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EXISTENCE OF GENERALIZED BUSEMANN FUNCTIONS
AND GIBBS MEASURES FOR RANDOM WALKS IN
RANDOM POTENTIALS

SEAN GROATHOUSE, CHRISTOPHER JANJIGIAN, AND FIRAS RASSOUL-AGHA

ABSTRACT. We establish the existence of generalized Busemann functions and
Gibbs-Dobrushin-Landford-Ruelle measures for a general class of lattice ran-
dom walks in random potentials with finitely many admissible steps. This
class encompasses directed polymers in random environments, first- and last-
passage percolation, and elliptic random walks in both static and dynamic
random environments in all dimensions and with minimal assumptions on the
random potential.

1. INTRODUCTION

The model of a random walk interacting with a random potential (RWRP) has
been a major topic of research in probability over the last half-century. Through
various specializations, it encompasses random walks in both static and dynamic
random environments, directed polymers in random environments, as well as zero-
temperature models of deterministic walks in random environments like directed
and undirected first- and last-passage percolation. The objects we investigate,
called generalized Busemann functions, have been previously studied in specific
instances through the structure of positive harmonic functions [69H7I] and the
associated Martin boundary [9], infinite volume Gibbs-Dobrushin-Landford-Ruelle
measures and geodesics [TLAH6L 8141161231 24127, 39,41,54,63], increment stationary
distributions of directed polymers and stochastic Hamilton-Jacobi equations [I}4HG],
8L14L[17,[40L[411[63], solutions to variational formulas for the limiting free energy and
shape function [9,57,60,61[70], and, in the related stochastic Hamilton-Jacobi
setting, correctors for the stochastic homogenization problem [1541].

In this introductory section, we will motivate the model and questions we con-
sider informally, ignoring technical complications. A careful treatment follows in
the main body of the text. Our model begins with a time-homogeneous reference
random walk with finitely many admissible steps on an integer lattice Z?. We de-
note the set of admissible steps by R, the associated transition mass function by
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p, and the path law started at z € Z¢ by P,. The random walk interacts with a
random potential {V(w, z) : z € R} through its position and its increment.

At positive temperature, the quenched (unrestricted-length) point-to-point poly-
mer measure in environment w is a Gibbsian measure on paths X. which emanate
from a site z, defined via the Radon-Nikodym derivative

Ty—1

% X _ e_BZkZO V(TXkW1Xk+1—Xk)
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In the previous expression, Tyw is a shift of the environment w by x, 7, is the first
strictly positive time the path reaches site y, and the partition function is
_gy vt _
(1.2) ZPv = E, [e B V(T w0, X i1 Xk)]l{Ty@O}}
Here E, is the expectation with respect to P,, and 5 € (0, 0) is interpreted as the
inverse temperature.
A straightforward computation checks that these measures are Markovian with
one-step transition probabilities from x # y to x + z, 2 € R, given by
Zﬂw 8
(1 3) p(z)e*ﬁV(Tzw,z) rtzy _ (Z)efﬂ(V(wa,z)Jr%(log Zf:;’ —log Zz_:“zy))
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As 8 — o0, one should expect the measure in (1)) to converge to a distribution
supported on paths which minimize the potential along the path; i.e., the measure
is asymptotically supported on paths which optimize

Ty—1
1
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This “zero temperature” RWRP model is known in the literature as first-passage
percolation (FPP), with the standard undirected Euclidean model arising if P,
is any random walk with the same admissible steps as simple symmetric random
walk on Z?. In that setting F5 is called the passage time. The statement that
the transition probabilities in (L3]) sum to one becomes the following local control
problem, which can be used to construct minimizing paths, called geodesics in FPP:

_ . 0, 0,w
0= Izré%l{V(wavx + Z) + Fx,yw - Fr+z,y}'

If one replaces stopping on reaching y with stopping after n steps, then the
positive-temperature polymer measure defined through (LI)) is what we call the
quenched restricted-length point-to-level polymer measure, which is defined via the
Radon-Nikodym derivative

n—1
ng,’:} e B liko V(Txw X1 —Xi)
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(1.5)
In the previous expression, P, , is the restriction of P, to the first n steps of the
walk and

z,n
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Again, these measures are Markovian with one-step transition probabilities from x
to z + z, where z € R, given by

B
(16) p(z)e_BV(Twwvz) Zz+z7n71 (w) _ p(Z)G_B(V(TTw’Z)+ % (log ny"—log Zf«}»z,n—l)) )

Z8 (W)

Denote by P the law of the random environment w. In general, the above

quenched point-to-level polymer measures are not Kolmogorov-consistent as n varies
unless it happens to be the case that P-almost surely for all x and all n,

(1.7 nyn(w) =1 or, equivalently, 2 p(z)e PV Tewsz) — 1,

zER
If this holds, then the restricted point-to-level model reduces to that of a random
walk in a random environment (RWRE).

As previously noted, except in the special case where the model is an RWRE;,
the measures (Qg:)n and (foj)y discussed above are not in general Kolmogorov-
consistent. The domain Markov property satisfied by another family of measures
(restricted length point-to-point, defined further down in ([Z3))) gives Dobrushin-
Landford-Ruelle (DLR) equations which characterize infinite volume Gibbs mea-
sures in this setting. One typically expects such measures to arise in the thermo-
dynamic limit as the terminal condition (y or n, respectively) tends to infinity.
Such a limit is equivalent to the convergence of the transition probabilities defined
through (L3)) (or (L6)). Writing 5! log Zf;’ = Ff;f, this, in turn, is equivalent
to the convergence of limits of the form

(18) BY(a,y) = im{ FJ — FJ .

where the limit is taken as u — o0 in an appropriate sense. In the zero-temperature
setting of FPP, the analogous limits

(1.9) B*(z,y) = lim{ F — Ffe}

are known as Busemann functions, which is a name inherited from their interpre-
tation in metric geometry. We keep this terminology in the general model.

The existence of such limits is highly non-trivial to prove in general, with most
arguments, even in the planar d = 2 setting, relying on strong and generally un-
proven hypotheses about the limiting free energy (8 < o) or limit shape (8 = o).
These quantities are defined respectively (in the point-to-point setting) through the
limits

1 1
AP(€) = lim —F§ and  AP(¢) = lim —Fg”

where z,,/n — ¢ € R%. In the setting of RWRE, the corresponding object has also
been studied extensively in the guise of the quenched large deviation rate function
for the time n position of the path.

If the limits in (L) and (L9) exist, then these Busemann functions satisfy four
key properties, the first three of which are inherited immediately from the pre-limit
structure of the model:

(i) (Recovery) For 8 < oo,

1= 3 p()e PV wa 3B 0.2
zER
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and for 8 = o0,
0 = min{V(w, 2) + B**(0, 2)}.
2€R

(ii) (Cocycle)
BP¥(z,y) + B®“(y,2) = B»*(z, 2).
(iii) (Shift covariance)
BY 19z, y) = BP(z + 2,y + 2).
(iv) (Duality) There exists m € OAP(¢) for some & for which
(1.10) E[B?*(z,y)] = m - (z —y).

In the duality expression, dA®(¢) denotes the superdifferential of the concave func-
tion A®. With some convex analysis, one can generally show that duality is actually
a consequence of the previous three conditions. We include this condition as part
of our (informal) definition to simplify the discussion below. Random fields which
satisfy these four properties are called generalized Busemann functions. Where
such objects exist, they can serve essentially the same role as true Busemann func-
tions defined through the limits in (L)) and (LA). In particular, in the setting of
polymer models (resp. FPP/LPP), the recovery property of the generalized Buse-
mann functions can be used to construct semi-infinite Markovian path measures
(resp. paths). Then, the cocycle property implies that these measures (resp. paths)
satisfy the aforementioned DLR equations (resp. are geodesics). Gibbs measures
(resp. geodesics) built in this way have extra structure and can be shown to also
be consistent with the unrestricted-length point-to-point measures (resp. geodesics)
which are discussed above.

As the reader will see in the body, because of how generally we work in this
project, the careful statements of our main results are fairly technical. For this
reason, we give informal statements in this introduction, with precise statements
to follow. Our main technical result, stated carefully in Theorem 5] is that gen-
eralized Busemann functions essentially always exist.

Informal Theorem 1.1. For appropriate choices of the distribution P of the envi-
ronment w and all choices of the reference walk with finitely many admissible steps,
for each & and m € ONP(€), there exist random variables B%< (x,y) satisfying the
duality (LIQ) and the recovery, cocycle, and covariance properties above.

In the statement above, what is meant by “appropriate” is that the environment
needs to be appropriately ergodic or mixing and satisfy mild moment hypotheses.
Our hypotheses include most models with finitely many admissible steps studied
in the literature, with two significant exceptions being degenerate (i.e. not elliptic)
random walks in random environments and walks on percolation clusters.

The fourth condition in our informal definition of the generalized Busemann
function was called duality because it expresses a Legendre-Fenchel duality (through
the concave function A®) between the mean vector m of the Busemann function
and a direction ¢ for which m € dA®(¢) which appears when one uses the Busemann
function to construct Gibbs measures or infinite geodesics.

The study of the Gibbs measures and semi-infinite geodesics has been a focus of
significant recent attention. We discuss some of these related works below and refer
the reader to the introduction of [42] for a more comprehensive discussion. The main
result of this paper establishes the existence of such measures and geodesics in a
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broad setting, while also detailing some of their fundamental properties. The precise
statement of our existence result is Theorem [B14l Informally, we can summarize
that result as follows.

Informal Theorem 1.2. Under the same hypotheses as Informal Theorem [I1], for
eachx € Z%, ¢, andm € OAP (), there exists a probability measure Q2™ on infinite
paths starting at x. This measure satisfies Gibbs consistency with the restricted-
length point-to-point measures and, in an appropriate sense, with the unrestricted-
length measures. Furthermore, it corresponds to the tilt m through the following
dualities:

For almost all w, Q%™ _almost surely, the limit points of X,,/|X,|1 lie in the
set of directions ¢ such that m € OAP(¢). Similarly, the limit points of X,,/n lie in
the set of velocities satisfying the analogous condition with respect to the restricted-
length free energy.

The need for understanding consistency with the unrestricted-length measures
“in an appropriate sense” in the statement above is because the unrestricted-length
measures are not in general self-consistent in the Gibbs sense. We discuss this point
further in Appendix [Bl

Appendix A.1 of the Ph.D. thesis [32] contains some further preliminary results
on the general structure of infinite volume Gibbs measures in this general setting,
including their equivalence to recovering cocycles.

What we are calling generalized Busemann functions have previously appeared
with other interpretations in other settings. Suppose that the model is an irre-
ducible RWRE as in (7)) and that h solves for all z € Z¢ and some c € R,

(1.11) h(x) = Y p(z)eV T =Ch(z + 7).

Then the above equation says that h(X,)e" is a (quenched) martingale for the
RWRE. When ¢ = 0, this becomes the usual notion of a harmonic function. We
call the ¢ # 0 case a time-dependent harmonic function.

If B satisfies the recovery and cocycle properties discussed above, then the func-
tion h(z) = B (0.9) is harmonic (with ¢ = 0). More generally, we will see that
the (space-time) generalized Busemann functions (see Remark [1.2] for a careful def-
inition) coming from the restricted-length measures in (5] define time-dependent
harmonic functions as in ([CII). Such time-dependent harmonic functions have
previously been used to study RWRE in [69H71]. One could conversely start with a
covariant positive harmonic function with ¢ = 0 and construct a generalized Buse-
mann function by setting B(z,y) = logh(z) —logh(y). A similar statement holds
for space-time generalized Busemann functions in the case of ¢ # 0.

Through this connection, generalized Busemann functions can be seen to be
closely related to the Martin boundary theory of the RWRE and generalizations
to the RWRP model. In this interpretation, the infinite volume polymer measures
discussed in Informal Theorem are the Markov processes generated by Doob h-
transforms of the RWRE with respect to this harmonic A. Through this connection,
it is our hope that the study of the objects constructed in this work may shed
some light on the long-open questions concerning zero-one laws for RWRE models
previously studied in [43[56L64,67,[73]74].

As mentioned in the opening paragraph of this manuscript, many other connec-
tions are present in related settings. Next, we briefly comment on two of these
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connections. Generalized Busemann functions have been shown in [40] to be equiv-
alent to translation invariant stationary distributions for directed polymer models
(in the sense that a realization of one induces a realization of the other). See also
[I]. These translation-invariant stationary distributions play a prominent role in
the KPZ scaling theory, which predicts the values of the non-universal constants
needed to center and scale to see the universal distributions in the KPZ class [461[65].

In the closely related setting of stochastic Hamilton-Jacobi equations, general-
ized Busemann functions correspond to globally defined solutions to the corrector
equation, as discussed in [I5LA4T]. The construction of such objects is a key step in
one approach to the problem of proving stochastic homogenization for such models,
beginning with the pioneering work [50]. We refer the reader to the discussion in
[7] as well as that in [41] for connections between the problems studied here and
the general stochastic Hamilton-Jacobi setting.

Before concluding this section on motivation, it is important to clarify that our
focus in this work lies in the simultaneous construction of the generalized Busemann
functions for a countable dense set of vectors in the superdifferential of the limiting
free energy. Our scope does not encompass the complete construction of the Buse-
mann process, meaning a stochastic process indexed by the whole superdifferential.
Thus far, such a process has only been successfully constructed generally in two-
dimensional directed nearest-neighbor settings [39,42], where the path structure
imposes a monotonicity that allows for the construction of the Busemann process
based on its values at a dense countable set of directions.

We close this introductory section by remarking that this work leaves open many
of the usual questions, such as those considered in Newman’s seminal work [54],
regarding the structure of the semi-infinite Gibbs measures and geodesics. In partic-
ular, it is natural to wonder whether all semi-infinite Gibbs measures and geodesics
are directed into faces of the unrestricted-length limit shape. One might also ask
for conditions under which one can show the uniqueness of these semi-infinite mea-
sures and geodesics or the non-existence of bi-infinite measures and geodesics. See
[T9.20] for some recent relevant results. The existence of the full Busemann process
and its connection to the non-uniqueness of Gibbs measures and infinite geodesics
as in [391[42] would also be of interest.

Another open problem of interest is to determine the conditions under which
paths have an asymptotic law of large numbers (LLN) velocity. In the context of
standard FPP, this is commonly referred to as the problem of asymptotic geodesic
length. Our results show that a sufficient condition for paths to possess an almost
sure asymptotic velocity is for the restricted-length limiting free energy to be strictly
concave. However, it is known that this condition does not hold universally, as
exemplified by marginally nestling RWRE, where the limiting free energy features
a linear segment [68, Theorems 7.4 and 8.1]. Nevertheless, even for such models,
it has been proven that in certain special cases the paths do have an asymptotic
velocity [22/55166], but the general scenario remains unresolved. The results in [10]
and [45] suggest that in the standard FPP model, for a given asymptotic direction,
there is a large class of weight distributions for which there are multiple asymptotic
speeds and, conversely, there is a large class of weight distributions for which there
is a unique asymptotic speed. Consequently, it is natural to question whether or not
having positive temperature forces the LLN to hold, as is conjectured, for example,
in the case of a uniformly elliptic RWRE with i.i.d. transition probabilities.



GENERALIZED BUSEMANN FUNCTIONS FOR RWRP 8493

1.1. Methods and related work. In the polymer and percolation literature, two
main approaches have been widely utilized to establish the existence of Busemann
functions. The earliest approach can be traced back to the pioneering work of
Newman and collaborators [35[48l[54] on first-passage percolation.

In this approach, quantitative estimates on the strict convexity (or concavity,
depending on sign conventions) of the limiting shape are used to prove geodesic
coalescence, from which the existence of Busemann functions follows as a conse-
quence. These ideas were later carried over to other percolation [4L[6,17,18] and
polymer [§] models.

However, it is worth noting that obtaining the required curvature bounds for this
approach, except for a few specific cases where the shape function can be explicitly
computed, remains a major open problem in the field. More importantly, from our
perspective, such conditions are provably false in full generality. It was shown by
Higgstrom and Meester [33] that in two dimensions, every compact convex shape
with all the symmetries of the lattice appears as the limit shape of some stationary
FPP model. See also the polygonal examples constructed in [2[13]. Moreover, even
in the FPP setting, geodesic coalescence in dimensions three or higher continues
to be an unresolved problem, with even its validity in high dimensions remaining
unclear.

The approach we employ in this work is based on the connection between gen-
eralized Busemann functions and invariant measures. It broadly follows the idea
of Césaro averaging distributions of Markov processes to produce stationary dis-
tributions, a concept that traces back at least to the classical Krylov-Bogoliouboff
theorem [47]. The essential technical difficulty in this approach in RWRP models
is constructing generalized Busemann functions that satisfy the duality condition
(LIQ) for a rich set of vectors m. There are two main steps to such an argument:
constructing tight approximate Busemann functions with means converging to m
and then establishing uniform integrability.

A method for proving the existence of generalized Busemann functions with
the correct mean structure was developed (mostly in the context of FPP) over
a series of works tracing from Liggett’s proof of the subadditive ergodic theorem
[49, Theorem 1.10], to Garet and Marchand [25] to Gouéré [30], Hoffman [34], and
finally culminating with Damron and Hanson [23]. This approach was subsequently
applied by Cardaliaguet and Souganidis [I5] to construct correctors in a class of
stochastic Hamilton-Jacobi equations.

The uniform integrability requirement is simplified in settings like FPP where
loops are possible and easy upper and lower bounds on the approximate Busemann
functions immediately imply the result. In settings where loops are not allowed
in some directions, only one-sided bounds follow quickly from the model struc-
ture, and one needs more involved tools to obtain the mean convergence. In the
queueing literature, this issue was also encountered in the construction of station-
ary «/G/1/o0 queues in [51], which also follows the general Krylov-Bogoliouboff
approach mentioned above. This construction was later applied in [28] to show
the existence of Busemann functions in the two-dimensional directed last-passage
percolation model. A generally applicable method was introduced in [39] in the
context of a 1 4+ 1 dimensional nearest-neighbor directed polymer in an i.i.d. ran-
dom environment, where a variational representation of AP, originally proven in
that setting in [26], was used to show the uniform integrability.
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Implementing these previous ideas in this general setting is complicated by the
variety of admissible paths and the structure of the limiting free energy and shape
function in the range of models we study. Our approach is a hybrid of that of
[23] and [39], but with some significant differences from both. In [23], the ap-
proximate Busemann functions corresponding to a direction £ are increments of
point-to-(randomized-) hyperplane passage times, where the hyperplane is chosen
to be tangent to the limit shape in direction £. These point-to-hyperplane pas-
sage times can be viewed as a random discrete approximation to the dual norm
of the limit shape. One sees immediately from this construction how the relation-
ship to a vector in the subdifferential of the (convex) limit shape arises. In the
restricted-length setting of [39], by contrast, the approximate Busemann functions
are increments of point-to-(randomized-)time-level passage times, with an external
field added to the potential. These tilted point-to-level passage times are a random
discrete approximation of the Legendre transform of the shape function. Standard
convex analytic arguments then connect the external field to the superdifferential
of the (concave) limiting free energy.

In our setting, which encompasses models with characteristics of both directed
and undirected models, neither of these approaches appears to work on its own.
Notably, there are cases where the tangent to the limiting free energy can be the
zero vector, or the limiting free energy itself can be zero in non-trivial directions
(e.g., in certain RWRE models), which poses challenges in implementing the ap-
proach of [23] in a general setting. Furthermore, when loops are permitted in the
model, introducing external fields to unrestricted-length point-to-level models may
lead to infinite partition functions. To address these challenges, we employ a hy-
brid approximation utilizing a point-to-hyperplane free energy with an external
field, which proves successful except in purely directed cases where all hyperplanes
become the zero hyperplane. In such instances, our approach closely resembles the
one adopted in [39].

With generalized Busemann functions constructed, the existence of Gibbs-
Dobrushin-Landford-Ruelle measures follows essentially immediately from the co-
cycle and recovery properties. We show that these measures are simultaneously
consistent with both the restricted and unrestricted length point-to-point mea-
sures, as well as with the Green’s function. The next natural questions are if the
paths under these measures are directed (meaning that X, /|X,|1 converges) and if
they satisfy a law of large numbers (meaning that X, /n converges).

The argument that the paths under the semi-infinite measures have an asymp-
totic direction requires some care because our models allow for the possible existence
of traps that constrain paths to bounded sets. We give an exact characterization of
when this occurs and provide easy-to-check conditions on the environment that en-
sure the paths do not become trapped. We then show that in the absence of traps,
the paths are strongly directed into the set of directions that are in a Legendre-
Fenchel duality (defined through the concave function A?) with the mean of the
Busemann function. This is the set of directions ¢ such that m € dAP(€), where m
is the mean vector of the Busemann function. This essentially follows by combining
the recovery property of the generalized Busemann functions with the shape theo-
rems for both the free energy and the generalized Busemann functions themselves.
This argument is similar to the approach taken in [2327], with certain details
modified in the positive temperature case.
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We also prove a large deviation principle for the velocity of the path under the
semi-infinite polymer measure, using methods similar to [39,58]. The possible law
of large numbers limiting velocities is then included in the zero set of the rate
function, which turns out to be the set of vectors £ that are dual to the mean of the
Busemann function through the concave function A?, i.e., such that m e dA®(&).

We conclude this section with a brief technical remark. For simplicity, the pre-
ceding discussion focused solely on the free energy A? and its superdifferential as
a function on the cone generated by the admissible steps R. In actuality, when
working with a direction £ in this cone, we restrict attention to the unique face of
the cone containing ¢ in its relative interior. This restriction arises because paths
with & as their asymptotic direction can only take steps within this face. Another
subtle technical point is that the free energy AP is not generally known to be con-
tinuous up to the boundary of the face. To address this, we instead consider the
unique continuous extension of A? from the interior to the entire face, which hap-
pens to be given by the upper-semicontinuous regularization of the restriction of
A? to the interior of the face. The Gibbs measures (and geodesics) we construct
are then supported on semi-infinite paths that are constrained to steps lying within
the corresponding face of the cone.

Outline of paper. The outline of the remainder of the paper is as follows. Sec-
tion 2ldescribes our setting, defining the relevant path spaces and RWRP measures,
then collects results about the free energies, and states the shape theorems. Section
B collects the technical conditions for our results and states our main result con-
cerning the existence of Gibbs measures and geodesics. Section [ includes both the
statement and proof of our results concerning the existence of the generalized Buse-
mann functions. Section [l contains the construction of the associated semi-infinite
Gibbs measures. Section [@] then concludes the proofs of the results stated in Sec-
tion Bl Appendix [Al collects some basic facts we use from linear algebra and convex
analysis. Appendix [Bl discusses Gibbs consistency and inconsistency of the various
RWRP models we consider. Appendix [C] proves the shape theorems we state in
Section Pl Appendix [Dl relates the restricted- and unrestricted-length limiting free
energies.

Notation. R denotes the real numbers and Z denotes the integers. For a € R,
Reo = [a,0), Rey = (a,0), Zsq = Ry N Z, and Rey, Reg, Zsg, Zga, Z<, are
similar. For z € R%, let |z|; denote the ¢* norm of x, and |x|, denote the ¢*
norm of z. A sequence (Tx)n<k<m 18 denoted by xy,.p,. Similarly, _ ., = (Tk)k<n,
Tnioo = (Tg)k=n, and T_o.00 = (Tk)kez. When the index set is understood, we
denote the sequence by z,. For a € R, a™ = max(a,0) and a~ = —min(a, 0).

Throughout, we use the convention that inf @ = o0. ri A denotes the relative
interior of a set A < R?. ext A denotes the set of extreme points of a convex set
Ac R

Given a metrizable topological space X', we denote by B(X') the Borel o-algebra
of X. The collection of probability measures on (X, B(X)) is denoted by M;(X)
and equipped with the weak topology.

The symbol A marks the end of a numbered remark.
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2. SETTING

In this section, we describe the models of random walks in random potential
that we study in this work. The examples at the end of Section show how a
large number of models studied elsewhere in the literature are special cases of the
models we consider.

2.1. The admissible paths. We begin by defining the path spaces used by the
various models. Let d > 1 be a positive integer and consider a non-empty finite
subset R — Z? containing at least two points. This is the set of admissible steps.
R may contain the zero vector 0 € Z.

We denote the additive group and semigroup generated by R by

G={Y bzibezf and  g"={} bzib.eZo0o).

2€R 2e€R

For each n € Zxg, the set of points that are accessible from 0 in exactly n
admissible steps is

D, = {m €GT :3(b.).er € Z§0 with Z b, =nand x = Z bzz}.
z€ER zER

We now define several collections of admissible paths. The set of all admissible
paths of length n € Z~¢ from z € Z¢ is denoted by

X = {xo:n:xo =x,2;, —2x;_1 € R for all 1 <i<n}.

For integers j < k, the set of admissible paths from z € Z¢ at time j to y € Z¢ at
time k is denoted by

X;’; = {:cj:k:a:j =2, =Y, Tit1 — T; € R for alljgiékfl}.

