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Motivations

INFLUENCE MAXIMIZATION: Propagation of Opinions

@ Rapid and global growth of online social networks with millions of
Internet users

@ How does a persons opinion change the opinions of other people in
the network?

Fig. 1. The US Senator network. Links indicate cosponsorship of bills by
senators, while the link colors indicate party affiliations.
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Preliminaries
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o We focus on d-ary trees T = (V,E, p), i.e. the infinite rooted tree
where every vertex has exactly d offspring, with nodes V, edges E and
root p € V
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o We focus on d-ary trees T = (V,E, p), i.e. the infinite rooted tree

where every vertex has exactly d offspring, with nodes V, edges E and
root p € V

o Each edge of the tree acts as a channel on a finite characters set C,
whose elements are configurations on T, denoted by o.
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@ The probability transition matrix M = (Mj;) is chosen as the noisy
communication channel on each edge.
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@ The state of the root p, denoted by o, is chosen according to an
initial distribution 7 on C.
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@ The probability transition matrix M = (Mj;) is chosen as the noisy
communication channel on each edge.

@ The state of the root p, denoted by o, is chosen according to an
initial distribution 7 on C.

o Let o(n) denote the spins at distance n from the root and let o/(n)
denote o(n) conditioned on o, = .

Wenjian Liu

The Tightness of the Kesten-Stigum Reconsti Frontier Probability Days 2018 6 /40



0 1 1

e N

1 1 0 1 o 1 0o o0 1 0 ) )
AN AN AN AN TS
1 100 10 00 0001 0101 1 1 10
A M A A L N
0100 0011 0010 0010 10101000 0110 00100100

@ The probability transition matrix M = (Mj;) is chosen as the noisy
communication channel on each edge.

@ The state of the root p, denoted by o, is chosen according to an
initial distribution 7 on C.

o Let o(n) denote the spins at distance n from the root and let o/(n)
denote o(n) conditioned on o, = .

o This is a discrete, irreducible, aperiodic, and reversible Markov chain.

Wenjian Liu The Tightness of the Kesten-Stigum Reconsti Frontier Probability Days 2018 6 / 40



Reconstruction Question

Consider all the symbols received at the vertices of the n™ generation.
Does this configuration contain a non-vanishing information on the letter
transmitted by the root, as n goes to co?
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Reconstruction Definition

Definition

The reconstruction problem for the infinite tree T is solvable if for some
ih,jecl, ' '
limsup drv(o'(n),a’(n)) >0

n—oo

where dty is the total variation distance, i.e.

dry(o'(n).o/(n)) = sup [P(o(n) = A| 7, = i) = B(o(r) = A | 7, = )

When the limsup is 0 we will say the model has non-reconstruction on T.
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Application

@ Phylogenetic reconstruction is a major task of systematic biology,
which is to construct the ancestry tree of a collection of species, given
the information of present species.

@ The corresponding reconstruction threshold answers the question
whether the ancestral DNA information can be reconstructed from a
known phylogenetic tree.

@ This threshold is also crucial to determine the number of samples

required, in the sense that, only enumerations of each type of spin at
the leaves are collected, regardless of their positions on the leaves.
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Applications

@ Reconstruction threshold on trees plays an important role in the
dynamic phase transitions in certain glassy systems subject to random
constraints.

@ For random colorings on the Erdos—Rényi random graph with average
connectivity d, Achlioptas and Coja-Oghlan [2008] proved that there
is a phase transition, from the situation that most of the mass is
contained in one giant component, to the case that the space of
solutions breaks into exponentially many smaller clusters.

@ This phase transition has been proved corresponding to known
bounds on the reconstruction threshold for proper colorings on trees,
see e.g. Mossel and Peres [2003], Semerjian [2008] and Sly [2009].
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Probability Transition Matrix (Classical Models)
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Background

@ Kesten-Stigum bound: the reconstruction problem is solvable if
d|A? > 1.
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Background

Kesten-Stigum bound: the reconstruction problem is solvable if
d|A? > 1.

What about d|A\]> < 1?

For the binary symmetric channel, the reconstruction problem is
solvable if and only if d\? > 1 (Bleher et al. [1995]).

The KS bound is not the bound for reconstruction in the binary
asymmetric model with sufficiently large asymmetry or in the Potts
model with sufficiently many characters (Mossel [2001, 2004]).

The first exact reconstruction threshold in roughly a decade, was
obtained by Borgs et al. [2006].

The KS bound on the Potts models was completely investigated by
Sly [2011].

The KS bound on the Asymmetric Ising model was analyzed by Liu
and Ning [2016, 2017].
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Probability Transition Matrix (Motivation)

@ In computational biology, the broadcast model is the main model for
the evolution of base pairs of DNA.

The K80 model (Kimura, 1980), as one of the most common
models of DNA evolution, distinguishes between transitions (A < G,
i.e. from purine to purine, or C <+ T, i.e. from pyrimidine to
pyrimidine) and transversions (from purine to pyrimidine or vice
versa).
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Probability Transition Matrix

Consider a characters set C = {1,...,q} U{qg+1,...,2q}, with ¢ > 2,
and the state of the root p is chosen according to the uniform distribution
on C.

