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We start the following initial-value problem on R, x R?

20(t,x,y)

v 29(t,x,y)
= —Af0(z —=V(t
81, 2 ( 3y x7 y) + 8y ( ) x) ?
subject to a nice initial data.

x,yER,
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The basic problem

We start the following initial-value problem on R x R?

a0(t,x,y) v 00(t,x,y)
Padel — 7A0 t bde
subject to a nice initial data.

@ V(t,x) is the perturbation(Reynolds 1883?)

V(t7x)7 x’y€R7

V(t,x) = u(t,x) + V(t,x)

mean part  fluctuation part
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@ We assume p(t,x) = 0, but it’s not hard to extend to the general setting.
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The basic problem

We start the following initial-value problem on R x R?

a0(t,x,y) v 00(t,x,y)
) ) — 7A0 t ) 9
subject to a nice initial data.

@ V(t,x) is the perturbation(Reynolds 1883?)

V(t7x)7 x’y€R7

V(t,x) = u(t,x) + V(t,x)

mean part  fluctuation part

@ We assume p(t,x) = 0, but it’s not hard to extend to the general setting.
@ We assume that V (¢, x) is a mean-zero generalized Gaussian random field
with
Cov[V(t,x)V({,x")] = 6(t — ') p(x — X',

(Kraichnan 87’ and earlier, ... 60’s)
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The basic problem

We start the following initial-value problem on R x R?

a0(t,x,y) v 00(t,x,y)
) ) — 7A0 t ) 9
subject to a nice initial data.

@ V(t,x) is the perturbation(Reynolds 1883?)

V(t7x)7 x’y€R7

V(t,x) = u(t,x) + V(t,x)

mean part  fluctuation part

@ We assume p(t,x) = 0, but it’s not hard to extend to the general setting.
@ We assume that V (¢, x) is a mean-zero generalized Gaussian random field
with
Cov[V(t,x)V({,x")] = 6(t — ') p(x — X',
(Kraichnan 87’ and earlier, ... 60’s)
@ V(t,x) is in the distributional sense, not defined pointwise.
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@ Two schools of existence and uniqueness theory:
e Stratonovich type theory (Kunita, 93°)
@ Technical setbacks:

o Itd-type theory (Chow ’14, Rozovsky, mid "90s; Krylov, *90s-2000s )

o The Stratonovich-style theory requires p € Ug~qCo1¢(
e Qualitative analysis not readily available.

R).

@ For our analysis next, consider the equation(vy, v, > 0)

00 = 11920 + 119,60 + 0,0V (1,x)
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@ Two schools of existence and uniqueness theory:
e Stratonovich type theory (Kunita, 93”)

o Itd-type theory (Chow ’14, Rozovsky, mid *90s; Krylov, *90s-2000s )
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The basic problem

@ Two schools of existence and uniqueness theory:

o Stratonovich type theory (Kunita, 93”)
o Ito-type theory (Chow ’14, Rozovsky, mid *90s; Krylov, *90s-2000s )

@ Technical setbacks:

o The Stratonovich-style theory requires p € U.~oCot¢(R).
o Qualitative analysis not readily available.

@ For our analysis next, consider the equation(vy, v, > 0)

0,0 = 11070 + uzaf,e + 0,0V (1, x)
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equation if

We say that (¢, x,y) — 60(t,x,y) is a mild solution (It6 sense) to above

e foreveryt>0andx € R,y — 0(t,x,y) is as. C!;
@ and forallz > Oand x,y € R,

0(t,%,y) = / P (x — a)p™(y — b)fo(a, b)dadb
RZ

+ / pit(x —a)p?(y — b)Opl(s, a, b)V(s,a)dsdadb
R+ xRR2

py is heat kernel, the stochastic integral is in the sense of Walsh.
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iteration.

@ For equations of the form dyu(z,x) = Au(t, x) + u(t,x)W(t,x), Picard
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iteration.