This set is empty unless y — € Di_;. When j = 0, we abbreviate the set of
admissible paths from z to y of length n by

n _ wOo,n
Xz,y - Xz,y'

The set of all admissible paths from x € Z¢ to y € Z¢ is

[ee]
Xpy = U Xz
n=0
This set is empty unless y — 2 € G*. Define the space of paths from x € Z? that
reach y € Z% for the first time in exactly k € Z>( steps
Xx,yz{xo:keX,ﬁ:mi;éyfora110<z<kandmk=y}.

Define the space of killed paths from z € Z9 to y € Z%, i.e. paths of arbitrary length
that start at  and end when they reach y:

— © —k
X%y = U Xa:7y'
k=0
The set of all semi-infinite paths rooted at x € Z% is denoted by

Xy = {x():oo txog=x,x; —x;_1 € R for all i > 1}.

X, and the spaces above, which can be embedded in it, come equipped with the
natural filtration generated by the coordinate projections. We denote the natural
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stochastic process on these path spaces by X.. For y € Z¢, define the stopping time
1, = inf{k > 0: X}, = y}.

All of the path spaces discussed above are compact metrizable spaces in the
product-discrete topology.

When we wish to emphasize the dependence on the set R of admissible steps,
we will write D,,(R), X2 (R), Xz(R), and so on.

Let p : R — (0,1] be a probability kernel, i.e. > _rp(z) = 1. We assume,
without loss of generality, p(z) > 0 for all z € R. Let P, (with expectation E,) be
the classical random walk starting at  and having i.i.d. increments with distribution
p. This random walk is referred to as the reference walk, and P, is the reference
measure.

2.2. Random walks in random potentials. Let (€2, &) be a Polish space en-
dowed with its Borel o-algebra. We assume this measurable space is equipped with
a commutative group of continuous bijections 7' = {T}, : Q — Q : z € Z?} such that
To is the identity map, and for all z,y € Z, T,, 0 T, = T, 0 Ty = Ty1y. A generic
element in ) will be denoted by w and is referred to as an environment. Let P
(with expectation E) be a probability measure on (2, &), called the environment
measure. We assume P is invariant under 7T}, for all z € Z%. For a subset S < Z%, we
say (Q,6,P,{T, : z € S}) is ergodic if for every event A € & satisfying 7, 'A = A
for all z € S, P(A) € {0,1}.

Let V : Q x R — R be a measurable function, which we will call a potential. For
g=1,wesay VelLlif E[|[V(w,z)|?] < oo for all ze R.

Let 3 be a positive real number, called the inverse temperature. For x,y € Z¢
such that y — 2 € G, n € Z-g, and u,v € Z% and n € N such that v — u € D,,
the restricted and unrestricted-length point-to-point partition functions at inverse
temperature 8 are, respectively,

(2.1) Zﬁ’vm(w) =E, [67’82223 V(TXkW’Xk“*X’C)]l{Xn:v}] and
(22) 78 () = By e AT Ve X =Xog 1.

Throughout the paper, depending on what notation is most convenient in a par-
ticular expression, we will at times place the dependence on w into a superscript,
writing expressions like Zf,‘j’ ,», or omit the dependence on w entirely and write ex-
pressions like Z . Since R is finite, Z, , (w) is always finite. Zgy(w), on the
other hand, can be infinite if the potential V' can take negative values and the paths
can make loops. When loops are present, ) suffices to ensure that Z (w) is

finite. Define Z, , (w) = 0 when v —u ¢ D,, and Z (w) = 0 when y —z ¢ G*.

The corresponding restricted and unrestricted-length point-to-point free energies
are, respectively,

1 1
Flynw) = 7 108 Zyunw) and FJ,(w) = 7 loe Z; ().
If v —u ¢ Dy, define Ff,, , (w) = —co. Similarly, if y —2 ¢ GT, then F (w) = —0.

Remark 2.1. A more physically correct definition of the free energy includes a minus
sign. Many mathematics papers, including many of those on which we rely in this
work, omit this sign to avoid proliferating minus signs in the various computations.
To maintain consistency and avoid conflicting notation with most of the earlier
works we cite, we have also omitted the minus sign. A
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The corresponding quenched point-to-point polymer measures are the probability
measures on ng and X, ,, respectively, such that

w _ n—1 w ) _
dQTBL:UJL (X.) _ e B2klo V(Tx)w Xpia Xk)]l{anv} and
(2 3) dPu ng,v’n(o.))
' ng‘; (X e B PP V(Tka,Xk+l—Xk)]l{Ty<oo} .
dP, Z8 4 (w)

For a tilt (or external field or force) h € R? and an integer n > 1, define the
tilted n-step partition function

Zim(w) = Eq [6*32323 vww,xk“fxwwh-(anr)]

z,n

and the corresponding free energy

1
FPhw) = 3108 Z50 (w).

)

Similarly to the point-to-point case, Zf,’f (w) is always finite, since R is finite. The
corresponding quenched polymer measure is the probability measure on X7 such
that

dQhe o= B YT V(T X1~ X) +5h-(X,—a)

dP, Z5M (w)

Through most of the manuscript, we work with the unrestricted-length model.
This is without loss of generality because a restricted-length model can be rewritten
as an unrestricted-length model, as explained in Remark

Remark 2.2 (Restricted-length models as unrestricted-length models). Consider a
restricted-length model in Z? with steps z € R, random walk probability kernel
p, and potential function V(w, z). This model can be written as an unrestricted-
length model in Z4*! as follows. Write Z4*! = Z? x Z and denote elements of
7+ by {(z,n), where z € Z% and n € Z. The set of admissible steps of the new
model is R = {{(z,1) : z € R}. Shifts in the (d + 1)-st dimension are defined to
be the identity shift, i.e., T<Z’n> = T,. The probability kernel is p({z, 1)) = p(z2),
and the potential function is V(w,{z,1)) = V(w,2). Then the restricted-length
point-to-point partition function and quenched polymer measure from x to y in
n steps are equivalent to the corresponding unrestricted-length objects from (z,0)
to {y,ny. Theorem [ZT7 and Remarks and are examples of how results for
the restricted-length model can be obtained from ones for the unrestricted-length
model. Remark explains how other quantities for the restricted-length model
transfer to ones for the unrestricted-length model. A

Taking 8 — oo in the above definitions leads to polymer models at zero temper-
ature, where the free energy becomes a passage time. For z,y € Z¢ with y —z € G*
and an integer k = 0, the restricted and unrestricted-length point-to-point passage
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times are given by

k—1
0
Fl, = sup Z (=V(Ty,w,xiy1 — x;)) and
zo.k€Xk 20
k-1

Ff = sup  sup > (=V(Tpw,zip1 — 7).

k€Zzo0 xo.€Xk , ;20

Similar to the positive temperature situation, while ny i is always finite, condition
(31D suffices to ensure the finiteness of F, if loops are allowed.

At zero temperature, the quenched measures are replaced by (restricted and
unrestricted-length) geodesics, which are optimal paths that achieve the passage
time. Between two points, there may be multiple geodesics. One may choose
an ordering on R to order all paths lexicographically, obtaining an ordering of
geodesics. Then, for example, the first geodesic in this ordering is unique.

Next, we give examples of models that appear in the literature and are covered
by our setting.

Example 2.3 (Edge and vertex weights). We can represent random weights as-
signed to the vertices of Z¢ by taking Q = RZ’ and V(w) = wo. To repre-
sent directed edge weights, take Q9 = RR, Q = QZ°. Then for each = € Z<,
Wy = (W(z,2+2))zer 18 the vector of edge weights out of . The potential function
is V(w, 2) = w(o,z). The shifts are (T,w) (s 442 = Watv,otvss) f0r v e ZL

For undirected edge weights, assume 0 ¢ R and define the set of edges £ =
{{z,y} cZ? :y—xeRorz—ye R} Let Q =R and V(w,2) = wig:}. The
shifts are (Tyw) (g 242} = Wiztv,ot+v+2} fOT VE VAS

One can also have a hybrid of all three versions by letting = RZ” x (RR)Z* xRE.
For each x € Z%, the weights at x are given by w, = {0, Yoz 42, Ofwaray 2,2 € R}
and for z € R, V(w, z) = ao + 70,2 + 60,2} VAN

Example 2.4 (Product environment). Let €y be Polish and Q = Q%d equipped
with the product topology and Borel o-algebra. We denote points w = (wy) ezd-
The translations are (Tpw)y = wWyty. P is a product measure if {w;},ezq are ii.d.
random variables under P. P has a finite range of dependence if there exists an
ro = 0 such that for any A, B < Z% where |x — y|; = ro for all z € A and y € B,
{wy : x € A} and {w, : y € B} are independent. V is local if there exists an L > 0
such that for all z € R, V(w, z) is measurable with respect to o{w, : |z|1 < L}. In
other words, V' only depends on finitely many coordinates w,. A

Example 2.5. Our general setting covers the following models.

(1) First- and last-passage percolation. At zero temperature, directed last-
passage percolation is obtained by taking R={ej,...,eq}, Q = RZd, setting
V(w, z) = —wop, and taking 8 = o0. The last-passage time is

k=1
F, =sup sup Z Wy, -
keZ zo.€XE , i=0
Standard first-passage percolation is obtained by taking R ={=*ey, ..., *eq},
putting weights on the edges as explained in Example 23] then taking
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[ = oo and putting a minus sign in front of the free energy. The first-
passage time is

k—1
—F* = inf inf Zw .
.y keZ I():kEXzz,y i=0 {m”zl*-l}

Directed polymers in random environments (DPRE). This is the case where
B < o and there exists a vector 4 € R* with z-4 > 0 for all z € R or,
equivalently, where 0 does not lie in the convex hull of R. Thus, the polymer
always moves strictly forward in direction @; by [60, Corollary A.2], this
is equivalent to the condition that there are no loops, i.e., Xg0 = {0}. A
commonly studied special case, which we call a space-time directed polymer,
is one where there exists a vector 4 € R? such that z -4 = 1 for all z € R.
Then (X,, — Xo) - & = n plays the role of a time coordinate. There is a
large literature studying this model; see [2I] and the references therein. By
Lemma [A22] this is satisfied if and only if, for any two points = and y in Z<
such that y — z € GT, all paths from x to y take the same number of steps.
A common example of this is when R = {ey,ea,...,eq}.

Random walk in a random environment (RWRE). Let R be general and
B =1. Let 7. : Q — [0,1], z € R, be measurable such that >, 7, =
1, P-almost surely. Let V(w,z) = —logm.(w) + logp(z). Then Zp¥ =
1 and the measures {Qi’,g"" : n € N} are consistent, being the marginal
distributions of the Markov chain X,, starting at xz which uses transition
probabilities 7, ;1. = 7. (T,w). Under the path measure this family induces
by Kolmogorov’s extension theorem, Zgy(w) is the probability that the

path ever reaches y if started at x and Qi”g’“’ is the distribution of this
Markov chain conditioned on reaching y, provided that this probability
is positive. A space-time directed polymer which is also a random walk
in a random environment is called a random walk in a dynamic random
environment.

An RWRE is called elliptic if 7, > 0 for all z € R and uniformly elliptic
if there exists a deterministic ¢ > 0 such that 7, > ¢ almost surely for all
z € R. If the model is not elliptic, we say it is degenerate; such models are
not covered by the results of this paper. Note that uniform ellipticity is
equivalent to the potential V' being bounded.

An RWRE is called nestling if 0 lies in the relative interior of the convex
hull of the support of the random vector . _5 7.z, marginally nestling if 0
lies on the relative boundary of this convex hull and non-nestling if 0 does
not lie in the convex hull. This concept features in some of the discussion
above and in the discussion below.

Stretched polymers. The term h- (X, — ) in the definition of Qg:ﬁ’“’ can be
interpreted as an external force that stretches the polymer. A special case
that appears in the literature is when R = {te1, tea, ..., teq}, Q = de,
and V(w, z) = wp. This model is studied in [36], for example.

Killed polymers. Let 8 < oo and consider an unrestricted-length model
with Q = RZ"| R = {£e1,ea,...,+eq}, and V(w, z) = wp. The Green’s
function g(x,y), defined in [B.7)), can be interpreted as the expected number
of visits of the reference random walk to the site y before it is “killed” by
the potential. See, for example, [72] p. 249]. A
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2.3. Limiting free energies. Before we state our main result, we need to record
a few limit theorems for the various free energies defined in Section These
results require Definition

Definition 2.6. For a finite subset R = Z¢ and z € R\{0}, a non-negative mea-
surable function g : 2 — R is in class £, g if
Iim im max n~! Z 9(Typsk.w) =0 for P-ae. w.

eN0N—® gegt(R)

2l <n 0<k<en
1<

Membership in class £, r depends on a trade-off between the moments of g and
the degree of mixing of P. For example, if (P,T,) is exponentially mixing, then
g € LY(P) for some ¢ > d is sufficient. For a general P, if g is bounded, then
g€ L, r. See [60, Lemma A.4] for a precise formulation of sufficient conditions to
ensure g € L, g.

For inverse temperature 3 € (0, 0] and velocity £ € U the restricted-length lim-
iting quenched point-to-point free energy is defined by
(2.4) Afes(é‘) = ngl%o ning@n(g)’nv
where Z,,(£) € D,, is a lattice point approximation of n¢ as defined in [58, (2.1)].

It was shown in Theorem 2.2 in [58] and Theorem 2.4 in [26] that the limit (Z4)
exists in (—o0, 0], P-almost surely, for all £ € U simultaneously. By [58, Theorem
2.6] and the inequalities in [26 (2.11)], AZ_(¢) is either identically infinite for all
¢ e 1ild and B € (0,0] or AL, is bounded on U, for each 3 € (0,0]. In the latter
case, [58, Theorem 2.6] and [26, Remark 2.5] state that with P-probability one, A2,
is lower semicontinuous on U and concave and continuous on ril{. Furthermore,
the upper semicontinuous regularization of Arﬁes and its unique continuous extension
from 11l to U are equal. The conditions of Theorem BT ensure that A2 is finite
on the relative interior of the face being considered in that result.

Remark 2.7. In [26] and [58], the authors assume that P is ergodic, but the results
we mention above continue to hold for a stationary P by the ergodic decomposition
theorem. The authors of these papers also assume that for each 2’ € R, |V (w, 2')| €
L'(P) and belongs to £,  for all z € R\{0}. However, upon closer examination of
their proofs, it can be observed that the condition on V' in Theorem [2.17]is sufficient
for their results to hold. This can be seen, for instance, in the proof of Lemma [5.20]
which demonstrates how the arguments can be adjusted to work under the weaker
assumptions. A

Remark 2.8. In general, AZ_(£) may not be deterministic. For example, if 0 is an

extreme point of U, then A2 _(0) = —V(w,0) + 8~ 'logp(0). A sufficient condition
to ensure that it is deterministic is to have the ergodicity of (Q, &Y, PAT. : z €
R’}), where R’ = U' n R, U' is the unique face of U such that & e ritf’, &Y%, =
o(V(Tyw,z):x€ G zeR'), and G’ is the additive group generated by R'. A

Example 23] provides a simple model where Al can be computed via simula-

tions. We will also refer to this example throughout the paper to illustrate key
results and definitions.

Example 2.9 (Nearest-neighbor RWRE on Z). Let p(1) = p(—1) = 1/2 so that
R = {—1,1} and U = [-1,1]. Consider the i.i.d. RWRE model as in Example
Greven and den Hollander [31] gave a detailed description of —Al,_, which is

res?
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the large deviation rate function for the position of the particle. They demonstrated
that this function is always differentiable away from 0 but may have a corner at
0. It also may have two linear pieces around the corner at 0 but is strictly convex
otherwise. Figure 2] shows the results of simulations for the model with m =
1 — 7_1 = ay with probability ¢ and 71 = 1 — m_1; = ay with probability 1 — g,
for the various regimes of the parameters ¢,a;,as € (0,1). N, in the caption of
the figure, is the number of steps we used for the random walk in the simulation
used to approximate —Al,, which is plotted in blue. The unrestricted-length rate

res’

function —A', defined in (28], is plotted in red. See Remark 211l for the details

involved in the computation of —Al. A
Define the cone
C= {Z bzz:bzeR+}.
zER

For a face A of C,let Ry = Rn A, Uy = U N A, and let G4 and gjg denote,
respectively, the group and the semigroup generated by R 4. For the definition of
a face of a convex set, see Appendix [Al

Define

(2.5) R = {2 € R4 : T, is the identity map}

to be the set of steps for which the associated shift is the identity. If 0 € R 4, then
0e Rij. Non-zero steps can also be in this set. As an example, in the restricted-
length setting of Remark 2] if 0 is an admissible step, T<071> is the identity. It
may also be the case that R = @. Let A be the set of faces A of C such that
Ra # Rij. Note that if 0 is an extreme point of I, then the face {0} is not in A.

Given A € A, £ eri A, and an inverse temperature 5 € (0, 0], the unrestricted-
length limiting quenched point-to-point free energy is defined by

(2.6) AP(€) = lim ™ Fy,

where the sequence z,, € G satisfies z,,/n — &. In [37, Theorem 2.8] it is shown that
the limit exists P-almost surely for all £ € C simultaneously, and is finite, positively
1-homogeneous, and lower semicontinuous on C, and concave and continuous on riC.
Asin Remark[Z7] although [37] assumes stronger conditions on class £ membership,
minor adjustments of their proofs (along the lines of the proof of our Lemma [5.20)
give the same results under the assumptions of Theorem

Remark 2.10. Similarly to the restricted-length case, a sufficient condition to guar-
antee that A”(¢) is deterministic is to have the ergodicity of (€2, &%, ,P,{T. : z €
R’}), where R’ = An R, A€ A is the unique face of C such that ¢ € 1i A, and &%,
is as in Remark 2.8 A

Remark 2.11 (RWRE on Z). We sketch the computation of A® in the case of the
one-dimensional RWRE models from Example which were discussed in Figure
21l Here, C = R and it is the only face.

In this model, Zé;’ represents the probability that the RWRE, starting at 0,
eventually reaches z. In the recurrent case (Figure 2.TAl), Zé:; = 1 almost surely
for all x € Z, which implies that A! is identically 0. Similarly, in the other (transient-
to-the-right) cases, Al(t) = 0 for all ¢ > 0. By homogeneity, A'(t) = —tA!(—1) for

all t < 0. Using the results in [70], we identify —A!(—1), which corresponds to A(0)
in the notation of that paper.
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1L
1
0.5+
0.5¢

0 oL ‘

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
A: (Recurrent) ¢ = 1/3, a1 = 1/5, a2 = B: (Transient with 0 velocity) ¢ = 2/3,
2/3, N = 2,000 ay = 3/4, az = 3/10, N = 20,000

2l
1.5¢%

1l
0.5+

0 . / 0 . ,

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
C: (Marginal nestling) ¢ = 3/5, a1 = D: (Non-nestling) ¢ = 4/5, a1 = 9/10,
1/2, a2 = 95/100, N = 1000, 000 az = 7/10, N = 200,000

FIGURE 2.1. The thicker blue curves show plots of the approxima-
tion of —Aj(t) from Example2Zby —N~'Fy | v fort € [-1,1]
in simulations. In the recurrent example in Figure 2TAl —Al is
differentiable and strictly convex. In the transient example with 0
velocity in Figure BIBl —Al, is strictly convex and differentiable
except at 0. In the ballistic marginal nestling example in Figure
2IC —AL, has a flat segment and a linear segment, meeting at
a corner at 0. Elsewhere, it is differentiable and strictly convex.
(The ballistic nestling case looks qualitatively the same.) In the
non-nestling example in Figure ZID] —Al, has two linear seg-
ments that meet at a corner at 0. Elsewhere, it is differentiable
and strictly convex. The thinner red piecewise linear graphs show
plots of —Al(t) for t € [~1,1]. In all cases, A*(t) =0 for t > 0. In
Figure2TAlL A'(t) = 0 for t < 0 as well. In Figures 218 and 2.1C]
the slope of —A! on ¢ < 0 matches the slope of the linear segment
of —Al left of 0. In Figure 21Dl —A' is tangent to —Al at a
unique point in (—1,0).

L. and A(0) there
matches —A!(—1) in our framework. For the transient nestling cases (Figures
2Bl and 2ZIC)), Theorem 1.8 of [70] shows that, in the notation of that paper,
re = I(0) = —AL,(0) = 0. The arguments in the proof of that theorem (page

In that work, the rate function I corresponds to our —A}

res
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1052 of the paper) further establish that the left derivative of —Al at 0 equals
A(0) = —A'(—1). This explains the behavior depicted in Figures 2.IBl and 2.IC
In the non-nestling case (Figure 21D)), we have r. = I(0) = —AL,.(0) > 0, and
there exists a point &. € (—1,0) such that r(£.) = 7., where 7(£) is defined in the
middle of page 1050 in [70], substituting A for A. By [0, Theorem 1.8], &, is the
left endpoint of the interval [¢.,0] where I = —Al is linear, with the derivative
of —AL, = I at & matching its left derivative at 0. Then, referring again to the
formula on page 1052 in [70], we get that the left derivative of —Al_ = I at 0 equals
A(r(€.)) = AMI(0)) > X(0). In particular, —A'(—1) < 0, and the slope of the line
representing —A! on (—o0,0] is steeper than that of the linear segment of —A}l; to
the left of 0. Furthermore, a little bit of calculus, using the formula (1.8) in [70],
shows that —A' and —A!,, intersect at a unique point in (—1,&.). This explains

the behavior illustrated in Figure 2. 1Dl See Remark [£.7] for more. VAN

The above limits can be strengthened to uniform limits, commonly referred to
as “shape theorems.” The shape theorem for the unrestricted-length model is es-
tablished in [37, Theorem 3.10], where the uniform limit holds within the interior
of each face. Theorem extends this result to the entire face, while Theorem
2.T7 presents the shape theorem for the restricted-length model. Detailed proofs
are provided in Appendix[Cl A key observation is that the shape theorem is stated
face-by-face, with the proper centering achieved through the upper-semicontinuous
regularization of the limiting shape restricted to the interior of each face. The re-
striction to faces arises because paths starting at the origin and terminating at a
specific point remain within the face containing the endpoint in its relative inte-
rior (see Lemma [A4)). The primary technical point, however, is the necessity of
the upper-semicontinuous regularization. This stems from the fact that the con-
tinuity of the limiting shape up to the boundaries of the faces is not generally
known. Thus, the correct centering requires using the unique continuous extension
from the interior of the face to its boundary, which is precisely captured by the
upper-semicontinuous regularization.

Recall the upper semicontinuous regularization of a function f : X — [—00, )
defined as

f(x) = inf{sup fly):Gozand G is open}.
yeG

Given a face A of C, let Ai be the function that equals A? on A and equals
—oo outside of A. Denote the upper semicontinuous regularization of Ai by Ai’usc.
Then, under the conditions of Theorem 2.15] the restriction of Ai’usc to A is the
unique continuous extension of Ai from ri A to all of A. In particular, Ai’“sc is
concave and positively 1-homogeneous.

Remark 2.12. The shape AP is expected to be continuous on all of C in a wide
class of natural models. In such cases, the restrictions and upper semicontinuous
extensions discussed above can be dispensed with. Example [Z13] gives examples
where this continuity is known to hold.

In the example in Remark 2.8 if the distribution of a zero step is continuous,
then A” cannot be continuous at zero and so considering passage times seen from
the relative interior of a face is necessary. A

Example 2.13 (i.i.d. directed LPP and RWRP). In i.i.d. directed LPP on Z¢ with
R = {e1,ea,...,eq} (discussed in Example ZH(1)) under a moment hypothesis
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slightly weaker than the weights having > d moments, it is shown in [53] that the

shape function A® is continuous on all of C = Ri ={(z1,...,2q) : x1,...,24 = 0}.
Continuity of Al on U is proven for a wide collection of RWRP models in
[58, Theorem 3.2]. A

We will reference Example 2.14] frequently in the discussion that follows to illus-
trate our results and the definitions.

Example 2.14 (FPP on Z? with a forbidden step). Consider the standard FPP on
73 with i.i.d. Exponential(1) weights, but where paths are not allowed to use the
—eg step. We can model this as a zero temperature model with hybrid edge weights
as in Example In the notation of that example, let R = {e1, —eq, €2, —€2, e3}.
For € Z® and z € {—ej,e1,—e,e0} let a, = Yeatz = O{zates;y = 0 and let
{Va,otes> Ofyyter}s Ofuyutes} * oY, UE 7%} bei.i.d. Exponential(1) random variables.
The first-passage time is given by —F,° . Then C = {(z,y, 2) € R3: 2z > 0} has two
non-empty faces: C and its boundary, 0C = {(z,y,0) : z,y € R}. Restricted to A =
0C, this model becomes the classical planar standard FPP with i.i.d. Exponential(1)
edge-weights and the upper semicontinuous regularization of —A% is the usual shape
function of that planar FPP. See Figure for simulations of the limit shape in

this model. A
200
- 200
100
- 100
B 0
0
—100
—200
0 —200
A\
200 0 200
—200 —200 —100 0 100 200
z T

A Level 75 sublevel set of an approximation B: Level 75 sublevel set of an approximation
of =A%, A=C = {(z,y,2) e R*: 2 > 0}. of =A%, where A = 0C = {(z,9,0) : z,y €
Darker colors represent points with lower z R}. Darker colors represent points closer to
coordinates. the origin.

