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Canonical Wiener space

Let

o W=WR" ={w:1[0,1] — R¥ : w is cts and w(0) = 0}
equipped with the sup norm,

e 1 = Wiener measure on W, and

e H = H(RF) = Cameron-Martin space, that is,
1 .
H=<J{heW:his abs cts and / |h(t)]? dt < oo
0

equipped with the inner product

(h, k) g = /01 h(t) - k(t) dt.



Canonical Wiener space

Basic facts:
e 4 IS a Gaussian measure

e The mapping h € H — h € L?([0,T],R¥) is an isometric
iIsomorphism and H is a separable Hilbert space.

e Hisdensein W and u(H) =0

e Cameron-Martin-Maruyama quasi-invariance theorem
and integration by parts



QI and IBP for Gaussian measure

For u ~ Normal(0,1) on R, we have

1

du(x) = e 121°/2 gy,
() o
Then, for any y € R,
=du(r —y) = ! e~ 121/ gy
V2T

e Y17 /2+(z.y)



QI and IBP for Gaussian measure

For u ~ Normal(0,1), for any y € R,

du? (z) = e WF/2H 2w gy (2).

/R (8,1)(a /
a
de
d

Thus,

f(z + ey)dp(x)

/ f(z + ey)du(z)

_ /f(:v —e?|y|?/2+(z,ey) dp(x)

/ fla)o
- /R F(2) (@, y) dp(z).

— WP/ mey) gy ()




Canonical Wiener space

Theorem (Cameron-Martin-Maruyama)
T he Wiener measure p is quasi-invariant under translation
by elements of H.

That is, for y € H and du? := du(- — y),
p < poand  pf > .

More particularly,

Moreover, if y ¢ H, then p¥ L u.

Theorem (Integration by parts) For all y € H,

/ () (z) du(z) = / f(@) (e, y)" du(z).
W W



Gross’ abstract Wiener space

An abstract Wiener space is a triple (W, H, u) where
e VW is a Banach space

e 4 iS @ Gaussian measure on W (for example, f.u is a
Gaussian measure on R for any f € W*)

e H is a Hilbert space densely embedded in W and,
when dim(H) = oo, u(H) =0

The Cameron-Martin-Maruyama Theorem and IBP hold
on any abstract Wiener space.



QI and IBP in geometric settings

Theorem (Shigekawa, 1984)

Let G be a (fin dim) compact group. Let W(G) be path
space on G equipped with “Wiener measure” u, and let
H(G) denote the space of finite-energy paths on GG. Then
1 iS quasi-invariant under translation by elements of H(G)
and IBP holds for derivatives in H(G) directions.

other QI and IBP references: Driver (1992), Hsu
(1995,2002), Enchev & Stroock (1995), Albeverio,
Daletskii, & Kondratiev (1997), Kondratiev, Silva, &
Streit (1998), Albeverio, Kondratiev, Rockner, &
Tsikalenko (2000), Kuna & Silva (2004), Airault &
Malliavin (2006), Driver & Gordina (2008), Hsu &
Ouyang (2010),. ..



Smooth measures

A measure p on R" is smooth if

e 4 IS abs cts wrt Lebesgue measure and the
Radon-Nikodym derivative is smooth — that is,

1= pdm, for some p c C(R" (0,00)).

0

e for any multi-index «, there exists
go € C*(R™) N L~ (u) such that

/ (—=D)*fdu = fgodp,  for all f e CX(R"™).
n Rn



Heisenberg group: elliptic case

On R3, consider the vector fields

\

X1(z) = <1,0, —%wg)
Xo(z) = <O, 1, %wl) ’
Xs(z) = (0,0,1)

NOTE: Vz € R3,
Span{Xl(x)a X2($)7X3($)} — RB

/

Consider the solution & = (&},£2,&}) € R? to the SDE

& = X1(&) 0 dB; + Xa(&) 0 dB} + X3(&) 0 dB)

/1\ /0\ (0\

=| 0o |odB}+ o dB? +

\ 25/ \ 267 \1/

o ng’

with & = 0.



Heisenberg group: elliptic case

On R3, consider the vector fields

Xl(a:) = <1,0, —%mg)
Xo(z) = (0, 1, %ml)
X3(x) = (0,0,1)

The solution to the SDE
dés = X1(&) o dB} + X(&;) o dB? + X3(&) o dB},

with & = 0, may be written explicitly as
1 t
&\ BLE:L B!+ [ BldB: - BB
0

and u; = Law(&) is @ smooth measure on R3.

The generator of ¢ is L = X? + X2 + X2, which is elliptic.