@ For equations of the form dyu(z,x) = Au(t, x) + u(t,x)W(t,x), Picard
@ Let ug(t,x) = p; * up(x)

t
and w1 (2,x) = prx up(x) + / /pt_s(x — Y)un(s,y)W(s,y)dyds
o Jr
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Classical theory: existence and uniqueness

@ For equations of the form dyu(z,x) = Au(t, x) + u(t,x)W(t,x), Picard
iteration.
@ Letuy(t,x) = p; * up(x)

and 1 (8,x) = py % olx / / Prs (k= ¥)itn(s, ) W(s, y)dyds

Bty 11 (2, %) — un(t,x)|?

—E///pm YIPi—s(x =)

(un(5,y) = tn-1(5,y)) (n(5,y") — un—1(s,")) p(y — y')dydy'ds

t
<p(0)/ sup E|u,(s,2) — un_1(s,2)|*ds
0 zeR
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@ For our SPDE, Fourier transform U(

) = [0 e0(t, x,y)dy
v, &) = 102U (L, x, €) — 12U (t,x, &) + i€U(t,
) ll(T,.\‘.(:) = ()’/Zil/U(

1%, )
= Ou(t, x, &

X, E)V(1,x).
) = //]() ul(t,.

@ Forevery £ €
>

£) + ilu(t,x,§)V(t,x) .
R, lhele is a unique solution u(#, x, £) such that for any
€ (0,1),r>0,x,€ € R,

sup H“(:[--\" 3 H[ 0
xER

<
)

1 < p(0)&?
2(Q) S € exp
° 0(t,x,y) = 5~ [

——>—1 ) sup |up(x, )] .
2(1 = () > xeR /
50 ey g2 : -
T J—0co e S e 1223 le(h.\’.{)[/i.’ we need vy > /'2 !
«O> «Fr «E»r» «E>» Hao




oo

e For our SPDE, Fourier transform U(t,x,§) = [

©6(t, %, y)dy
= QU(t,x,6) = 110*U(t,x,€) — n€2U(t,x,€) + i€U(t, x,£)V(t, x)
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oo

e For our SPDE, Fourier transform U(t,x,§) = [

©6(1,x,y)dy
= QU(t,x,6) = 110*U(t,x,€) — n€2U(t,x,€) + i€U(t, x,£)V(t, x)
o u(t,x,€) = U1, x,)

= 8tu(t>x7 5) = Vla)%u(trxa g) + ifu(tax7 f)V(t X)



Existence and uniqueness
00 = 11920 + 1,930 + 0,0V (1,x) | Cov[V(t,x), V(' ,x')] = 6(t — ') p(x — X')

e For our SPDE, Fourier transform U(z,x,£) = [ ©9(1,x,y)dy

e
—00

= QU(1,x,8) = 1102U(1,x,€) — & U(t,x,€) + €U (1, x,€)V(t,x) .

© u(t,x,€) = U (1,x,€)
= Qu(t,x, &) = 110%u(t, x, ) + i€u(t, x, £)V(t, x) .

@ For every £ € R, there is a unique solution u(t, x, £) such that for any
€€ (0,1),t>0,x,¢ €R,

: e )
1, x, <e ! Lt ).
sup (., ) < " xp (50125 ) supluo(, )
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Existence and uniqueness
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© u(t,x,€) = U (1,x,€)
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@ For every £ € R, there is a unique solution u(t, x, £) such that for any
€€ (0,1),t>0,x,¢ €R,

: e )
1, x, <e ! Lt ).
sup (., ) < " xp (50125 ) supluo(, )

o 0(t,x,y) = 5~ [ e~ ey (1, x, €)dE, we need vy > @.

o
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@ Let ¢,

©¢(t,x) define a smooth approximation to the identity, i.e
1t x
f = 5 R
pe(t,x) = 502, 7)

for some nonnegative smooth (7, x) such that [o, (t, x)dtdx = 1.
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@ Let p. = ¢¢(t,x) define a smooth approximation to the identity, i.e

1 t x
@e(t,x) = E—ZSO(

Ea_)

€

for some nonnegative smooth (7, x) such that [o, (t, x)dtdx = 1.
@ Define the Wiener integral V¢ (7,x) = V * ¢¢(1,x) i.e.,

Ve(t,x) = / we(t — s,x — y)V(s,y)dyds
R2

V,(t,x) is a smooth, classical Gaussian random field.
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Probabilistic representation of the solution
O = 11 O2u+iuV(t,x) | 0(t,x,y) = 2= [* e*’fye*”z‘fz’u(t, x, £)dE
Cov[V(t,x),V(t',x")] = 6(t — ') p(x — x')

@ Let . = ¢¢(t,x) define a smooth approximation to the identity, i.e.

r x

)

1
ta = 5 Ty
pe(t,x) = 5 0(-, -

for some nonnegative smooth ¢(z, x) such that [g, (1, x)dtdx = 1.
@ Define the Wiener integral V. (¢, x) = V x p.(t,x).i.e.,

Ve(t,x) = /2 et — s,x —y)V(s,y)dyds
R

Ve(t,x) is a smooth, classical Gaussian random field.