FIGURE 2.2. A simulation of the ball of radius 75, {£ : =A% (&) <
75}, in Example 2 T4 obtained by taking sublevel sets of the average
of 100 samples of passage times from the origin. Both figures use
the same data, so the pane on the right is the figure on the left
viewed from below (with different coloring). We expect that A® is
continuous on C.

As explained above, it is enough to study the model from the perspective of the
relative interior of each face A of C. That there is a locally uniform version of
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the limit ([236) defining the shape function is the content of the following “shape
theorem?”.
For # € G* let Z, be the o-algebra generated by A € & such that T, 1A = A.

Theorem 2.15. Let 8 € (0,0]. Fiz a face A€ A of C (possibly C itself). Assume
V*H(w,z) € LY(P) for each z € Ra, and V' (w, 2) € L, ., for each z € RA\RI{. For
each z € R'$, assume that there exrists a Z € RA\Rij such that V*(w,z) € Lsr .
Assume that E[sup,>; n “IR[F) omz | Ze]] < o0 for all z € GH\{0}. Then P-almost

surely, A’y is finite on A, A’B’ubc is the unique continuous extension of A’B fromri A
to A,
L FB __ABM% x
(2.7) fm Lor — AT (@) <0,
|z|1—00 |l’|1
xeg:{

and, simultaneously for all & € A with |£]1 = 1 and any sequence v, € gjl with
|vnl1 — o0 and v, /|v,|1 — &, we have

(2:8) AP(€) < lim Joli'Fp, < T Jonl7' Ry, < AG(E).

Rl o S I Vn
If furthermore (2, G%A,]P’, {T. : z € Ra}) is ergodic, then Ai’usc is deterministic
on A.

In the statement of the previous result, the first three conditions concerning
the integrability of V* and membership of potential steps in £ classes are minor
regularity assumptions which are satisfied in the typical applications. The last
condition, on the integrability of conditional expectations of n_ng na» 18 addressed
in Remark

Remark 2.16. [37, Theorem 2.8] provides common cases which guarantee the hy-
pothesis

E[sup n- E[FB

0,nx
n=1

holds for all x € GT\{0}. Particularly this hypothesis is satisfied under Condition
See [37, Lemmas 3.11 and 3.12] for the proofs of these implications. VAN

\z]]<oo

Naturally, there is a version of the previous result in the special case of a
restricted-length model, which we record below for use later in the paper. Given
a face U' of U, let AZ, be the function that equals A%, on U’ and equals —

res
. / . . . . . . B,usc
outside of U’. Denote the upper semicontinuous regularizations of AZ/I’,res by Au' oy

Then, under the conditions of Theorem [Z.I7, the restriction of Ag’,"lfgs to U’ is the

from ritd’ to all of U’. In particular, Ag’,ursecs

,res

unique continuous extension of AZ,JQS

and Ai’usc are concave and Ai’usc is positively 1-homogeneous.

Theorem 2.17. Let § € (0,0]. Fiz a face U’ # {0} of U (possibly U itself). Let A
be the cone generated by U'. Assume R4 # Ri{. Assume V' (w,z) € L' (P) for each
z€ R4, and V¥ (w,2) € L, », for each z € RA\RI]. For each z € RI{, assume that
there exists a 2 € R4\RI{ such that V*(w,2) € L3z ,. Take B € (0,00]. Assume
that for all k € Zxo and © € Di,(R nU’), E[sup,,>, n’I]E[Fgmynk |Z,]] < . Then
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P-almost surely, AZ, res 15 finite on U, Af,’/ufgs is the unique continuous extension

of Ag,’res from rild’ to U’,
B B,
FO,z,n - Au’tlrsecs(x)

(2.9) lim max <0,
n—w xenld’' N D, n

and, simultaneously for all £ € U’ and any sequence v, € Q:Z with vy, /n — £ we
have
2.10 AY < lim n'FY, < Tm n YR, < AL
( . ) Z/l’,res(g) s mn 0,vy,,n 1n n 0,vp,,mn Z/l’,res(g)'
n— n—o
If furthermore (]P’7 &%, P{T, : z € RA}) is ergodic, then AZ’,ufgS is deterministic on
u. ’
Remark 2.18. Condition B3] implies

]E[sup n_l]E[FOBm nk |Im]] <
st nz,
holds for all k € Z~o and © € Di(R nU’). This can be shown by transforming the
restricted-length model into an unrestricted-length one, as described in Remark 2]
using (3I0), and following the argument in Remark within the context of the
unrestricted-length version. A

3. THE MAIN RESULT

Recall that R denotes the set of admissible steps, its convex hull U, and the
cone C = {3, .p bz : b, € Ry }. By [60, Corollary A.2], 0 € U is equivalent to the
existence of loops, i.e. Xg,0 # {0}. By [60, Corollary A.3], 0 € rii/ is equivalent to
the existence of admissible paths from 0 to each z € G, i.e. G* = G. See Figure
BT for an illustration of possible cases of R and U and Figure for illustrations
of C. Note that because this cone is finitely generated, it is either equal to R¢
(which happens if 0 € ril{f) or it is an intersection of finitely many half spaces
whose boundary hyperplanes pass through the origin (see [62, Theorem 19.1]).

N L

FIGURE 3.1. The different panels depict various possible cases of
R and U. In each panel, the large balls represent z € R that are
extreme in U, the small ball is 0, and U is the lightly shaded figure.
Left to right: 3u: Yz e, x-u=1; 0¢ U; 0 € extU; 0 € U\ril;
Oerild.

Given a proper concave function f : R? — [—c0,0), we will denote by Jf the
superdifferential of f. For & € R,

f() ={veR: Q)< f) +v-(C—¢& VCeR.



8508 S. GROATHOUSE, C. JANJIGIAN, AND F. RASSOUL-AGHA

By the argument in [62, p. 15], 0f(¢) is a closed convex set. The image of A = R?
is denoted by df(A). If f is positively 1-homogeneous, then by the Fenchel-Young
inequality, if m € 0f (&) then f(§) = m - €. See Lemma [A1]

¥
\

F1GURE 3.2. The different panels depict various possible cases of
the superlevel sets By = {¢ € C : A?"°(¢) > t}, which are depicted
darkly shaded. When 0 € rilf, the cone C is the whole of R<.
When 0 ¢ rild, the cone C is depicted lightly shaded. These cones
are unbounded but truncated in the drawings and hence appear
as pyramids. The faces of each of these cones are the cone itself,
the two-dimensional faces that are truncated in the drawing and
appear as triangles on the side of the pyramid, the lines that are
the boundaries of the two-dimensional faces, and the point 0. The
superlevel sets on the first row are all bounded. Left to right:
0 € rild, t < 0, and AP is differentiable; 0 € rild, t < 0, and
By is polygonal; 0 ¢ U, AP™°(¢) < 0 VE # 0, ¢ < 0, and By is
polygonal. The shapes on the second row are all unbounded and
are truncated in the drawings. Left to right: 0 ¢ U/, A% takes
both < 0 and > 0 values, t < 0, and B, is polygonal; 0 ¢ U/, AP-use
takes both > 0 and < 0 values, ¢ > 0, and A?¢ is differentiable;
0¢U, APuc(€) > 0VE #0,t >0, and APUs¢ is differentiable.

For each face A € A (possibly C itself), let W4 be the linear subspace of R¢
generated by R 4. Since Ai’“SC(C) = —oo0 when ¢ ¢ W4 we have

W OAG™(€) = {ve Wa: A" S A" +v-(C—€) V(e Wal.
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The set on the right-hand side is the superdifferential at £ of the restriction of AZ’USC
to Wa. If AG"C(€) is finite for all € € A, then [62, Theorem 23.4] says that this
set is non-empty and bounded. It then has an extreme point, e.g., by the Krein—
Milman theorem. Remark explains how Conditions and guarantee the
finiteness of Ai’”sc. See Figure for an illustration of some possible cones and
superlevel sets of A%Us¢. Figure already gives an example of the case where 0
lies on the relative boundary of C.

Remark 3.1 (FPP on Z3 with a forbidden step). In the model described in Example
214 the cone has two faces C = {(z,y,2) : ,y € R,z > 0} and dC = {(z,y,0) :
z,y € R}. If A = C, then W4 = R and the elements of W4 A% (€) correspond
to 3-dimensional hyperplanes (2-dimensional planes) which are tangent to A%
at €. See Figure22Al If A = 0C, then W4 = {(,,0) : z,y € R} and the elements
of W4 n 0A%"°(€) correspond to 2-dimensional hyperplanes (1-dimensional lines)
on {(z,y,0) : z,y € R} which are tangent to A%""*® at . See Figure A

To ensure that the unrestricted-length polymer measures in the next theorem
are well-defined, we need the following conditions.

Condition 3.2 (Unrestricted-length conditions). Given a face A of C (possibly C
itself), assume that one of the following holds:

(a) The setting is undirected (meaning 0 € U4) and the potential satisfies
(3.1) P{V(w,z) 20} =1 forallze R4

and V71 (w,2) € L'(P) for each z € R4.
(b) The setting is directed (meaning 0 ¢ U 4), there exists ¢ € R such that

(3.2) P{V(w,z) =2 c} =1 forall ze Ry,

and V' (w, 2) € L'(P) for each z € R 4.

(c) The setting of Example 24 holds, 0 ¢ U4, V is local, P has a finite range of
dependence 19, and for some ¢ > d, VT (w,2) € L'(P) and V~(w, ) € LY(P)
for all ze R 4.

When considering a restricted-length model, one can convert it to an unrestricted-
length model as in Remark When viewing the model without doing this, parts
@ and|(c)|of Condition B2 then specialize to Condition B3] which we present with-
out going through unrestricted-length measures for the convenience of the reader.

Condition 3.3 (Restricted-length conditions). Given a face U’ of U (possibly U
itself), assume that one of the following holds:

(a) There exists ¢ € R such that
(3.3) P{V(w,2) >c} =1 forallze R nU’

and V*(w,2) € L}(P) for each z e R nU'.

(b) The setting of Example 24 holds, 0 ¢ U’, V is local, P has a finite range of
dependence 1, and for some ¢ > d, V' (w, 2) € L' (P) and V~(w, ) € LI(P)
forall ze RnlU'.

Before continuing, we comment on the strength and generality of these hypothe-
ses.
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Remark 3.4. The moment hypotheses in Conditions and hold in typical
applications but are also often not quite sharp in particular examples. For ex-
ample, in the standard FPP with i.i.d. edge weights, one can often weaken the
moment hypothesis to one involving the minimum of the edge weights at a site. If
0 € U4, then BI) in Condition is necessary for the finiteness of Zfiy. Oth-
erwise loops can be repeated indefinitely, causing Zf)y(w) = oo for z,y € Z% with
Yy—x € gz, with positive probability. The standard FPP gives a frequently studied
example of a model satisfying this condition. Conditions (and corre-
spond to a physically reasonable assumption that energies are bounded from below.
Among many other examples, this allows us to consider well-studied bounded poten-
tial models like uniformly elliptic RWRE models in ergodic environments, without
needing independence. The last conditions allow us to cover examples which are
unbounded below with a finite range of dependence. Natural examples of such
models not covered by the first two cases include i.i.d. Gaussian last-passage perco-
lation and directed polymers as well as (not necessarily uniformly) elliptic RWREs
in independent environments which satisfy our moment conditions. VAN

Recall the set RI{, defined in ([23). To apply the shape theorems for the limiting
free energy we need the following mild technical condition. As explained after
Definition 2.6, this condition is a trade-off between moment and mixing assumptions
and is typically valid in practice.

Condition 3.5. Given a face A of C (possibly C itself), assume V' (w, 2) € L'(P)
for each z € Ry, and V*t(w,z2) € L, for each z € RA\Rij. For each z € RI{,
assume that there exists a 2 € R 4\RI{ such that V¥ (w,2) € L3 x,.

Remark 3.6. By [37, Theorem 2.8], if Conditions and are satisfied, then
we have, P-almost surely, |Afa4(§)| < o for all £ € ri A, and |Ai’“sc(§)| < o for
all £ € A. As mentioned earlier, the version of Condition assumed by [37] is
stronger than the one we assume here. However, their results still hold under our
weaker condition with minor adjustments in the proofs. For detailed information
on these adjustments, see the proof of Lemma [5.20] A

A primary objective in this work is to construct polymer measures that are
supported on the set of directed semi-infinite paths. To that end, we now define
directedness.

Definition 3.7. For a set A < U, the sequence z,, is directed into A if |z,|; — ©
and all limit points of x,,/|z,|1 are contained in A.

The directedness of the polymers we construct requires the following extra as-
sumption that avoids degenerate situations. Let Uy be the unique face of U that
contains 0 in its relative interior. Let Rg = R nUp. If 0 ¢ U, then Uy = Ro = O.
Let

A0={ Z bzz:bzeRJr}.
2€Ro

Condition 3.8. Assume that
(3.4) P{V(w,z) 20} =1 forall ze Ro

and if § < o0, then assume also that either the reference walk Pg is transient or it
is recurrent and

P{H:c € g;oﬂz ERo: V(Thw,z) > 0} = 1.
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Remark 3.9. Condition (34) states that the potential V' must be non-negative
along any loops that may exist. This is implied by Condition B2] which we al-
ready assume to ensure the well-definedness of the unrestricted-length polymer
measures with which we work. By Lemma [5.14] Condition [3.8]is equivalent to the
positive-temperature semi-infinite polymers we construct being transient, which is
a necessary precondition for them to move in a preferred direction. A

For 3 € (0,0], a face A € A (including C), and m € aAﬁ’uSC(ri A), define
(3.5) Fhoa=1{6e Arlgh =1and AG™(E) =m- &}

This set is not empty because m € 6Afa4’“s°(ri A) and APU¢ is positively 1-homogen-
eous.

Also, define
(3.6) Up 4= {Eela: A6 =m-¢).

Theorem B4 implies, in particular, that this set is not empty (a direct convex
analytic proof is also possible).

Definition 3.10. For z,y € Z¢ with y — x € G the Green’s function is given by

9(z,y) = i Z3 g = Liy=a} + i B, e ?Zim0 Ve X=X )]
(3.7) £=0 B =1
= B, Y e PE Ve Xm0y,
£=0
where an empty sum is taken to be zero.

Let D4 be a countable (possibly empty or finite) set of pairs (/3,m) so that for
each pair, 8 € (0, ], Ai’usc is deterministic and finite on A, and there exists a
¢ € (ri.A)\{0} such that m € W4 n (9Ai’“sc(§) and, if 0 € Uy, Ai(f) # 0. An
important case will be one where each m is an extreme point,

(3.8) m € ext(W n OAG"(€)) for some € € (ri.A)\{0}.

Also, define D = {(A,8,m) : A€ A, (B,m) € Da} and B = {8 € (0,0] : Im €
R A e A with (A, 8, m) € D}.

Remark 3.11. For maximum utility, one would take D4 to consist of a countable
dense set of 8 € (0, 0] which includes oo and then for each such 3, an appropri-
ately dense subset of m € (Jge, 410y {ext(Wa N (9Ai’usc(£))}. One natural way to
construct such a set is to take a dense set of 5 as above and then a dense subset of
directions £ € i (A)\{0} (for which Ai’“sc (&) # 0 if 0 € U,4) which are directions of
differentiability of A'i. For such &, 8Ai(§) consists of a single point. Existence of
such a set follows from [62, Theorem 25.4]. A

Remark 3.12. Tt can happen that (8,m) can be in D4 for multiple faces A of
C. A simple, albeit degenerate, example is one where d = 3, R = {ej1,eq,e3},
and A?(¢) = €-e;. Then for A € {C,C(e1,e3),Cle1,e3),Cle1)}, and € € 1iA,
aAfj(g) = ey. For all other faces A, Ai =0 and 6Afﬁ4 = 0. A

Remark 3.13 (RWRE on Z). We illustrate the conditions on the membership in D4
in the case of the RWRE models from Figure[2.I] which were defined in Example[2.9l
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In this model, C = R is the only face and W = R. Recall the description of A!
from Remark 211] and Figure 201 In the recurrent case, we have dAl(t) = {0} for
all t € R. In this case, there are no points that can belong to D¢ with 8 = 1. In
all the other cases, dAL(t) = {0} for t > 0, OAL(t) = {—Al(—1)} for t < 0, and
A (0) = [-A'(—1),0] (with the extreme slopes in the last case being —A!(—1)
and 0). Thus, the only point that can belong to D¢ with 8 = 11is (1, —A(-1)).
If, on the other hand, we consider the restricted-length version of the RWRE
model and rewrite it as an unrestricted-length model, following Remark 221 then
the paths become directed and the restriction on the choice of £ in the definition
of Dz disappears. See Remark F.7 for further details. A

With the previous discussion in mind, the following is our main result. It pro-
duces for each linear facet of Ai’usc (which can degenerate into a singleton) a prob-
ability measure on semi-infinite paths that is consistent with both the restricted-
length and the unrestricted-length point-to-point quenched polymer measures and
under which the polymer is directed into the given facet. Appendix [Bldiscusses the
Gibbs consistency properties of the restricted- and unrestricted-length measures,
from which one can connect to the familiar setting of Dobrushin-Lanford-Ruelle
equations. Before stating the result, note that because C is finitely generated, it
has finitely many faces [62, Theorem 19.1].

Theorem 3.14. For each face A € A (possibly C itself) where D4 # &, assume that
V' satisfies Conditions and on A and that [B.8)) holds for each (8, m) € D4.
For each x € 7%, there exists a family {QXP™ . Ae A, (B, m) € D4} of random
probability measures on semi-infinite paths xo.o0 € Xz(Ra), such that the following
is satisfied. There exists an event Qqir < Q with P(Qqix) = 1, on which the following
properties hold:
(a) If B < oo, then for all non-negative integers j < k < n, points u,z,y € Z4
with x —u and y — x in Qi{, To:k € Xuﬁy with j = min{0 <i < k: z; = z},
and Tp., € XZ"“(RA),

A,B,m,w _ _ _
Qu d (X0:7y+n—k = T0o:n | Ty S Ty < OOaXVO:‘rQC = 20:5, XTy:Ty+7z—k = xk:n)

= Qﬁﬁ’m’w(X‘rm:Ty = Tj:k | Ty S Ty < OO) = Qg:‘;(XO:Ty = -rj:k)-

(b) If B < o, then for each distinct z,y € Z* such that y — x € G,
Qs [ o g(z,y)

E~e [Z ]l{Xn:y}‘Ty < OO] = ZB’“’ .

n=0 .y

(c) If B < o, then for all non-negative integers j < k < n, points u,x,y € Z%
such that & —u € D;j(Ra) and y — x € Di_;(Ra), zo;; € X9, xjup € XJH,
and Tp., € XZ"“(RA),

Qfﬁﬂmw (XO:n = T0:n | XO:j = xO:jan:n = -rk:n)

= QP (X = wn | X = @, Xi = y)

= Qﬁ:;k_j(XO:k—j = Zjp).

(d) If B = oo, then for each x € 79, Qf’oo’m"" is supported on a set of semi-
infinite geodesics rooted at x and having increments in R 4.
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(e) If either B = w0, or f < o while A # Ag, or 8 < 0, A = Ao, and
Condition B8 holds, then for all x € Z9, QVP™“{|X,|; — o0} = 1 and

(3.9) QAB™ (X . is directed into fi’A) =1

(f) For each x € 74, Qﬁ’ﬁ’m"”(all limit points of X,,/n are contained in UQA)
=1.

Remark 3.15 (Previous work). This result extends several works in the literature,
including [23, Theorem 1.1] and the extension of that result to Z? described in
[3, Section 5.4] (though with slightly more restrictive moment hypotheses), [39, The-
orem 3.2], and [27, Theorem 2.1 (i) and (ii)]. The proof of Theorem B4l relies pri-
marily on Theorem [£5] which provides another construction of the queueing fixed
points in [5I, Theorem 5.1] as well as the harmonic functions for RWREs considered
in [69, Theorem 4] and [71l, Theorem 3.1] (for directions where the quenched and
averaged rate functions coincide), [70, Lemma 1.6] (the one-dimensional RWRE
case), and [26, Example 5.6] (the L? weak disorder regime). It can also be applied
to exactly solvable models such as those in [9L29] to construct infinite-volume Gibbs
measures, infinite geodesics, and generalized Busemann functions. In [26]69,[71],
stronger almost-sure limits are proved using martingales available in these settings.
Similarly, almost-sure limits are obtained in [9124]27][29][39,[54,[70] by exploiting
the geometric constraints on paths inherent to lower-dimensional cases. A

Remark 3.16. If .Ffi 4 consists of a single point, e.g. when Ai’usc is strictly concave,

QLA™ _almost

then ([39) says that the polymer has an asymptotic direction,
surely. Similarly, when Z/lﬁl 4 is a singleton, says that the polymer has an

Qfﬁ,m,w

asymptotic velocity, -almost surely. A

Remark 3.17. A common way to parametrize the measures in Theorem [3.14] is by
directions ¢ € (ri.A)\{0}, A € A instead of by vectors m in the superdifferential
8Aﬁ’usc(ri A), A € A. This can be done by applying Theorem BI4 with m €
ext(Wy N 8AJB4’USC(§)). Such an extreme point must exist, as explained earlier in
this section. Then by homogeneity, (£/[£|1) -m = Ai’“sc(g/|§|1), and £/[¢]1 € ]-"fth.

As a result, P-almost surely, under Qf’ﬂ 9 Xo.00 18 almost surely directed into
B,usc

]-'i 4> Which is a linear facet of A;™" that contains &. A

7

Remark 3.18 (FPP with a forbidden step). In Example 214l applying the previous
result to A = 0C = {(x,y,0) : z,y € R} with D4 given by a countable dense
set of directions of differentiability, we recover the construction of semi-infinite
geodesics in planar Exponential FPP which can be obtained from the results in
[23]. Because here we have 0 € U4, our conditions defining D 4 require us to know
that such directions satisfy A% (§) # 0. This follows from [44, Theorems 3.1 and
6.1]. Applying the result to A = C = {(z,y,2) € R® : 2 > 0} with D4 given by a
countable dense set of interior directions of differentiability in C, we similarly obtain
the existence of semi-infinite geodesics corresponding to a countable collection of
faces of the limit shape defined by sublevel sets of —A% as illustrated in Figure
22Al These have asymptotic directions contained in those faces by part @ of
the theorem. Note that by a coupling with standard three-dimensional exponential
FPP, it also follows from [44, Theorems 3.1 and 6.1] that A% (&) # 0 for £ € C\{0}
here. A
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Remark 3.19 (Restricted-length models as unrestricted-length models). Remark[2.2]
explained how one can rewrite a restricted-length model as an unrestricted-length
one. We explain here how certain quantities for the restricted-length model transfer
to ones for the unrestricted-length model. Consider a face U’ of U. Then the cone
A generated by U’ is a face of the cone C and R4 = R nU’. Continuing to use bars
to denote the quantities in the unrestricted-length model, let R = {{(z,1): z€e Ra}
and let A be the cone generated by this set. Then R4 = R, and A = {{ ty:Ce
At > 0,¢/t € U'} U {£0,0)}. Since, by definition, T<Z’1> =T, for all z € R, we
have ﬁ% = {{z,1): z € Ri{}. In particular, R4 # R!{ implies Ry # ﬁ% and A is
the set of faces A such that A e A.

If V't satisfies the conditions of Theorem .17, then V" satisfies the conditions
of Theorem 2.T5l Similarly, Condition B3] transfers to Condition B2l If VT satisfies
Condition B8] then V" also satisfies that condition.