Heisenberg group: hypoelliptic case

On R3, consider the vector fields

Xl(a?) — <1,0, —%mz) = 0] — 5517263
Xo(x) = (0, 1, %ml) = 0y + 52103
X3(z) = (0,0,1) = 93
Note that [X, Xs] := X Xy, — Xu X, = X5. Thus, we can

write
span{X1(z), X2(x), [ X1, X2](z)} = R?.

Thus, {X1, X3} satisfies Hormander's Condition.



Heisenberg group: hypoelliptic case

On R3, consider the vector fields
Xl(a:) = <1,0, —%mg)
Xg(a:) = (0, 1, %ml)
X3(z) = (0,0,1)

Since {X1, X2} satisfies Hormander’s Condition,
Hormander’'s theorem implies that the diffusion satisfying

dn; = Xl(nt) 0 dBt1 + Xg(nt) 0 dBE7

has a smooth measure v; = Law(n:) on R?. Again, we may
solve this SDE explicitly as

1 t
= <B§,B§, 5/ BldB? — BgdB;> .
0

The generator of 5 is L = X? + X2, which is hypoelliptic.



Heisenberg group geometry

Let g = span{X1, X3, X3} = R? with Lie bracket
| X1, X2] = X3, and all other brackets are 0.

In coordinates, this is

[(331, 2, 51?3), (mlla CC/Q: Cl?é)] — (07 07 xlmIQ — C17/1332)

Then via the BCHD formula we may equip R? with the
group operation

1
x.x’:a?+az'—|—§[a:,x’]

1
= (:m + 7, 20 + 33'2,:133 + :cg + 5(:1:1:1;'2 — a;ga:'l)> :

Then R? with this group operation is the Heisenberg
group, denoted by G, with Lie(G) = g and



Heisenberg group geometry
We can define a left-invariant Riemannian metric on GG by

taking {X;(z)}2_, to be an ONB at each z € G. Then

iIs the Laplace-Beltrami operator and

= fgt* O dBt

3
= le, 0 (AB} X1 + dB? X5 + dB} X3) :ZX(& ) o dB!

“rolls” the g-valued BM B; onto G.

We will call & Brownian motion on G.



Heisenberg group geometry

Similarly
diyy = X1(me) 0 dB; + Xa(ne) 0 dB;

rolls B; = Bthl -+ BEXQ a go:= span{Xl,Xg}—vaIued BM
onto GG. We will call n; hypoelliptic Brownian motion on G.

No Riemannian metric! We do have a distance:
dy(x,y) := inf{l(v) : v a horizontal path from z to y}.

(HC) = dp(z,y) < oo for all z,y € G.



Hypoelliptic BM on the Heisenberg group

1 [t 1 [t
M = BQ,B§,§/ BldB? — B2dB! | = Bt,§/ [Bs, dBg]
0 0

(image from Nate Eldredge)

3
%(w Y Z) — 1 / ei)xz/2 A e—(zv2—|—y2))\coth()\t)/4 d)\
m- 7 R sinh(\t)



Heat kernel measures on Lie groups

Let G be a Lie group with identity e and Lie algebra g
with dim(g) = n.

Suppose
span({Xi};=1) = ¢

and let X denote the unique left invariant v.f. such that
X(e) = X. Then

with & = e, has a smooth law on G.



Heat kernel measures on Lie groups

Let G be a Lie group with identity e and Lie algebra g
with dim(g) = n.

More generally, suppose {XZ-},’f:1 C g satisfies

Lie({X;})
‘= SpaD{X@', [Xila XiQ]’ SRR} [Xiw [ "y [Xir—la X%]H} = g, (HC)

and let X denote the unique left invariant v.f. such that
X(e) = X. Then

k

dnt = Mt O dBt = Z Xl(nt) O de
1=1

with ng = e, has a smooth law on G — where now

By = BM on go :=span({X;}'_,) C g.



Heat kernel measures on Lie groups

That is, 3 0 < p; € C*°(G) such that

dvy = Law(n:) = pi(+) d(Haar).

We call p; the heat kernel and v+ heat kernel measure.

remark: Note that absolute continuity and positivity
immediately imply quasi-invariance:

If dv(z) = p(x) d(Haar)(x) with p > 0, then for any y € G,

dv’(x) :==d(v o ry_l)(aﬁ)

_ pley)

= play ™) d(Haar)(z) = 2

dv(x)




co-dimensional Heisenberg-like groups

Definition (Driver and Gordina) Let (W, H, ) be an
abstract Wiener space and C be a finite-dimensional inner
product space.

Then IS a Heisenberg-like Lie algebra if
1. [W,W]=C and [W,C] =[C,C] =0, and
2. [,]: g xg— C is continuous.

et denote W x C when thought of as the associated
Lie group with multiplication given by

Such a group G will be called an infinite-dimensional
Heisenberg-like group.



co-dimensional Heisenberg-like groups

Let G be an infinite-dimensional Heisenberg-like group
with Lie algebra g.

