme

solution in DLRω
x is strongly Uξ -directed for some ξ ∈ U .

(b) Assume � is strictly concave on riU . Then for any ω ∈ �dir, for all x ∈ Z
2, any extreme

solution in DLRω
x satisfies SLLNξ for some ξ ∈ U .

We next show existence and uniqueness of DLR solutions.

THEOREM 3.7. Fix ξ ∈ D such that ξ, ξ ∈ D. There exists a T -invariant event �[ξ,ξ ] ⊂
� such that P(�[ξ,ξ ]) = 1 and for every ω ∈ �[ξ,ξ ] and x ∈ Z

2, there exists a unique

weakly Uξ -directed solution �
ξ,ω
x ∈ DLRω

x . This �
ξ,ω
x is strongly Uξ -directed and for any

Uξ -directed sequence (xn) the sequence of quenched point-to-point polymer measures Qω
x,xn

converges weakly to �
ξ,ω
x . The family {�ξ,ω

x : x ∈ Z
2,ω ∈ �} is consistent.

Our next result shows existence of Busemann functions in directions ξ with ξ, ξ, ξ ∈ D or,
equivalently, ∂�(ζ ) = {h} for some h and all ζ ∈ Uξ .

THEOREM 3.8. Fix ξ ∈ D such that ξ, ξ ∈ D and let {h} = ∂�(ξ). There exists a T -
invariant event �′

[ξ,ξ ] with P(�′
[ξ,ξ ]) = 1 such that for all ω ∈ �′

[ξ,ξ ], x, y ∈ Z
2, and all

Uξ -directed sequences xn ∈ Vn, the following limits exist and are equal:

Bξ(x, y,ω) = lim
n→∞(logZx,xn − logZy,xn)(3.2)

= lim
n→∞

(
logZh

x,(n) − logZh
y,(n)

)− h · (y − x).(3.3)

Additionally, if ζ ∈ D is such that ζ , ζ ∈ D and ξ · e1 < ζ · e1, then for ω ∈ �′
[ξ,ξ ] ∩ �′

[ζ ,ζ ]
and x ∈ Z

2, we have

(3.4)
Bξ(x, x + e1,ω) ≥ Bζ (x, x + e1,ω) and

Bξ(x, x + e2,ω) ≤ Bζ (x, x + e2,ω).
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As a consequence of the above theorem, the unique DLR measures from Theorem 3.7 have
a concrete structure, as the next corollary shows.

COROLLARY 3.9. Fix ξ ∈ D such that ξ, ξ ∈ D and ω ∈ �[ξ,ξ ] ∩ �′
[ξ,ξ ]. Then �

ξ,ω
x is a

Markov chain starting at x, with transition probabilities π
ξ,ω
y,y+ei

= eωy−Bξ (y,y+ei ,ω), y ∈ Z
2,

i ∈ {1,2}. The family {�ξ,ω
x : x ∈ Z

2,ω ∈ �[ξ,ξ ] ∩ �′
[ξ,ξ ]} is T -covariant.

In contrast to Theorem 3.7, Theorem 3.2 demonstrated nonuniqueness at points of nondif-
ferentiability of �. It is conjectured that D = riU ; if true, then Theorem 3.7 would cover all
directions in riU and there would not exist directions to which the nonuniqueness claim in
Theorem 3.2 would apply. The event on which Theorem 3.7 holds, however, depends on the
direction chosen. It leaves open the possibility of random directions of nonuniqueness. Our
next result says that under a mild regularity assumption, with the exception of one null set of
environments, uniqueness holds for all but countably many points in U . The assumption we
need for this is:

(3.5)
� is strictly concave at all ξ /∈ D, or equivalently

� is differentiable at the endpoints of its linear segments.

The above condition is also equivalent to the existence of a countable dense set D0 ⊂ D
such that for each ζ ∈D0 we also have ζ , ζ ∈ D.

Assume (3.5) and fix such a set D0. Using monotonicity (3.4) we define processes
Bξ±(x, x + ei,ω) for ξ ∈ riU and ω ∈ �1 =⋂

ξ∈D0
�′

[ξ,ξ ]:

(3.6)

Bξ+(x, x + ei) = lim
ζ ·e1↘ξ ·e1

ζ∈D0

Bζ (x, x + ei) and

Bξ−(x, x + ei) = lim
ζ ·e1↗ξ ·e1

ζ∈D0

Bζ (x, x + ei).

For ω ∈ �1, let

(3.7) Uω
x = {

ξ ∈ riU : ∃y ≥ x : Bξ−(y, y + e1,ω) �= Bξ+(y, y + e1,ω)
}
.

For ω /∈ �1, set Uω
x = ∅. Note that for any ω ∈ �, Uω

x is countable.
The following theorem can be viewed as our main result. Its primary content is contained

in part III, which shows that the discontinuity set of the Busemann processes ahead of x

defined in (3.7) is exactly the set of directions for which uniqueness of DLR solutions rooted
at x fails. This connection has not been observed before in the positive or zero temperature
literature. As a consequence, we obtain that the set of directions for which uniqueness may
fail is countable, which is new in positive temperature. As noted in the Introduction, this
connection also provides an avenue for answering the question of whether or not on a single
event of full measure uniqueness holds simultaneously in all directions.

THEOREM 3.10. Assume (3.5). There exists a measurable set �uniq with P(�uniq) = 1
such that the following hold for all x ∈ Z

2.

I. Structure of Uω
x :

(a) For any ω ∈ �uniq, (riU) \D ⊂ Uω
x . For each ξ ∈ D, P{ξ ∈ Uω

x } = 0.
(b) For any ω ∈ �uniq, Uω

x is supported outside the linear segments of �: For any ξ ∈ riU
with ξ �= ξ , [ξ, ξ ] ∩ Uω

x = ∅.
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(c) For any distinct η, ζ ∈ U , P([η, ζ ] ∩ Uω
0 �= ∅) ∈ {0,1}. If [η, ζ ] ∩ riU ⊂ D and

P{[η, ζ ] ∩ Uω
x �= ∅} = 1, then the set of ξ ∈ [η, ζ ] satisfying P{ξ is an accumulation point of

Uω
0 } = 1 is infinite and has no isolated points.

II. Directedness of DLR solutions:

(d) For any ω ∈ �uniq, every nondegenerate extreme solution is strongly Uξ -directed for
some ξ ∈ riU . The only degenerate extreme solutions are �

ei
x , i ∈ {1,2}.

III. Uω
x and the uniqueness of DLR solutions:

(e) For any ω ∈ �uniq and ξ ∈ U \ Uω
x , there exists a unique strongly Uξ -directed solu-

tion �
ξ,ω
x ∈ DLRω

x . Moreover, �
ξ,ω
x is an extreme point of DLRω

x and for any Uξ -directed

sequence (xn) the sequence Qω
x,xn

converges weakly to �
ξ,ω
x . The family {�ξ,ω

x : x ∈ Z
2} is

consistent.
(f) For any ω ∈ �uniq and ξ ∈ Uω

x , there exist at least two extreme strongly Uξ -directed
solutions in DLRω

x .

When � is strictly concave, that is, Uξ = {ξ} for all ξ ∈ U , the above theorem states that
outside one null set of weights ω, and except for an ω-dependent set of directions (countable
and possibly empty), there is a unique DLR solution in environment ω satisfying WLLNξ

(and in fact SLLNξ ).

3.2. The competition interface. An easy computation checks the following.

LEMMA 3.11. For x ≤ y, the quenched polymer measure Qω
x,y is the same as the dis-

tribution of the backward Markov chain starting at y and taking steps in {−e1,−e2} with
transition probabilities

�π x
u,u−ei

(ω) = eωu−ei Zx,u−ei

Zx,u

, u ≥ x.

Couple the backward Markov chains {Qω
x,y : y ≥ x} by a quenched probability measure

Qω
x on the space Tx of trees that span x + Z

2+. Precisely, for each y ∈ x + Z
2+ \ {0} choose

a parent γ (y) = y − ei with probability �π x
y,y−ei

(ω), i ∈ {1,2}. We denote the random tree
by T ω

x ∈ Tx . For any y ≥ x, there is a unique up-right path from x to y on T ω
x . Lemma 3.11

implies that the distribution of this path under Qω
x is exactly the polymer measure Qω

x,y .
Fix the starting point to be x = 0. Consider the two (random) subtrees T ω

0,ei
of T ω

0 , rooted
at ei , i ∈ {1,2}. Following [31], define the path φω

n such that φω
0 = 0 and for each n ∈ N and

i ∈ {1,2}, φω
n − φω

n−1 ∈ {e1, e2} and {φω
n + kei : k ∈ N} ⊂ T ω

0,ei
. The path {(1/2,1/2) + φω

n :
n ∈ Z+} threads in between the two trees T ω

0,ei
, i ∈ {1,2}, and is hence called the competition

interface. See Figure 1.
By Lemma 2.2 in [31], there exists a unique such path and its distribution under Qω

0 is that
of a Markov chain that starts at 0 and has transitions

πcif
y,y+ei

= e−ωy+ei /Z0,y+ei

e−ωy+e1 /Z0,y+e1 + e−ωy+e2 /Z0,y+e2

.

The partition functions Z0,y in [31] include the weight ωy and exclude ω0, while we do the
opposite. This is the reason for which our formula for πcif is not as clean as the one in [31].

The above says that φω
n is in fact a random walk in random environment, but with highly

correlated transition probabilities. Our next result concerns the law of large numbers.
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FIG. 1. The competition interface shifted by (1/2,1/2) (solid line) separating the subtrees T ω
0,e1

and T ω
0,e2

.

THEOREM 3.12. Assume (3.5). There exists a measurable ξ∗ : � × T0 → riU and an
event �cif such that P(�cif) = 1 and for every ω ∈ �cif:

(a) The competition interface has a strong law of large numbers:

Qω
0
{
φω

n /n → ξ∗
}= 1.

(b) ξ∗ has cumulative distribution function

(3.8) Qω
0 {ξ∗ · e1 ≤ ξ · e1} = eω0−Bξ+(0,e1,ω) for ξ ∈ riU .

Thus, Qω
0 (ξ∗ = ξ) > 0 if and only if Bξ−(0, e1,ω) �= Bξ+(0, e1,ω).

(c) If � is linear on ]η, ζ [, then Qω
0 (η · e1 < ξ∗ · e1 < ζ · e1) = 0.

(d) For any ξ ∈ riU , EQω
0 (ξ∗ = ξ) > 0 if and only if ξ ∈ (riU) \D.

Part (d) in the above theorem says that if � is differentiable at all points then the distribu-
tion of ξ∗ induced by the averaged measure Qω

0 (dT ω
0 )P(dω) is continuous. Even in this case,

part (b) leaves open the possibility that for a fixed ω the distribution of ξ∗ under the quenched
measure Qω

0 has atoms.

3.3. Bi-infinite polymer measures. Theorem 3.7 and a variant of the Burton–Keane lack
of space argument [10] allow us to prove that deterministically Uξ -directed bi-infinite Gibbs
measures do not exist if Uξ ⊂D.

THEOREM 3.13. Suppose that ξ, ξ, ξ ∈ D. Then there exists an event �bi,[ξ,ξ ] with
P(�bi,[ξ,ξ ]) = 1 such that for all ω ∈ �bi,[ξ,ξ ] there is no weakly Uξ -directed measure

� ∈ ←−→
DLRω.

We now turn to nonexistence of covariant bi-infinite Gibbs measures. A similar question
has been studied for spin systems including the random field Ising model; see [1, 2, 50, 58].

DEFINITION 3.14. A T -covariant bi-infinite Gibbs measure or metastate is a M1(X,

X )-valued random variable �ω satisfying the following:

(a) The map � → M1(X,X ) : ω �→ �ω is measurable.
(b) P(�ω ∈ ←−→

DLRω) = 1.
(c) For each z ∈ Z

2, P(�Tzω ◦ θ−z = �ω) = 1.

A quick proof checks that not only do metastates not exist, but in fact there are no shift-
covariant measures on X. This can be compared to the corresponding result showing nonex-
istence of metastates for the random field Ising model, proven in [58], where the mechanism
is different.
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LEMMA 3.15. There does not exist a random variable satisfying Definition 3.14(a) and
Definition 3.14(c).

4. Shift-covariant cocycles. We now introduce our main tools, cocycles and correctors,
and address their existence and regularity properties.

DEFINITION 4.1. A shift-covariant cocycle is a Borel-measurable function B : Z2 ×
Z

2 × � →R which satisfies the following for all x, y, z ∈ Z
2:

(a) (Shift-covariance) P{B(x + z, y + z,ω) = B(x, y,Tzω)} = 1.
(b) (Cocycle property) P{B(x, y) + B(y, z) = B(x, z)} = 1.

REMARK 4.2. We will also use the term cocycle to denote a function satisfying Defini-
tion 4.1(b) only when x, y, z ≥ u for some u ∈ Z

2.

As has already been done in the above definition, we will typically suppress the ω

from the arguments unless it adds clarity. A shift-covariant cocycle is said to be Lp(P) if
E[|B(0, ei)|p] < ∞ for i ∈ {1,2}.