Since for all k € Z~ and x € Dy, F<6070>7<z’k> = Ff’x’k and Zy gy = Lo,

1B = _
(3.10) E |supn 1]E[F<0’0>’n<w)k>|I<I7k>]] =E[supn YE[FY o | Za] | -

n=1 n=1
Therefore, if the right-hand side is finite (as assumed, e.g., in Theorem [2Z.T7]), then
so is the left-hand side. In this case, Theorem implies that with P-probability
one, Kﬁj is finite on A. Then, from (Z4) and (Z6), we get that, P-almost surely,
K%«C,t}) = tAZ’,res(C/t) for all ( € A and ¢t > 0 with ¢/t € U’. This implies that,
with P-probability one, Aﬁ,

ros 18 finite on U’, and as mentioned above Remark

2.7 this implies that, P-almost surely, AZ’,ufjs is the unique continuous extension of

A),
tension of K’% to A. Therefore, with P-probability one, K%usc(@ ) = tAf,’,f‘f;(c /t)
for all ( € A and ¢ > 0 with ¢/t e U'. A

toU’. By Theorem [2Z.15] P-almost surely, K%USC is the unique continuous ex-

,res

Remark 3.20 (Extension to |R| = o). It is natural to wonder to what extent our
methods can be expected to generalize to the setting of an unbounded number
of steps. Some extension in this direction is undoubtedly possible under some
hypotheses on the reference walk and the potential. At this point, however, it is
not clear to us what the correct conditions for such an extension are in general. The
place to start any such program is the existence of the free energy and the shape
theorem and then development of a variational representation of the free energy
in terms of cocycles similar to [37, Theorem 2.14]. With these inputs in hand,
our methods should mostly extend (as related methods have already done in the
fully continuous setting of the KPZ equation and its associated continuum directed
polymer [41]), though one expects additional technical complications. A

The proof of Theorem [B.I4] is given in Section Sections @] and [ develop a
more general theory from which Theorem B.14] follows.

4. RECOVERING COCYCLES

In this section, we construct the generalized Busemann functions mentioned in

Section [l We then use them to construct the semi-infinite polymer measures in
Theorem 3141
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Definition 4.1. Given a face A € A (possibly C itself), consider a Borel-measurable
function

B:{(z,y):z,yeZy—xeGya} x Q2 —>R.

(a) B is said to be a cocycle, if for P-almost every w, B(v,z,w) + B(z,y,w) =
B(v,y,w) for all v,z,y € Z¢ with x — v,y —r € G4.

(b) B is T-covariant if for P-almost every w, B(z + v,y + v,w) = B(z,y, T,w)
for all v, z,y € Z with y — z € G 4.

(c) For S8 € (0,0], we say that B f-recovers, if for P-almost every w, we have
for all x € Z4,

(4.1) Z p(z)exp{—BB(z,x + z,w) — BV (T,w, 2)} = 1, for 8 < 0 and
2ER A

(4.2)  min {B(z,z + z,w) + V(Tyw, 2)} =0, for 8 = 0.

2ER A

(d) A cocycle B on A is said to be L'(P) if E[|B(0, z)|] < o for all z € R 4. If
also E[B(0,2)] = 0 for all z € R4, then B is centered.

(e) An L'(P) T-covariant B-recovering cocycle is called a generalized Busemann
function (in inverse temperature ().

For a face A € A (possibly C itself), recall that W4 is the linear span of R 4.
Let Z4 be the o-algebra generated by the events that are invariant under 7, for
all z € G4. For a T-covariant L'(PP) cocycle B on A, the invariance of P under
the shifts T, implies that E[B(z,y)|Z4] = E[B(0,y — z)|Z4] for all 2,y € G4.
Consequently, there exists a unique (possibly random) vector m(B) € W4 such
that

(4.3) E[B(z,y) | Za] = m(B) - (y — x).

Remark 4.2 (Space-time cocycles). If we write a restricted-length model as an
unrestricted-length model, as in Remark 2.2], then a cocycle in the unrestricted-
length version corresponds to a space-time cocycle in the restricted-length version.
Precisely, let G4 be the group generated by {(z,1): z € R4}. Lemma gives a
characterization of this group. Consider a Borel-measurable function

B:{(z,j,y,k)eZ xZx L x L, {y —x,k —j>eGa} x A — R.

(a) B satisfies the space-time cocycle property if for P-almost every w, all
x,y,z€ Z% and all §, k,f € Z with {y — 2,k — j),{z —y,l — k) € G A,

(4.4) B(z,j,y, k,w) + By, k, z,0,w) = B(x, j, z,{,w).

(b) B is T-covariant if for P-almost every w, B(x + v,j + £,y + v,k + {,w) =
B(x,j,y,k, Tyw) for all j, k,f € Z and x,y,v € Z¢ such that {y — x,k —
j> € Ga. In particular, B(x,j + £,y,k + {,w) = B(z,j,y,k,w), ie., the
cocycle depends on the time coordinates only through the size of the time
increment. Consequently, in the case of a space-time directed polymer,
described in Example one can drop the time coordinates and write
B(z,y), since (y — x) - & determines the time increment.
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(c) For B € (0,00], the S-recovery property is that for P-almost every w, we
have for all x € Z? and j € Z,

(4.5)
Z p(z)exp{—BB(z,j,z + 2z,j + 1,w) — pV(Thw,2)} =1, if § <o, and
2ER A
(4.6)
2217121}4 {B(z,j,x+ 2,7+ Lw) + V(T,w, 2)} =0, if 8 = o0.

(d) A space-time cocycle is said to be L(P) if E[|B(0,0,z,1)|] < o for all
z € R4. If in addition E[B(0,0,z,1)] = 0 for all z € R4, then B is
centered.

(e) For ashift-covariant L!(IP) space-time cocycle B, the random vector m(B) €
W4 x R is the unique vector such that E[B(z, j,y,k)|Za] = m(B) - {y —
x,k —j) for all z,y € Z% and j, k € Z such that {(x,5),{y, k) € G . A

We next note a property of space-time cocycles which explains their relationship
to the cocycles one sees when working with unrestricted-length models and which
will allow us to connect our results to some of the previous literature. In words,
it says that a space-time cocycle can be decomposed into a cocycle in the sense of
Definition 1] plus a shift-invariant linear function of the time increment.

Lemma 4.3. Fiz a face A € A (possibly C itself). Let B be a space-time T-
covariant cocycle as in Remark A2l Then there exists an I a-measurable ran-
dom wvariable ¢ and a cocycle B (as in Definition B1]) such that P-almost surely,
B(x,j,y, k) = _E(a:,y) + c(k — §), for all (z,7,y,k) € Z% x Z x Z% x 7 with
<y71',k7]>€ g.A
Proof. Let A denote the set of m € Z such that (0,m) € G4. Note that A is an
additive subgroup of Z. Fix m € A. Take any z € R4. Then {(z,1) € G4 and
{z,m + 1) € G4 and so P-almost surely,
B(0,0,0,m,w) + B(0,0, z,1,w)

= B(0,0,z,m + 1,w) = B(0,0, 2,1,w) + B(z,0,z,m,w)

= B(0,0,2,1,w) + B(0,0,0,m, T,w).
This implies that P-almost surely, B(0,0,0,m,w) = B(0,0,0,m,T.w) for all z €
R.4. Consequently, for any m € A, B(0,0,0,m,w) is Z4-measurable. Call ¢,, =
E[B(0,0,0,m)|Z4], which satisfies ¢,, = B(0,0,0,m,w), P-almost surely.

If m,n € A, then n + m € A and the cocycle property of B implies ¢y =
C¢m + ¢n. This implies that there exists an Z 4-measurable random variable ¢ such
that ¢,, = c¢m for all m € A. Then we have P-almost surely, for any m € A,
B(0,0,0,m) = cm.

By the covariance of B, we have

B(z,k,z,j,w) = B(0,0,0,j — k, Tyw) = c(j — k),
for P-almost every w and any x € Z¢ and (j,k) € Z x Z with k — j € A.

Now, take (z,y,j, k,m,n) € Z4 x Z¢ x ZLx Z x Z x Z with {y —z,k —j) € G4

and (y —x,n —m) € G4. Then

B(xaj7y’k)_B(x?mayan) :B($707yak_])_B(x70ayan_m)
:B(yvn_mvyak_j) =C((k—j)—(n—m)).



GENERALIZED BUSEMANN FUNCTIONS FOR RWRP 8517

Thus, if z,y € Z% x Z® are such that y — z € G4, then
B(z,y) = B(z,j,y,k) —c(k—j) for any j,k € Z x Z such that (y — 2,k —j>€ G4
is well-defined and we have

B(z,j,y, k) = B(x,y) + c(k — J)
as desired. O

We document next a property of the random vector m(B), which will be of use
to us in what follows.

Lemma 4.4. Fiz a face A€ A (possibly C itself). Let B be an L*(P) T-covariant
B-recovering cocycle on A. If E[m(B)] € 6Aa’“sc(§) for some € € 1i A, then m(B) €
aAﬁ“SC(g), P-almost surely. If additionally E[m(B)] € ext (?Ai’"sc(f), then m(B) =
E[m(B)], P-almost surely.

Proof. Let & € ri A be such that E[m(B)] € (?Ai’usc (£). By Lemmal[AT] this implies
that AP(¢) = Ai’usc(f) = E[m(B)] - £&. By the variational formula [37, Theorem
2.14], we have P-almost surely, A?(¢) < m(B) - ¢ for all ¢ € A. Thus, it must be
that, P-almost surely,

0= A%(E) ~m(B) - £ < sup(A(Q) ~m(B) - () <0
€
Then applying [59, Theorem 4.21], we obtain that m(B) € 6AZ’USC(£). If addition-
ally E[m(B)] is an extreme point of 6A§(HSC(§), then m(B) = E[m(B)] P-almost
surely by the definition of an extreme point. O

For a face A of C and a non-empty set I — Z<, define the set of points reachable
from some point of I taking steps in R 4,
(4.7) 17 ={yeZ:y—xeG} for some z e I}.
Also, define the set of points unreachable from all points in I with steps in R 4,
(4.8) I3 =203 ={yeZ':y—x¢ G} forall z e I}.

If the model is undirected on A, i.e. 0 € rildy, then gj; = G4 so that Ij =
Uze] (l‘ + gA)

Recall the countable (possibly finite or empty) set of inverse temperatures and
extremal supergradients D 4 defined in the paragraph containing ([B.8]). For each A €
Alet 4 ={(B,m,z,2): (3,m)eDy,veZ ze R4} and let Q=0Qx [T acs REA
be equipped with the product topology and its Borel o-algebra, S. For & e ﬁ,
let mq (&) be the projection to its © coordinate w. We will sometimes write this
as w(w). For each A € A and (B,m x z) € €4 let BA'Bm(x x + z,w) be the
(A, B, m, z, z)-coordinate of &. Let T = {T v E Zd} be the G-measurable group
of transformations that map

(w7 {bA757m7$,Z : A € A? (ﬁa m,x, Z) € 8./4})
to
(va7 {bA7ﬂ7m,a:+v,z cAe Aa (ﬁv m,zx, Z) € E.A}) .
As such, we have mq(T,&) = Tymo (@) and for all A € A and (8,m,z,2) € €,

BAS™ (g1 + z,ﬁ,@) = BAP™(x + v,z + v + 2,0). Note that Q satisfies the
hypotheses on € in Section
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Theorem 4.5. For each face A € A (possibly C itself) where Da # &, assume
that V satzsﬁes Condztzons B2 and B8 on A. There ezists a T-invariant probabil-
ity measure P on (Q 6) and a real-valued measurable function B4P: m(x y,0) of
{(A,B,m,z,y,0): Ae A, (B,m)eDa,xeZlyeZly—xeGqie Q} such that
the following hold.

(a) For any event A€ &, ( (@ )eA) P(A).

(b) There exists a T-invariant event QCOC with ]P’( COC) = 1 such that for each

face A€ A, weQCOC, w,v,x,y € Z* such that x —ue Ga, y—x € G4, and
(B,m) € Da,

(4.9)  BAYP™(z 4 v,y +0,8) = BAY (2,y, T,0),
(4.10)  BAP™(u,2,0) + BAP™ (2,9,0) = BYP ™ (u,y,0),

(411) Y p@)exp{ BB (w2 + 2,0) - BV (w(Tad), )} =1, if B < =,
2ER A
(4.12) mm{BAWWxx+szJK(T@L@}:O,Uﬁzw.
2ER A
(¢) For any face A € A, (8,m) € DA, and x,y € Z¢ such that y — x € G4,
BABm™ (g ) is integrable under P,

(4.13) E[BAP™ (2,y)] = m - (y — =),

and E[m(BA#™)] = m.
(d) Fiz a face A € A. If the random variables {(V(T,w, z))zeRA veZ% are
independent under P, then for any non-empty set I 7%, the variables

(4.14) {BA”B’m(x,y,@) :xe],y—xegj,(@m)eDA}
are independent, under P, of the variables {(V(Tyw,2) : ze Ra,ve I3}

Remark 4.6 (Restricted-length space-time cocycles). The above can be applied to
restricted-length polymers as follows. Let U’ be a face of U with R4 # RIY,
where A is the cone generated by U’. Let 8 € (0,00]. Write the restricted-length
model in terms of an unrestricted-length model as described in Remark tv
satisfies Conditions [3.3] and [B.5] it satisfies the conditions of Theorem 217, and
V satisfies Conditions and on A, and hence it satisfies the conditions of
Theorem As explained in Remark 319 with P-probability one, AP g

U’ res

finite on U’, K%us is finite on A, and AB—HSC(«,t}) = tAZ™C (¢/t) for all ¢ € A

U’ res
and ¢t > 0 with ¢/t € U’. Therefore, if AZ’,ufgs is P-almost surely deterministic

on U', then A&ust is P-almost surely deterministic on A. Observe next that if

Eeritd, then € = (£, 1) € (11 A)\{(0,0)}. Take m e W4 N 6Afusc(<§, 1)) for some
¢ e rild. (This set is non-empty, bounded, and has at least one extreme point, as
explained at the beginning of Section[3l) Now all the hypotheses of Theorem [L5are
satisfied for the unrestricted-length model, and the theorem produces the cocycles

B m(< k), (y,0),B), {y—x,k—€) € Gz. Then, for the original restricted-length
model we deﬁne the space-time cocycles (see Remark [22)) by setting

BY AT (0 ke y, 0,0) = B0 ((a, k), y, 0, 0).



GENERALIZED BUSEMANN FUNCTIONS FOR RWRP 8519

In particular, if we write ™ = (m, ¢), then

EB[BY O (2, k,y. 0)] = E[B™"" (e k), (. )]
=m-{y—xz,l—ky=m-(y—z)+c(f—k).
A direct computation given in Appendix [Al shows that
(4.15) ¢ = A () —m- &

moreover, m is in the superdifferential at £ of the concave function that is equal to
Ai’“sc on U’ and is set to —oo outside U’. When Z 4 is trivial, this is also the value
of ¢ from Lemma 3] A

Remark 4.7 (RWRE on Z). Consider the models in Figure 21l As noted in Remark
BI3l in the recurrent case, there are no points in D¢ with 8 = 1 that can serve
as input for Theorem In contrast, in the transient cases, there exists a unique
point (1,m), where m = —A'(—1), that can belong to D¢. Using this as input in
Theorem yields a cocycle BS1™  which we will denote more concisely as B™

Next, consider the restricted-length Version of the RWRE, reformulated as an
unrestricted-length model per Remark [4 Here, the set of admissible steps be-
comes R = {(1,1),{—1,1)}, and (0, 0) ¢ Z/l Consequently, if we take the full cone
C = R? generated by R, there are no restrictions on the choice of ¢ in defining Dg.

Remark [.6] explains how the superdifferential of the limiting free energy for thls
unrestricted-length model connects back to the superdifferential of Ares, which is
either the single point %Al (¢) for ¢ € (—1,1)\{0}, or an interval [0, LAl (0-)]
when t = 0. See Figure |2:|1

Using this setup, Theorem HAH produces space-time cocycles (as described in
Remark [L6) for a countable collection of m € dAL (t) with ¢t € (—1,1). By Lemma
43l these cocycles take the form

Bm(l’,j,y,k) = Em(z,y) + C(k 7.7‘)3

where B is a cocycle and c¢ is a deterministic constant.
The corresponding Gibbs measure, constructed via Theorem [314] is the Doob
h-transform of the RWRE, with the one-step transition probability kernel

Aﬂm

) dt

m B™ 0,z)+c
T, = T,€ 02)+e,

These measures were previously constructed and studied in [70] as the minimizers
of the level-3 to level-1 contraction principle for quenched large deviations in a more
general one-dimensional RWRE model. See, in particular, Lemma 1.6, Definition
5.6, and Theorem 5.17 of that paper. Our constant ¢ corresponds to the parameter
r in their notation.

B™ is a genuine cocycle if and only if ¢ = 0, in which case B™ = B"". In
this case, (5.15) and (5.17) in [70] imply that this cocycle coincides with the one
obtained in the first paragraph of this remark, when applying Theorem to the
unrestricted-length RWRE. Furthermore, by (m ¢ = 0 implies Al () = mt and,
by the observation following ([IH), m is also in the superdifferential of Al. This
forces m € {A'(—1),0}. Thus, in the transient nestling cases, the points t € (—1,0)
for which ¢ = 0 correspond precisely to the points in the interval left of 0 where
AL, is linear (see Figures 218l and 2IC)). In the non-nestling case, there exists a
unique such ¢, which is the sole point in (—1,0) where Al and A! intersect. See

Figure [2.1D

es
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We conclude this remark with a high-level explanation of the significance of
the unique intersection point mentioned at the end of the previous paragraph.
Let to € (—1,0) denote this point. By the maximum entropy principle (see [59,
Section 5.3] for a similar application), conditioning the RWRE on {7_, < o} and
taking n — o0 causes the path measure to converge almost surely to the Doob
h- tranbformed RWRE tilted by the cocycle B"', with m = —A'(—1). But since
B" = = B™, Lemma 1.6 and Theorem 5.17 in [70] along with another application of
the maximum entropy principle imply that this tilted RWRE corresponds exactly to
conditioning the original RWRE on having the asymptotic velocity ty. Succinctly,
if we condition the walk on the (zero probability) event {X,, — —oo}, it will proceed
ballistically with velocity tg. A

Remark 4.8. Our construction shows that the claim in Theorem [EH(d)| continues to
hold if independence is replaced by mixing. That is, if o{(V(Tyw, 2))zer, : v € A}
and o{(V(Tyw,2))zer, : v € A’} mix under P at rate 74, when A, A’ = Z? are
separated by distance k, then o{BA#™(z,y,0) 1w € I,y — x € G}, (ﬁ,m) €Dy}
and o{V(Tyw,z) : 2 € Ra,v € I'} mix at the same rate ry, if [ < Z¢ and I’ < I}
are separated by distance k. See [12] for a definition and basic properties of the
strong mixing rate between o-algebras. A

We prove the theorem towards the end of the section. For a high-level summary
of the ideas, see Section[[Ilin the introduction. We begin by defining a few objects
and proving a few bounds. Assume the hypotheses of the above theorem for the
rest of this section.

For a face A € A and a pair (3,m) € Dy, m € Wy n 6Afi{“°(£) for some
¢ e ri A\{0}. Define @, h € R? in the following way:

If either Condition or holds, then 0 ¢ U 4. [37, Lemma A.1] implies
that there exists a vector u such that -z > 0 for all z € R4. Then u-£ > 0.
Define & = u/(u - &) and h = @ — m.

If instead Condition holds, then 0 € U4 and by the definition of D4
(above ([B.8)), we have that A”(¢) # 0 and hence A?(¢) < 0. Also by Remark 3.6

. AP . m
AB(¢) > —c0. Define 4 = i and h = 1A2(§()§)m. Note that @ -§ = 55ty - € = 1,

since m - € = Ai’usc(ﬁ) = A'B(g) by Lemma [AT]
With the above definitions, we can now consider that throughout the proof, each
A€ A and (8, m) € D4 are accompanied by &, @, and h that satisfy these properties:

m=1u— h,
u-&=
(4.16) u-z> for all z € R4, if either Condition or )| holds, and
h = (1—A?(€))a, if Condition B:Ha)] holds.
Let
(4.17) Ry = )|zl

zER

and take R > Ry. For z € Z% and t € R, we introduce the following slab at G-level
t of width R,

Lpzi=Lar+(R0)={veZ':v—reGrandt<v-u4<t+ R}
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Note that if y € Z¢ with y —x € G, then La ¢ = L. We abbreviate L0 =
Lays For B <o, zeZ t>x- U and € > 0 define the (regularized) tilted
point-to-level partition function
Z;‘l(f)s Z ZB 5h~(v7m)76\v\1.
VEL A,z ¢t
Above, the regularization by introducing e|v|; in the exponent is there solely to
ensure finiteness.

Recall the convention that Zf)v = 0 if there are no admissible paths from x to v.
Hence, the above sum is only over sites v that are accessible from z, i.e., v—x € g;.
Since -1 = 1 there exists a z € R 4 such that z-@ > 0. Since z-4 < Rand z-u < t,
there is at least one v € L 4 ,; which is reachable from . The corresponding free
energy is

1
~log Z240F (w).

FABE( ) = 3 z,(t)

z,(¢)

At zero temperature, define

Fnw) = swp (F2w) +h-(v—2)).

UELA,I,t
Recall the convention that F, = —oo if there are no admissible paths from z to v,
meaning that v is not considered in the supremum.
A,B.e

Condition guarantees that F7~ ) (w) is finite and integrable, which we now
show.

Lemma 4.9. If§ = o or Condition 07’ is satisfied, takee = 0. If B < o0
and Condition holds, take € > 0. Then, for each A€ A, x € Z%, B € (0, 0],
andt>z-u

E[|FAS) < o

Proof. Let A, z,[,¢, and t be as in the statement. Choose y such that y € L4 4+
andy —z € ng. The hypothesis on ¢ and the definition of R ensure that such a y
exists. For such y, let xg.,, be an admissible path with 9 = = and z,, = y. Then
for g € (0,00), we have

1 1
F;“(f)f _ BIOg Z Zf’veﬁh'(v—x)—flﬂll > Blog(Zﬁyeﬁh‘(y—w)—Elyh)’ and

UELAJJ

A, 0
F(to;) >FS, +h-(y—x).

Recall that F;S > %log Zjiy and then bound

E[ﬁ log Z ] ; logp(zit1 — x;) —E[V(Ty,w, ip1 — x;)]] > —o0.

For the upper bound, first consider the case where Condition is satisfied
so that V(w,z) = 0 for all z € R4. Then for all v such that v —z € G}, Z

[ —BEL V(T X=X @}] < 1. Recall that A%(€) < 0 and h = (1 -

AP(€))u. Then, with the convention that C is a chameleon constant that may
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change line-to-line,

1 : 1 -
FA(gE:Blog SZB el < Doy PU=AP(€))av—Bh-z—elv],

’L)ELA@J, UELAJJ
< 1 log Z BN (€)(t+R)—ph-a—elv]y
ﬂ VEL A 2t
1
= (1-A©)(t+R) —h-z+ Zlog Y el
ﬂ veZd

SA-ANE)t+R) —h-x+ %log (c > kde_sk)

k=0
<=M+ B~ oot g1og(C 3 )
k=0

(4.18)
<A -APE)t+R)—h-z+ B tog(Ce™Y),

where the last bound applies for e sufficiently small. At zero temperature, the
equivalent bound is

FAPO — qup (F (W) +h-(v—x)) < sup (1=AP(E)w-T—h-x)

xz,(t
( ) ’UELA,;E,t UEL.A.a:,t

(4.19) <A-=AE)(t+R)—h-x.

Next, assume that either Condition or holds. Then O ¢ U4 and there
exists a 0 > 0 such that for all z € R4, u-2 > > 0. For v € L4 4+, all paths
from z to v have length at least (t —z - a)R™" since R > Y |z -@|. Similarly
all paths have length at most (t + R —x - 2)d~! since z -4 = § for all z € R4.
Let £ = £(t) = [(t + R — x - @)6~'| be the maximum possible length. Let L4 ., be
the finite set of v € L 4+ which are reachable from z. The cardinality of L Azt
is bounded above by C¢? for some fixed constant C' > 0 depending only on the
dimension d and R 4.