Definition Let b; = (B}Y,B) be BM on g. Then
with

is BM on . This may be solved explicitly as
1 t
0

Let denote the heat kernel measure on .



co-dimensional Heisenberg-like groups

Example Let a = (a;) € ¢}(RT) and set
( )

W =£(C) = {z}eC": > ajlz* <oo

g=1

\

and H = ¢?(C). Then (W, H,u>) is an AWS.

/
For w = {w;}72; ={z; +iy;};2, € W and c € R,
[(wa C)a (wla C/)] =10, Z aj(xjy; — ijU;')
j=1
Via BCHD, define a group operation on G = Wge X R by

1 @)
(w,c) - (W', )= |w+w,c+ + iz%(a:jy; — y;x;)
j=1



co-dimensional Heisenberg-like groups

Example Let (W, H) = (¢2(C),#*(C)) and C = R.
T he solution to
with

where b; = (BY, By) with BYY = {X7 + Y/ >, is given by

1 & t . .
§t = vaaBt—F—Zaj/ XJ!dy/! —-Y/dX!]
2j:1 0



Elliptic QI theorem on Heisenberg-like groups

Let G be an infinite-dimensional Heisenberg-like group,
and & be BM on G with heat kernel measure u; = Law(&).

et denote H x C when thought of as a Lie
subalgebra of g, and let denote H x C when thought
of as a subgroup of G.

Theorem (Driver and Gordina, 2008)
For all y € Gop and t > 0, ue is quasi-invariant under right
translations by y. Moreover, for all g € (1, c0),

where Ric > k and dgjys i1s Riemannian distance on Ggyy.
Similarly for left translations.



Elements of the elliptic proof

Define a nice class of fin-dim projection groups Gp: let P
be a nice orthogonal projection into H, and take
Gp = PW x C.

1. Then for ¢ a Brownian motion on Gp
del = ¢F o dPby,

we have for Pulg T Ix.

2. Show that the doys and || - ||goy, tOPOlOgies are
equivalent, and thus

IS dense in

3. Show that the for all
x,y € Gp, C Gp, with P,|g T 1.



Elements of the elliptic proof

4. [,-]  WxW — C cts =

w: HXx H — C is Hilbert-Schmidt.

This allows one to prove that 4k > —oco such that

sup Ric!” > k.
P

Then Ric’ > k — log Sobolev inequality
— Wang/Integrated Harnack inequality:

For all y e Gp and q € (1, 00),

q 1/q
/G {pf(;y )} p; (x) da < exp (C(k,q,t)dp(e,y)z) .




Sketch of elliptic proof:

Fix a projection Py and let {P,}>°, so that P, T I|y. Let
y € Go C Gp . Then, for any f € BC(G) and q € (1, 00),

pi(xzy™')

LJUomwwmwwwi/ujwmwn o

< \foinlle,, u7) €XP (C(k g,t)d" (e, y) )

dpy ()

Taking the limit as n — oo,

/fxymm><uﬂ

o ) €XP (C(k,q,t)dc]\[(e,y)Q) .

Thus, d(uor;')/du; exists in L7 for all g € (1, c0).
remark: critical estimates based on
Ric > —k > —o0.

No lower curvature bounds in hypoelliptic setting.



Problems with Ric > £ In hypoelliptic setting

For f,g € C*(G), let

%L(fg) — fLg —gLf

Ca(f) = SLO(f, )~ T(f, L),

I'(f,9) =

In particular, if L =37 X2, then

k

L(f,9) =Vf-Vg=> (Xif)(Xig)

1=1

2(f) = ZL (Xif)? Z(&f)(féiLf)-

1=1

FACT:

(CDI)



Problems with Ric > £ In hypoelliptic setting

Consider the Heisenberg group case again.
X(a:, Y,2) = Oy — %y@z ?(x,y, z) = Oy + %x@z

Then L =X%2+Y? and
L(f) =T f) = (X’ + )

La(f) = SLT(f) = T(f, L)

Note that
L)) = fz+ f;

T'2(f)(0) = Z\aaf(0>|2+ Lr20) +

1,7=1
Then there is no constant k£ € R so that

[2(f)(0) =2 kI'(£)(0), Vf e C(G).



A replacement for Ric >k <— I > kI'?