We are interested in cocycles that are consistent with the weights ωx(ω) in the following
sense.

DEFINITION 4.3. For β ∈ (0,∞], a shift-covariant cocycle B satisfies β-recovery if for
all x ∈ Z

2 and P-almost every ω:

(4.1)
e−βB(x,x+e1,ω) + e−βB(x,x+e2,ω) = e−βωx(ω) if 0 < β < ∞,

min
{
B(x, x + e1,ω),B(x, x + e2,ω)

}= ωx(ω) if β = ∞.

Such cocycles are called correctors.

For a shift-covariant L1(P) cocycle, define the random vector h(B) ∈R
2 via

h(B) · ei = −E
[
B(0, ei) | I],

where I is the σ -algebra generated by T -invariant events.
The next result is a special case of an extension of Theorem A.3 of [31] to the stationary

setting. The proof of the extension is identical once one alters the definitions appropriately
and can be found in the preprint [40]. Alternatively, one could pass through the ergodic de-
composition theorem.

THEOREM 4.4. Fix β ∈ (0,∞]. Suppose B is a shift-covariant L1(P) β-recovering co-
cycle. Then

(4.2) lim
n→∞ max

x∈nU∩Z2+

|B(0, x) + h(B) · x|
n

= 0 P-almost surely.

The next lemma shows that β-recovering covariant cocycles are naturally indexed by el-
ements of the superdifferential ∂�β(U). This explains why we only consider cocycles with
mean vectors lying in the superdifferential when we construct recovering cocycles in the next
subsection. A similar observation in FPP appears in [19], Theorem 4.6.

LEMMA 4.5. Assume the setting of Theorem 4.4. The following hold:

(a) −h(B) ∈ ∂�β(U) almost surely.
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(b) If −E[h(B)] ∈ ∂�β(ξ) for ξ ∈ U then −h(B) ∈ ∂�β(ξ) almost surely.
(c) If −E[h(B)] ∈ ext ∂�β(ξ) for some ξ ∈ U then h(B) = E[h(B)] P-a.s.

PROOF. Iterating the recovery property shows that almost surely

1 = ∑
x∈nU∩Z2+

Z
β
0,xe

−βB(0,x) if β < ∞ and

0 = max
x∈nU∩Z2+

{
G0,x − B(0, x)

}
if β = ∞.

Take logs, divide by nβ if β < ∞ and n if β = ∞ then send n → ∞ to get

0 = max
ξ∈U

{
�β(ξ) + h(B) · ξ}= �

β
pl

(
h(B)

)
P-almost surely.

The first equality comes by an application of (2.2) and Theorem 4.4 and a fairly standard
argument (e.g., the proof of Lemma 2.9 in [53]). The second equality is (2.3). By Lemma 2.1,
the above implies −h(B) ∈ ∂�β(U).

Since �
β
pl(h(B)) = 0, we have almost surely ξ · h(B) + �β(ξ) ≤ 0 for any ξ ∈ U . If now

ξ is such that −E[h(B)] ∈ ∂�β(ξ), then again by Lemma 2.1 ξ · E[h(B)] + �β(ξ) = 0
and, therefore, we must have ξ · h(B) + �β(ξ) = 0 almost surely. Again, we deduce that
−h(B) ∈ ∂�β(ξ) almost surely.

If in addition we know that −E[h(B)] ∈ ext ∂�β(ξ), then we must have h(B) = E[h(B)]
almost surely by definition of an extreme point. �

Before discussing existence of shift-covariant cocycles, we mention a few more basic prop-
erties of the superdifferential ∂�β(U). The proofs are easy exercises in convex analysis and
are included in the preprint [40].

LEMMA 4.6. The superdifferential map has the following properties:

(a) Let ξ, ξ ′ ∈ riU , h ∈ −∂�β(ξ), and h′ ∈ −∂�β(ξ ′). If for some i ∈ {1,2}, h ·ei < h′ ·ei ,
then h · e3−i > h′ · e3−i . Consequently, if h · ei = h′ · ei then h = h′. If for some i ∈ {1,2},
ξ · ei < ξ ′ · ei , then h · ei ≤ h′ · ei .

(b) ∂�β(U) is closed in R
2; if ξn → ξ ∈ riU and hn → h with −hn ∈ ∂�β(ξn), then

−h ∈ ∂�β(ξ). If h ∈ −∂�β(U) and ε > 0, there exist h′, h′′ ∈ −∂�β(U) with h · e1 − ε <

h′ · e1 < h · e1 < h′′ · e1 < h · e1 + ε.
(c) For each ξ ∈ riU , ∂�β(ξ) = [∇�β(ξ+),∇�β(ξ−)]. This line segment is nontrivial

for countably many ξ ∈ riU .

4.1. Existence and regularity of shift-covariant correctors. Fix any probability space
(�,F,P) as in Section 2.1. Let B0 be the union of {∞} and a dense countable subset
of (0,∞). For β ∈ (0,∞] recall the limiting free energy �β from Section 2.3 and let
Hβ = −∂�β(U). Let Hβ

0 be a countable dense subset of Hβ . Let B0 × H•
0 = {(β,h) : β ∈

B0, h ∈ Hβ
0 } and define B0 × H• similarly. Let �̂ = � × R

Z
2×{1,2}×(B0×H•

0) be equipped
with the product topology and product Borel σ -algebra, Ĝ. This space satisfies the condi-
tions in Section 2.1 if � does. Let T̂ = {T̂z : z ∈ Z

2} be the Ĝ-measurable group of transfor-
mations that map (ω, {tx,i,β,h : (x, i, β,h) ∈ Z

2 × {1,2} × (B0 × H•
0)}) to (Tzω, {tx+z,i,β,h :

(x, i, β,h) ∈ Z
2 ×{1,2}×(B0 ×H•

0)}). Denote by π� the projection map to the � coordinate.
We will write ω for π�(ω̂) and the usual ωx for ωx(ω).

The next theorem furnishes the covariant, recovering cocycles used in [29, 30] without the
condition P(ω0 ≥ c) = 1 which was inherited from queueing theory; see [30], (2.1). In [30],
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the authors also prove ergodicity of these cocycles. As one can see from the proofs in this
paper, ergodicity can be replaced by stationarity without losing the conclusions of [30]. We
do not need ergodicity in the present project and so do not prove it here. These questions are
addressed in our companion paper [41].

Our construction of cocycles follows ideas from [19]. However, there is a novel technical
difficulty stemming from the directedness of the paths, boiling down to a lack of uniform
integrability of pre-limit Busemann functions. Essentially the same issue is resolved in the
zero temperature queueing literature by an argument which relies on Prabhakar’s [52] rather
involved result showing that ergodic fixed points of the corresponding ·/G/1/∞ queue are
attractive. Instead, we handle this problem by appealing to the variational formulas for the
free energy derived in [28].

For a subset I ⊂ Z
2, let I< = {x ∈ Z

2 : x �≥ z ∀z ∈ I }.
THEOREM 4.7. Assume (2.1). There are a T̂ -invariant probability measure P̂ on (�̂, Ĝ)

and real-valued measurable functions Bβ,h+(x, y, ω̂) and Bβ,h−(x, y, ω̂) of (β,h, x, y, ω̂) ∈
(B0 ×H•

) ×Z
2 ×Z

2 × �̂ such that:

(a) For any event A ∈F , P̂(π�(ω̂) ∈ A) = P(A).
(b) For any I ⊂ Z

2, the variables{(
ωx,B

β,h±(ω̂, x, y)
) : x ∈ I, y ≥ x,β ∈ B0, h ∈Hβ}

are independent of {ωx : x ∈ I<}.
(c) For each β ∈ B0, h ∈ Hβ and x, y ∈ Z

2, Bβ,h±(x, y) are integrable and

(4.3) Ê
[
Bβ,h±(x, x + ei)

]= −h · ei.

(d) There exists a T̂ -invariant event �̂coc with P̂(�̂coc) = 1 such that for each ω̂ ∈ �̂coc,
x, y, z ∈ Z

2, β ∈ B0, h ∈ Hβ and ε ∈ {−,+}
Bβ,hε(x + z, y + z, ω̂) = Bβ,hε(x, y, T̂zω̂),(4.4)

Bβ,hε(x, y, ω̂) + Bβ,hε(y, z, ω̂) = Bβ,hε(x, z, ω̂) and(4.5)

e−βBβ,hε(x,x+e1,ω̂) + e−βBβ,hε(x,x+e2,ω̂) = e−βωx if β < ∞,(4.6)

min
{
Bβ,hε(x, x + e1, ω̂),Bβ,hε(x, x + e2, ω̂)

}= ωx if β = ∞.(4.7)

(e) For each ω̂ ∈ �̂coc, x ∈ Z
2, β ∈ B0, and h,h′ ∈ Hβ with h · e1 ≤ h′ · e1,

(4.8)

Bβ,h−(x, x + e1, ω̂) ≥ Bβ,h+(x, x + e1, ω̂)

≥ Bβ,h′−(x, x + e1, ω̂) ≥ Bβ,h′+(x, x + e1, ω̂) and

Bβ,h−(x, x + e2, ω̂) ≤ Bβ,h+(x, x + e2, ω̂)

≤ Bβ,h′−(x, x + e2, ω̂) ≤ Bβ,h′+(x, x + e2, ω̂).

(f) For each ω̂ ∈ �̂coc, β ∈ B0, h ∈ Hβ and x, y ∈ Z
2,

(4.9)

Bβ,h−(x, y, ω̂) = lim
Hβ�h′→h
h′·e1↗h·e1

Bβ,h′±(x, y, ω̂) and

Bβ,h+(x, y, ω̂) = lim
Hβ�h′→h
h′·e1↘h·e1

Bβ,h′±(x, y, ω̂).

When Bβ,h+(x, y, ω̂) = Bβ,h−(x, y, ω̂), we drop the +/− and write Bβ,h(x, y, ω̂) and then
for any ε ∈ {−,+}
(4.10) lim

Hβ�h′→h
Bβ,h′ε(x, y, ω̂) = Bβ,h(x, y, ω̂).
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(g) For each β ∈ B0 and h ∈ Hβ , there exists an event �̂cont,β,h ⊂ �̂coc with P̂(�̂cont,β,h) =
1 and for all ω̂ ∈ �̂cont,β,h and all x, y ∈ Z

2

Bβ,h+(x, y, ω̂) = Bβ,h−(x, y, ω̂) = Bβ,h(x, y, ω̂).

REMARK 4.8. The proofs of parts (a) and (c)–(f) work word-for-word if the distribution
of {ωx(ω) : x ∈ Z

2} induced by P is T -ergodic and ω0(ω) belongs to class L, defined in [28],
Definition 2.1.

REMARK 4.9. In the rest of the paper, we will construct various full-measure events. By
shift-invariance of P and P̂, replacing any such event with the intersection of all its shifts we
can assume these full-measure events to also be shift-invariant. This will be implicit in the
proofs that follow.

PROOF OF THEOREM 4.7. For β ∈ (0,∞], h ∈ R
2, n ∈N, x ∈ Z

2 and i ∈ {1,2} define

Bβ,h
n (x, x + ei) = F

β,h
x,(n) − F

β,h
x+ei ,(n) − h · ei

if x · ê < n and B
β,h
n (x, x + ei) = 0 otherwise. A direct computation shows that if x · ê < n

then

Bβ,h
n (x, x + ei) = B

β,h
n−x ·̂e(0, ei) ◦ Tx,(4.11)

e−βωx = e−βB
β,h
n (x,x+e1) + e−βB

β,h
n (x,x+e2) if β < ∞ and(4.12)

ωx = min
(
Bβ,h

n (x, x + e1),B
β,h
n (x, x + e2)

)
if β = ∞.(4.13)

Moreover, if n > x · ê + 1, then

(4.14)
Bβ,h

n (x, x + e1) + Bβ,h
n (x + e1, x + e1 + e2)

= Bβ,h
n (x, x + e2) + Bβ,h

n (x + e2, x + e1 + e2).

We also prove the following in Appendix A.1.

LEMMA 4.10. Suppose n > x · ê and that h · e1 ≤ h′ · e1 and h · e2 ≥ h′ · e2. Then for
each β ∈ (0,∞], each n, each x ∈ Z

2, P-almost surely

(4.15)
Bβ,h

n (x, x + e1) ≥ Bβ,h′
n (x, x + e1) and

Bβ,h
n (x, x + e2) ≤ Bβ,h′

n (x, x + e2).

Next, we employ an averaging procedure previously used by [19, 27, 35, 46], among oth-
ers. For each n ∈ N, let Nn be uniformly distributed on {1, . . . , n} and independent of ev-
erything else. Let Pn be its distribution and abbreviate P̃n = P ⊗ Pn with expectation Ẽn.
Define

B̂β,h
n (x, x + ei) = B

β,h
Nn

(x, x + ei).