Po if i = ja
Mj =4 p1 if i # j and i, are in the same category,
P2 if i # j and i, are in different categories.

where pg, p1 and py are all nonnegative, such that
po+(q—1)p1+qgp2 = 1.

Eigenvalues: \1 = pp — p1, A2 = po+ (g — 1)p1 — gp2, and A3 = 1.
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Main Results

Improved flexibility comes along with increased complexity. The
additional class of mutation complicates the discussion of the second
largest eigenvalue in absolute value.

Theorem

When q > 4, for every d the Kesten-Stigum bound is not tight, i.e. the
reconstruction is solvable for some \ even if d)2 < 1.

Theorem

| A

When q = 2, for any k > 1 if max {%, %} > K, there exists a

D = D(k) > 0 such that for d > D the Kesten-Stigum bound is tight, in
addition, there is non-reconstruction at the Kesten-Stigum bound, namely,
I\ = d~1/2.
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@ Moment Recursion
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fa(i,o(n)) : the posterior probability of state i at the root given the
random configuration o(n) of the leaves.

XM(n)  ifi=],
fo(j,o'(n)) 2 X@(n) if i # j are in the same category,

XG)(n) if i # j are in different categories.

1 1

= Wn) - = = ®(n) - —
xp =E <X (n) 2q> , zz=E (X (n) 2q> ,
e 1) ®) 1Y
u,,zE(X (n)—2q> , W,,:E<X (n)—2> .

q
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The equivalent condition for non-reconstruction

The non-reconstruction is equivalent to

lim x, = 0.
n—o0
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Moment recursion

o Key Idea: analyze the recursive relation between X()(n) and
X (n + 1) by the structure of the tree.

Wenjian Liu The Tightness of the Kesten-Stigum ReconstiFrontier Probability Days 2018 21 / 40



Moment recursion
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X (n + 1) by the structure of the tree.

o Yy(n) = f, (i,a}(n + 1)) ,
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Moment recursion

o Key Idea: analyze the recursive relation between X()(n) and
X (n + 1) by the structure of the tree.

o Yy(n) = f, (i,a}(n + 1)) ,

@ Markov random field property

Z

XD(n+1)= (1,0 (n+1) = ———

n ) 2
Zi:ql Zl
and 7

XOn+1) = fra(g +1,0%(n+1)) = 0
) 2 b
Zizl ZI
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Nonlinear Dynamical System

Taking X, = x, + z, and Z, = —z,, we can obtain a nonlinear dynamical
system.

Xop1 = dA2X, + D (%A‘l‘xg + 4qA§A§XnZn)
+&+&+m

Znir = ABZ, + 450 (G4 MA2 — 4qM22) - R+ V,
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rops slowly

X, does not drop from a very large value to a very small one.

For any a > 0, there exists a constant v = (g, a) > 0 such that

Xn41 = VXn,

for all n, if min{|\1], |[A\2|} > a,
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Weak interactions between spins for large n

Fixed finite different vertices far away from the root can effect the root
little.

For any € > 0 and positive integer k there exists M = M(q, ¢, k) such that
for any collection of vertices vy, ..., vk € L(M),

] . . 1
sup [P(o,=iloy,=i1<j<k)——|<¢
ity ik €C 2q
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Concentration Analysis

Theorem

Assume min{|A1|, |X2|} > o for some ¢ > 0. Given arbitrary ¢, > 0 there
exist constants C = C(q,&,a,0) > 0 and N = N(q,¢, ) such that when

n>N,
4 1 o
P T - 2— £ § CXn
i di 4
and
ZCH']- I @
(s %) <
=11
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Assume |\2| > a and |A\1| = |X2| or |A1]|/|A2| > Kk for some k > 1. For any
e > 0, there exist N = N(q, k,¢) and 6 = 6(q, K, a,&) > 0 such that if
n> N and x, < ¢ then
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Proof of Reconstruction

Xnir ~ AN, + U0 (249322 1 4902034, 2, )

Zpir ~ dBZ, + A0 (G402 - 49Xi22)

Finally, we investigate the stability of the system. When g > 4, even if
d)\% < 1 for some A1, x, will not converge to 0 and hence there is
reconstruction beyond the Kesten-Stigum bound.
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Outline

@ Non-reconstruction for g = 2
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Large Degree Asymptotics

Define
(A) when1<i<gq

1 1
U,'j =log |14+ 2g)\; <Y,J — 2q> +2()\1 — /\2) Z <ng — ) ;

g+1<¢<2q

(B) when g+1<i<2gq

1 1
Ujj = log 1+2Q>\1<Yij2q>+2(>\1)\2) Z <Y€j2q)
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Gaussian Approximation

@ Recall J
exp(_i—1 Uj) 1

S exp(X0, Uy) 29

@ Construct a multivariate Gaussian distribution

Xp4+1 =

Wi = spi + /sUi + tvj + VtV;
@ Gaussian Approximation Function:
e 1
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Non-reconstruction for g = 2

For each € > 0 there exists an positive integer D = D(q, <) such that for
all n when d > D

|Xn41 — F(dAIXn, dX3Z,)| < e.
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Thank you!
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