Suppose Condition holds so that V(w,z) = ¢ for some ¢ € R and all
z € R4. Then,

F.A 8,0 _ IOg Z Zg,veﬁh-(v—:c)

t
( ) B ’UELA @t
_ % Z [ "'U—l V(TX w,Xit1—X; )]l{ <OO}]6,8h‘('u—x)
UELA x,t
<L (o—z) _ 1 c|+Bh-(v—z
- Z [eﬁac|]1m<oo}]eﬂh< )< Zlog Y Pl (o)
/6 _A /8 ’L)EZ_A,I,t

<€|c|+ElogC€d+ max h-(v—zx)

WELAYJCJ

1
(4.20) < /L] + -

3 log C¢? + ¢d Inax, |hi] - max |2i]-

1<i<d
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The last line follows since v is at most £ steps from x. At zero temperature, the
equivalent bound is
A,00,0
F7y" = sup (Fooy +h-(v—2)) < sup (fle|+h-(v—2))
VEL A, 2t VEL A 2t
(4.21) < l)c| + £d max |h;| - max |z
1<i<d 2ER A
1<i<d
Lastly, suppose Condition B.2(c)|is satisfied. Then in the positive temperature
case,

1 1
FABO _ B log Z Zf’veﬁh'” < E log(Céd max Zfﬂ,eﬁh'”)

z,(t)
VEL A 2t VEL A,z t

1 o 1
< max — logePfrwthhv L —ogCpd
’L)EZ_A,I’t /8

1
(4.22) < max (F°, . +h-v)+ 3 log C0%.

max
(t—z- @) R=1<k<(t+R—2-0)6~! yel 4 .,
Similarly, in the zero temperature case,

A,00,0 0
’ k) < .
(423) Fx,(t) = (tfzﬂ)R*lSrl?ggiJerr-ﬁ)&*l ver%lji,t(Fz’v’k th ’U).
The bound now follows since E[F}° ;] < oo for each of the finitely many & and v
because V™ (w, z) € L}(P) for each z € R 4. O

For each ¢ > max{z - u,(x + y) - @} and ¢ = 0, the free energy satisfies an
approximate shift-covariance property, which is exact if ¢ = 0. For 5 € (0, ), start
by writing

ABe () =

B Bh-(v—z—y)—c|v
z+y,(t) Z Zypyyn(we ( v)=elvh

VEL A,z 4y,t

1
— log
B
1
=3 log Z 78 (Tyw)eltv=e=y)=elvh
1
—log
B

z,v—y
VEL A wty,t

(4.24) = Z 78 (Tyw)elfh (=) =elvtyls,

UELA,m,t—y-ﬂ

Using the bounds —e|v|; — elyl1 < —¢lv + y|1 < —¢|v]1 + €|y|1, we see that

A B ABe elyl
(4.25) P20 (@) = F ) ()| < =5

If 8 = o0 and € = 0, this shift-covariance is exact:

FAPO ()= sup  (FZ,_ (Tyw)+h-(v—2—1y))

xz+y,(t z,v—Yy
ty ( ) UELA,:L'+y,t ’

A0,
(4.26) = UELAS;].E(yﬁ)(Fi%(YLW) +he(v—1x)) = F20 o) (Tyw).

For A€ A, (3,m)eDy,e>0,te R xeZ? and z € R4, define

A8, ABe _ pAS,
(4.27) B M@ w4 2) = FL) = FL00, —he 2,

if t >max{z-0,(r+2) 0:2€R4} and B;‘L’B’m(x,x + z) = 0 otherwise.
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Lemma 4.10. Let A€ A, (8,m) € D4, and € = 0. Then P-almost surely for all
veZ andt > max{z -4, (x+2) 0:2z€Ra},

(4.28) Z p(2) exp{—ﬁB{f‘E’B’m(m,m +z)— BV(Tww,z)} =1 iffB <o and

2ER 4

(4.29) min {B;f‘goo’m(x,x + 2) + V(Tyw, z)} =0 ifB=c0.

2€ER A

Proof. The desired equations essentially come from the one-step decomposition of
Zﬁ&f)’a. Take A, 5,m,e,x, and ¢ as in the statement. Recall that Lo+ = LA z42¢

if ze R4. Then

> p(2) exp{—BBL " (2,3 + 2) — BV (Tow, 2)}

2ER A
A,B, A,B,
= Z p(2) exp{fﬁ(F%(f)E — Fx-&-f,?t) —h-2z2)—pV(Tw, z)}
2ER A
= Z p(2) exp{log Zﬁfi?t) —log Z;:&t)’s + Bh-z— BV (Thw,2)}
2ER A
_ A,Be\—1 hz—BV (Tyw,z) r7A,8,€
= (Zx,(t) ) ; p(z)e M=V )Zx+z,(t)
zZER A
= (Z255)E Y] ple)ethe AV ()
2ER A
Ty—1
X Z ePh(v—a—2)—zlv]x E... [exp{—ﬁ Z V(Txiw, Xi1— Xi)}]l{m<oo}:|
VEL A, z+2,t 1=0
_ (ZA&'f)’E)_l Z 6Bh~(v—x)—e\v\1
, ’L)EL_A“T‘t

< 3 p(2)E, [exp{—,@ ﬂi}lx/(z’xiw,)(i+1 _ Xi)}]l{Tv<OO} ‘ Xy =z + z]
i=0

2ER A
To—1
= (Z::&f)ﬁ)fl Z eBh(v—z)—elv]y E, [exp{fﬁ Z V(TXiwaXi+1*Xi)}]l{7—v<oo}]
VEL A &t =0

A,B,e\—1r7A,B,
= (Z:n,(t)e) Za:,(t)E =1

The fifth equality above comes from the Markov property. The recovery property
(#28) is proved. For the zero temperature case, write

min {B,fa’oo’m(x, z+z2) + V(Tw, z)}

2ER A
— mi A,0,0 A,00,0
- z?%ﬁ{wat) AL e s V(T
k=1
= min{Fj(’?)o’O— sup sup  sup {72 V(TxiW,$i+1*l’i)+h'(1}7$72)}
ZER A ’ VEL A gyt k=1 xo:keX:Jrz,u i=0

—h-z+V (T,w, z)}
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k—1
= FIA(’?)%O — max sup sup sup {— Z V(Tp,w,xiv1 —x;) + h- (v— x)}
’ #Ra VELA 2 ¢ k22 zo:kEXk, i=0
{L’1=I~‘ijzv
k-1
= F:‘(’gvo — sup sup sup {f Z V(Ty,w,xiv1 —x;) + h-(v— :c)}
7 velaee k21 g0, eXE 0 i=0
_ A0 A,0,0 _
=~ =0
The recovery property ([E29) is proved. 0

Lemma [L.TT] gives some information about where the minimum in [@29)) is at-
tained.

Lemma 4.11. Let A € A and let m be such that (00,m) € Dy. Then P-almost
surely, for any finite set A = Z% and any t > max{z -0, (r+2)-U:2x€ A,z € Ra},
there existsy € A and z € R 4 such thaty+z ¢ A and V (Tyw, z)—|—BZ\d°o’m(y, y+z) =
0.

Proof. Take A and t as in the statement, v € A and € > 0. Let v € L4, be such
that

FAROW) — e < Ff @) + - (v - 2) < FAR°(w).

Take a path xo., = zo.n(€) € X% » such that
n—1
B (w) =& <= Y V(Th,w,mig1 — 23) < F ().
i=0

Note v ¢ A by the definition of ¢. Let k = k(¢) = minf{i € [0,n — 1] : z;41 ¢ A},
y =y(e) = xx, and 2 = z(e) = 41 — 7. Since FS (w) + Ff, (w) < F, (w) for

allve Lg g, we have F1 (W) +h - (y — ) + F;‘(’;O’O(w) < F;‘(’?)O’O(w). Thus,

A,00,0
Fr) +h(y—)+ F ) (w) — 2

n—1
A, 0,
S Faa(z)O O(w) —2e< — Z V(qu,waxi+1 —xz;)+h-(v—2x)
i=0
n

[

< F;?y(w) +h-(y—x)— Z V(Ty,w,iv1 —x;) + b (v—1y),
i—k

which implies

F;}(’:;’O(w) —2s - “Z’: V(Tpw,wip1 — xi) + h- (v—1y).
-
Thus,
V(Tyw, 2) + Bg™ ™ (y,y + 2)
- V) + P = ALl e
< V(Tyw, z) + F;(;’)O»O _ Fﬁz’v(w) —h-(v—y—2)—h-2

n—1
A,00,0
< Fy,(?):) + Z;g V(Twiwaxi+1 - IZ) —h- (U - y) < 2.
i=
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Since A and R 4 are finite, we can find a subsequence ¢; — 0 and y € A, z € R4,
such that y(e;) = y € A and z(g;) = z € R4 for all j. Applying the above with
A,00,m

e = ¢; and taking j — oo shows that V(T,w, z) + By 37" (y,y + z) < 0. The claim
follows from this and (Z29]). O

Next, we develop bounds on the limiting free energy. Recall the definition of Ry
in [@I7). If necessary, enlarge the slab width to satisfy R > 2R,.

Lemma 4.12. If § = oo or Condition or is satisfied, take ¢ = 0. If
B < o and Condition holds, take € > 0. Then, for any a < b,

1 1
(4.30)  1- %5 < lim ~E[ inf Fgi%¢ 1< Tam ~E[ sup Fgtle ]<1

n—owo N ass<b 0,(n+s no0 N g<s<h 0,(n+s)

and, P-almost surely,

A S — 1
< lim — inf F[;A(’Bf)ghm—sup F64(’Bf)<1.
n—ooo N ass<b VTS Tnoon oy VTS

(4.31) 1—

Proof. It will be convenient in this and the following paragraph to modify our

notation to include the width of the slab, writing F64 (2 fa R) when this width is R.

With this notation, we see that if R’ > R, then s <t < t+R < s+ R and F;‘(’f’é) <

Fé‘}(vf’v;,). Thus, for any s € [a,b], n+a<n+s<n+s+R<n+a+ (R+b—a)

and, therefore, sup,< <, F;}(’ifs,m < Fé(’gfa’Rerfa).

Similarly, for any s € [a,b], take j = [2R™!(s — a)|, which satisfies n + s <
n+a+jRR2<n+a+(+1R2<n+s+Rand0<j<2R(b—a)+1.
Therefore,

A,B.e

. A,B,e : B,
inf F min mZFO7(n+a+jR/2,R/2)'

a<s<b OMF8R) T g op-T(b—a)+1]
The upshot is that, modulo increasing or decreasing the size of R, it is enough to
prove the claims of the lemma for a fixed s € R, without taking suprema or infima
over s € [a,b]. In the rest, we will go back to omitting the width of the slab from
the free energy notation.
Fix s € R. We will show that for each s € R, we have, P-almost surely,

She _ o 1oape _ =1 ap.
(4.32) 1= S nh_% gFo,(nJrs) < lim EFO,(TLJrS) < L

This then proves [{31]), as explained in the above two paragraphs.

We start with the lower bound. Write § = 3} 5  b.z with coefficients b, > 0.
For n € Zxg let b, , = [(n+ s)b,|if z- 4 >0 and b, , = [(n + 5)b,| otherwise. Let
v, = ZZeRA by, .z. Note that v,/n — £ as n — oo. Since £ -4 = 1,

n+s=(n+s) Z bz U< v, < (n+s) Z b.z-u+ Z |z 4| <n+s+R.

2ZER 4 ZER A 2ER 4
Thus, v, € L g nys for all n and

1 A,B,e 1 ] Bh-v— | | 1 ] ,Bh"l)n—|’l)n|1€
nlonts) = g loe 2 ZouetTE = w08 %00, T

”EL.A,TH—S
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Since @ — h € (3Ai’usc(§) and ¢ -4 = 1, by Lemma [AT] A%(¢) = Ai’usc(ﬁ) =
(W—h)-& =1—h-& Taking n — oo and applying (28], we obtain, P-almost surely,

1 o ape 8 €]1e €]1e
lim —FA0e > A hog— B2 —q - B
om0 O n+e) ©+h-¢ B B

The equivalent result at zero temperature is

1 1
lim —Fy\0 > lim —(F,, +h-v,) =A%) +h-€ =1,
n—o 17 n—

Next, we derive the almost sure upper bound. Recall that we are now working
with a fixed s. The upper bound (Z7) implies that, with P-probability one, there
exists ng = ng(w, ) such that whenever |v|; - |t|e = no,

1 <
B 25

Also note that since @ — h € 6Ai’usc(§), for v € LA p+s

AR (0) < NGO + (v—€)- @—h) =v-(@—h) <n+s+R—v-h

log Zgﬂ) < Ai’usc(v) + —v|;.

For n = ny,

1 A,B.e 1 B _Bh-v—c|v|y
ﬁFO,(n-&-s) - % log UEL§ ZO,ve
,n+s

< Liog T ARl
nﬂ VEL A nts
< 1 log Z e (ntetRovh)tBhvelvls/2
n VEL A n+s
n+s+R 1
<TG el
n nB o8 Z ‘
veZD
n+s+ R 1 .- d, —ek/2
<7+_10g<02k e—a/>—>1.
n nﬂ = n—00

The equivalent bound at zero temperature is

l A,00,0

1 1
—Eo(nts) = 5, SUP (F&& +h-v)<— sup (A7) +1+h-v)

n VEL A, n+s n VEL A,n+s

<%(n+s+R+1)—>1.

n—aoo

Now we turn to proving (£30). As explained at the beginning of the proof, it is
enough to prove that for each s € R,

1 1
(4.33) 1- % < lim ~E[FV%° 1< Tim —E[F50e 1< 1.

oo T 0,(n+s) nswn 0,(n+s)

We first prove the upper bound. For this, we consider the three cases in Condition
If Condition or @ is satisfied, then the upper bound in (£33)) follows

from the bounds [@I8)—(ZI]), the upper bound in [@32), and Fatou’s Lemma.
Suppose now that Condition holds. Without any loss of generality, we can

assume 79 > R. Let f(w) = max,er, V™ (w,2) + max,er , |h - z|. Then, with the



8528 S. GROATHOUSE, C. JANJIGIAN, AND F. RASSOUL-AGHA

notation ¢ = ¢(n + s) as introduced above ([I9), the bounds in @22) and ([@23)
give

1 _ 480 1 1 d
—FPY <~ Fy e +h-v)+ —logCl
AR 0 s B e (0 4 s
-1
1
4.34 < — max [Ty, w) + —log ce,
e N zo.0eXh (m)Z ) np

k=0

where it is understood that in the zero temperature case, the last term on the right-
hand side is 0. In the second inequality, we used the fact that f is non-negative,
and hence the sum of shifts of f does not get smaller if we add more terms, and
the maximum does not get smaller if we drop the requirement that the endpoint
v € L g n+s. We will bound the first term on the right-hand side using lattice animal
bounds.

A subset S of Z% is said to be connected if, for any two points in S, there exists a
nearest-neighbor path in S that connects them. Given n € Z~(, a connected subset
of Z% that has cardinality n is called a lattice animal of size n. Let S,, denote the set
of lattice animals of size n. Let B = {0,1,2,...,79 — 1}%. Then {roy + B : y € Z¢}
is a disjoint tiling of Z2.

Consider a path xg., € X§(R4). Let yo,...,y¢ € Z% and ug, ..., us € B be (the
unique points) such that z; = royg + ug for each 0 < k < £. It must be that
lYk+1 — Ykl < 1, since 79 > R. Although y; and ygy1 might not be nearest
neighbors, we can fill in with at most d — 1 intermediate points to obtain a nearest-
neighbor sequence. In total, we start with £+ 1 points and then add at most ¢(d—1)
more. The resulting sequence may have repetitions and fewer than ¢d + 1 points,
but it will be contained in a lattice animal S € Syg41. Since the path zq., does not
repeat points, the pairs (yg,uy) are distinct. Therefore,

£—1 —
2, f(To) = Z o) € 0 e ) f(Touyeai):
k=0 k=0 ueB LAt yes

‘We have thus shown that

3|®

max Z f(Tpw) <

1
- max f(T w).
Tl T0:0€X§ ( (Ra) 14 éseswﬂyzeg ( roytu )

Since {f(Tyy+uw) : y € Z4} areiid. and f € LI(P) for some ¢ > d, [52, Theorem
1.1] implies that the right-hand side converges both almost-surely and in L!(P).
This, the upper bound (£34]), the upper bound in (#32)), and Fatou’s Lemma imply
the upper bound in ([@33]) and, therefore, the upper bound in [@30) is proved.

We finish the proof by arguing for the lower bound in ([@33]). We work out the
case of a positive temperature, with the case of zero temperature being similar.
Observe that for any n € Z-q and u, v € Z% such that v —u € G4 N D,

78

u,v,n

n— 1
(w) = E, [ —BYr V(Tka,xkﬂka)]l{Xn:v}]
<E, [6*52;7;51 V(Tka,Xk+1ka)]l{Tv=n}:|

< E [ BZTI’_l (Tka7Xk+1_Xk)IL{TU<w}:| - Z57,U(UJ)
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To justify the first inequality note that if 0 ¢ U, then X,, = v implies 7, = n
while if 0 € U, then Condition B.2(a)| must hold, in which case X,, = v implies

V(Tx,w, Xi+1—Xk) = 0 for all k<n and, therefore, e AR, V(Txw X1 —Xi) <1.

Take any ¢t > 0 such that £/t € U4. Let &, (£/t) be the path defined in [58] (2.1)].
Note that this path has increments in R 4 and satisfies &, ({/t) € G4 N D, for all
n € Zwg and &, (£/t)/n — £/t as n — 0. This and € - @ = 1 imply that there exists
a subsequence m,, such that &, (£/t) € L n+s for all n large enough. Thus, for n
large enough,

1 A,B,e 1 B Bhv—e|v|
EFO,(THFS):ﬁlog D Zge :

1 5 Bh - &, (E/t) = |Zm,, (§/t)|1€
> 598 %04, t np

5 Bh - &, (E/1) = |Zm, (€/)]1€
> 05198 %05, ¢/ma + np '

By [68, Theorem 2.2] (and [26, Theorem 2.4] for the zero temperature case),
m_lF(’fgz (€/t),m Converges both almost surely and in L'(P), as m — co. Further-
more, dividing

n+s< Iy, ({/t)-u<n+s+R

by m, and taking n — oo implies that m,/n — t as n — oo. Thus,
(nﬁ)*lF(’iimn (€/t),m,, converges both almost surely and in L'(P), as n — co. This

allows us to apply Fatou’s Lemma and deduce the lower bound in (£33)) from the
one in ([@32)), completing the proof of the lemma. O

For each n € Z~g, let (Up)nez., be a sequence of independent random variables,
independent of everything else, and such that for each n, U, is uniformly distributed
on [0,n]. Denote the distribution of this sequence by U and let P = P® U with
expectation E. Define P, . to be the distribution of

(w,{Béﬂ’i’m(x,x—Fz) cAe A, (B,m)eDy,xell ze RA})

induced by P on (Q, &).

Lemma 4.13. If § = oo or Condition or is satisfied, take ¢ = 0. If
B < o and Condition holds, take € > 0. Then, the family {P, . : n € Z-¢}
is tight.

Proof. Take x € Z% and z € R4. Let tg = max{0,z -4, (z + 2) -4 : 2z € R4}
Recall that Bt“i;ﬂ’m(x,m + z) = 0 whenever 0 < ¢ < tg. Then for n > ty, use the
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approximate shift-covariance properties ({25 and (£26) to obtain
E[Béf’m(m, T+ 2)]

,E

1 n
=— f E[Bﬁéﬂ’m(x, z+ 2)|ds

n Jy,
_ L A,B,e A,B.e
_nLEMW@ Fﬁﬁgfhdd
< 1 nE F.Aﬁ& F_A)ﬁ)a d (n—to)hz g
Sh " [Fy 0,(s—a-0) 0,(5—(z+z)-ﬁ)] ST E(Ml + ]2+ zh)
1 (™ 4B, 1 n—z-u AB,
= E : E[F 0,(s Ez u)] ds — EJ; AE[FO (s Ea: u)] ds
0 0—Z2'Uu
—t)h -
- BB E Sy o+ 2h)
=l " E[F'A’BE ]ds_lfto E[F.Aﬂe ]dS
n psn 0,(s—z-u) nJy—za 0,(s—z-u)
(n—to) 9
- B S+ o+ 2l)
1 —z-u A ﬂ - 1 to—x‘ﬁ A B R
= — E|F ds — —f E|F, ds
IR s 2R I ey
(4.35)
(n—to)h-z ¢
. +B(\x|1+\x+z\1).
In the above computation, we use the convention that if b < a, then Sz = — SZ

When 8 = o0, we take ¢ = 0, and the last term is understood to be zero.

On the event {U,, > to}, (£28) and [@29) imply that
(4.36)

Bé’im(x,x +2) = —V(Tpw, 2) + B ogp(z) = =V (Tpw, 2) + B Hlog p(2).
Again when 8 = o0, the last term is understood to be 0. Then,

[|B§'Bsm (z,z+2)|] = [|B§'Bsm (z,2 + 2)|[1{U, > to}]

= ]E[B{}l’i’m(m z + 2)1{U, > to}] — 2E[min{0, B{}‘fgm(w,m + 2)}1{U,, > to}]

E[Bé Bsm(x z + z)] — 2E[min{0, BA A, 2w+ 2) JI{U, > to}]

(4.3

3
~

N
3=

—z-u Ap. 1 to—x-U A8,
E[Fye @——f E[Fg (] ds
f—(w+z)'ﬁ [ ’("+S)] N Jto—(et2)a [ o) ]
(n—to)h-z ¢ T —1
_T+B(\x|1+\x+z\1)+2ﬂ‘3[v (w,2)] — 287" logp(2).

All the terms on the right-hand side except the first are trivially uniformly
bounded in n. The first term on the right-hand side is also bounded in n by
(@33). This proves the claimed tightness. O

If 8 = o0 or Condition or is satisfied, then let Py (with expectation
E) be any weak subsequential limit point of P,, g. Otherwise, for each 0 < e <1,
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let P. (with expectation E.) denote any weak subsequential limit point in n of
P,.. Recall that BA#™(z o + 2) is the (A, 3, m,x, z)-coordinate of & € Q. By
(@36) we have that P,, .-almost surely, for all A € A, (3,m) € Dy, = € Z%, and
ze€ R, BAP™(x, 2+ 2) = —|V(Tyw, 2)| + B~ log p(z )

Use ([@37), Fatou’s Lemma, and the upper bound in (£30]) to obtain

EEHB‘A’B’"L($7 T+ z)|]

—zU to—xz-U
< lim l(f E[F-ABE ]ds—lfo ]E[FABE]ds—(n_to)h'z)

n—ooo N —(z+2)4 0,(n+s) n o—(z+2)-a 0,(s) n

+ %(lel + |z + 2h) + 2B[|V (w, 2)[] — 28~ log p(2)

(4.38)
<m-z+ — (|33|1 + |z + 2]1) + 2E[|V (w, 2)|] — 28" log p(2).

The family {P. : 0 < & < 1} is therefore tight. Similarly, using Fatou’s Lemma

with [@38) and [@30) gives

(4.39) E.[BAP™(z,x+z2) | <T-z—h-z+ — (|x|1+|x+z|)

=m-z+ — (|x|1+|x+z|)

Let P denote any weak subsequential limit point of P, as ¢ — 0 in (0,1]. If
B = oo or Condition B2(b)| or is satisfied, then take P = Py,

Lemma 4.14. P 18 f—invam’ant.

Proof. Let x,y € Z%, and z € R 4. Using ([E2Z5) we get

(4.40) Bt“i_’ﬁ’m(m +y,x+y+zT yw) — Bf_"yg"ga(m, T+ z,w

Fix y € Z% Let a > 0, £ € Z-o, and take f to be a bounded, a-Lipschitz
continuous function of any ¢ coordinates of &@. These coordinates can be faces A,
vectors m, inverse temperatures (3, vertices z, or increments z. Let ty be large
enough so that tg > max{y -4,z -4, (x+2)-u (as+y) J(x+y+2z)-u:zeRal,
where the maximum goes over all of the at most ¢ values of the = € Z? coordinates
on which f depends. Let (ne k)kez., be the subsequence along which P,, . converges

weakly to P.. Let £; — 0 be the sequence along which P_, converges weakly to P.
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Then using continuity of fy, we have
BfoT,] = lim E.[foT,] = lim lim B, . [fo T,]
—) HOO
= lim lim E,, ., [f(T,w, {(BAP™(z +y, x4y + 2)})]

Jj—0 k—0o0

= lim lim (O(n;l)—i—nif
k Jt

Jj—00 k—o0

M
E[f (Tyw, {BA ™ (a+y, 0 +y+2,w)})] ds)

0

s
= lim lim ij ]E[f(w,{B;‘}glj’m(m+y,x+y+z,T_yw)})] ds

Jj—0 k—00 N

= lim lim i {]E[ ( ,{BA’B’Am,(30,CC+Z,W)})]+a50(6_15j|y|1)}d5

J—0 k—0o0 N STYUES

ng—y-U
— lim lim if B[S (BAS (0, 4+ 2,w)))] ds
t

J—0 k—00 N 0o—y-a

lim lim iJnk E[f(w {BAﬁm(a:,:chz,w)})]ds

J—00 k—00 N

= lim lim E,, ., [f] = I@[f]

Jj—0 k—o0

On the fourth line, we used the T-invariance of P. On the fifth line, we used
([#40) and that f is an «-Lipschitz continuous function of ¢ coordinates of @. The
first equality on the last line follows because the integrals differ by at most 2|y -
al sup | . O

We are now ready to prove the main theorem of this section.

Proof of Theorem LB For each n € Z~g, ¢ = 0, and A € &, Py, .(1(D) € A)
P(w € A). Since mq(@) is continuous, taking n — o and € — 0 shows that P too
has this property, for all closed sets A and hence also for all A € &. Part @ is
proved.

Take z,y € Z¢ with y —z € g;. Consider a path zg.; € X;, of some length
k € Zso. For any t large enough that t > x; - @ for all 0 < i < k,

k—1 —

A,B,m A 3
Z Bt,gﬁ (i, Tig1) = Z ( - z,ﬁ o~ (@i *Zi))

i=0 i=

A, A,
= F0° Fy(f)f—h-(y—x).