Then whenever n > x · ê,

(4.16)

Ẽn

[
B̂β,h

n (x, x + ei)
]= 1

n

n∑
j=x ·̂e+1

(
E
[
F

β,h
0,(j−x ·̂e) − F

β,h
0,(j−x ·̂e−1)

]− h · ei

)
= 1

n
E
[
F

β,h
0,(n−x ·̂e)

]− (
n − x · ê

n

)
h · ei.
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By (4.12)–(4.13), we have B̂
β,h
n (x, x + ei) ≥ ωx on the event {Nn > x · ê}. On the comple-

mentary event, we have B̂
β,h
n (x, x + ei) = 0. Whenever n > x · ê,

Ẽn

[∣∣B̂β,h
n (x, x + ei)

∣∣]= Ẽn

[
B̂β,h

n (x, x + ei)
]− 2Ẽn

[
min

(
0, B̂β,h

n (x, x + ei)
)]

≤ 1

n
E
[
F

β,h
0,(n−x ·̂e)

]− (n − x · ê
n

)
h · ei + 2E

[|ω0|].
The first term converges to �

β
pl(h), which equals zero if h ∈ Hβ by Lemma 2.1. Then the

right-hand side is bounded by a finite constant c(x,β,h). If we denote by Pn, the law of(
ω,
{
B̂β,h

n (x, x + ei) : x ∈ Z
2, i ∈ {1,2}, β ∈ B0, h ∈ Hβ

0

})
induced by P̃n on (�̂, Ĝ), then the family {Pn : n ∈ N} is tight. Let P̂ denote any weak sub-
sequential limit point of this family of measures. P̂ is then T̂ -invariant because of (4.11) and
the T -invariance of P. We prove next that such a measure satisfies all of the conclusions of
the theorem.

Let Bβ,h(x, x + ei, ω̂) be the (x, i, β,h)-coordinate of ω̂ ∈ �̂. Since inequalities (4.15)
hold for every n, there exists an event �̂′

0 (which can be assumed to be T̂ -invariant) with

P̂(�̂′
0) = 1 such that for any β ∈ B0, h,h′ ∈ Hβ

0 with h · e1 ≤ h′ · e1, x ∈ Z
2, and ω̂ ∈ �̂′

0,

(4.17)
Bβ,h(x, x + e1, ω̂) ≥ Bβ,h′

(x, x + e1, ω̂) and

Bβ,h(x, x + e2, ω̂) ≤ Bβ,h′
x, x + e2, ω̂).

Due to this monotonicity, we can define

Bβ,h−(x, x + ei, ω̂) = lim
h′∈Hβ

0 ,h′·e1↗h·e1

Bβ,h(x, x + ei) and

Bβ,h+(x, x + ei, ω̂) = lim
h′∈Hβ

0 ,h′·e1↘h·e1

Bβ,h(x, x + ei).

Then parts (e) and (f) come immediately.
Since (4.14) holds for every n, we get the existence of a T̂ -invariant event �̂′′

0 ⊂ �̂′
0 with

P̂(�̂′′
0) = 1 and

(4.18)
Bβ,h(x, x + e1, ω̂) + Bβ,h(x + e1, x + e1 + e2, ω̂)

= Bβ,h(x, x + e2, ω̂) + Bβ,h(x + e2, x + e1 + e2, ω̂)

for all x ∈ Z
2, β ∈ B0, h ∈ Hβ

0 , and ω̂ ∈ �̂′′
0. This equality transfers to Bβ,h±. Set Bβ,h±(x +

ei, x, ω̂) = −Bβ,h±(x, x + ei, ω̂) and for x, y ∈ Z
2 and ω̂ ∈ �̂′′

0

Bβ,h±(x, y, ω̂) =
m−1∑
k=0

Bβ,h±(xk, xk+1, ω̂),

where x0,m is any path from x to y with |xk+1 − xk|1 = 1. The sum does not depend on the
path we choose, due to (4.18). Property (4.5) follows.

For each n and each A ∈ F , Pn(π�(ω̂) ∈ A) = P(ω ∈ A). Moreover, for each n and each
I ⊂ Z

2, the family {ωx, B̂
β,h
n (x, x + ei) : x ∈ I,β ∈ B0, h ∈ Hβ

0 , i ∈ {1,2}} is independent of
{ωx : x ∈ I<}. These properties transfer to P̂ and parts (a) and (b) follow.

Again, since (4.11)–(4.13) hold for each n, there exists a T̂ -invariant full P̂-measure event
�̂coc ⊂ �̂′′

0 on which (4.4) and (4.6)–(4.7) hold. (d) is proved.
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Recall (4.16) and that the right-hand side converges to �β(h) − h · ei = −h · ei . We have
also seen that

B̂β,h
n (x, x + ei) ≥ ωx1{Nn > x · ê}.

Fatou’s lemma then implies that Bβ,h(x, x + ei) is integrable under P̂ and

(4.19) Ê
[
Bβ,h(x, x + ei)

]≤ −h · ei for β ∈ B0, h ∈ Hβ
0 .

The reverse inequality is the nontrivial step in this construction. We spell out the argument
in the case β < ∞, with the β = ∞ case being similar.

Let � = −Ê[Bβ,h(x, x + e1)]e1 − Ê[Bβ,h(x, x + e2)]e2, S = σ(ωx : x ∈ Z
2), and define

B̃β,h(x, x + ei) = Ê[Bβ,h(x, x + ei) | S]. Then B̃β,h satisfies an equation like (4.18) which
we can use to define a cocycle B̃β,h(x, y), x, y ∈ Z

2. Note that in general this cocycle will
not recover the potential, even if Bβ,h does; it does however have the same mean vector � as
Bβ,h. By Jensen’s inequality and recovery,

(4.20)
e−βB̃β,h(0,e1) + e−βB̃β,h(0,e2) ≤ Ê

[
e−βBβ,h(0,e1) + e−βBβ,h(0,e2) |S]

= Ê
[
e−βω0 |S]= e−βω0 .

For h ∈ Hβ , let ξ ∈ riU be such that −h ∈ ∂�β(ξ). Having conditioned on S, we are back
in the canonical setting where B̃β,h can be viewed as defined on the product space R

Z
2

with

its Borel σ -algebra and an i.i.d. probability measure P
⊗Z

2

0 , where P0 is the distribution of ω0
under P. This setting is ergodic. Apply the duality of ξ and h, the variational formula of [28],
Theorem 4.4, and (4.20) to obtain

−h · ξ = �β(ξ) ≤ P- ess sup
ω

1

β
log

∑
i=1,2

eβω0−βB̃β,h(0,ei )−β�·ξ ≤ −� · ξ.

This, inequality (4.19), and the fact that ξ has positive coordinates imply � · ei = h · ei for
i = 1,2. In other words,

Ê
[
Bβ,h(x, x + ei)

]= −h · ei for β ∈ B0, h ∈Hβ
0 .

Part (c) follows from this, monotonicity (4.17), and the monotone convergence theorem. Then
part (g) follows from monotonicity (4.8) and the fact that for i ∈ {1,2}, Bβ,h±(x, x +ei) have
the same mean �. �

It will be convenient to also define the process indexed by ξ ∈ riU :

Bβ,ξ±(x, y) = Bβ,−∇�β(ξ±)±(x, y).

REMARK 4.11. Parts (b)–(f) of Theorem 4.7 transfer to this process in the obvious way.
For example the first set of inequalities in (4.8) becomes

Bβ,ξ−(x, x + e1) ≥ Bβ,ξ+(x, x + e1) ≥ Bβ,ζ−(x, x + e1) ≥ Bβ,ζ+(x, x + e1)

for ξ, ζ ∈ riU with ξ · e1 ≤ ζ · e1. (g) becomes the following: for each β ∈ B0 and ξ ∈ Dβ

there exists an event �̂cont,β,ξ = �̂cont,β,−∇�β(ξ) with Bβ,ξ+(x, y, ω̂) = Bβ,ξ−(x, y, ω̂) =
Bβ,ξ (x, y, ω̂) for all ω̂ ∈ �̂cont,β,ξ and all x, y ∈ Z

2.

We will need two lemmas in what follows.

LEMMA 4.12. For each ξ ∈ riU , there exists an event �̂tilt,ξ+ such that P̂(�̂tilt,ξ+) = 1
and h(Bβ,ξ+) = −∇�β(ξ+) on �̂tilt,ξ+ for all β ∈ B0. A similar statement holds for ξ−.
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PROOF. By (4.3), we have −Ê[h(Bβ,ξ±)] = ∇�β(ξ±). The claim then follows from
Lemma 4.5(c). �

LEMMA 4.13. There exists a T̂ -invariant event �̂e1,e2 so that for ω̂ ∈ �̂e1,e2 , x ∈ Z
2,

β ∈ B0\{∞}, and i ∈ {1,2},
lim

riU�ξ→ei

Bβ,ξ±,ω̂(x, x + ei) = ωx and lim
riU�ξ→ei

Bβ,ξ±(x, x + e3−i , ω̂) = ∞.

PROOF. Take ω̂ ∈ �̂coc. Then the claimed limits exist due to the above monotonicity.
The second limit follows from the first by recovery (4.6)–(4.7). Recovery also implies that
Bβ,ξ±(x, x + ei, ω̂) − ωx ≥ 0. But then

0 ≤ Ê

[
lim

ξ→ei

Bβ,ξ±(x, x + ei) − ωx

]
= Ê

[
inf

ξ∈riU
Bβ,ξ±(x, x + ei) − ωx

]
≤ inf

ξ∈riU
Ê
[
Bβ,ξ±(x, x + ei)

]−E[ωx] = inf
ξ∈riU

∇�β(ξ±) · ei −E[ω0] = 0,

where the last equality follows from Lemma B.1. �

As mentioned earlier, in the rest of the paper we assume β = 1 and omit it from the nota-
tion. In particular, we write � and H instead of �1 and H1.

4.2. Ratios of partition functions. Following similar steps to the proofs of (4.3) of [31]
and Theorem 6.1 in [30] we obtain the next theorem. Our more natural definition of the Bξ±
processes makes the claim hold on one full-measure event, in contrast with [30, 31] where
the events depend on ξ .

THEOREM 4.14. There exists a shift-invariant �̂Bus with P̂(�̂Bus) = 1 and for all ω̂ ∈
�̂Bus, any (possibly ω̂-dependent) ξ ∈ riU , x ∈ Z

2, and Uξ -directed sequence xn ∈Vn:

(4.21)

e−Bξ−(x,x+e1,ω̂) ≤ lim
n→∞

Zx+e1,xn

Zx,xn

≤ lim
n→∞

Zx+e1,xn

Zx,xn

≤ e−Bξ+(x,x+e1,ω̂),

e−Bξ+(x,x+e2,ω̂) ≤ lim
n→∞

Zx+e2,xn

Zx,xn

≤ lim
n→∞

Zx+e2,xn

Zx,xn

≤ e−Bξ−(x,x+e2,ω̂).

PROOF. Let D0 be a countable dense subset of D. Let ξ ∈ riU and

ω̂ ∈ �̂Bus = �̂coc ∩ ⋂
ζ∈D0

�̂cont,ζ .

First, consider x̄n = x̄n(ξ) that is the (leftmost) closest point in Vn to nξ . Then x̄n/n → ξ as
n → ∞. Let ζ ∈ D0 be such that ζ · e1 > ξ · e1. Since ω̂ ∈ �̂cont,ζ we have Bζ± = Bζ . For
x ∈ Vk , y ∈ V�, k, � ∈ Z and x ≤ y, define the point-to-point partition function

(4.22) ZNE
x,y = ∑

xk,�∈Xy
x

e
∑�−1

i=k ω̄xi ,

where ω̄u = Bζ (u,u + ei, ω̂) if y − u ∈ Nei , i ∈ {1,2} and ω̄u = ωu otherwise. Recovery
and the cocycle property of Bζ imply ZNE

x,y = eBζ (x,y), x ≤ y, because they satisfy the same
recursion with the same boundary conditions on y − x ∈Nei , i ∈ {1,2}. Then

ZNE
x,x̄n+e1+e2

ZNE
x+e1,x̄n+e1+e2

= eBζ (x,x+e1,ω̂).
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For v with x ≤ v ≤ y, let ZNE
x,y(v) be defined as in (4.22) but with the sum being only

over admissible paths that go through v. Apply the first inequality in (B.1) with ω̃ such
that ωy(ω̃) = ωy for y ≤ x̄n, ωy(ω̃) = Bζ (y, y + ei, ω̂) for y with x̄n + e1 + e2 − y ∈ Nei ,
i ∈ {1,2}, v = x̄n and u = x̄n + e1 to get

(4.23)

Zx,x̄n

Zx+e1,x̄n

≥ ZNE
x,x̄n+e1+e2

(x̄n + e1)

ZNE
x+e1,x̄n+e1+e2

(x̄n + e1)

≥ ZNE
x,x̄n+e1+e2

(x̄n + e1)

ZNE
x,x̄n+e1+e2

· eBζ (x,x+e1).