@ Let B; be a Brownian motion with Var(B;) = 2v, then
fol V(s,x + Bi—s)ds := lim¢ | fot Ve(t,x + B;_y)ds exists in L*().
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@ Feynman-Kac formula for u(t, x, §):

t
u(t,x, &) = etszp(o)/ZEB [éo(x+Bt,§) exp (ig/ V(s,x—I—B,_s)ds)] ,
0



Probabilistic representation of the solution

@ Feynman-Kac formula for u(t, x, §):

u(t, x, €) = o16°0( 0)/2F,, [90( + B, &) exp <i§ /t V(s,x—i—B,_s)ds)] ,
0

@ Probabilistic representation for 6(z, x, y):

I [ i
0(t,x,y) = / eﬂgyefyzgztu(t, x,§)d¢

27 J_ s
_ t
= EB,BHO ()C + B[,y + B[ - / V(S,x + B[_S)ds> s
0

B, is another Brownian motion independent with B, with
Var(By) = 2(v, — 20,
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Ifsup,eg [° |00(x, y)|dy < 0o and v, > @, then our SPDE has a unique
solution 6 such that

Q@ y—0(t,x,y) is C*° a.s. Vt > 0and x € R.

o Supx,yEREle(tax7Y)|2 = 0(1/f) ast — oQ.
@ Decay of the solution

sup 0(¢,x,y)| = O(1/+/1) a.s. ast — cc.
x,yeR
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@ For result 1:

o _i/oo
=

6y_’"9(t, x,y) eyt . e

it
v
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@ For result 1:
om 1 s \m—i€y —1r€?
aym'9(t, x,y) o / (—i€)me e 28 y (1, x, €)dE

—0o0

@ For result 2:

1 o
sup [10(2,x, )]l 120y < /
—oo

8 qup ||u(t, x, Oz dé
x,yeR

x€R



@ For result 1:
o 1 > N —iEy  —1rE?
ay—mG(t,x,y):%/ (—i€)"e™ e  u(t, x, €)dE
@ For result 2:

1 o0
sup (16, x|z < / 28 up (e, x, )| 20
7y€ —00

x€R

/_Z exp(—12821) exp (2?1(0—_)&:)20 d¢

@ Handicap: Engineers want to study the case as vy, — 0
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Idea of the proofs

@ For result 1:

o" 1 [~ ; 2
_ _e\m ,—i&y ,—1n&°t
Gnfe) = 5 [ (e e (5 e

@ For result 2:

1 o0 Y
sup 160050 oy < 5 [ € sup ule, )l
x,yeR T J—co xeR

/_ Z exp(—11&%1) exp (251(0_)562)20 de¢

@ Handicap: Engineers want to study the case as v, v, — 0.
@ 15 > p(0)/2, only possible that p(0) = 0, i.e., no noise!
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@ Recall V(t,x) := V * c(t,x), i.e., the regularized V.
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@ Recall V(t,x) := V * c(t,x), i.e., the regularized V.
@ Now consider the classical PDE

Oibe = 11070c + 120;0c + D0 Ve(t,x), 6(0)
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@ Recall V(t,x) := V * c(t,x), i.e., the regularized V.
@ Now consider the classical PDE

Oibe = 11070c + 120;0c + D0 Ve(t,x), 6(0)

@ Question: what happens as ¢ — 01?