Thus, for any pair of paths ., z{.;, € X%y, P-almost surely, on the event

{U, > " = max{z; - 0,2, - 0:0<i<k0<j<k}},
we have
k-1 K —1
A,B, A,
D BE M @i i) = Y, By (@ ly).
i=0 i=0

From this, we get

k—1 k'—1

Pn,s{ Z B (4, mi41) = Z BA’B’m(fli,fliH)} > P{U, > C”}rH‘O’O L.
i=0 1=0
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Since the event on the left-hand side is closed and P is a weak limit point of P, ,
we conclude that the event has IP’—probablhty one. Similarly, for any n € Z>0 and

e =0, B{,‘ Bsm(:c x) = 0, P-almost surely and hence BA%™ (x, x) = 0, P-almost

surely, for any z € Z¢. Consequently, there is a T-invariant event €y with ]P’(QO) =1
such that for all & € Qq, A € A, (8,m) € D4, and 2,y € Z% with y — z € Gh,
BAS™ (g, 2,&) = 0 and

k—1
(4.41) BAP™(2,y,8) = Y BAP ™ (@4, 3i11,0)

i=0
has the same value for all paths xo.;, € X 4.

For each z € R 4 and z € Z¢, set BAP™ (2, 2—2,0) = —BAP™ (2 —2,2,®). This
definition is consistent with the one above when it also happens to be that —z € gj.
With this definition we have that the right-hand side of ([@4I)) has the same value
for all paths xo., with k € Zso, 20 = z, 2, = y, and z;41 —2; € Ra v (—Ra4)
for 0 < i < k — 1. Therefore, one can use the right-hand side of (Z4I]) to define
BAB™ (1 y, &) for all x,y € Z¢ with y —2 € G4 and & € Q. With this definition,
we have the cocycle property [@I0), for all & € 607 (B,m) € Dy, and u,z,y € Z%
such that x — u,y — z € G 4.

The covariance property (€3] holds, for all W € Q and v,z,y € Z withy—x € R4
simply by the definition of the shift f’z. Then the definition (£41]) ensures that this
holds for all & € ﬁo and v, z,y € Z% such that y — z € G4, without the restriction
y—x€RA.

Using a similar argument as above one deduces from (m and (£29) and passing
n — o and € — 0 that there exists a T-invariant event QCOC c QO with IP’(QCOC) =1
such that (LI1) and (I2) hold for all & € Qeoc, @ € Z4, and (8,m) € Dy. Part
@ is proved.

Next, we prove part By (E36) we have that P-almost surely, for all A € A,
(B,m) e Dy, x€Z% and 2z € Ra, BAP™ (2,2 + 2) = —|V(Tww, 2)| + B log p(2).

Recall the vector m(B4#™) from ([@3). Using [@II)-@IZ) and applying Fa-
tou’s Lemma to (Z38)-@39) we get that B4 (z,x + 2) is integrable under P
and that

(4.42) —E[|V(Tyw, 2)[] + 8~ ogp(z) < E[BAP ™ (2,2 + 2)] <m - 2.

This implies that E[m(BA#™).¢] < m-( for all ¢ € A. In particular, E[m(BA#m).
gl <m-€=NA(). R

By the variational formula [37, (2.8)], —A%(¢) = —m(B4#™).¢, P-almost surely.
Hence m(BA5™) - ¢ = AP(¢), P-almost surely. Since € € ri.A, we can scale & by a
positive constant to obtain a direction in rild 4, apply [62, Theorem 6.9], and rescale

back to ¢ to obtain constants a, > 0 for z € R 4, such that & = ZzeRA a,z. Then
P-almost surely,
Z a,z-m(BAP™) = m(BAP™) ¢ = AP(¢) Z a,z - m.

2€ER A 2€R A
Taking the expectation and rearranging, we obtain

Z a-(m -z — E[m(BA#™)] - z) = 0.

2ER A
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By (@ZA2), E[m(BA#™)] .2 < m -z for each z € R4, so each term in the
sum is non-negative. Therefore each term is exactly 0. Since a, > 0, it must be
that E[m(BA#™)] .z = m - z for each z € R4. Since m and E[m(BA#™)] are
vectors of the linear subspace generated by the steps z € R4, this implies that
m = E[m(BA%™)], and part [(c)| follows.

It remains to prove part the theorem. Recall the definitions of Ij and I3
in (7) and ([F]). Observe that the distribution of

({V(va,z) cze€Ra,velyg), {BA’B””(x,:U +2,0):xel,zeRa,(B,m)e DA})

under P comes from taking subsequential limits of the distribution of
(4.43)
({V(va,z) cze€Ra,ve g}, {B{,‘im(x,x +z,w):zel,zeRa,(B,m)e DA})

under P, first taking n — oo and then ¢ — 0. Note that the hypotheses of part
@ of the theorem imply that the two collections in ([43) are independent. The
independence claim comes then from the fact that if {(V(T,w, 2)).er , : v € Z%} are
independent under P, then the two families in the above display are independent
under P. The proof of Theorem is complete. O

The same argument that gives ([@I2) from @29) proves Lemma FTH using
Lemma (4171

Lemma 4.15. Suppose the assumptions of Theorem [ hold There exists a T-
invariant event QO with ]P’(Qo) = 1 such that for all @ € QO, each face A € A, m
such that (00, m) € Dy, and any finite set A = 7%, there exist ay € A and a z € R4
such that y + z ¢ A and V(Tyw, z) + BA*™(y,y + 2) = 0.

We close this section with a result showing a version of weak continuity of co-
variant cocycles. For A € A let Q A = Q x RZdXRA, equipped with the product
topology and its Borel o-algebra, GA For & € QA, let w(@) be the projection to
its Q coordinate w and let BA(z,x + 2,&) be the (x, z)-coordinate of &.

Lemma 4.16. Fiz a face A€ A. Suppose that V= (w,z) € L'(P) for each z € R 4.
Let (B,m) be such that 8 € (0, 0], Aﬁ’usc is deterministic and finite on A, and
there exists a §& € (ri A)\{O} such that m € W4 n 6Ai’us°(§), Let 8, € (0,00]
and m, € 6Ai"’usc(ri.,4) be such that B, — B and m, — m. For each n, let
BPnmn be an LY (IP) shift-covariant B, -recovering cocycle on A which satisfies the
conclusions of Theorem and . Then there is a subsequence {ny}r=1 such
that BPri™n converges weakly to a random variable B#™ on (SNI, é), which also

satisfies the conclusions of Theorem and on A.

Proof. Let B, — B, m, — m, and B be as in the statement. Recovery
implies that for z € Z¢ and z € A, B (2,24 2) > V(w(f}@), 2) — B tlog p(2);
combining this with convergence of the mean vectors m,, — m, we see that the
distributions of (w, B»™n) e Q under P are tight. Let P be a weak limit along a
subsequence {nk} k>1. Then, we can repeat the proof of Theorem [ )| to show
that, under IE” the coordinate projection B4 (x, z + z) is integrable Wlth mean m- z.
The covariance property (&) and cocycle property (@I0) hold for each BAnmn
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and are inherited in the limit since coordinate projections and shifts are continuous
in the product topology.
Define the function f : (0, 0] x RZ'*Ra _ R by

7(5.B) = {élogzze“p(z)exp{ﬂ“ o+ 2) = BV(w(ED),2)} i e (0,00),
’ (o0, B) = —miner , (B(z, @ + 2) + V(w(Tal), 2)).

Note that f is continuous on (0, 0] x RZdXRA, including at 8 = oo.
Thus, the recovery properties (@IT) and [@IZ) that B« ™n« satisfy for each k
can be transferred to B by applying Skorohod’s representation theorem. O

5. SEMI-INFINITE PATH MEASURES

We begin by defining semi-infinite polymer measures from a shift-covariant re-
covering cocycle. Throughout this section, (Q,&,P,{T, : x € Z%}) satisfies the
general stationary setting described in the first paragraph of Section 2.2l We note
that the extended space (©), S, P, (T, : x € Z%) from Theorem 7 satisfies these
hypotheses. We switch to this case in Section [Gl where we prove Theorem BI4

Definition 5.1. Let B be an L!(P) T-covariant S-recovering cocycle on a face
A € A (possibly C itself). For g € Z% 0 < 3 < o0, and w € Q such that @I is
satisfied for all z € Z%, define fo *“ to be the probability measure on X, (R .4)
that is the distribution of the Markov process X(.o, with transition probability from
reZ%tox+ 2z, z€ R4, given by

p(z)efﬁB(z,aerz,w)fﬂV(Trw,z).

For a subset A — Z%, let P4 be the set of all probability measures on A, with
the convention that Py = &.
Zd

Definition 5.2. A tie-breaker is an element t € (HAC’R PA) . A covariant tie-

Zd
breaker is a measurable function t: Q — (H AcR ’PA) that is covariant: for any

a:zeZdandAcR,thz oz A

Definition 5.3. Let B be an L!'(P) T-covariant co-recovering cocycle on a face
A € A (possibly C itself). For zy € Z¢, w € Q such that (Z2Z) is satisfied for
all x € Z% and a tie-breaker t defines QZOO’B Y% to be the probability measure
on X,,(R.4) that is the distribution of the Markov process Xo.,, with transition
probability from z € Z% to = + 2, z € R4, given by t, a(z), where

A= {zeRA:B(:mx—i—z,w)-i—V(TzW,Z) =0}-

Example 5.4. Let S denote the set of bijections from R to {1,...,|R|}. One
natural way to define a covariant tie-breaker is by taking a covariant measurable
function 3 : Q — S%* and setting t 4 to be a Dirac mass at the step in A that has
the lowest 3¥-value. In this case, the probability measure QZO’B Y% ig a Dirac mass
on a single semi-infinite path in X, (R 4), which is the path that out of x follows
the increment that satisfies B(z,x + z,w) + V(Tw, z) = 0 and uses the ranking
given by 3, to break the tie if there are multiple such increments. A

In the next theorem, we will use a condition to guarantee the transience of
semi-infinite geodesic paths at zero temperature.
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Condition 5.5. Given a face A € A (possibly C itself) and an co-recovering cocycle
B on the face A, assume that P-almost surely, for any finite set A — Z?, there exist
aye Aand azeRysuch that y +2¢ A and V(Tyw, z) + B(y,y + z) = 0.

Remark 5.6. Condition is necessary for transience at zero temperature since a
set A violating the condition acts as a trap from which the semi-infinite path cannot
exit, Q*“_almost surely. We will show in Lemma that the converse is also
true. Hence, this condition is, in fact, equivalent to having transient paths. A

Remark 5.7. Lemma [5.17 shows that co-recovering cocycles that violate Condition
may exist. Nevertheless, by Lemma ET5] Condition is always satisfied for
the cocycles BA#™ that we construct in Theorem AN

Theorem [5.8 shows that the measures Q> are consistent with both the
restricted-length and unrestricted-length point-to-point measures. It also relates
these measures to the Green’s function ([B7). As the next result is a precursor to
Theorem B.14] it may be helpful to consult the statement and discussion around
that theorem to contextualize the notation below.

Theorem 5.8. Fiz a face A€ A (possibly C itself). AssumeV satisfies Conditions
and on A. Let B be an L'(IP) T-covariant (-recovering cocycle on the face
A. There exists a T-invariant event Qp < Q with P(Qp) = 1 such that for all
w € Qp, the following hold.

(a) (Consistency with Qﬂ"" ) If B < o0, for all non-negative integers j < k < n,

pomtsu x,y € Z% with x —u and y—x mgA, Zo:k € X u,y With j = min{0 <
<k:iz =}, and Tp., € Xy~ ¥(RA), then

QB B “(Xo: Ty+n—k = L0 | 72 < Ty < 0, Xoir, = IOJ’XTy:Ty-‘rn—k = Thin)

= Qg’Byw(er:'ry Tj:k | Te S Ty < OO) Q (XO Ty = L k)

b) (Consistency with g(x,y).) If B < oo, then for each xz,y € Z such that
( y 9@,y y

(5.1)

y—x € gz;
0]
B,B,w _ x
(5.2) EQ- [Z ]l{Xn:y}] =g(z,y)e BB(z.y)
n=0
Hence, if x # vy,
(5.3) "B“[in I <oo]:g(x’y)
: {Xn=y}|Ty gBw
n=0 zy

(¢) (Consistency with Qw one) If B < o0, for all non-negative integers j < k <
n, points u,z,y € Z* such that x —u € Dj(R4) and y — x € Di_;(R ),
Zo:j € X0 Ty Tjk € X7k Yy and Ty, € XZ*’“(RA),

Qg’B’w (XO:n = T0o:n | XO:j = 205, Xk:n = mk:n)
(54) = QﬁyB’w(Xj:k = Tj:k |X = Z',Xk = y)
= mek ](XOk J 7‘%]]9)

(d) If B = o0, for each x € Z¢ and tie-breaker t, Qf’B’t’w is supported on a set
of semi-infinite geodesics rooted at x and having increments in R 4.
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(e) If B < o, then for each x € 79,
Q2P (all limit points of X, /n are contained in Z/{i(B) 2 =1
Similarly, if f = oo, then for each x € Z and tie-breaker t,
QB-B:4 (all limit points of X,/n are contained in L{i(B) =1

Furthermore, we have the following.

(f) If B < o, then for any (and hence all) = € Z¢, Q%B“{|X, |, — o} = 1
P-almost surely if and only if either A # Ag or both A = Ag and Condition
B3 holds.

(g) If B = oo and Condition is satisfied, then there exists a covariant tie-
breaker t such that for P-almost every w and for every xeZ¢, QP4 (| X, |,
— oo} = 1.

(h) For 8 € (0,00), if Qg’B’w(|Xn\1 — o0) = 1, P-almost surely, then for P-
almost every w, for all x € 72,

ngB’“’(XO:OO 1s directed into fan(B),A) =1

Similarly, for 8 = o and a covariant tie-breaker t, if Qg’B’t’w(\th —
®) = 1, P-almost surely, then for P-almost every w, for all x € Z2,

QPB4 (X .0 is directed into ]-"an )=1.

(B),A
Remark 5.9. If we consider a restricted-length model with V' satisfying Conditions
and 3.5 then we can use the space-time cocycles from Remark to define
semi-infinite polymer measures that are consistent with the restricted-length point-
to-point polymer measures. Unlike the measures in Theorem B8 these polymer
measures are not necessarily consistent with the unrestricted-length point-to-point
polymer measures. A

We will prove the various claims in Theorem [5.8] as separate lemmas, beginning
with the consistency with the finite-path measures.

Lemma 5.10. Fiz a face A € A (possibly C itself). Let 0 < 8 < o and B be an
LY(P) T-covariant B-recovering cocycle on A. Take w € Q such that (@) holds for
all x € Z%. Then for all non-negative integers j < k < n, points u,x,y € Z* with
r—uegGhandy—x e Gl zou € Xy, with j = min{0 <i < k:2; =z}, and
Tpn € Xp7H(R4), GI) holds.

Proof. Take 8, B,w, j, k,n,u,x,y, o, as in the statement. Let 7,, = inf{k >
Tp + X = y} where inf @ = oo0. Note that {7, < 7,} is in the stopped o-algebra
corresponding to the stopping time 7,: for any integer ¢ > 0,

(rm=tinfn<n)={n=tn{>tco(X:k<t).

In the second equality of the next computation, use the fact that on the event
{re <7y}, Ty = Tuy. In the third equality, use the above measurability observation
and the strong Markov property. In the second-to-last equality, use the cocycle
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property. We have
QP (Xryir, = Ty | 7o < 7y < 0)
Qi <1y <0 X, = )
QPP (r, <1y < )
QBBW(TxSTyaT$y<OO X‘f'ac"'acy mj:k)
Qu (Ta < Ty, Tay < 0)
_ QﬁvB’w(Tx x Ty)QB B W(Ty < OO’XOZTy = 'rj:k)
Qu(7e < 7)Q P (1, < 0)
Hf:_g»l p(xip1 — x;)e PBEHTir1,0) =V (To; 0 Ti 41 )
ZZO:O Zﬂ'o:kEX’; y Hi:ol P(miv1 — m)e*ﬁB(mmﬂM)*ﬂV(meﬂ“H*”i)
e—PBB(zyw) Hf;]l p(50¢+1 _ xi)e—BV(Tzq,w,xwl—xi)
e*BB(Qﬁy,UJ) Zg:;)
= Q (XO Ty — = Ty k)

Similarly,

QP (Xoiry +n—k = Toun | 7o < 7y < 00, Xoir, = @05, Xriry 40—k = Thin)
T ORT E
S QPEe(r, < 0, X7 ir, 40—k = Thin)
QP < 0, X, = 1) Q) P (Xom—k = Tken)
QPP < 0)Qp P (Xomk = Tken)
_ QP (ry < 0, Xowr, = @)
Qﬁ’B’“’(T < )
Q y (Xo:r, = Tjik),

where the last equality comes from the previous calculation. O

Lemma 5.11. Fiz a face A € A (possibly C itself). Fiz 0 < < o and let B
be an L'(P) T-covariant B-recovering cocycle on A. For each x,y € Z such that

y—zeGh, B2) and B3) hold.
Proof. Take 3, B, x,y as in the statement. First, use the cocycle property to obtain

Z H p(zig1 — ;) e BB (@i, mit1) =BV (To;w,xiv1—ai)

x0: neX" =

— 7P ePB@),

QP (X, =)

Sum over n to obtain (5.2):

Qﬁ B a0 0 B 0

indied ,Bw w _—pBB(z,

EQ: [Z ]1{Xn=y}] -y 7B o~FBEw)
n=0 n=0 n=0

= g(z,y)e PPEY).
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Similarly, if x # vy,

— ny,;e—BB(l‘»y).

Combining the two previous displays, we obtain (&.3]). O

We next show consistency with the restricted-length finite quenched polymer
measures.

Lemma 5.12. Fiz a face A€ A (possibly C itself). Fix 0 < 8 < o and let B be an
LY(P) T-covariant 3-recovering cocycle on A. Take w € Q such that 1)) holds for
all z € Z¢. For j,k,n € Zso with j <k <n, u,z,y € Z such that x —u € D;(Ra)
and y—x € Dp_;(Ra), xoj € X9, xjup € X% and xp.n, € XP7F(R4), BF) holds.

T,y

Proof. Take 3, B,w, j, k,n,u,z,y, and xg., as in the statement. Using the Markov
property and the cocycle property,

QPB (X0 = 20 | Xowj = 0.4y Xbon = Thon)

_ QU (Xoun = Ton)

- QYP¥(Xoy = 0., Xin = Then)

QU (Xoy = w0)Q0 P (Xok—j = 25:4) Q) P (Xowm—k = Then)

Qo7 (Xosj = 20.5) Q™ (Xoe—j = ) QP (Xoun—k = Thin)
[T p(aies — wi)ePPleomn @) AV (s o)

CTTRIL ) No—BB(mi,miy1,w) =BV (Tr,w,miy1—74)
Zﬂ'o;k—jexﬁy Hi:o p(miv1 —mi)e '

—-BB k-1 —BV(Tp;w,Tiv1—T;
e—BB(@y.w) Hi:j p(xis1 —xi)e BV (T, w,i1— ;)

—BB(z,y,w B,w
e~ BBy )Zw’y’kij

= Qf:;k,j (Xoik—j = Tjik)- U

Now we work out the consistency in the zero temperature case. Recall that the
definition of the quenched measures, in this case, requires a tie-breaker t.

Lemma 5.13. Fiz a face A€ A (possibly C itself). Let B be an L*(P) T-covariant
w-recovering cocycle on A. Let w € Q be such that [E2) is satisfied for all x € Z°.
Then, for each x € Z%, for any tie-breaker t, Qf’B’t’” s supported on a set of
semi-infinite geodesics rooted at x and having increments in R 4.

Proof. The measure Q;D’B’t’“’ only allows steps z € R4, so the paths stay within
x+ A. Next, observe that Qf’B’t’“’—almost surely, B(X;, X;11) = - V(Tx,w, Xit1—
X;) for all i € Z>y. We will show that this implies that Xg.o, is a geodesic.

Let 0.0 € Xz (R 4) be a semi-infinite path such that B(z;, x;41) = —V (Ty,w, Tit1
—ux;) for each i € Z>g. Let 0 < j < k, n € Z~o, and yo., € X;’j’zk. Using the cocycle



8540 S. GROATHOUSE, C. JANJIGIAN, AND F. RASSOUL-AGHA

and recovery properties,

k—1 —
- Z V(Ta:iwvxiJrl - xz Z CIL‘Z,‘CIL‘Z+1 B(xj7xk)
i=j =J
n—1
= > B(yi,yi+1) = Z V(Ty,w, yis1 — i)-
=0

Since this holds for all lengths n and all paths yg., from x; to zx, ;.1 is a geodesic
from x; to xy. Since this holds for all 0 < j < k, %¢.0 is a semi-infinite geodesic
rooted at z. (]

Now that the consistency properties have been proven, we turn to directedness.
We first address the question of transience versus recurrence of the semi-infinite
polymers. Recall that Uy is the unique face of U that contains O in its relative
interior and that Rg = R n Up.

Lemma 5.14. Fiz a face A € A (possibly C itself). Assume BA) holds and
B € (0,0). Let B be an L*(P) T-covariant 3-recovering cocycle on A. The following
are equivalent:
(i) Pither A # Ag or both A = Ag and Condition holds.
(ii) There exists an x € Z such that P-almost surely Q25 {|X, |, — o} = 1.
(iii) P-almost surely, for all z € Z¢, Q2B {|X, |, — o} = 1.

Proof. Note that and are equivalent due to the shift-invariance of P and the
shift-covariance of B. We, therefore, fix an = € Z% and prove that [(i)]is equivalent
to [(ii)| with this choice of x.

From (£.2)) and a standard fact about time-homogeneous Markov chains, we see
that the Markov chain Q%% is recurrent if and only if g(z,2) = c0. Let o1 be
the time of first return of X,, to the starting point: o1 = inf{k > 1: X}, = Xo}.
Lemma 6.2 in [37] gives

(5.6) g(z.7) L L

_E, [ Thyr 1V(Txk‘”’X’f+1_X’€)]l{al <oo}]

If the reference random walk Py is transient, then the above implies that g(z, ) < o
and, therefore, the Markov chain Qg 'B:w ig transient. This includes the case A # Ag
because, in that case, R4\Ro # &, and once the reference random walk takes a
step in R 4\Ro, it will never return to its starting point.

Suppose that Pg is recurrent and, in particular, A = Ag. Assume Condition [3.8]
holds. We will prove that, P-almost surely, Qg’B “ is again transient, for all « € Z%.

Without loss of generality, let z = 0. By Condition 3.8, with P-probability one,
there exist y € gjn, 29 € Ro, and € > 0 such that V(Tyw, z9) > €. [37, Lemma 3.4]
shows that y can be written as y = > 7:2 with 7, € Z>o and v, < Cly|; for all
z € Ro and a finite positive constant C. Use this to obtain an admissible path yg.,
from 0 to y of length n = >, 7. < C|Ro| - |y|1. Next, we will extend this path
to obtain a loop from 0 to 0. Let 4,11 = y + zp. Then, use the same argument to
construct a path y,4+1., from y + zg to 0, with length m —n — 1 < C'|Ro| - |yl1-
Then yg.., is a loop which starts at 0, travels to y, takes a step to y+ zp, and returns
to 0. The length m < Cily|1, where C1 = (C + C")|Ro| + 1. Let £ = min,er, p(2).
Then, Po(Xo.m = Yom) = k1YL
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For the loop constructed in the above paragraph,
m—1
exp{—,@ Z V(Ty,w, Yit1 — yl)} < exp{—BV(Tyw, 20)} < e 7.
i=0

On the other hand, for any loop yj., from 0 to 0,
-1
exp{*ﬂ M V(Tyw, iy — yé)} <1
i=0

because V(T,w, z) = 0 for all v e G} and z € Ro. Therefore,
Eo [e—B Nt V(Tkaan+1—Xk)]1{gl<oo}]

< Po(Xoum # yo:m) + €7 Po(Xo:m = Yoom)
=1—(1-eP)Po(Xoum = Yorm) < 1 — (1 — e P5)1lvh,
Using (B.0), we see that P-almost surely,
9(0,0) < =1l (1 — P51

and Q5P is transient.

If, on the other hand, Condition is violated, then with positive P-probability,
V(Tyw,z) =0 for all y € Qjo and z € R4. On this event, Qg’B"“—almost surely,
V(Tx,w, Xk+1 — Xi) = 0 for all k € Zso and (&) gives g(0,0) = (1 — Pg(o1 <
®))~! = 0. The lemma is proved. O

Lemma 5.15. Fiz a face A € A (possibly C itself). Assume BA) holds and
B = w. Let B be an L*(P) T-covariant oo-recovering cocycle on A. Assume B
satisfies Condition .0l Then there exists a covariant tie-breaker t such that, P-
almost surely, for any x € Z¢, QB4 {|X, |} — oo} = 1.