Using the shape theorems (2.2) and (4.2) and a standard argument, given for example in
the proof of [30], Lemma 6.4, we have

lim
n→∞n−1 logZNE

x,x̄n+e1+e2
(x̄n + e1)

= sup
{
�(η) + (ξ − η) · ∇�(ζ) : η ∈ [(ξ · e1)e1, ξ

]}
and

lim
n→∞n−1 logZNE

x,x̄n+e1+e2
(x̄n + e2)

= sup
{
�(η) + (ξ − η) · ∇�(ζ) : η ∈ [(ξ · e2)e2, ξ

]}
.

By Lemma 4.6(a) ∇�(ζ) · e1 ≤ ∇�(ξ) · e1, and hence for η ∈ [(ξ · e2)e2, ξ ],
(ξ − η) · ∇�(ζ) ≤ (ξ − η) · ∇�(ξ) ≤ �(ξ) − �(η).

Thus, the second supremum in the above is achieved at η = ξ and the limit is equal to �(ξ).
Set η0 = (ξ · e1/ζ · e1)ζ ∈ [(ξ · e1)e1, ξ ]. For η ∈ [(ξ · e1)e1, ξ ],

(η0 − η) · ∇�(ζ) = ξ · e1

ζ · e1

(
ζ − ζ · e1

ξ · e1
η

)
· ∇�(ζ)

≤ ξ · e1

ζ · e1

(
�(ζ) − ζ · e1

ξ · e1
�(η)

)
= �(η0) − �(η).

Rearranging, we have �(η) + (ξ − η) · ∇�(ζ) ≤ �(η0) + (ξ − η0) · ∇�(ζ). Hence, the first
supremum is achieved at η0. But if equality also held for η = ξ , then concavity of � would
imply that � is linear on [η0, ξ ], and hence on [ζ, ξ ]. This cannot be the case since ζ /∈ Uξ .
We therefore have

�(η0) + (ξ − η0) · ∇�(ζ) > �(ξ).

This implies that ZNE
x,x̄n+e1+e2

(x̄n + e2)/Z
NE
x,x̄n+e1+e2

(x̄n + e1) → 0 as n → ∞. Since
ZNE

x,x̄n+e1+e2
= ZNE

x,x̄n+e1+e2
(x̄n + e1) + ZNE

x,x̄n+e1+e2
(x̄n + e2) we conclude that the fraction

in (4.23) converges to 1. Consequently,

lim
n→∞

Zx+e1,x̄n

Zx,x̄n

≤ e−Bζ (x,x+e1).

Taking ζ → ξ , we get the right-most inequality in the first line of (4.21). The other inequali-
ties come similarly.

Next, we prove the full statement of the theorem, namely that (4.21) holds for all sequences
xn ∈ Vn, directed into Uξ . To this end, take such a sequence and let η�, ζ� ∈ riU be two
sequences such that η� · e1 < ξ · e1 ≤ ξ · e1 < ζ� · e1, η� → ξ , and ζ� → ξ . For a fixed � and a
large n, we have

x̄n(η�) · e1 < xn · e1 < x̄n(ζ�) · e1 and x̄n(η�) · e2 > xn · e2 > x̄n(ζ�) · e2.
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Applying (B.1), we have

Zx+e1,x̄n(η�)

Zx,x̄n(η�)

≤ Zx+e1,xn

Zx,xn

≤ Zx+e1,x̄n(ζ�)

Zx,x̄n(ζ�)

.

Take n → ∞ and apply the already proved version of (4.21) for the sequences x̄n(η�) and
x̄n(ζ�) to get for each �,

e−B
η
�
−

(x,x+e1,ω̂) ≤ lim
n→∞

Zx+e1,xn

Zx,xn

≤ lim
n→∞

Zx+e1,xn

Zx,xn

≤ e−Bζ�+(x,x+e1,ω̂).

Send � → ∞ to get the first line of (4.21). The second line is similar. �

5. Semi-infinite polymer measures. In this section, we prove general versions of our
main results on rooted solutions, starting with Lemma 3.4.

PROOF OF LEMMA 3.4. Fix x ∈ Vm, m ∈ Z. Suppose �x is degenerate. By (2.5), there
exist y ≥ x and n ≥ m with y ∈Vn and �x(Xn = y) = 0. Then for v ≥ y with v · ê = k,

0 = �x(Xn = y) ≥ �x(Xn = y,Xk = v) = �x(Xk = v)Qω
x,v(Xn = y).

Hence, �x(Xk = v) = 0. This means that

�x{∀n ≥ m : Xn · e1 ≤ y · e1} + �x{∀n ≥ m : Xn · e2 ≤ y · e2} = 1.

Denote the first probability by α. We will show that

(5.1)
�x

{∀n ≥ m : Xn = x + (n − m)e2
}= α and

�x

{∀n ≥ m : Xn = x + (n − m)e1
}= 1 − α.

If (5.1) holds, then �x = α�
e2
x + (1 − α)�

e1
x . Let us now prove (5.1).

If α = 0, then also �x{∀n ≥ m : Xn = x + (n − m)e2} = 0 = α. If, on the other hand,
α > 0, then either again �x{∀n ≥ m : Xn = x + (n − m)e2} = α or there exist k ≥ m and
v ≥ x with v · e1 ∈ (0, y · e1] such that

(5.2) �x

{∀n ≥ k : Xn = v + (n − k)e2
}= δ ∈ (0, α].

Let � = (v − x) · e2. Then v − x = (k − m − �)e1 + �e2. For any n ≥ k,

δ ≤ �x

{
Xi = v + (i − k)e2, k ≤ i ≤ n

}
= �x

{
Xn = v + (n − k)e2

}
Qω

x,v+(n−k)e2

{
Xi = v + (i − k)e2, k ≤ i ≤ n

}
≤ Zx,ve

∑n−1
i=k ωv+(i−k)e2

Zx,v+(n−k)e2

≤ Zx,v exp{∑n−1
i=k ωv+(i−k)e2}

exp{∑�+n−k−1
i=0 ωx+ie2} exp{∑k−m−�−1

i=0 ωx+(�+n−k)e2+ie1}

= Zx,v exp{∑n−1
i=k (ωv+(i−k)e2 − ωx+(i+�−k)e2)}

exp{∑�−1
i=0 ωx+ie2} exp{∑k−m−�−1

i=0 ωx+(�+n−k)e2+ie1}
.

Let �nondeg be the intersection of the events{
∃n ≥ k : exp{∑n−1

i=k (ωv+(i−k)ej
− ωx+(i+�−k)ej

)}
exp{∑k−m−�−1

i=0 ωx+(�+n−k)ej+ie3−j
} ≤ e−r

}
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over all x, v ∈ Z
2 such that v ≥ x, r ∈ N, j ∈ {1,2}, and integers k ≥ � = (v − x) · ej and

m = (v − x) · (e1 + e2). The event �nondeg has full P-probability. Indeed, for each r ∈N,

P

(
∃n ≥ k : exp{∑n−1

i=k (ωv+(i−k)ej
− ωx+(i+�−k)ej

)}
exp{∑k−m−�−1

i=0 ωx+(�+n−k)ej+ie3−j
} ≤ e−r

)

= P

(
∃n ≥ 0 : exp{∑n−1

i=0 (ωe1+ie2 − ωie2)}
exp{∑k−m−�−1

i=0 ω(i+2)e1}
≤ e−r

)
= 1.

The first equality is because weights are i.i.d., and hence the distribution of the two ratios is
the same. The second equality holds because

∑n−1
i=0 (ωe1+ie2 −ωie2) is a sum of i.i.d. centered

nondegenerate random variables, and hence has liminf −∞.
For ω ∈ �nondeg, we have

δ ≤ Zx,ve
−r

e
∑�−1

i=0 ωx+ie2

for all r ∈ N. Taking r → ∞ gives a contradiction. Therefore, (5.2) cannot hold. The first
equality in (5.1) is proved. The other one is similar. �

Since {∀n ≥ m : Xn = x + (n − m)e3−i} ⊂ {∀n ≥ m : Xn · ei ≤ y · ei}, (5.1) implies that
for any ω ∈ �nondeg, x ∈ Vm, m ∈ Z, �x ∈ DLRω

x , y ∈ x +Z
2+, and i ∈ {1,2} we have

(5.3) �x

{{∀n ≥ m : Xn · ei ≤ y · ei} \ {Xm,∞ = x +Z+e3−i}}= 0.

LEMMA 5.1. Fix ω ∈ � and x ∈ Z
2. Let �x ∈ DLRω

x be a nondegenerate solution. Then
�x is a Markov chain with transition probabilities

(5.4) πx
y,y+ei

(ω) = �x(y + ei)Zx,y eωy

�x(y)Zx,y+ei

, y ≥ x, i ∈ {1,2}.

PROOF. Let x ∈ Vm and y ∈ Vn, n ≥ m. Fix an admissible path xm,n with xm = x and
xn = y. Compute for i ∈ {1,2},

�x(Xn+1 = y + ei | Xm,n = xm,n)

= �x(Xn+1 = y + ei)Zx,y e
∑n

i=m ωxi

�x(Xn = y)Zx,y+ei
e
∑n−1

i=m ωxi

= �x(Xn+1 = y + ei)Zx,y eωy

�x(Xn = y)Zx,y+ei

= �x(Xn+1 = y + ei | Xn = y). �

Next, we relate nondegenerate DLR solutions in environment ω and cocycles that recover
the potential {ωx(ω)}.

THEOREM 5.2. Fix ω ∈ � and x ∈ Vm, m ∈ Z. Then �x is a nondegenerate DLR solu-
tion in environment ω if, and only if, there exists a cocycle {B(u, v) : u, v ≥ x} that satisfies
recovery (4.1) and

(5.5) �x(Xm,n = xm,n) = e
∑n−1

k=m ωxk
−B(x,xn)
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for every admissible path xm,n starting at xm = x. This cocycle is uniquely determined by the
formula

(5.6) e−B(u,v) = �x(v)

�x(u)
· Zx,u

Zx,v

, u, v ≥ x.

It satisfies

(5.7) e−B(x,y) = E�x

[
Zy,Xn

Zx,Xn

]
for all y ≥ x and n ≥ y · ê.

The transition probabilities of �x are then given by

(5.8) πx
y,y+ei

(ω) = eωy−B(y,y+ei), y ≥ x, i ∈ {1,2}.

When �x is given, we denote the corresponding cocycle by B�x(u, v). Conversely, when
B is given, we denote the corresponding DLR solution in environment ω (that B recovers)
by �B

x .

PROOF OF THEOREM 5.2. Given a nondegenerate solution �x ∈ DLRω
x define B via

(5.6). Telescoping products check that this is a cocycle. To check the recovery property, write
Qω

x,u+ei
(u) = Zx,ue

ωu(Zx,u+ei
)−1. Hence,

e−B(u,u+e1) + e−B(u,u+e2)

= e−ωu

�x(u)

(
�x(u + e1)Q

ω
x,u+e1

(u) + �x(u + e2)Q
ω
0,u+e2

(u)
)

= e−ωu

�x(u)

(
�x(u,u + e1 ∈ X•) + �x(u,u + e2 ∈ X•)

)= e−ωu.

(5.8) follows from (5.4) and (5.6) and then (5.5) follows from (5.8), the Markov property of
�x , and the cocycle property of B .

Conversely, given a cocycle B that recovers the potential, define πx via (5.8). Recovery
implies that πx are transition probabilities. Let �x be the distribution of the Markov chain
with these transition probabilities. Again, (5.8) and the cocycle property imply (5.5). In par-
ticular, �x is not degenerate. For y ≥ x, adding (5.5) over all admissible paths from x to y

gives

(5.9) �x(y) = Zx,ye
−B(x,y).

This and the cocycle property of B imply (5.6). Using y = xn and solving for e−B(x,y) in
(5.9), then plugging back into (5.5) gives

�x(xm,n) = e
∑n−1

k=m ωxk
−B(x,xn) = �x(y)Qω

x,y(xm,n),

which says �x is a DLR solution in environment ω.
Lastly, we prove (5.7). Let k = y · ê ≥ m. Then

Zx,yE
�x

[
Zy,Xn

Zx,Xn

]
= ∑

v≥y
v∈Vn

�x(Xn = v)
Zx,yZy,v

Zx,v

= ∑
v≥y
v∈Vn

�x(Xn = v)Qω
x,v(Xk = y) = �x(Xk = y).

Then (5.7) follows from this and (5.9). The theorem is proved. �
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The DLR solutions that correspond to cocycles Bξ±, ξ ∈ riU , will play a key role in what
follows. We will denote these by �

ξ±,ω̂
x and the corresponding transition probabilities by

πξ±,ω̂. These transition probabilities do not depend on the starting point x. When Bξ− =
Bξ+ = Bξ we also write �

ξ,ω̂
x and πξ,ω̂. In addition to recovering the potential, the Bξ±

cocycles are also T̂ -covariant when ξ is deterministic. We next show how these observations
relate to the law of large numbers for the corresponding DLR solution.

THEOREM 5.3. Let B be an L1(�̂, P̂) T̂ -covariant cocycle that recovers the weights
(ωx). There exists an event �̂B ⊂ �̂ such that P̂(�̂B) = 1 and for every ω̂ ∈ �̂B and x ∈ Z

2

the distribution of Xn/n under �
B(ω̂)
x satisfies a large deviation principle with convex rate

function IB(ξ) = −h(B) · ξ − �(ξ), ξ ∈ U . Consequently, �
B(ω̂)
x is strongly directed into

Uh(B).