0o



@ Recall V(t,x) := V * c(t,x), i.e., the regularized V.
@ Now consider the classical PDE

e = 11070c + 12050 + D0 Ve(t,x), 6c(0) = o
@ Question: what happens as ¢ — 01?

e Fourier transform = Qyuc = v10%uc + i€ucVe(t, x)
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@ Recall V(t,x) := V * c(t,x), i.e., the regularized V.
@ Now consider the classical PDE

Oibe = 11070c + 120;0c + D0 Ve(t,x), 6(0)

@ Question: what happens as ¢ — 01?

e Fourier transform = Qyuc = v10%uc + i€ucVe(t, x)
@ Feynmann-Kac formula:

uc(t,x, &) = Ep (éo(x + By, &) exp (i€ fot Ve(s,x+ B,_s)ds)) a.s.

0o



A Stratonovich-type solution
00 = 11920 + 1,930 + 0,0V (1,x) | Cov[V(t,x), V(' ,x')] = 6(t — ') p(x — X')

@ Recall V(t,x) := V * c(t,x), i.e., the regularized V.
@ Now consider the classical PDE

e = 11030c + 12030 + 0,0V (t,x), 0.(0) = 6o

@ Question: what happens as ¢ — 072
e Fourier transform = Qyuc = v10%uc + i€ucVe(t, x)
@ Feynmann-Kac formula:
uc(t,x,€) = Ep (éo(x—i-Bt, &) exp (i€ fo (s,x+ Bi—y)ds )) a.s.

@ 0. (t,x,y) :E&BQO (x—i—B,,y—}—B, fo (s,x + By—g)ds )
B and B independent, Var(B;) = 2v5.

Jingyu Huang Kraichnan model 11/17



O with (v1,v2) converges to

e(ta X, y) = IE[2,1";'00

t
<x +B;,y+ B, — / V(s,x+ Bt_s)ds>
0
ase — 0T
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A Stratonovich-type solution
00 = 11920 + 1,930 + 0,0V (1,x) | Cov[V(t,x), V(' ,x')] = 6(t — ') p(x — X')

Theorem (H+Khoshnevisan ’17+)

0. with (v, 1v2) converges to

t
0(t,x,y) = Ep 560 (x + B,y + B, — / V(s,x+ B,_S)ds>
0

ase — 0T

@ The Stratonovich solution 6 to our SPDE is the Ito solution to
0,0 = 11070 + (12 + (2))329 + 0,0V (1, x)
which always exists since v, + 2 ( ) 5 P (0) . No smoothness on p is

needed.
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A Stratonovich-type solution
00 = 11920 + 1,930 + 0,0V (1,x) | Cov[V(t,x), V(' ,x')] = 6(t — ') p(x — X')

Theorem (H+Khoshnevisan ’17+)

0. with (v, 1v2) converges to

t
0(t,x,y) = Ep 560 (x + B,y + B, — / V(s,x+ B,_S)ds>
0

ase — 0T

@ The Stratonovich solution 6 to our SPDE is the Ito solution to

0,0 = 11070 + (12 + (2))329 + 0,0V (1, x)

which always exists since v, + 2 ( ) 5 P (0) . No smoothness on p is
needed.

@ Proposition: The O(1/+/1) decay is unimproveable for § being a
function.
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@ If the initial condition 6 is a nice function,

sup sup |0(t, x,y)|
xeR yeR
o0
< Oo(x,w)|dw = O(1/\/t
< 2W2t§1€1£/_00| o(x, w)|dw = O(1/V/1)

it
v
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Diffusive decay

@ If the initial condition 6 is a nice function,

sup sup |0(7, x, )|
xe€R yeR

< ! sup /Oo |60(x, w)|dw = O(1/\/1)

2

e Consider 6y (x,y) = p*(y) : \/417726_472 and p(x) = 1, then

- - 1
Supetvxvy :Epr2y+B _W):—>
x,yER ( ) ! ( ' ' 471'1/2(1 + )

W; is a standard Brownian motion.
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Diffusive decay

@ If the initial condition 6 is a nice function,

sup sup |0(7, x, )|
xe€R yeR

< ! sup /Oo |60(x, w)|dw = O(1/\/1)

2

e Consider 6y (x,y) = p*(y) : \/4%26_‘372 and p(x) = 1, then

- - 1
sup 0(t,x,y) = Egp*(y + B; — W;) = ——n—,
x,yER ( ) ! ( ' t) 471'1/2(1 + )

W; is a standard Brownian motion.