Before we prove Lemma [5.15, we need a definition and an intermediate result.
Given an oo-recovering cocycle B on a face A € A we will say that = and y in
74 communicate, and will write & «~» y, if there exist paths z., € Xew(Ra)
and yo.x € Xy 2(Ra), k,¢ € Z~y, such that V(Ty,w,zip1 — x;) = Bz, zip1) =
0 and V(T,,w,yj+1 — yj) = B(y;,yj+1) = 0 for all integers i € [0,k — 1] and
j €[0,¢—1]. Note that <~ is symmetric and transitive, but it is not necessarily
reflexive. Namely, x <~ x holds if and only if there is a non-empty admissible loop
from x to x along which V' and B vanish. In other words, x does not communicate
with itself if and only if it does not communicate with any site y € Z%. We will
call such a site non-essential and the sites that do communicate with themselves
essential. Hence, «~ is an equivalence relation on the set of essential sites.

Lemma 5.16. Fiz a face A€ A (possibly C itself). Assume [BA) holds and 8 = 0.
Let B be an co-recovering cocycle on A. If there exists a path xq.x, € X’;a with x € Z¢
and k € Z~q, such that

(5.7) V(Ty,w, i1 — ;) + Bz, xi41) =0 for all integers i € [0,k — 1],
then x is essential.
Proof. Sum (B1) over i and use the cocycle property and B(x,z) = 0 to get that

Zi:ol V(Ty,w,zi+1 — x;) = 0. Next, observe that the steps of the loop zg. are
all in Ro. By B4), we get that V(T,,w,z;+1 — ;) = 0 along the loop, which, in
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turn, implies that B(z;, x;+1) = 0 along the loop. Consequently,  «~~ z, and the
lemma is proved. O

Proof of Lemma [B.T5. We begin by defining the covariant tie-breaker. To this end,
fix a bijection 3 from R to {1,...,|R|}. For any non-essential point x and subset
A c R, we define t; 4 as a Dirac mass at the step in A that has the minimum j
value.

Fix another bijection 3’ from Z% to Z-¢. If 2 is an essential point, then let A be
its equivalence class. We treat first the case where A is finite. Consider the pairs
(y, z) that appear in Condition for this set A. Among these pairs, choose the
ones where y has the smallest 3’ value. If there are multiple such pairs, select the
unique pair with the lowest 3 value for z.

Next, for a set C' © R containing z, we define t, ¢ as a Dirac mass at z. If z ¢ C,
let t, ¢ be a Dirac mass at the point in C' with the lowest 3 value.

To define the tie-breaker at points in A\{y}, we first construct a spanning tree
of A as follows. We start by selecting the point u € A\{y} with the smallest 3’ value
among all such points. We then choose the first step z; € Rg of an admissible path
from u to y that remains entirely within A and avoids u after leaving it. If there
are multiple choices for z;, we select the one with the smallest 3 value.

We continue by selecting the first step zo € Rg of an admissible path from u + z;
to y that remains entirely within A, does not visit u, and avoids u+ z; after leaving
it. We iterate this process until we reach y, constructing a path from wu to y that
forms a branch of the spanning tree.

Next, we select a point v in A that is not on the just constructed path and that
has the smallest 3’ value among all such points. We then construct a path from v to
y, similarly to how we constructed the path from u to y, except that if this second
path intersects with the first one, we stop its construction at the intersection point.
We continue this process until we have exhausted all points in A, resulting in a
spanning tree of A with all paths leading to the root y.

For a point u € A, let z; € Rg be the first step on the path from w to y in the
spanning tree constructed above. If C < R and z; € C, define t, ¢ to be a Dirac
mass at z1. Otherwise, we define t, ¢ to be a Dirac mass at the element in C' with
the smallest 3 value. Note that this second case is irrelevant because we know that
V(Tyw, z1) + B(u,z1) = 0.

Next, consider the case when A is infinite. In this scenario, we will construct a
spanning forest that contains semi-infinite coalescing paths. We will provide a brief
overview of the construction, as it is similar to the one described above for the case
of a finite A.

We begin by selecting the point u € A with the smallest 3’ value. Since A is
infinite, we can find a sequence of points x,, € A such that |z,|; = n for each n.
For every n, there exists an admissible path from u to z,, that does not return to u
after leaving it. By restricting to a subsequence n; if necessary, we can ensure that
all paths from u to z,; pass through the same step z; € Ro. If there are multiple
options, we choose the z; with the smallest 3 value.

Continuing the construction, we obtain a semi-infinite path that starts at wu,
remains entirely within A, and contains no loops. Once this path is constructed,
we select a point v € A that is not on the path and construct another semi-infinite
path that remains within A. If this second path intersects with the first one, we
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stop its construction at that intersection point. We repeat this process until all
points in A have been exhausted.

Using the spanning forest we constructed, we define the tie-breaker t, for points
x € A similarly to when A is finite.

The shift-covariance of t is immediately evident from the construction and the
shift-covariance of B. Additionally, the construction guarantees the following prop-
erties hold with Q**%%*“_probability one:

(i) If Xo.o0 enters a finite equivalence class A, it will exit A without forming a
loop inside it.
(ii) Once Xo.0 exits an equivalence class A, it cannot return to A because doing
so would create a loop that remains entirely within A.
(iii) If Xo.o enters an infinite equivalence class A, it remains within A and does
not form any loops inside A.

(iv) By Lemma [BI6] the path does not form loops that include non-essential

points.

These properties imply that, almost surely, under Q;O’B b9 X .00 does not revisit
any previously visited points, and as a result, | X,,|; tends to infinity. O

Lemma 5.17. Assume A € A is such that 0 € rildy. Fix an w € Q. Assume that
V(Tyw,2z) = 0 for allv e G4 and z € R4. Assume that there exist a k € Z=g
and a loop xox € X§ o with V(Tp,w, 41 — x;) = 0 for each i € [0,k). Then
B(z,y) = Fo(w) — F)%9(w), 2,y € Ga, is an oo-recovering cocycle. For any tie-
breaker t,

ng,B,t,w{V(TXiw’Xi+l — Xz) =0 forallie Z;o} =1.

Remark 5.18. Lemma[B.TTshows that Condition [B.5lis violated when, with positive
probability, a loop zg.r as in the statement of the lemma exists and there is a
finite set of sites y € G4 for which there exist an ¢ € Z-y and a path yp., €
X6, such that V(T,w,yi11 — yi) = 0 for each i € [0,£). This situation can
arise in various scenarios, including the standard first-passage percolation model
described in Example when the edge weights are i.i.d. and non-negative, and
there exists a positive probability of encountering a zero edge weight. Nevertheless,
Lemma asserts that even in such cases, Condition remains valid for the
specific cocycles BA#™ constructed in Theorem A

Proof of Lemma [B.T17 The cocycle property is immediate from the definition of B.
For the recovery property, write

min {B(z,z + 2z) + V(Tyw, 2)}
2ER A
= Flo(w) — max {F o(w) = V(Trw, 2)}
: 2€R A ’

k-1
— Ffo() = max sup  sup {3 (-V(Tow,aien — ) - V(Taw, )}

2€ER k .
A kEL20 20:5€XE . o =0

k—1
= a?,oo(w) — sup  sup Z(_V(TmiwvxiJrl — ;).
k€Z>0 x0.,€XE o i=0

The right-hand side vanishes when = # 0 because, to go from z to 0, the path
needs at least one step, and therefore, the supremum over k > 0 is the same as the
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supremum over k > 0, which gives F%(w). When x = 0, both terms on the right-
hand side vanish because of the assumptions that the potential is non-negative (and
hence both terms are suprema of non-positive quantities) and that there exists an
admissible loop from 0 to 0, of length at least one, which has a total weight of zero.
Either way, the right-hand side vanishes, and B is an co-recovering cocycle.

To see the second claim first note that Definition [.3] implies that for any tie-
breaker t,

(5.8) QBO’B’“‘“{B(XZ-, Xis1) + V(Tx,w, Xig1 — Xi) = 0 for all i Z;O} -

Take k € Z>( and € > 0. There exists a path Y7, € X];ff,o with L € Zxy, and

L—1
2 (_V(TYva Y]+1 Yf)) = Fj}ok,o(w) —¢&.
=k

Rearranging and using the definition of B, we get
B(X},0) Z (Tysw, Y —Yf) <e.

Together with (B.8]), the cocycle property, and B(0,0) = 0, this gives that Q(C)D’B’t’w—
almost surely,
k—1 _
Z V(TXiw;Xi+1 Z Tysw7 ]+1 Yf) <eE.
i=0 j=Fk
Since the potential is non-negative, this implies
k—1
0< ) V(Txw Xip1 — X;) <e.
i=0
Taking ¢ — 0 and using again the fact that the potential is non-negative gives that
V(Tx,w,X;11 — X;) = 0 for all i € [0,k). Since k was arbitrary, the lemma is

proved. ([l
Now we address the directedness of the cocycle polymer measures. Recall the
set .7-" (p), defined in B3).

Theorem 5.19. Assume the setting of Theorem B.8. Let B be a [-recovering

cocycle on the face A with m(B) as in [@3). If § = oo, then let t be a covariant
tie-breaker and, for the purpose of this theorem, abbreviate Q'g’B"’J = Qg’B’t’w.
Assume that Qg’B’wﬂXn\l — o} = 1, P-almost surely. Then P-almost surely for
any © € 7.2,

QB B, “(XOOO is directed into F° m(B), A) =1.

Proof. By the T-covariance of B and the T-invariance of P, we can take z = 0
without any loss of generality. Fix x > 0. Let

Fatpyan = 10 A [Ch = Land 3¢ € ) 4 with ¢~ €y < s},
Note that P-almost surely, for any ¢ € A, m(B) - ¢ > A?(¢) by [37, Theorem 2.14].

Since m(B) - ¢ is continuous on all of A, A? is continuous on ri .4, and Ai’“sc is the
unique continuous extension of Ai to all of A, we conclude that m(B)-¢ > Ai’usc ©).
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Therefore, with P-probability one, for all { € A with |¢]; =1, ¢ Fi(B)_A .. implies

m(B) - ¢ > AZ’USC(C). Since {¢ € A\fﬁl(B),A,n : [¢]l1 = 1} is a compact set and

Ai’usc is continuous on A, we see that

inf {m(B) - ¢ = AL™(Q) : ¢ € AFL ) g WitD [Cl1 = 1} >0,

P-almost surely.
Fix any 0 € (0,1). The above implies that there exists a deterministic € > 0 such
that

. )
P{m(B) . C_AJ,BA,ubC(C) 3e V(e .A\ m(B), A,k with |¢]; = 1} >1- 3"

The shape theorem for B [38, Theorem B.3] implies that there exists an Ly > 0
such that for any L > Ly we have

)
P{B(0,y) > m(B) -y — elyh ¥y with [yl > L} > 1~ -
Applying 271 to Fé , We get that there exists an Ly > Lo such that

usc . )
P{ng < AG"C(y) + elyh Yy with [y[y > Ll} >1-2,

Putting all of the above together, we get
(5.9)

P{F(ﬁy — B(0,y) < —elyh Vy with [yl > Ly and 2 e AFE AR} >1-4.

o0,B,w

At zero temperature, Lemma [B.13] implies that, Q
unrestricted-length geodesic, so

-almost surely, Xg.,, is an

n—1 —
Fx, = > V(Tx,w, Xig1 — Z (X3, Xi11) = B(0,X,,).
=0 =0
00,B,w

This and the assumption that | X, |1 — 0, Qq
event in the above probability we have

X
,B,w
(5.10) 57 {3no - B € Flhmy a1 =n0} = 1.
To derive this at positive temperature, first observe that from (&3],
— ,B,w
Zg e PPOV = Qg (r, < o0).

-almost surely, imply that on the

Thus, we have

P{Qg’B7“(Ty < o) < e Pl vy with |y|; = Ly and —— € A\}'B (B), AH} >1-0.

Again, since | X, |1 — oo, Qf’B""—almost surely, Borel-Cantelli implies that on the
event in the above probability, (EI0) holds again.

Taking 6 — 0 implies that (BI0) is a full P-probability event. This, in turn,
implies that

]P’{ 0" (Xo % Is directed into m) B 1} -t

where F? m(B), A .. is the closure of .7:
= .7-'

(B), A Since ]:51( is closed, (), g F" mB) A x

(B),A" Taklng %k — 0 in the above display finishes the proof. O
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Next, we turn to the question of determining the possible limit points of X,,/n
under the polymer measure. We achieve this by proving a large deviation principle.
Fix a face A € A. For each & € Ua n Q% let {y,,(€)}nez, be a path with yo(¢) = 0,
Yn(€) — yn—1(§) € R4 for all n € Z-g, and yi; = kj& for all k € Z>( and some
j=1J (5 ) € Z>o.

Lemma 5.20. Fiz € (0,0] and A€ A. Assume Condition holds. Let B be
an LY (P) T-covariant (3-recovering cocycle on the face A. For P-a.e. w, all subsets
K cR% and all § > 0, if B < o0,

1 n—
lim — log Eq [e—ﬁBvan)—B TS0 V(Ixw X=X (X, ine K n uA}]
n—o N,

— 1 n—1
< sup lim — log Eg [e*BB(O,Xn)*B 2ico V(Txiw,Xi+1in)]1{Xn = yn(f)}]
EeQINKsnly VTR T

where K5 = {CeR?:3¢" e K with |¢ — {'|1 <6}. If B = o,

lim 1 max (Fg.n — B(0,2))

n—0 N zeD,(Ra)nnK 0,z.n

1
< sup lim = (Fg?yn(f),n - B(ann(f)))-

geQde(; NUA n—nmn

Proof. We follow the strategy of the proof of Lemma 2.9 in [58]. Let R = max{|z|; :
z € Ra}. Order R as {z1,...,2m,} and for each of these z; let Z; € R4\RI{ be
as in Condition If Ri{ = &, then set m = 1 and take any 2; € R4. Let
e € (0,0/(4R|R4l)). Let j be an integer with j > max{1t2|R|, (2¢)'}. Because
(mj) ™ D,n;(R ) is finite, there exists an integer b such that yx, = kb¢ for all
k€ Zso and £ € (mj) ' Dpj(Ra).

Next, we construct a path from each x € D,,(R.4) nnK to a multiple of a point
§(n,z) € K5 0 (mj) ' Dyj(Ra). To do this, start by writing z = 3  a.z where

each a, € Z>g and ), a. = n. Let k, = [(Hm—Q;)"] and s = [(11325)711' Then

(n) (n) ]

(- L (R S
14 2¢ J

n J n ja n

Similarly,

a, sé") a, 1
— - —< = |1~ .
n 7 n 14 2¢

Summing over z, we get

(5.11)
gt —'3.‘@_1259)@_ L % 0
14 2¢ 1+2 J 1+2  2R|R4|l 2R
ZER A
Also,
B 1 1
n"la, —jts(M| < max{a—(l - ), f} < 2e.
n 1+2/7 5
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Thus,
I D
(5.12) =z v 5
<R Z |70 —n7la.] < 2R|Rale < =.
2
2ER 4
Define

(5.13) Ea) =371 D s ")z—l—Zm (1—1‘12 "))

2ER 4 2ER 4

(GI1) and (512) imply that £(n, z) € Ksn(mj) ™' Dy, (R 4) and the path that takes
ms{" z-steps for each z € R4 then (J—2er s sé”)) Z;-steps, for each i € {1,...,m},
is an admissible path that takes a total of mj steps to go from 0 to mj&(n,z).
Consider next the following admissible path starting at the origin 0. It begins
by taking a, z-steps for each z € R4, leading to the point z. Next, the path takes

(mknsg") —a) z-steps for each z € R 4. Then, it proceeds with (k,j—> . , k:ns,(zn))

Z;-steps, for each ¢ € {1,...,m}. This entire path is admissible because, first,
mkns,(z”) =m- % . (13—‘;;)7" = a, and second, as previously observed, k,j >

ZZERA klnSgn)'

The above path consists of a total of k,mj steps and ends at k,mjé(n,z).
Notably, the last k,mj — n steps give an admissible path from x to k,mjé(n, ).
For each ¢ € {1,...,m}, the number of Z; steps in the path is at least

. . " 1+2e)n | € _
O

2ER A

Let ¢, = [%2] so that (£, —1)b < k,, < £,,b. Repeating the steps of the path below
(EI3) that goes from 0 to mjé(n,x), one gets a path that goes from k,mjé(n, )
to £,bmj&(n,x). This requires repeating each step £,b — k,, < b times. Thus, the
number of steps to go from x to £,bmjé(n,x) is r,, = (kpmj—n)+ (b —kp)mj =
£,bmj —n. Since b is a function solely dependent on mj and independent of n,

(1+2e)n

Tn<(7+1)bm]7n§( - +1)m]+bmyfn=25n+(b+1)m]<35n
mj

for all n = ny with ny depending on a mj and €. Denote the steps we constructed
to go from z to £,bmjé(n, ) by (u1,...,u,, ) and denote by &(n,z) the path that
starts at 0 and takes these exact steps.
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We are ready to estimate:
1 n-1
—logEq [e*’BB(O’X")*'B Xico V(Txi“’X”l*Xi)]l{Xn/n e Kn UA}]
n

l IOg Z Eo 76_’63(0@)_6 Z;L;ol V(Txi“’inJrl—Xi)]l{Xn _ .’E}]

a:eDn(RA)mnK
< max _1 og Eo —53(0 ) =B VI(Tx,w. Xip1—X; )]l{X _ m}] Clogn
€D, (Ra)nnK N L n

max L logHo |e=PBOLbmit(na)—p T V(T 0. X —X0)
€D, (RA)NnK T

N

. ]l{Xn =7, Zn+1:rn+n = Ul:rn}:|

BB(x, lubmjé(n, z))

- —lo min p(z) + max
ngRAp( ) €D, (RA)NnNK n

Tn—1
IS Clogn

+ max — V ( +ui+.. +ulw 'LLfL_A,_l) +

€D, (RA)NRK T 20 n
< e 1 L 0g By | e #B O ubmit(na) =8 LI25H V(Tx 0. X1 =X
€D, (RA)ARK T

' ]l{Xanmj = énbm‘jf(nv LTJ)}:|
BB(z, tnbmjé(n, x))

——lo min p(z) + max
n gzeRAp( ) €D, (RA)NNK n
rn—1
(S Clogn
+ max = V(T W, Wig1) + .
2eD, (Ra)rnK T Z ( rHur+...Fu; % 1+1) n

=0

Above, we used the notation Z;,1 = X;,1 — X; and took the convention that an
empty sum is 0. Hence, z +uy + ...+ u; = = when ¢ = 0.

We now explain why all of the quantities on the right-hand side converge to 0
when we send n — o0 and then € — 0. Since &(n,z) € K5 n (mj) ' Dpji(Ra) ©
Q¥ KsnUa and ye, pm;(E(n, ) = Lrbmj&(n, z), we have that for n large enough,
the first maximum on the right-hand side is bounded above by

(143) sup T ~logEo [e“*m"’xn)—ﬂil‘olV(Txi“’xiﬂ—xf)n{xn S GHE
£eQinKsntly "TP T

For the second term, use r, < 3en. By the shape theorem for cocycles [38, Theo-

rem B.3], in the limit, the next maximum is bounded in absolute value by 8(1 +

3¢)3eR|m(DB)|1, where m(B) is the random vector which satisfies ([{3]). The last

term goes to 0.

For the third maximum, notice that the particular order of the steps in &(n, x)
does not matter to this point. For each i € {1,...,m}, the ratio of z; steps to z;
steps is at most 7,,/(m~1ne) < 3m. So order the steps of &(n, x) in this way. First,
alternate between Z; steps and 27 steps in such a way that there are no more than
3m consecutive z; steps. Continue this process until we have exhausted all z; steps

and their corresponding k,, j (1 — 5! ZzeRA s )) 71 steps. Repeat this procedure

for i = 2,...,m. It is important to note that if Z; = Z; for some distinct ¢ and
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7/, we only exhaust the corresponding number of Z; steps when we exhaust the z;
steps, leaving the Z; steps to be paired with the z; steps.

Next, choose an ordering for the set R 4\R!, denoted as {2/, ..., 2.}. Continue
ordering the steps of &(n,x) by using all of the 2| steps first, followed by the 2
steps, and so on for the remaining steps. Note that this includes (mknsg) —az,) %
steps, for each i € {1,...,m} from the first part of the path from z to k,mjé(n, z),
which have not been used in the above part of the procedure, when we exhausted
the z; steps.

Recall that T, is the identity map for all z € Rij. Using the above ordering, we
may bound

rn—1
+
max - Z VI (Toguy+. 4 ueW, Ukt 1)
€D, (RaA)NnK T
k=0
-1
R_A Tn
< [Ral max max max Z VI (Tysrow, 2)
N 2eDp(Ra)NnK yez+=(n,a) zeRA\RI{ =0
m rn—1
3m S
+ Z — max max Z VI (Tysrzw, 2i).
. N zeD,(Ra)NnK yex+=(n,z)
=1 k=0
Since V*(w,z) € L.z, for all z € R4 and VT (w,z) € L3, g, for each i €
{1,...,m}, the right-hand side converges to 0 when we take n — oo and then
€ — 0.

At zero temperature, the equivalent estimate is

1
— F*  _ R 0,
n xEDnI(%aj{)mnK< 0,z,n ( CIL‘))

1 Tn—1
<= F* V(Tyiw w W, Us — B(0,£4,bmj&(n,
annI(%&:X)mnK( 0,2,n ; (T uy 4, Wy Wit 1) ( mj&(n x)))
B(z,l,bmj&(n,

v e Balabmigno)

€D, (RA)NnK n

Tn—1

+ - V+ Ta: u u; Wy Wy

mDnI(%iX)mnKn i;) (Totus o, W5 Uit 1)

1 .
max (Fg,clnbmjg(n,z),fnbmj - B(()? é,mejf(n, Z‘)))

= E z€D, (Ra)nnK
B(z, tabmjé(n, ))

+ max
z€D, (Ra)nnK n
rp—1
+
+ max - Z VI (Totun . Ws Wi 1)
2eDn(Ra)onK N = ! ’

The two terms on the last line converge to 0 after sending n — o and ¢ — 0, as
in the positive temperature case. The term in the second-to-last line is bounded
above by

1
(1+ 3¢) ot Jim —(Fg, 6)m — B(0,9n(€))).

Take € — 0. O
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Recall the restricted-length limiting quenched point-to-point free energy A2 in
@), its restriction Aﬁl,res to the face A, and the upper semicontinuous regulariza-

tion Ai";zz Define

B,usc .
IB (5) B {Bm(B) . 6 B BAA’TES (6) lf 5 € u.Av

0 otherwise.

Theorem 5.21. Assume the setting of Theorem B.8 with 8 < co. There exists an
event Qp < Q with P(Np) = 1 such that for each w € Qp, the distribution of X, /n
under Qf’B"" satisfies a large deviation principle with rate function Ig. This means
the following bounds hold

(5.14) @nil log Q%B¥ (X, /ne K) < — Cln}f{ I(C) for closed K < R and
n— €

(5.15)  lim n tlog QPP (X, /ne0) = — Cing I5(C) for open O < RY.
€

n—o0

Proof. We follow the strategy of the proof of [58, Theorem 4.1]. First, observe that
fory—ze g;, using the cocycle property, we get

QP Xp=y)= > P(T0in e B Zico B@imienw)=BEg V (Te 0w —a:)
To:n€XY
= e PBEww) P(zoim)e P iz0 V(T wiva—wi)
moinexgﬁy
—BB(x
(5.16) = By Z0w

Then using [38, Theorem B.3] and Theorem [ZT7] we have for P-almost every w,
for any sequence x,, € Dy, (R 4) +, n € Z~q, such that z,,/n — £ € il 4 as n — 0,

> —Bm(B) &+ BALLE(E) = ~In(6).

Let O < R? be an open set. Take £ € O nrild4 and take z, as above. Then
xp, € nO for all n large enough and

1 1 1
—log Q)P (X, = xn) = —=BB(x, 2n,w) + —log ZJ%
n n n

1 1
lim = log Q)% (X,/ne0)> lim —logQ)”* (X, = z,) = —I5(€).
n—oo 1 n—oo 1
By Theorem [Z17] I is continuous on U 4 and, therefore, the bound, in fact, holds
for all £ € O nU,. This bound also holds trivially for £ € O\(U4). Take the
supremum over all £ € O to get (515)).