PROOF. From equation (5.9) and the shape theorems (2.2) and (4.2) for the free energy
and shift-covariant cocycles, we get that P̂-almost surely, for all x ∈ Z

2, all ξ ∈ U , and any
sequence xn ≥ x with xn ∈ Vn and xn/n → ξ ,

n−1 log�B
x (Xn = xn) = n−1 logZx,xn − n−1B(x, xn) −→

n→∞�(ξ) + h(B) · ξ.

The large deviation principle follows. Then Borel–Cantelli and strict positivity of IB off of
Uh(B) imply the directedness claimed in the theorem. �

Next, couple �
ξ±,ω̂
x , x ∈ Z

2, ξ ∈ riU , pathwise, as described in Appendix A.1. Denote the
coupled up-right paths by X

x,ξ±,ω̂
m,∞ , x ∈ Vm, m ∈ Z, ξ ∈ riU . When Bξ− = Bξ+ = Bξ , we

write Xx,ξ,ω̂. For i ∈ {1,2}, set X
x,ei±,ω̂
k = X

x,ei ,ω̂
k = x + (k − m)ei , k ≥ m.

When ω̂ ∈ �̂coc, the event from Theorem 4.7 on which (4.8) holds, and x ∈ Vm, m ∈ Z,
paths Xx,ξ±,ω̂ are ordered: For any ξ, ζ ∈ U with ξ · e1 < ζ · e1 and any k ≥ m,

(5.10) X
x,ξ−,ω̂
k · e1 ≤ X

x,ξ+,ω̂
k · e1 ≤ X

x,ζ−,ω̂
k · e1 ≤ X

x,ζ+,ω̂
k · e1.

THEOREM 5.4. There exists an event �̂exist ⊂ �̂ such that P̂(�̂exist) = 1 and for every
ω̂ ∈ �̂exist, x ∈ Z

2 and ξ ∈ riU , �
ξ±,ω̂
x ∈ DLRω

x and are, respectively, strongly Uξ±-directed.
For i ∈ {1,2}, the trivial polymer measure �

ei
x gives a DLR solution that is strongly Uei

-
directed.

PROOF. Let U0 be a countable subset of riU that contains all of (riU)\D and a countable
dense subset of D. Let

�̂exist = �̂coc ∩ ⋂
ξ∈U0∩D

�̂cont,ξ ∩ ⋂
ξ∈U0

(
�̂Bξ+ ∩ �̂tilt,ξ+ ∩ �̂Bξ− ∩ �̂tilt,ξ−

)
.

When ξ ∈ U0 and ω̂ ∈ �̂Bξ+ ∩ �̂tilt,ξ+ Lemma 4.12 says h(Bξ+) = −∇�(ξ+) and then

Theorem 5.3 says that �
ξ+,ω̂
x is strongly Uξ+-directed, for all x ∈ Z

2. A similar argument

works for �
ξ−,ω̂
x .

Now fix ξ ∈ (riU) \ U0 and ω̂ ∈ �̂exist. If ξ · e1 < ξ · e1, then pick ζ ∈ U0 ∩ D such that
ξ · e1 < ζ · e1 < ξ · e1. Then ξ = ζ . The ordering of paths (5.10) implies that X

x,ξ+,ω̂
k · e1 ≤

X
x,ζ,ω̂
k · e1 for all k ≥ m (there is no need for the ± distinction for ζ ∈ U0 ∩ D). Since the

distribution of the latter path is �
ζ,ω̂
x and it is strongly Uζ -directed, we deduce that

lim
n→∞n−1Xn · e1 ≤ ζ · e1 = ξ · e1, �ξ+,ω̂

x -almost surely.
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If ξ ∈ (riU) \ U0 is such that ξ = ξ , then let ε > 0 and pick ζ ∈ U0 ∩D such that ξ · e1 <

ζ · e1 ≤ ζ · e1 < ξ · e1 + ε = ξ · e1 + ε. This is possible because ∇�(ζ) converges to but never
equals ∇�(ξ) as ζ · e1 ↘ ξ · e1. (Note that ξ ∈ D.) The same ordering argument as above
implies

lim
n→∞n−1Xn · e1 ≤ ζ · e1 ≤ ξ · e1 + ε, �ξ+,ω̂

x -almost surely.

Take ε → 0. Similarly,

lim
n→∞

n−1Xn · e1 ≥ ξ · e1, �ξ−,ω̂
x -almost surely.

Appealing once again to the path ordering, we see now that both �
ξ±,ω̂
x are strongly directed

into Uξ . Since ξ ∈D we have Uξ+ = Uξ− = Uξ . The theorem is proved. �

PROOF OF THEOREM 3.2. Recall the set U0 from the proof of Theorem 5.4. When ξ ∈
(riU) \D and ω̂ ∈ �̂exist, ω̂ ∈ �̂tilt,ξ+ ∩ �̂tilt,ξ− and we have by Lemma 4.12

(5.11) Ê
[
Bξ−(0, e1) | I]= e1 · ∇�(ξ−) > e1 · ∇�(ξ+) = Ê

[
Bξ+(0, e1) | I].

By the ergodic theorem, there exists a full P̂-measure event �̂′′′
0 ⊂ �̂exist such that for each

ω̂ ∈ �̂′′′
0 , ξ ∈ (riU)\D and x ∈ Z

2 there is a y ≥ x such that Bξ−(y, y+e1) �= Bξ+(y, y+e1).

This implies �
ξ−,ω̂
x �= �

ξ+,ω̂
x .

Recall the projection π� from �̂ onto �. There exists a family of regular conditional
distributions μω(·) = P̂(· | π−1

� (ω)) and a Borel set �reg ⊂ � such that P(�reg) = 1 and for
every ω ∈ �reg, μω(π−1

� (ω)) = 1. See Example 10.4.11 in [9]. Since∫
μω

(
�̂′′′

0
)
P(dω) = P̂

(
�̂′′′

0
)= 1

we see that μω(�̂′′′
0 ) = 1, P-almost surely. Set

(5.12) �exist = �reg ∩ {ω ∈ � : μω

(
�̂′′′

0
)= 1

}
.

Then P(�exist) = 1. We take ω ∈ �exist so that μω(π−1
� (ω) ∩ �̂′′′

0 ) = μω(�̂′′′
0 ) = 1. There

exists ω̂ ∈ �̂′′′
0 with π�(ω̂) = ω. For ξ ∈ U , the Uξ±-directed solutions in the claim are �

ξ±,ω̂
x .

�

THEOREM 5.5. Fix ξ ∈D. Assume ξ, ξ ∈ D. There exists a T̂ -invariant event �̂[ξ,ξ ] ⊂ �̂

such that P̂(�̂[ξ,ξ ]) = 1 and for every ω̂ ∈ �̂[ξ,ξ ] and x ∈ Z
2, �

ξ±,ω̂
x = �

ξ,ω̂
x is the unique

weakly Uξ -directed solution in DLRω
x . It is also strongly directed into Uξ and for any Uξ -

directed sequence (xn) the sequence of quenched point-to-point polymer measures Qω
x,xn

converges weakly to �
ξ,ω̂
x . The family {�ξ,ω̂

x : x ∈ Z
2, ω̂ ∈ �̂} is consistent and T̂ -covariant.

PROOF. Let ηk, ζk ∈ riU be such that ηk · e1 strictly increases to ξ · e1 and ζk · e1 strictly
decreases to ξ · e1. Let

�̂[ξ,ξ ] = π−1
� (�nondeg) ∩ �̂coc ∩ �̂cont,ξ ∩ �̂cont,ξ ∩ �̂Bus ∩ �̂Bξ+ .

Take ω̂ ∈ �̂[ξ,ξ ]. Since ω̂ ∈ �̂Bus, Theorem 4.14 implies that for all y ∈ Z
2 and k ∈N,

lim
n→∞

Zy+e1,�nηk�
Zy,�nηk�

≥ e−B
η
k
−

(y,y+e1,ω̂) and

lim
n→∞

Zy+e2,�nηk�
Zy,�nηk�

≤ e−B
η
k
−

(y,y+e2,ω̂).
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Fix x ∈ Vm, m ∈ Z and y ≥ x. Fix ε > 0. Since the choice of ω̂ guarantees continuity as
η

k
→ ξ , we can choose k large then n large so that

Zy+e2,�nηk�
Zy,�nηk�

≤ e−B
η
k
−

(y,y+e2,ω̂) + ε/2 ≤ e−Bξ (y,y+e2,ω̂) + ε.

Let �x ∈ DLRω
x be weakly Uξ -directed. Since ηk, ζk ∈ riU , both nηk ≥ y and nζk ≥ y for

large n. Applying (B.1) in the first inequality, we have

�x

{
Xn · e1 > �nηk · e1�,Xn ≥ y

}
≤ �x

{
Zy+e2,Xn

Zy,Xn

≤ Zy+e2,�nηk�
Zy,�nηk�

,Xn ≥ y

}

≤ �x

{
Zy+e2,Xn

Zy,Xn

≤ e−Bξ (y,y+e2,ω̂) + ε,Xn ≥ y

}
≤ 1.

The weak directedness implies the first probability converges to one. Hence,

lim
n→∞�x

{
Zy+e2,Xn

Zy,Xn

≤ e−Bξ (y,y+e2,ω̂) + ε,Xn ≥ y

}
= 1.

Using a similar argument with the sequence ζk , we also get

lim
n→∞�x

{
Zy+e2,Xn

Zy,Xn

≥ e−Bξ (y,y+e2,ω̂) − ε,Xn ≥ y

}
= 1.

Since ξ, ξ, ξ ∈ D, we have ∇�(ξ−) = ∇�(ξ+) = ∇�(ξ) and by our choice of ω̂, Bξ =
Bξ = Bξ± = Bξ . We have shown that Zy+e2,Xn/Zy,Xn converges in �x-probability to

e−Bξ (y,y+e2,ω̂), for every y ≥ x. The case of e1-increments is similar.
Using any fixed admissible path from x to y and applying the cocycle property of Bξ and

the above limit (to the increments of the path) we see that Zy,Xn/Zx,Xn → e−Bξ (x,y,ω̂), in
�x-probability. But if � = y · ê, then

(5.13) 0 ≤ Zy,Xn

Zx,Xn

= Zy,Xn∑
v≥x
v∈V�

Zx,vZv,Xn

≤ 1

Zx,y

< ∞.

Since ω = π�(ω̂) ∈ �nondeg, Lemma 3.4 says �x is nondegenerate. Thus, bounded con-
vergence and (5.7) imply that Bξ is the cocycle that corresponds to �x . In other words,
�x = �

ξ,ω̂
x . Since Bξ = Bξ+ and ω̂ ∈ �̂Bξ+ we conclude that �x is strongly Uξ -directed.

For the weak convergence claim, apply Theorem 4.14 to get that for any up-right path xm,k

out of x,

(5.14)
Qω

x,xn
(Xm,k = xm,k) = e

∑k−1
i=m ωxi Zxk,xn

Zx,xn

−→
n→∞ e

∑k−1
i=m ωxi

−Bξ (x,xk,ω̂) = �ξ,ω̂
x (Xm,k = xm,k).

The covariance and consistency claims follow from the covariance of Bξ = Bξ+ and the
fact that �

ξ,ω̂
x all use the same transition probabilities πξ,ω̂, regardless of the starting point

x, as noted right before the statement of Theorem 5.3. The theorem is proved. �

PROOF OF THEOREM 3.7. Define �[ξ,ξ ] out of �̂[ξ,ξ ], similar to (5.12). Then

P(�[ξ,ξ ]) = 1 and for each ω ∈ �[ξ,ξ ] there exists ω̂ ∈ �̂[ξ,ξ ] with π�(ω̂) = ω. The claim

now follows directly from Theorem 5.5. �
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PROOF OF THEOREM 3.8. Let �̂′
[ξ,ξ ] = �̂Bus ∩ �̂[ξ,ξ ]. Define �′

[ξ,ξ ] out of �̂′
[ξ,ξ ],

similar to (5.12). Then P(�′
[ξ,ξ ]) = 1 and for each ω ∈ �′

[ξ,ξ ] there exists ω̂ ∈ �̂′
[ξ,ξ ]

with π�(ω̂) = ω. When ξ, ξ, ξ ∈ D, ∇�(ξ±) = ∇�(ξ±) = ∇�(ξ±) = ∇�(ξ). Since

ω̂ ∈ �̂Bus ⊂ �̂cont,ξ ∩ �̂cont,ξ , Bξ− = Bξ− = Bξ+ = Bξ+. Theorem 4.14 then implies the

limit in (3.2) exists and equals the value of the cocycle Bξ(x, y, ω̂). Then (3.4) follows from
(4.8).