@ Some engineering literature predicts that the decay rate of
sup, yer 0(t,x,y) is of order %
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rate ~ 1/t.

@ Proposition (diffusive decay). If 6y = g X do, then the exact a.s. decay

«Or «Fr «=)» «=)>» = Q>



@ Proposition (diffusive decay). If 6y = g X do, then the exact a.s. decay
rate ~ 1/t.
°

sup 0(t,x,y) = sup Eg 560
xyeR ’

x,yeR

t
(x + By) do (y + B; — / V(s,x+ B,_s)ds)
0
t
= Egd(x + B)p;* (y - / V(s,x+ B,_s)ds)
0
1
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Delta initial condition

@ Proposition (diffusive decay). If 8y = Jy x dp, then the exact a.s. decay
rate ~ 1/1.

t
SUP 6(t7 X, y) - Sup EB B60 (-x + B[) 5() <y + B[ — / V(S,.x + B[_s)ds>
x,yeR x,yeR ’ 0

t
= Epd(x + B:)p;* (y — / V(s,x+ B,_S)ds>
0

@ Delta initial condition gives a drastically different solution than that from
a nice initial condition.
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@ Assume 0y = dp X do, p(x) = 1L, v1 =1 = 1.

0(t,x,y) = pl(x)p¥(y — W,).

The set of times where 0(z, 0, 0) behaves largely different from 1/¢, has a
macroscopic multi fractal structure.

®

®

@ Define C,,(A) = #{j € {0, ..., m}:[j,j+1]NA#(}forAC Ry and
. log C,, (A S .. logC,(A
Dimy;(A) := limsup A Dim,,(A) := lim inf log Culd)

‘ M—0c ogm m—oo  logm

@ If Dimy(A) = Dimy,(A), write Dimy(A) for their common value:

Minkowski dimension of A.
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@ Assume 0y = dp X do, p(x) = 1L, v1 =1 = 1.
° 0(t,x,y) = p/ (x)p} (y — Wh).

@ The set of times where 6(¢,0,0) behaves largely different from 1/¢, has a
macroscopic multi fractal structure.
@ Define C,,(A) = #{j € {0

Dimy,(A)

Yol 1NA#Q}forA C Ry and
: logCpn(A)
:= lim sup

A - .. logC,(A)
Dim,,(A) := lim inf -
M—0C ogm o m—00 ogm
@ If Dimy,(A) = Dimy,(A), write Dimy;(A) for their common value:
Minkowski dimension of A.
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@ Assume 0y = dp X do, p(x) = 1L, v1 =1 = 1.
° 0(t,x,y) = p/ (x)p} (y — Wh).

@ The set of times where 6(z, 0, 0) behaves largely different from 1/, has a
macroscopic multi fractal structure.
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Multifractal decay

@ Assume 0y = dp X do, p(x) = 1L, v1 =1 = 1.

° 6(t7x7y) :p;/(x)p;/(y - Wl‘)
@ The set of times where 6(z, 0, 0) behaves largely different from 1/z, has a
macroscopic multi fractal structure.

@ Define C,y(A) = #{j € {0,...,m} : [j,j+ 1]NA # (0} forA C R and

- log Cn(A 1og Cpn(A
iy (A4) = limsup 22"A) pin(4) = liminf 225 (A)
p M

m—oo  logm m—oo  logm
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Multifractal decay

@ Assume 0y = dp X do, p(x) = 1L, v1 =1 = 1.

° 6(t7x7y) :p;/(x)p;/(y - Wl‘)
@ The set of times where 6(z, 0, 0) behaves largely different from 1/z, has a
macroscopic multi fractal structure.

@ Define C,y(A) = #{j € {0,...,m} : [j,j+ 1]NA # (0} forA C R and

- log Cn(A 1og Cpn(A
Dimy(A) := limsup log Cn(4) Dim,,(A) := lim inf 102Cn(4)

m—oo  logm m—oo  logm

@ If Dimy/(A) = Dim,y,(A), write Dimys(A) for their common value:
Minkowski dimension of A.
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Vo > 0,

~ 1
Dimy (log {t >e:6(1,0,0) < ;

iogy )} = (1= 20)1 as.




«Or «Fr «=»r < } .

Thank you.