Next, Lemma says that for P-almost every w, for any closed set K < R?
and 0 > 0, for any z € Z,

— 1 Xn

lim — log Qf’B7“ (— € K)

n

n—o N

= lim 1 log Eo [e*ﬁB(O,Xn)*ﬁzzfol V(TXiW’XHl*Xi)]l{& c K A UA}]
n—oo N, n

— 1
< sup  Iim = log Q)P (X, = yn(€))
(5.17) €eQinK,snUs TP T

= - inf I <— inf I .
§EQdf£III(5ﬁUA B(g) fEIé(I;lﬁZ/{A B(E)
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Since (5I7) holds for all § > 0, K5 nlU 4 is compact and decreases to K nlU4 as
§ decreases to 0, and since Ig is lower semicontinuous, we obtain the bound

1 X
- B8,B,w n < . .
nhm - log Q, (_n € K) < —;méfe 1£1£ AIB(f)

- ge}(r#qu Is(8) = - glgzg I5(8). H

We are now ready to prove Theorem [(.8

Proof of Theorem [B.8. Parts @, @, and were proved in
Lemmas B.10, 5171 512 513, 514, B.I5, and Theorem [5.19, respectively. Next,

we will prove part @ in the positive temperature case.
Write the complement Rd\L{i (B),A 35 8 countable union of non-decreasing com-
pact sets K;. Explicitly, we define

Kj = {veR": o]y < j and d(v,Up, 5 1) =5}

Then in fact Rd\L{fn(B) A= U;O=1 K, where A is the interior of the set A  R<.

We now show that for each j, Q2% (X,/n has no limit points in KJ) = 1
From the large deviation principle in Theorem [(B.21]

1o —1 B,B,w )< —
Jim 2™ log Q™ (X /n € Kj) < clerngB(C)-

The rate function I5(¢) = 0 precisely when ¢ € uan(B),A' Because K; is compact,

K; c Rd\ur’i(B)’A, and Ip is continuous, we see that —infeex; Ip(¢) < 0. There-

fore Qg’B""(Xn/n € Kj) is summable in n, and by Borel-Cantelli, Qg’B"”(Xn/n €
K; for only finitely many n) = 1. Therefore, X,,/n has no limit points in K 2
Q2B+ _almost surely.

Then by a union bound in j, since K; are non-decreasing, we see Qf’B “_almost

surely, X,,/n has no limit points in U;il K ;= Rd\l/{ff1 (B)A" So we conclude that
Q2P+ (X, is directed into Z/{i(B) 2 =1

Lastly, we prove part @ in th76 zero temperature case. For any sequence x, €
D, (Ra) + x, n € Z=o, such that z,/n — £ € rildn as n — o0, the cocycle and
recovery properties imply that n='B(z,z,) > n_ngfwmn. The shape theorem
38, Theorem B.3] and Theorem 2T give that m(B)-& = A5 (€), for all € € ritd 4.

00,usc

The continuity of A Ares €xtends this inequality to all £ € Uu.

Consider X,, under Q54 Using n~'B(z, X,,) = n*1F$Xn7n, the shape theo-

rem [38, Theorem B.3], and Theorem 217 we get m(B)-¢ < Af”;fsc((), for any limit
00,usc

point ¢ of X,,/n. Combined with the inequality above, we see m(B)-¢ = A’ ©),
which then implies that ¢ € U;ﬁ(B)’A. O

6. PROOF OoF THEOREM [3.14]

Apply Theorem to obtain, for each A € A, (8,m) € Dy, and = € Z%, the
L'(P), T-covariant, [-recovering cocycle B4%™(z 4 &) on A with mean
E[m(BA#™)] = m. Next, apply Theorem 5.8 to obtain the semi-infinite path

measures Qf’ﬂ’BA’ﬂ’m’a for triples (A, 8, m) with 3 < co. For the triples (A, 00, m),
Lemma [£.15] verifies that Condition holds for BA*™  Therefore, Theorem [5.8]
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produces the measures Q5 e 4% where t is the tie-breaker mentioned in part
()] of the theorem. We will abbreviate this family of measures as {QA7™® . A e
A, (B,m) € Da,x € Z}. Let Qp = Qeoe N Moaea (8m)eDa Qpasm, where Qcoc is

the full-probability event from Theorem and Q BA.sm are the full-probability
events from Theorem B8 Then the measures QAﬂ MY satisfy the consistency
properties in parts [(a)] [b)] [(c)] and [(d)] for all & € Qo.

By parts [(f) . )t l(2)} and [(h)] of Theorem 5.8, we have that under the conditions of
Theorem )| for all z € Z% and & € QO,

Qﬁyﬁym,w{‘th — o0} = QAP MEL X, is directed into fi(BA,g,m)} =1L

(Recall that Lemma[LT5 verifies that Condition F.5lholds for B4*™.) By Theorem
for all z € Z¢ and & € Q,

QAP ™@ (all limit points of X,,/n are contained in Z/{rﬁn(BAﬁ,m)} =1

By Theorem FE§(c)] and (B3, E[m(BA#™)] = m € ext(W4 N 8A§(”SC(§)) for some
¢ e riA. By Lemma B4 m(BA#™) € Wy A 0A5"(€), P-almost surely. It must
be then that m = E[m(BA#™)] = m(BAS™), P-almost surely by the definition
of an extreme point. So there exists a T-invariant event of I@—probability one, on
which L{gl(BA,B,m) = 51,,4 and ]:EI(BA,B,,”) e 4- Let ﬁdir be the intersection of

m,
this event with (AZO. All the claims of the theorem are now verified, but with the
quenched measures being measurable functions of ©.

It remains to construct the family of measures on the original space €2, using a
standard argument in measure theory. To this end, recall that 7q is the projection
from O to €. By [11, Example 10.4.11], there exist a T-invariant Borel set Qe < €2
and a family of regular conditional distributions p,(-) = I’F\’( | 7o' (w)) such that
P(Qeg) = 1 and pe, (m 1( )) =1 for all w € Q. For P-ae. w e Q, uw(ﬁdir) =1

since

J f1eo(Qaie) P(dw) = P(Qqyy) = 1.

Define the event Qg = Qreg N{we: ,uw(QO) = 1}. Then P(Qq;;) = 1. For each
w € Qqir, uw(wQ (W) N ler) = 1, so there exists & € QO such that mq(®) = w. For

each w € Qg;;, define Qfﬂ Y = Qfﬁ @ - This family satisfies all the desired
claims.

APPENDIX A. BASIC CONVEX ANALYSIS AND LINEAR ALGEBRA FACTS

In this short appendix, we recall some convex analysis facts and prove some
lemmas that are of use to us.

For a convex set K, A is called a face of K if for all {,7 € K and ¢ € (0,1),
t§ + (1 —t)n € A implies that £, € A. The intersection of faces is a face. K itself
is a face, and, by [62, Corollary 18.1.3], all other faces are contained in the relative
boundary of K. Extreme points are the zero-dimensional faces. If £ € A can be
written as a convex combination of 1,{ € K then 7, € A. The relative interiors
of the non-empty faces of K form a partition of K by [62] Theorem 18.2]. Thus,
every £ € K has a unique face K¢ such that £ € ri K¢. If K is in the convex set
(respectively convex cone) generated by a set R, then by [62, Theorem 18.3] a face
A of K is in the convex set (convex cone) generated by R n A.
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Lemma A.1 (Euler’s homogeneous concave function theorem). Let X' and ) be
real vector spaces with a bilinear function (-,): X xY — R. Let f : X — [—0, 0)
be a proper, concave, positively 1-homogeneous function. The superdifferential at
reX s

of(x) ={yel:Vue X, f(u) < f(z) + (u—z,)}
Forxe X andye ), if ye df(x) then f(x) = {x,y).

Proof. Let x € X and y € Y such that y € 0f(z). Let A > 0 and u = Ax. By
homogeneity,

A=Df(@) = fu) = f(2) < w, ) = (oy) = (A= 1)(z, ).

With A < 1, this implies f(z) = {x,y). With A > 1, this implies f(z) < {z,y).
Therefore, f(z) = {x,y). O

Lemma A.2. Let de Z-o and R < Z%. The following are equivalent:

(a) For any x,y € Z with y — x € G, all paths in Xz,y have the same length.
(b) There exists a vector i € R such that -z = 1 for all z € R.

Proof. Suppose [(b)] holds. Then any path zgx € X, satisfies (y —2) - @ =
Zf:_ol (i41 — ;) -t = k. Thus, holds.

Now suppose holds. Let V denote the linear span of R. Let k € [1, d] be the
dimension of this vector space and let z1,...,2; € R be a basis for it. Augment
this set to a basis {z1, ..., 2k, Zk+1,- - -, 24} Of R?, where 24,41, . . ., 24 are also integer
vectors. Let A be the unique invertible linear transformation such that Az; = e;
for 1 < ¢ < d. In the standard basis, the matrix of A is the inverse of the matrix
B =z,...,24q]; hence this matrix has rational entries.

Take z € R. There is a unique set of numbers {ai,...,ax} such that z =
Zif;l a;z;. Applying A gives Az = Zf=1 a;e;. Since the left-hand side has rational
coordinates, we get that a; is rational for 1 < ¢ < k. Let n € Z~¢ be such that
na; € Z for all i < k.

Since nz—l—Zf:l na; z; = Zle na; z;,[(a)]implies that n—f—Zf:l na; = ZLI na;,
which implies that 3¥ | a; = 1. Consequently, we have z — z, = 37 a;(z; — 21).
We have thus shown that the linear span of {z — z; : z € R} has dimension at
most k — 1. As this is a subspace of V and V has dimension k, there exists a
vector 4’ € V\{0} that is orthogonal to z — z; for all z € R. This implies that
u-z=1a -2 for all 2,2/ € R. Denote this common number by c. If ¢ = 0, then
4’ is perpendicular to all z € R and is hence perpendicular to V. However, then o’
is perpendicular to itself, and thus @' = 0. This contradicts the choice of 4’ and
proves that ¢ # 0. Taking @ = ¢~ 14’ satisfies @ a

Let R « Z% and C = {ZzeR b,z :b, € R+}. Fix a face A of C and let G 4 be the

subgroup of Z*! generated by {(z,1): z € R4}. Let gff) be the group generated
by {z — 2 : 2,2/ € Ra}. Take 290 € R4 and for j € Z let in) = jzo + gff). Note
that gfj) does not depend on the choice of zg.

Lemma A.3. We have
Tu— (@i e gy,

JET
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Proof. If x € gﬁ{’), then z = Zle(zi — z}) for some z1,..., 25, 21,...,2;, € R4 and,
consequently,

k
(@,0) = Y (20, 1y = (2, 1)) € Ga
i=1
If j € Z, then
(zo + @, j) = {2, 0) + j(z0,1) € Ga.
For the other direction, take z € Z? and j € Z such that {(z,5) € G 4. Then

k 4
<$7]> = Z<Zia 1> - Z<Z;7 1>a

for some z1,...,25,21,...,2; € Ra and k,{ € Zzo with k — ¢ = j. From this, we
get
k ¢ ‘
x=Zzi+€z0—kzo—2zg+jzoegfj). O
i=1 i=1

—[3,usc

Proof of [@I5). Note that m € dA7 (£, 1)) is equivalent to having

——[3,usc

——[3,usc
tAz (G 1)) = A7 (&) sm- (tC— &) +c(t — 1)
for all ( e U’ and ¢t > 0. Rearranging and reverting back to restricted-length gives
t(Afl’/'ff;(C) —m-(—c) < Af,’,?f;(g) -m-&—c.
Taking t — 0 and ¢ — o0 gives
G (€)= m- ¢ < e S AGSE(E) —m-&,
for all ¢ e U’. This gives
= A (€) —m ¢

and implies that m is in the superdifferential at ¢ of the concave function that is
equal to Afz(usc on U’ and is set to —oo outside U’. ]

We close this section with the proof of an observation made just prior to Theorem

2.19

Lemma A.4. Fiz x € C and let A be the unique face of C for which x € ri A. Let
To.n be any path with xog =0, x, =z, and z; = x; —x;_1 € R fori =1,...,n.
Then x; € A for alli=0,...,n.

Proof. We begin by noting that 0 € A. If C # R? then C is polyhedral [62,
Theorem 19.1], i.e. equal to the intersection of finitely many closed half-spaces
whose boundary hyperplanes pass through the origin. The facets of such a set are
obtained by intersecting with these hyperplanes and so in particular 0 € A.

Next, denote by S the set of steps x; —x;_1 = z; € R, i = 1,...,n used in this
path. By definition, x lies in the relative interior of the convex hull of nS, which
is a convex set in C. Because z lies in the relative interior of the face A, it follows
from [62] Theorem 18.1] that the convex hull of nS is a subset of A. For each
i =1,...,n, x; is a convex combination of 0 and points in n.S, so x; € A for all
such i. |
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APPENDIX B. GIBBS CONSISTENCY

In this appendix, we discuss the Gibbs consistency of the various polymer mea-
sures to place our results within the framework of Gibbs specifications and solutions
to the Dobrushin-Landford-Ruelle (DLR) equations.

As stated in Lemmal[B.J] the restricted-length finite path measures are consistent
in the sense of conditioning, indicating that this family forms a Gibbs specification.
See Section 2.4 in [38].

Lemma B.1. For j k,n € Z=o with j < k < n, for u,v,z,y € Z* such that
T — ueDJ,y—xeDk jsandv—y € Dy_y, and for f € (0,00), w € €, xojequ,

k,
Tjk € X5k and xg., € Xy s

Ty’
Qu v, n(XOn = T0:n ‘ XO:j = xO:jan:n = xk:n)
qun( ’C_x]k|X _xXk_y)

= Qe (Xok—j = xju).

Proof. Let j, k,n,u,z,y,v,3,w be as in the statement. Let zq.; € Xua, Tjk € Xk s
and xg., € X’;ﬁ Then
Qu on(Xom = 2o | Xo:j = 205, Xbin = Then)
Qs (Xom = Tom)
Qu on(Xoj = 205, Xkin = Ten)
[T plain = ai)e PV Trwmin—o)
- [Tosicn—1p(xiy1 — a;)e PV Teitini zl)Z‘,’f;k j
i[5, k—1]
Hf;jl (g1 — x;)e BV Tejwwivi—ai)
S
= Qe (Xok—y = @)
Similarly,
QLY (Xjr = wj | X = 2, Xp = y) = QU (Xouk—j = Tj)- O

Let U be the convex hull of R, with rilf denoting its relative interior. The
next result shows that the unrestricted-length finite path measures are also Gibbs
consistent if 0 ¢ U.

Lemma B.2. Assume 0 ¢ U. Let € (0,0), w e Q, and u,v,x,y € Z¢ such that
r—uy—z,v—yegr. Let o, € Xy, such that x; = z and x, = y for some
0<j<k<n. Then,

Qg:‘:(XO:Tv = T0:n | XO:TZ = xo:j7XTy:Tu = mk::n) = Qg:: (XTxiTy xj k |Tw 7—y < OO)
= Qg:;(XO:Ty = x]k)

Proof. Assume 0 ¢ U and let B € (0,0), w € Q, and u,v,z,y € Z? such that
z—u,y—xz,v—yegr. Let zpy € X, such that ; = z and x, = y. Since there
are no loops and y — x € GT, it must be that 0 < j < k¥ < n. Furthermore, on
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the event {7, < 00,7, < 00}, it must be that 7, < 7, < 7, for otherwise we can
construct a loop. Then,

Qgﬁ(Xo;rv = 20:n | Xo:r, = To:js Xryiry = Thin)
Qﬁ’w(Xoﬂ = Zo.n)
Q v (Xoir, = @05, Xr,ir, = Thin)
H:L_ol p(zip1 — x;)e BV Tejwmivr—ai)
T (@1 —a)e PV om0 280 [T p(zi0y —i)e PV Ferini—0)
Hf:j (i1 —x;)e BV Tej0wiva—zi)
= i
Q o (Xo:r, = Tjuk).

Slmllarly,

Qﬁ;“(XTT.Ty Tjk | T < Ty < 00)
qu (Te <7y <0, X717, = Tji1)
Q (e < Ty < 0)
Zﬁ w Hz ; p(l’z+1 —zi)e *BV(Tziw@iH*l’i)Z‘ng
Vired Al kg
115 plain — ay)e PV Triwaini—ey)
= 257
= QYY(Xoir, = Tjik)- 4

The measures Qg:;" are not consistent in general if 0 € U, but they are asymp-
totically consistent as |v|; — 0. To see this, we introduce some more notation and
definitions. Let © — u,y — x,v —y € G with y # v. Define the partition functions

. Tr—l X
Zﬁ:;(Tm < mln{Ty,TU}) =E, [ —BXiEy V(Tx;w,Xit1 Xl)1{7-m<oo,rx<min{7-y,n,}}] and

Ty —1
20 (ry < ) = By e PRV (T Xi =X

IL{7'y<oo ‘rqgﬂrv}]

Take j < kin Z and ;. € Xé’; such that z; ¢ {y,v} for all integers i € [j, k) and
xr = y. Then,

Qg::(X'rm:'ry = Tjiky Tx = Js Ty = k)
ZB ‘*’( < min{ry,, 7,})e” BYZ; V(Tmz‘”’m"“_m")ng

zhw

9

whereas,
Qs (ra <1y < 70) - QY% (Xouw—y = k)
Z5 (e < mm{n,, T )20 (1, < 1) 2Py e PTiS VTmwwini—a)
= ZW, . Zf;‘"
Thus, we do not get exact consistency, since Z2: “’( < 7y) /Z'B:;’ is not equal to

1 until we take |v|; — c0. When 0 ¢ U, this issue is resolved since when v —y € G*
having 7, < o0 implies 7, < 7,.




GENERALIZED BUSEMANN FUNCTIONS FOR RWRP 8557

It is shown in Theorem [3.14] that there exist measures on semi-infinite paths that
are consistent with the point-to-point measures in the sense that

ng(X'rx:'ry = Tj:k |TZL’ < Ty < OO) = Qg:;(XOZTy = xj:k)-

At zero temperature, the consistency properties become the following facts about
geodesics. Given a geodesic .y, for any integers 0 < j < k < n, ;. optimizes the
passage time among all paths in X’;;;k in the restricted-length case, and among all
paths in X, ,, in the unrestricted-length case. The question about the existence
of semi-infinite polymer measures becomes one of the existence of restricted-length
or, respectively, unrestricted-length semi-infinite geodesics. These are semi-infinite
admissible paths xg., with the property that for all integers 0 < j < k, ;. is a

restricted-length or, respectively, an unrestricted-length geodesic from z; to zy.

APPENDIX C. SHAPE THEOREMS

In this appendix, we prove the shape theorems which were stated in Section 2.3
These results play a key role in the body of the paper when we prove the duality
between the Busemann function mean vector and the direction of the associated
Gibbs measure.

Proof of Theorem [Z15. The finiteness of Ai comes from [37, Theorem 3.10], after
adjusting their proof as in Lemma to accommodate our weaker Condition
As a finite concave function, Ai is continuous on the convex open set ri 4. Lower
semicontinuity implies that Ai is bounded below (with a bound that can depend
on w), uniformly over any bounded subset of A. Then [62] Theorem 10.3] implies
that Ai has a unique continuous extension from the relative interior to the whole
of A. The general argument on page 726 of [58] shows that this extension agrees
with the upper semicontinuous regularization. (In [58], the argument is made for
functions on U, but it works word for word for functions on A.)

The second inequality in ([Z8) is implied by ([Z7). The argument for both the
first inequality in (Z8) and for (27 follows the proof of [37, Theorem 3.10], with
minor modifications that we will highlight. Consider the following two cases. In
Case 1, assume that with positive probability there exists an € > 0 and a sequence
Tn € G} such that |z,[; — o0 and Fg,rn — A%"(2,) = elz,)y for all n. In Case
2, assume that with positive probability there exists a £ € A with [£|; = 1 and a
sequence x,, € gj\ such that |z,|1 — o0, z,/|x,|1 — &£, and
(C.1) |n | TLES

0,z,

— AP(€) < —  for all n.

In the first case, we can follow the approach in [37] and extract a subsequence
(which we denote as z,, again) such that x,/|x,|; converges to some & € A. Since
A% is continuous on A we have

A

(C.2) el Fo

0,2p

— A™(€) = /2 for all n large enough.

Now, in either case, follow the argument in [37, Theorem 3.10], specifically below
their equation (3.10), adjusting it as shown in the proof of Lemma (.20 to accom-
modate our weaker Condition Following this adjusted argument, we reach the
conclusion that P-almost surely, on the event where either (CII) holds or (C2)
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holds, we have

—e9 + AP(€) < lim |z, | VY < @o\xn\‘lF& < A5(§+512z) + €9,
P n— n

n—a0 2ER A

where €5 > 0 is arbitrary, and €; > 0 can be chosen to be arbitrarily small, de-
pending on 5. Take e; — 0 and then e — 0 and use the facts that A? (f +

DI z) = A (f +E1 DR, z) and A%™ is continuous on A to get that

A%() < m || T Fg, < i foal TG, <AL,
which contradicts both (C)) and (C2). This proves the desired inequalities. The
ergodicity claim is already in Theorem 3.10 of [37]. The theorem is proved. O

Proof of Theorem [Z17. Write the restricted-length model as an unrestricted-length
model as in Remark | Then the conditions on VT in the statement of the
theorem imply that V' satisfies the hypotheses of Theorem and, as explained

——[3,usc

in Remark BI9 A7 ({(, 1)) = tAZ’,tlfgs(C/t) for all (€ A and t > 0 with ¢/t e U'.
Applying ([Z7) and (Z8) to the unrestricted-length model gives (23] and ([ZI0) for
the restricted-length model. The ergodicity of P under {7, : z € R 4} is equivalent
to its ergodicity under {T;, 1y : {z,1) € R}, which by Theorem implies that

—pB,usc . e . — . . 5C . R
A% is deterministic on A and, therefore, in this case, Af,’/ufgs is deterministic on

u'. O

APPENDIX D. RELATIONSHIP BETWEEN RESTRICTED AND
UNRESTRICTED-LENGTH

We prove a theorem relating the restricted-length and unrestricted-length lim-
iting free energies in the directed setting where 0 ¢ /. This connection is also
known to hold in the case of the standard first-passage percolation model. See
[45, Equation (2.37)]. It is natural to expect that our theorem continues to hold
under appropriate hypotheses when the model has loops, i.e., 0 € Y. We leave this
for future work.

Theorem D.1. Fiz a face A€ A (possibly C itself). Assume 0 ¢ Uy, Conditions
and hold on A, and P is ergodic under {T,, : © € Ga}. Then for each
B e (0,00] and £ € (ri A)\{O},
(D.1) AP(€) = sup {sAU5¢(¢/s)}, and the supremum is achieved.
5/2219,4

Proof. For each ¢ € U and n € Z~, define the lattice point Z,(¢) as in [58, (2.1)].
The point Z,(¢) approximates n¢. In particular, Z,({)/n — ¢ as n — o0, and if
( € Ua, then 7,(¢) € Dy (Roa).

For the lower bound, note that there are no loops since 0 ¢ Uy. Let € €
(ri.,A)\{0}. For any s > 0 such that /s € rild 4,

1 1 & 1
- B _ = B - B
108205 i) = 5, 108 ’;O 20,310m (/5 Z 7198 203, (65 Lsnl
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: fo o —1 oo —1 0
The equivalent bound at zero temperature is n FO,flan(ﬁ/S) =n FO@[S"J(s/s),Lan'
Take limits, apply Theorems 2Tl and [Z17] and take the supremum over s > 0 to
get

(D.2) AL(E) = AG(E) = sup {sAD(&/s)} = sup {sAZE(¢/s)}.
¢/serilia ¢/setia

For the upper bound, first note that by [37, Lemma A.1] there exist a 4 € R% and
a 0 > 0 such that @-2z > ¢ > 0 for all z€ R4. Any admissible path from 0 to z,
must take at least |2, min,er, [2|7" steps and at most 6, - 4 steps. Thus, for
n large enough, the number of steps is between en and Cn, for some finite positive

constants C' = C'(§) and ¢ = £(&). For such n, we have
1 1 ST T b X X

1 & _gyk-1 0 XX
—log Z Eo [e BYiZ0 V(Tx,w, Xit1 Xl)]l{71n=k}]l{xk=1n}]
k=0

1
— log Z Zg’mmk

en<k<Cn

3

N
S

1 1
max — log ng i+ —log Cn.
sk T

en<k<Cn n

N

The equivalent bound at zero temperature is
]‘ 0

1 0
E 0,7, <

max  —F .
sngngCn n Ownk
In either case, let k,, € [en, Cn] be the integer that achieves the maximum. Then

1 s ke 1 4
E 0z, — ? ’ EFO,xn,kn'

Take a subsequence such that k,/n converges to some t € [g,C]. In particular,
kn, — o and x,/k, — &/t € Uy as n — . Take n — oo along this subsequence
and apply Theorems 2.15] and 217 to get

M) < tARTE(E/) < sup sALE(E/s).
&/s€la

Together with the lower bound (D.2) we get that the inequalities above are, in fact,
all equalities. O

Remark D.2. Theorem [B.I4] shows that the set Z/lfu 4 must be non-empty. One
can see this directly if one first proves the relationship in (D)) on A. Indeed, if
me (9AJB4’USC(§) for & € (ri A)\{0}, then m-& = Ai’usc(f), and using (D.JJ), one would
get

me & = (€)= AL (E) = sALLE(E/s)
for some s > 0 with £/s € Uy. Therefore, Aﬁi;‘;(f/s) =m-&/s, and L{EL,A is
non-empty. A
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