Take x ∈ Vm and consider n > m. By [53], Theorem 4.1, the distributions of Xn/n under
Q

ω,h
x,(n) satisfy a large deviation principle with rate function

J (ζ ) = −h · ζ − �(ζ) + �pl(h), ζ ∈ U .

By duality, J (·) vanishes exactly on Uh = [ξ, ξ ]. Borel–Cantelli and strict positivity of J off

of [ξ, ξ ] imply that νω =⊗
n>m Q

ω,h
x,(n) is strongly [ξ, ξ ]-directed. For i ∈ {1,2}, use the weak

convergence in Theorem 3.7 to find

Zh
x+ei ,(n)

Zh
x,(n)

= e−ωx−h·eiEνω[
Qω

x,Xn
(x + ei)

]
−→
n→∞ e−ωx−h·ei�ξ,ω

x (x + ei) = e−Bξ (x,x+ei ;ω)−h·ei .

Equation (3.3) follows from the above, telescoping products and (4.5). �

PROOF OF COROLLARY 3.9. The claims follow from the observation that the limit in
(3.2) is exactly the cocycle Bξ . �

LEMMA 5.6. Fix x, y ∈ Z
2, ω ∈ �, and �x ∈ DLRω

x . Then Zy,Xn/Zx,Xn is a �x-
backward martingale relative to the filtration X[n,∞).

PROOF. Fix N > n and an up-right path xn+1,N with �x(xn+1,N ) > 0. Abbreviate A =
{xn+1 − e1, xn+1 − e2}. Write

E�x

[
Zy,Xn

Zx,Xn

∣∣∣Xn+1,N = xn+1,N

]
= ∑

xn∈A

Zy,xn

Zx,xn

· �x(xn,N)

�x(xn+1,N )

= ∑
xn∈A

Zy,xne
ωxn

Zx,xn+1

= Zy,xn+1

Zx,xn+1

.
�

THEOREM 5.7. Fix ω ∈ � and x ∈ Vm, m ∈ Z. Let �x be a nondegenerate extreme point
of DLRω

x . Then for all u, v ≥ x,

(5.15)
Zv,Xn

Zu,Xn

−→
n→∞ e−B�x (u,v), �x-almost surely.

PROOF. By the backward-martingale convergence theorem [23], Theorem 5.6.1, Zy,Xn/

Zx,Xn converges �x-almost surely and in L1(�x) to a limit κx,y = κx,y(xm,∞). A priori κx,y

is
⋂

nX[n,∞)-measurable. Define

κy,y+ei
= κx,y+ei

κx,y

for i ∈ {1,2} and y ∈ x +Z
2+ with κx,y > 0.

Note that

(5.16)
Zy+e1,Xn

Zy,Xn

+ Zy+e2,Xn

Zy,Xn

= e−ωy .
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This implies

(5.17) �x

{∀y ≥ x : κx,y = 0 or κy,y+e1 + κy,y+e2 = e−ωy
}= 1.

Telescoping products imply

(5.18)
�x{∀y ≥ x : κx,y+e1+e2 = 0 or

κy,y+e1κy+e1,y+e1+e2 = κy,y+e2κy+e2,y+e1+e2} = 1.

On the event in (5.17),

πy,y+ei
=
{
κy,y+ei

eωy , i ∈ {1,2} and y ∈ x +Z
2+ such that κx,y > 0,

1/2, i ∈ {1,2} and y ∈ x +Z
2+ such that κx,y = 0

define transition probabilities. Let �κ
x be the distribution of the Markov chain Xm,∞ starting

at Xm = x and using these transition probabilities.
Note that κx,x = 1 and if κx,y > 0 and πy,y+ei

> 0, then κy,y+ei
> 0 and κx,y+ei

=
κx,yκy,y+ei

> 0. This means that the Markov chain stays �κ
x -almost surely within the set

{y ≥ x : κx,y > 0}.
On the intersection of the two events in (5.17) and (5.18), if xm,k is an admissible path start-

ing at x and �κ
x(xm,k) > 0, then the above paragraph says κx,xi

> 0 for each i ∈ {m, . . . , k}
and then

(5.19) �κ
x(xm,k) =

k−1∏
i=m

πxi,xi+1 =
k−1∏
i=m

κxi,xi+1 eωxi = κx,xk
e
∑k−1

i=m ωxi .

Adding over all admissible paths from x to y ∈ Vk gives

(5.20) �κ
x(y) = κx,y Zx,y.

Putting the two displays together gives

�κ
x(xm,k) = �κ

x(y) · e
∑k−1

i=m ωxi

Zx,y

= �κ
x(y)Qω

x,y(xm,k).

In other words, �κ
x ∈ DLRω

x , �x-almost surely. The L1-convergence implies

E�x [κx,y] = lim
n→∞E�x

[
Zy,Xn

Zx,Xn

]
= e−B�x (x,y),

where we used (5.7) for the last equality (since �x is assumed to be nondegenerate). The
above, (5.19) and (5.5) give

E�x
[
�κ

x(xm,k)
]= e

∑k−1
i=m ωxi

−B�x (x,y) = �x(xm,k).

In other words, �x = ∫
�

κ(xm,∞)
x �x(dxm,∞). Since �x was assumed to be an extreme

point in DLRω
x , we conclude that �x(�

κ
x = �x) = 1. Since �κ

x determines κ , this says that

κx,y(xm,∞) = e−B�x (x,y) for all y ≥ x and �x-almost every xm,∞. Now (5.15) follows from
writing

Zv,Xn

Zu,Xn

= Zv,Xn/Zx,Xn

Zu,Xn/Zx,Xn

,

taking n → ∞ and applying the cocycle property of B�x . �

We now turn to the proof of Theorem 3.5. The full proof requires handling some techni-
cal issues, so we begin with a brief sketch of the main idea in the case where � is strictly
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concave to give a sense of how the argument works. By (5.15), logZy,Xn − logZy+e1,Xn con-
verges �x-almost surely to B�x(y, y + e1). On the other hand, (3.2) implies that for nice
directions ξ , logZy,�nξ� − logZy+e2,�nξ� converges P-almost surely to Bξ(y, y + e1). This,
and the monotonicity from (B.1) imply that if Xn · e1 > nξ · e1 happens infinitely often, then
B�x(y, y + e1) ≤ Bξ(y, y + e1) for all y ≥ x. But then coupling �

ξ,ω
x and �x pathwise, as

described in Appendix A.1, implies that almost surely the �x-path must stay to the right of
the �

ξ,ω
x -path. A similar argument holds if Xn · e1 < nξ · e1 happens infinitely often. In short,

this argument shows that if a subsequential limit point of Xn goes to the right of a nice direc-
tion ζ with positive probability, then every subsequential limit point must stay to the right of
ζ . Similarly, if any subsequential limit goes to the left of a nice direction η, then every subse-
quential limit point must stay to the left of η. These two statements are only consistent if the
path satisfies the strong law of large numbers for some direction ξ ∈ riU . The technicalities
in the proof arise because we do not assume strict concavity.

PROOF OF THEOREM 3.5. Let �̂dir = �̂exist ∩ �̂Bus ∩ �̂e1,e2 and similar to (5.12) let
�dir = �nondeg ∩ �reg ∩ {ω ∈ � : μω(�̂dir) = 1}. Then P(�dir) = 1. Fix ω ∈ �dir. There
exists ω̂ ∈ �̂dir such that π�(ω̂) = ω.

Take ζ ∈ riU . For any y ≥ x, we have nζ ≥ y when n is large enough. Applying (B.1),
(5.3) and Theorem 4.14 gives that for ε > 0,

lim
n→∞�x

{
Xn · e1 > �nζ · e1�}

≤ lim
n→∞�x

{
Zy+e2,Xn

Zy,Xn

≤ Zy+e2,�nζ�
Zy,�nζ�

,Xn ≥ y

}

≤ lim
n→∞�x

{
Zy+e2,Xn

Zy,Xn

< e−Bζ−(y,y+e2,ω̂) + ε,Xn ≥ y

}
.

If the limsup on the left is positive, then using (5.15) implies e−B�x (y,y+e2) ≤
e−Bζ−(y,y+e2,ω̂) + ε. The case of e1 is similar. Taking ε → 0, we get

(5.21)
B�x(y, y + e1) ≤ Bζ−(y, y + e1, ω̂) and

B�x(y, y + e2) ≥ Bζ−(y, y + e2, ω̂)

for each y ∈ x +Z
2+ and ζ ∈ riU such that

(5.22) lim
n→∞�x{Xn · e1 > nζ · e1} > 0.

Couple {�x,�
ζ±,ω̂
x : ζ ∈ riU} as described in Appendix A.1 and denote the coupled paths

by X
x,ω

m,∞ (distribution �x) and X
x,ζ±,ω̂
m,∞ (distribution �

ζ±,ω̂
x ).

We have already seen that paths Xx,ζ±,ω̂ are monotone in ζ . Similarly, (5.21) implies that
for ζ ∈ riU satisfying (5.22), we have

X
x,ω

k · e1 ≥ X
x,ζ−,ω̂

k · e1 for all k ∈ Z+.

Since the distribution of X
x,ζ−,ω̂

k is �
ζ−,ω̂
x and is strongly directed into Uζ− (because ω̂ ∈

�̂exist), we see that for ζ ∈ riU satisfying (5.22)

(5.23) �x

{
lim

n→∞
n−1Xn · e1 ≥ ζ · e1

}
= 1.

Here, ζ · e1 = inf{η · e1 : η ∈ Uζ−} = 1 − ζ · e2. Let ξ ′ ∈ U be such that

ξ ′ · e1 = sup
{
ζ · e1 : ζ ∈ riU and (5.22) holds for ζ

}
.
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If the above set is empty, then we set ξ ′ = e2. Let ξ1 = ξ ′. If ξ ′ = e2, then ξ1 = ξ
1

= e2 as
well and we trivially have

(5.24) �x

{
lim

n→∞
n−1Xn · e1 ≥ ξ

1
· e1

}
= 1.

Assume ξ ′ �= e2 and take ζ ∈ riU with ζ ·e1 < ξ ′ ·e1. Observe that we can take ζ arbitrarily

close to ξ
1
. Indeed, if ξ1 · e1 < ξ ′ · e1, then take ξ1 · e1 < ζ · e1 < ξ ′ · e1 to get ζ = ξ ′ = ξ1

and ζ = ξ
1
. If instead ξ1 = ξ ′, then also ξ

1
= ξ ′ = ξ1. Now, as ζ → ξ1, ∇�(ζ±) approach

but never equal ∇�(ξ1−) because there is no linear segment of � adjacent to ξ1 on the left.
This forces ζ and ζ to converge to ξ1.

Fix ε > 0 and take ζ ∈ riU with ζ · e1 < ξ ′ · e1 and ζ · e1 > ξ
1
· e1 − ε. Then (5.22) holds

and, therefore, (5.23) holds too and we have

�x

{
lim

n→∞
n−1Xn · e1 > ξ

1
· e1 − ε

}
≥ �x

{
lim

n→∞
n−1Xn · e1 ≥ ζ · e1

}
= 1.

Take ε → 0 to get (5.24) when ξ ′ �= e2.
A symmetric argument (e.g., exchanging the roles of e1 and e2) gives

(5.25) �x

{
lim

n→∞n−1Xn · e1 ≤ ξ2 · e1

}
= 1,

where ξ2 = ξ
′′

and ξ ′′ ∈ U is such that

ξ ′′ · e1 = inf
{
ζ · e1 : ζ ∈ riU and lim

n→∞�x{Xn · e1 < nζ · e1} > 0
}
,

with ξ ′′ = e1 if the set is empty.
Equations (5.24) and (5.25) imply that ξ

1
· e1 ≤ ξ ′′ · e1 and ξ ′ · e1 ≤ ξ2 · e1. For example,

if ζ ∈ riU is such that ζ · e1 > ξ2 · e1 then Fatou’s lemma gives

1 = �x

{
lim

n→∞n−1Xn · e1 ≤ ξ2 · e1

}
≤ �x

{
lim

n→∞n−1Xn · e1 < ζ · e1

}
≤ E�x

[
lim

n→∞
1{Xn · e1 < nζ · e1}

]
≤ lim

n→∞
�x{Xn · e1 < nζ · e1},

and then ζ · e1 ≥ ξ ′ · e1.
Also, ξ ′ · e1 ≥ ξ ′′ · e1. To see this, take ζ, ζ ′ ∈ riU with ζ · e1 < ζ ′ · e1 < ξ ′′ · e1. Then

�x(Xn · e1 ≥ nζ ′ · e1) → 1, and hence (5.22) holds and ζ · e1 ≤ ξ ′ · e1. Take ζ → ξ ′′. We now
consider three cases.

Case (a): If ξ ′ = ξ1, then ξ ′ = ξ1 = ξ
1
, forcing ξ ′′ = ξ ′ = ξ1. Let ξ = ξ ′. Weak {ξ}-

directedness holds by the definitions of ξ ′ and ξ ′′, since they equal ξ . Note that ξ = ξ2 and
Uξ = [ξ1, ξ2] = [ξ

1
, ξ2]. Then strong directedness into Uξ follows from (5.24) and (5.25).

The case ξ ′′ = ξ2 is similar.
Case (b): Assume ξ ′ �= ξ1 and ξ ′′ �= ξ2 but ξ

1
· e1 ≤ ξ ′′ · e1 ≤ ξ1 · e1. Then set ξ = ξ1. We

have ξ
′′ = ξ , and thus ξ2 = ξ . We also have ξ

1
= ξ and again strong directedness into Uξ

follows from (5.24) and (5.25). The case ξ2 · e1 ≤ ξ ′ · e1 ≤ ξ2 · e1 is similar.
Case (c): In the remaining case, ξ1 · e1 < ξ ′′ · e1 ≤ ξ ′ · e1 < ξ2 · e1 we have [ξ1, ξ2] = Uξ ′ =

Uξ ′′ . In this case, � is linear on [ξ1, ξ2] and, therefore, ξ ′, ξ ′′ ∈D. Let ξ = ξ ′. The definitions
of ξ ′′ and ξ ′ give weak directedness into [ξ ′′, ξ ′] ⊂ [ξ1, ξ2] = Uξ . Strong directedness into

Uξ ∪ Uξ = [ξ, ξ ] = [ξ
1
, ξ

2
] follows from (5.24) and (5.25).

To finish, note that in all three cases ξ ∈ riU . Indeed, strong directedness into Ue1 would
imply (5.22), and thus (5.21) hold for all ζ ∈ riU . Then Lemma 4.13 would imply B�x(y, y+
e2) = ∞, contradicting nondegeneracy. Strong directedness into Ue2 is argued similarly. �
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For the rest of the section, we assume that (3.5) holds. Then, in Theorem 4.7, we can ask
that 1 ∈ B0 and take H1

0 to be {−∇�(ξ) : ξ ∈ D0}, where D0 is the countable dense subset
of riU from the paragraph following (3.5). Theorem 4.14 then implies that for ξ ∈ D0 and
ω̂ ∈ �̂coc ∩ �̂Bus ∩ �̂cont,ξ ∩ �̂cont,ξ , Bξ− = Bξ+ = Bξ is a function of {ωx(ω̂) : x ∈ Z

2}.
This and (4.9) imply that the whole process {Bh± : h ∈ B} is measurable with respect to
S = σ(ωx : x ∈ Z

2) ⊂ F . In other words, we do not need the extended space �̂. For the rest
of the section, we write ω instead of ω̂ and more generally drop the hats from our notation.

Recall the definition of the countable random set Uω
x ⊂ riU in (3.7). It is a straightforward

exercise to check that all the events in the statements of Lemma 5.8 and Theorem 3.10 are
measurable; see Lemma 5.11 in [40].

LEMMA 5.8. Assume (3.5). Fix x ∈ Z
2. Then for any η, ζ ∈ U , P([η, ζ ] ∩ Uω

0 �= ∅) ∈
{0,1} and P([η, ζ ] ∩ Uω

0 �= ∅) = 1 if and only if

(5.26) P
{
ω ∈ �coc : ∃ξ ∈ [η, ζ ] ∩ riU : Bξ+(0, e1,ω) �= Bξ−(0, e1,ω)

}
> 0.

PROOF. Fix η, ζ ∈ U . The event

E = {
ω ∈ �coc : ∃y ∈ Z

2,∃i ∈ {1,2},∃ξ ∈ [η, ζ ] ∩ riU :
Bξ+(y, y + ei,ω) �= Bξ−(y, y + ei,ω)

}
is shift-invariant and the ergodicity of the distribution of {ωx : x ∈ Z

2} induced by P implies
that this event has probability either 0 or 1. It has probability 1 if and only if

(5.27) P
{∃i ∈ {1,2},∃ξ ∈ [η, ζ ] ∩ riU : Bξ+(0, ei) �= Bξ−(0, ei)

}
> 0.

But recovery (4.6) implies that Bξ+(0, e1) �= Bξ−(0, e1) is equivalent to Bξ+(0, e2) �=
Bξ−(0, e2). Therefore, (5.27) holds if and only if (5.26) holds.

If P(E) = 0, then P{ω : [η, ζ ] ∩ Uω
0 �= ∅} = 0, since the latter is a smaller event. On the

other hand, if P(E) = 1 then (5.27) holds and ergodicity implies that with P-probability one
there is a positive density of sites y such that there exist i ∈ {1,2} and ξ ∈ [η, ζ ] ∩ riU
with Bξ+(y, y + ei) �= Bξ−(y, y + ei). In particular, there exist such sites in Z

2+ and so
[η, ζ ] ∩ Uω

0 �= ∅. �

PROOF OF THEOREM 3.10. For ξ ∈ (riU) \D, let η = ζ = ξ . Then (4.3) implies (5.26)
holds. The first claim in part (a) follows from applying Lemma 5.8, since there are count-
ably many directions of nondifferentiability. The second claim, about ξ ∈ D, comes from the
continuity in Remark 4.11.

When ξ �= ξ , condition (3.5) implies that [ξ, ξ ] ⊂ D, and hence ∇�(ζ±) = ∇�(ξ) and
Bζ− = Bζ+ = Bξ for all ζ ∈ [ξ, ξ ]. Part (b) now follows from Lemma 5.8 with η = ξ and
ζ = ξ . (There are countably many ξ with ξ �= ξ .)

The first claim in part (c) is the same as the first claim in Lemma 5.8. Fix η and ζ as in the
second claim. Define

A = {
ξ ∈ [η, ζ [ : P(]ξ, ξ ′]∩ Uω

x �=∅
)= 1 ∀ξ ′ ∈ ]ξ, ζ ]}⊂ [η, ζ ].

Note that any point in A is an almost sure (right) accumulation point of Uω
0 . Let ξ0 ∈ [η, ζ ]

be such that

ξ0 · e1 = sup
{
ξ ′ · e1 : ξ ′ ∈ [η, ζ ] and P

([
η, ξ ′]∩ Uω

x �=∅
)= 0

}
.

We have P([η, ξ ′] ∩ Uω
x = ∅) = 1 for all ξ ′ ∈ [η, ξ0[. Taking ξ ′ → ξ0 implies the same claim

for [η, ξ0[. Since ξ0 ∈ D, part (a) implies the same holds for [η, ξ0]; therefore ξ0 �= ζ . The
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definition of ξ0, the (already proven) first claim in (c), and P(ξ0 /∈ Uω
x ) = 1 now imply that

ξ0 ∈ A and so A is not empty.
For any ξ ∈ A and ξ ′ ∈ ]ξ, ζ [, there exists ξ ′′ ∈ ]ξ, ξ ′] such that P([ξ ′′, ξ ′] ∩ Uω

x �= ∅) = 1.
Otherwise, taking ξ ′′ → ξ and using P(ξ ∈ Uω

x ) = 0 we get a contradiction with ξ ∈ A. The
previous paragraph shows that there exists ξ ′′′ ∈ ]ξ ′′, ξ ′[∩A. It follows that ξ is an accumu-
lation point of A. (c) is proved.

Let �uniq be the intersection of �coc ∩�Bus ∩�nondeg ∩�exist ∩�dir with the full-measure
event from the already proven parts (a) and (b) and with �cont,ξ ∩�cont,ξ for all of �’s linear

segments [ξ, ξ ], ξ �= ξ (if any). Take ω ∈ �uniq.
Since ω ∈ �nondeg, uniqueness of degenerate extreme solutions comes from Lemma 3.4.

Assumption (3.5) implies that

(5.28) Uξ = Uξ = Uξ− = Uξ+ = Uξ for all ξ ∈ U .

Then strong directedness of nondegenerate extreme solutions follows from Theorem 3.5
(since ω ∈ �dir). This proves part (d).

Now fix ξ ∈ U \Uω
x . Since ω ∈ �exist and Uξ− = Uξ+, we already know from Theorem 5.4

that �
ξ,ω
x is a strongly Uξ -directed DLR solution. Let �x be (possibly another) strongly Uξ -

directed DLR solution. If ξ �= ξ , then assumption (3.5) implies � is linear on [ξ, ξ ] ⊂ D and

ω ∈ �cont,ξ implies Bξ− = Bξ = Bξ = Bξ−. Either way, we have Bξ− = Bξ−. Similarly,

Bξ+ = Bξ+. By Theorem 4.14, we have �x-a.s., for all y ∈ x +Z
2+,

(5.29) e−Bξ−(y,y+e1,ω) ≤ lim
n→∞

Zy+e1,Xn

Zy,Xn

≤ lim
n→∞

Zy+e1,Xn

Zy,Xn

≤ e−Bξ+(y,y+e1,ω),

with similar inequalities for e2-increments. Consequently, if ξ /∈ Uω
x , then

lim
n→∞

Zy,Xn

Zx,Xn

= e−Bξ (x,y,ω).

Due to (5.13) and (5.7), applying bounded convergence we deduce that �x = �
ξ,ω
x . The

existence and uniqueness claimed in part (e) have been verified.
As explained above Lemma 2.4, one can write �x as a convex integral mixture of extreme

measures from DLRω
x . This mixture will then have to be supported on DLR solutions that are

all strongly Uξ -directed. Uniqueness then implies that they are all equal to �x and, therefore,
�x is extreme.

The weak convergence claim comes similarly to (5.14). The argument for consistency is
similar to the one below (5.14). Part (e) is proved.

When ξ ∈ Uω
x , �

ξ±,ω
x are two DLR solutions which, by Theorem 5.4 and (5.28), are both

strongly Uξ -directed. The two are different because they are nondegenerate and so if y ∈ x +
Z

2+ and i ∈ {1,2} are such that Bξ−(y, y + ei,ω) �= Bξ+(y, y + ei,ω), then passing through

y has a positive probability under both �
ξ±,ω
x , and the transitions out of y are different.

Since �
ξ±,ω
x are two different Uξ -directed solutions, there must exist at least two different

extreme ones. Part (f) is proved and we are done. �

REMARK 5.9. We can in fact prove that in Theorem 3.10(f) �
ξ±,ω
x are extreme. See

Lemma 5.12 in [40].

PROOF OF THEOREM 3.12. Let D0 be a countable dense subset of D containing the
endpoints of all linear segments of � (if any). We define a coupling of certain paths on the
tree T ω

0 . Set �cif = ⋂
ζ∈D0

�[ζ ,ζ ] and take ω ∈ �cif. For n ∈ N and ζ ∈ D0, let X̂
ζ,ω,(n)
0,∞



810 C. JANJIGIAN AND F. RASSOUL-AGHA

be the up-right path on T ω
0 that goes from 0 to �nζ� and then continues by taking, say, e1

steps. Let Q̂ω
0,(n) be the joint distribution of T ω

0 and {X̂ ζ,ω,(n)
0,∞ : ζ ∈ D0}, induced by Qω

0 . By
compactness, the sequence Q̂ω

0,(n) has a subsequence that converges weakly to a probability

measure. Let Q̂ω
0 be a weak limit. This is a probability measure on trees spanning Z

2+ and
infinite up-right paths on these trees, rooted at 0 and indexed by ζ ∈ D0. We denote the tree
by T̂ ω

0 and the paths by X̂
ζ,ω
0,∞. The distribution of T̂ ω

0 under Q̂ω
0 is the same as that of T ω

0
under Qω

0 . Furthermore, since by Lemma 3.11 for each n ∈ N and ξ ∈ D0 the distribution

of X̂
ζ,ω,(n)
0,n under Qω

0 is exactly Qω
0,�nζ �, Theorem 3.7 implies that the distribution of X̂

ζ,ω
0,∞

under Q̂ω
0 is exactly �

ζ,ω
0 . One consequence is that X̂ ζ,ω is Uζ -directed, Q̂ω

0 -almost surely
and for all ζ ∈ D0.

We can define a competition interface φ̂ω
n between the subtrees of T̂ ω

0 rooted at e1 and e2,
and its distribution under Q̂ω

0 is then the same as the distribution of the original competition

interface φω
n under Qω

0 . Since X̂ ζ,ω is a path on the spanning tree T̂ ω
0 , {X̂ ζ,ω

1 = e2} implies

that φ̂ω
n · e1 ≥ X̂

ζ,ω
n · e1 for all n ∈ Z+. This in turn implies the event {lim φ̂ω

n · e1/n ≥ ζ · e1}.
Consequently, for all ζ ∈ D0,

Qω
0

{
lim

n→∞
φω

n · e1/n < ζ · e1

}
≤ �

ζ,ω
0 (X1 = e1) = eω0−Bζ (0,e1,ω).

A similar argument gives

(5.30) Qω
0

{
lim

n→∞φω
n · e1/n ≤ ζ · e1

}
≥ eω0−Bζ (0,e1,ω).

For ξ ∈ riU with ξ ∈ D0 taking D0 � ζ → ξ with ζ · e1 strictly decreasing makes ζ → ξ .
Recall that ω ∈ �cont,ξ . Applying the above, we get

Qω
0

{
lim

n→∞
φω

n · e1/n ≤ ξ · e1

}
≤ eω0−Bξ (0,e1,ω).

Applying (5.30) with ζ = ξ , we get

Qω
0

{
lim

n→∞φω
n · e1/n ≤ ξ · e1

}
≥ eω0−Bξ (0,e1,ω).

Since the liminf is always bounded above by the limsup, we get

Qω
0

{
lim

n→∞
φω

n · e1/n ≤ ξ · e1

}
= Qω

0

{
lim

n→∞φω
n · e1/n ≤ ξ · e1

}
= eω0−Bξ (0,e1,ω).

A similar argument, starting by taking ζ → ξ and applying (5.30), gives

Qω
0

{
lim

n→∞
φω

n · e1/n < ξ · e1

}
= Qω

0

{
lim

n→∞φω
n · e1/n < ξ · e1

}
= eω0−Bξ (0,e1,ω)

for all ξ ∈ riU with ξ ∈ D0. But for ξ ∈ D0 we have Bξ(ω) = Bξ(ω) = Bξ(ω). Hence, all

four probabilities in the above two displays equal eω0−Bξ (0,e1,ω). We conclude that for any
ξ ∈ D0,

Qω
0

{
lim

n→∞
φω

n · e1/n ≤ ξ · e1

}
= Qω

0

{
lim

n→∞φω
n · e1/n ≤ ξ · e1

}
= eω0−Bξ (0,e1,ω).

This implies that ξ∗ = limn→∞ φω
n · e1/n exists Qω

0 -almost surely and its cumulative distri-
bution function is given by (3.8). Parts (a) and (b) are proved. Part (c) follows because Bξ+
is constant on the linear segments of �. For (d), observe that

EQω
0 {ξ∗ = ξ} = E

[
eω0
(
e−Bξ+(0,e1,ω) − e−Bξ−(0,e1,ω))],

which vanishes if and only if P{Bξ+(0, e1) = Bξ−(0, e2)} = 1, which holds if and only if
ξ ∈ D. �
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6. Bi-infinite polymer measures. We now prove Theorem 3.13 and Lemma 3.15, show-
ing nonexistence of two classes of bi-infinite polymer measures. The following is the key step
in the proof of Theorem 3.13.

LEMMA 6.1. Let B be a shift-covariant cocycle which recovers the potential. Then there
is a Borel set �B,↓0 ⊂ � with P(�B,↓0) = 1 so that for all ω ∈ �B,↓0 and for all x ∈ Z

2,

lim
n→∞ max

y≤x
|x−y|1=n

�B(ω)
y (x) = 0.

PROOF. By shift-covariance of B , it is enough to deal with the case x = 0. Couple
{�B(ω)

y : y ∈ Z
2} as described in Appendix A.1 and denote the coupled paths by X

y,ω
m,∞, or Xy

for short, y ∈ Vm, m ∈ Z. Let Nv = {y ≤ v : v ∈ Xy}. We will call a point z ∈ Z
2 a junction

point if there exist distinct u, v ∈ Z
2 such that |Nu| = |Nv| = ∞ and Xu and Xv coalesce

precisely at z.
Suppose now P ⊗ P(|N0| = ∞) > 0. The shift-covariance of B implies Nu(τvϑ,Tvω) =

Nu+v(ϑ,ω). Hence, by the ergodic theorem, with positive P⊗P-probability there is a positive
density of sites v ∈ Z

2 with |Nv| = ∞.
By Theorem A.2, for P ⊗ P-almost every (ϑ,ω) and all u, v ∈ Z

2, Xu and Xv coalesce. It
follows from this and the previous paragraph that with positive P ⊗ P-probability there is a
positive density of junction points.

For L ∈ N, let JL denote the union of the junction points in [1,L]2 together with the
vertices of the south-west boundary of [1,L]2, {kei : 1 ≤ k ≤ L, i ∈ {1,2}}, with the property
that one of the junction points lies on Xkei . For each junction point z, there are at least two
such points on the southwest boundary. Decompose JL into finite binary trees by declaring
that the two immediate descendants of a junction point z are the two closest points u, v ∈ JL

with the property that z ∈ Xu ∩ Xv . The leaves of these trees are points in JL which lie on
the boundary and the junction points are the interior points of the trees. This tree cannot have
more than 2L+ 1 leaves, but this contradicts that there are on the order of L2 junction points,
since a binary tree has more leaves than interior points. Thus P ⊗ P(N0 < ∞) = 1.

Fix ε > 0. We now know that P(|N0(ϑ,ω)| < ∞) = 1 for P-almost all ω. Then there exists
an integer n0 = n0(ω) such that P(|N0(ϑ,ω)| ≥ n) < ε for n ≥ n0. The claim follows from
the observation that �B

y (0) = P(0 ∈ Xy) ≤ P(|N0(ϑ,ω)| ≥ n) for y ≤ 0 with |y|1 = n. �

We can now rule out the existence of polymer Gibbs measures satisfying the law of large
numbers in a fixed direction and of metastates.

PROOF OF THEOREM 3.13. Let �bi,[ξ,ξ ] = �Bξ ,↓0 ∩ �[ξ,ξ ] and take ω ∈ �bi,[ξ,ξ ]. Sup-

pose there exists a weakly Uξ -directed � ∈ ←−→
DLRω. Take any x ∈ Z

2 such that c = �(x) > 0.
Fix n ≤ x · ê. If �(x | y) ≤ c/2 for all y ∈ Vn with �(y) > 0, then �(y,x) ≤ c�(y)/2 for
all y ∈ Vn and adding over y we get c = �(x) ≤ c/2, which contradicts c > 0. Hence, there
exists a yn ≤ x such that yn ∈ Vn, �(yn) > 0, and �(x | yn) > c/2. But, by Lemma 2.4,
�(· | yn) is a weakly Uξ -directed element of DLRω

yn
and, by Theorem 3.7, it must be that

�(x | yn) = �
ξ,ω
yn (x). But then �

ξ,ω
yn (x) > c/2 for all n, which contradicts Lemma 6.1 since

Theorem 5.5 says �
ξ,ω
yn = �

Bξ(ω)
yn . �

PROOF OF LEMMA 3.15. Suppose that � is a measure satisfying Definition 3.14(a) and
Definition 3.14(c). Then for each z ∈V0

E
[
�ω(X0 = z)

]= E
[
�Tzω(X0 = 0)

]= E
[
�ω(X0 = 0)

]
.

This is a contradiction since {X0 = z}, z ∈ V0, form a partition of X. �
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APPENDIX A: COUPLED RWRE PATHS WITH {e1, e2} STEPS

A.1. Path coupling. In this section, we construct a coupling of a family of random walks
in a random environment (RWRE) with admissible steps {e1, e2} that several arguments in
this paper rely on.

Let (�,F,P) satisfy the assumptions of Section 2. Let P denote the law of i.i.d.
Uniform[0,1] random variables ϑ = {ϑ(y) : y ∈ Z

2} on [0,1]Z2
, equipped with the Borel

σ -algebra and the natural group of coordinate shifts τx . Define a family of shifts on the prod-
uct space [0,1]Z2 × � indexed by x ∈ Z

2 in the natural way, via T̃x(ν,ω) = (τxν, Txω). This
shift preserves P ⊗ P.

Let A be some index set and let {pα
x : x ∈ Z

2, α ∈ A} be a collection of [0,1]-valued

F -measurable random variables. Abbreviate G = {e1, e2}Z2
. For α ∈ A, construct a random

graph gα(ϑ,ω) = gα ∈ G, via

gα
x =

{
e1 if ϑ(x) < pα

x (ω),

e2 if ϑ(x) ≥ pα
x (ω).

For each x ∈ Vm, m ∈ Z, let Xx,α,ω
m,∞ = Xx,α,ω

m,∞ (ϑ) denote the random path defined via
Xx,α,ω

m = x and X
x,α,ω
k = X

x,α,ω
k−1 + gα

X
x,α,ω
k−1

(ϑ,ω) for k > m. We observe that under P, for

fixed α, Xx,α
m,∞ has the law of a quenched RWRE with admissible steps {e1, e2} started from

x and taking the step e1 at site y with probability pα
y (ω). Two properties follow immediately.

COROLLARY A.1. The following hold for any ω ∈ � and ϑ ∈ [0,1]Z2
:

(a) (Coalescence) If for some α ∈ A, x, y ∈ Z
2, and n ≥ max(x · ê, y · ê) we have

Xx,α,ω
n (ϑ) = X

y,α,ω
n (ϑ), then Xx,α,ω

n,∞ (ϑ) = X
y,α,ω
n,∞ (ϑ).

(b) (Monotonicity) Fix x ∈ Vm, m ∈ Z, and α1, α2 ∈ A. If p
α1
y (ω) ≤ p

α2
y (ω) for all y ≥ x

then X
x,α1,ω
n (ϑ) · e1 ≤ X

x,α2,ω
n (ϑ) · e1 for all n ≥ m.

The proof of Lemma 4.10 is an example of how we use this coupling.

PROOF OF LEMMA 4.10. It suffices to work with a fixed β ∈ (0,∞). The case β = ∞
comes by taking a limit. Fix n ∈ Z and construct the coupled paths X

x,β,h,ω
m,∞ (ϑ), x ∈ Vm,

m ∈ Z, as above, with

px(ω) =

⎧⎪⎪⎨⎪⎪⎩
eβωx+e1+βh·e1

Z
β,h
x+e1,(n)

Z
β,h
x,(n)

if |x|1 < n, x ≥ 0,

1/2 otherwise.

Note that for x ∈Vm, m + 1 < n, and i, j ∈ {1,2},
∂hi

F
β,h
x,(n) = E

ω,β,h
x,(n)

[
ei · (Xn − x)

]
and

∂hi
F

β,h
x+ej ,(n) = E

ω,β,h
x+ej ,(n)

[
ei · (Xn − x − ej )

]
.

It follows that whenever x ∈ Vm, m < n and i, j ∈ {1,2},
∂hi

Bβ,h
n (x, x + ej ) = E

ω,β,h
x,(n) [ei · Xn] − E

ω,β,h
x+ej ,(n)

[
ei · (Xn − ej )

]− ei · ej

= E
[
ei · (Xx,β,h,ω

n − X
x+ej ,β,h,ω
n

)]
.

Then Corollary A.1(a) and planarity imply that

∂hi
Bβ,h

n (x, x + ei) ≤ 0 and ∂h3−i
Bβ,h

n (x, x + ei) ≥ 0. �
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A.2. Coalescence of RWRE paths. We record the following result showing that
quenched measures of a general 1 + 1-dimensional random walk with {e1, e2} steps in a
stationary weakly elliptic random environment can be coupled so that the paths coalesce.
The proof is an easier version of the well-known Licea–Newman [45] argument for coales-
cence of first-passage percolation geodesics. Notably, the measurability issues which make
the Licea–Newman argument somewhat involved in zero temperature vanish in positive tem-
perature due to the extra layer of randomness coming from the coupling. Since the proof is
an easier version of a standard argument, we omit the details. The full proof is available in
the preprint [40].

THEOREM A.2. Let p : � → [0,1] be F -measurable. Assume that P(0 < p < 1) = 1
and construct random variables {Xx,ω

m,∞ : x ∈ Vm,m ∈ Z} via the coupling in Appendix A.1
with px(ω) = p(Txω). Then for P ⊗ P-almost every (ϑ,ω) and any u, v ∈ Z

2 there exists an
n ∈ Z with Xu,ω

n,∞(ϑ) = Xv,ω
n,∞(ϑ).

APPENDIX B: AUXILIARY LEMMAS

The following lemma gives an analogue of J. B. Martin’s result [48], Theorem 2.4, on
the boundary behavior of the shape function for LPP, in the positive temperature setting. It
follows immediately from that result by bounding �β using �∞ and counting paths. The
proof is included in [40].

LEMMA B.1. For each β > 0, as s ↘ 0

�β(se1 + e2) = �β(e1 + se2) = E[ω0] + 2
√

sVar(ω0) + o(
√

s).

Next is a lemma that allows us to compare ratios of partition functions.

LEMMA B.2. For any ω ∈ �, x ∈ Z
2, and u, v ∈ x + e1 + e2 + Z

2+ with u · e1 ≥ v · e1
and u · e2 ≤ v · e2

(B.1)
Z

β
x+e1,u

Z
β
x,u

≥ Z
β
x+e1,v

Z
β
x,v

and
Z

β
x+e2,u

Z
β
x,u

≤ Z
β
x+e2,v

Z
β
x,v

.

PROOF. Reversing the picture in [31], Lemma A.1, via x �→ −x gives

Z
β
x+e1,y

Z
β
x,y

≥ Z
β
x+e1,y−e1

Z
β
x,y−e1

≥ Z
β
x+e1,y−e1+e2

Z
β
x,y−e1+e2

for all x, y ∈ Z
2 with y ≥ x and any choice of ω ∈ �. The first equality in (B.1) comes by

applying this repeatedly with y on any up-left path from u to v. The second equality is similar.
�
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[56] SINAĬ, Y. G. (1991). Two results concerning asymptotic behavior of solutions of the Burgers equation with
force. J. Stat. Phys. 64 1–12. MR1117645 https://doi.org/10.1007/BF01057866
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