Suppose G is a (fin-dim) Lie group with Lie({Xi}le) — g,
and let {Z;}%, be an ONB of span({X;}? ). Define

d

> (Zif)(Zig)

1=1

PE(f) == SLU7(f) — T7(f, Lf)

T'%(f,9g) :

1L A
=D L(Zif) = ) _(Zif)(ZL]).
1=1 1=1

Suppose there exists a, 5 > 0 such that, for all A > 0,

(GCDI)



A replacement for Ric > k <— 12 > kI’

Suppose I'(f,I'7(f)) = 1'“(f,I'(f)) and there exists o, 3 > 0
such that, for all A > 0,

Do) + ATE(f) > ol (f) = 21(7). (GCDI)

—> reverse log Sobolev inequality:
For all T'> 0 and nice f: G — R,

25
Il Prf) < 14 = (PT(flnf)

T Prf

— Wang/Integrated Harnack inequality:
For all y € G and ¢ € (1, 00),

— In PTf>

1/q

/a {Pt(wyl)} qpt(:”') dr | < exp (C(q’&’mdh(e,yy) |

pt(l‘) t




(GCDI) for 3-dim Heisenberg group

L(f) = (Xf)?+ (Yf)?
L7 (f) = (Zf)

Da(f) = (X31) 4+ (V2 1) 4 S (XY + Y X) f)?
(20 = 20XV ZP) +2Y f(XZS)
r{(f) = SLU7(f) ~ T7(f, L)
= SO LY = (20) 2] +Y2)

2
= (XZf)+(YZf) +(Z)(ZX*f+ ZY*f)

—(ZH(ZXf + ZY? )
= (XZf)?+(YZf)



(GCDI) for 3-dim Heisenberg group
Note that

La(f) > 3 (20 = 20X )Y Zf) +2(Y ) (X ZS)

For example, taking A =1

> - (Z0) — 20X PV Zf) + 2 fXZS) + (X2 + (V2 ])?
= (P4 (XF Y2~ (XP 4 (Vf + XZf) — (V)2
> (Zf) — (X~ (V)P

So (GCDI) holds with and



Hypoelliptic BM on Heisenberg-like groups

Let g =W x C be an infinite-dimensional Heisenberg-like
Lie algebra and assume that

(W, W] = C. (HC)

Then, for B,}’V BM on W, the “hypoelliptic’ BM on G is
the solution to

dn: = n¢ o dBF/, with 7y = e.

T his may be solved explicitly as

1 /! 1 /!
szXV+2/[BW dB,'] = (BXVE/[BZ%BZV})
0 0

Let v, = Law(7:) be the “hypoelliptic’ heat kernel measure.



Hypoelliptic QI on Heisenberg-like groups

Theorem (Baudoin, Gordina, M)
For all y € Geopr and t > 0, v is quasi-invariant under right
translations by y.

Moreover, for all g € (1, c0),

d(Vt O T;l)

th

t

dn (e, y)2> :

< exp (
Lq(G,I/t)

where is the HS norm, p € (0,00) is determined by
the Lie bracket, and iIs the horizontal distance on Ggoyy.
Similarly for left translations.



Elements of hypoelliptic proof
Take Gp = PW x C to be the same nice fin-dim projection

groups.
1. For gP a hypoelliptic BM on Gp, we have for
Pulg 1 Ig.

2. Show that the dj, and | [lgcy = /Il I3 + I Ic
topologies are equivalent, and thus

IS dense in

3. Show that the for all
x,y € Gp, C Gp, with Pn|H T 1.

N.B.: (2) and (3) depend on dim(C) < cc.



Elements of hypoelliptic proof

4. Trivially, T'p(f, T4(f)) = D4, T ().

5. We prove that for each P and all A\ > 0, there exists
PP € (0,00)

Top(f) + A5 p(f) > ppTE(f) —

Thus, for all projections P

pPy™]" 5
/ { e } pf (@) da

< exp (C(Q7ppa ||[7 ]||2P) df(e,y)2> .

1/q

t



Sketch of hypoelliptic proof:

Fix a projection Py and let {P,}>°, so that P, T I|y. Let
y € Go. Then, for any f € BC(G) and q € (1, 00),

[ G oi@lar@ = [ 10em@E L ae
<1 oinlpia (C@»vat'”"'”'P>d;;<e,y>2> |
Taking the limit as n — oo,
| f(ay) du(o)
G
<1l ey €XP <C<q pp,tH[ W) g, o4 ) |

Thus, d(v;or,')/dy exists in L7 for all ¢ € (1,00).



Hypoelliptic heat kernel

More recently, using techniqgues more specific to the
Heisenberg structure, it's been shown that the hypoelliptic
heat kernel measure is smooth in the traditional sense:

T heorem (Driver-Eldredge-M)
Let vy = Law(n;). For each t > 0,

where v = Law(B;) and dc is Lebesgue measure on C = R™.

Moreover, this heat kernel is smooth in the sense that, for any
hi,...,hn € goum, there exists & = &(hy,...,hn) € L= (14) so that
for all nice f: G — R

/(iLl---;Lnf)(.CC,C)th(ZC,C):/ f(ZU,C)(I)(ZU,C)th(CIZ,C). (*)
G G



Hypoelliptic heat kernel

For A € C, define Q, : H — H by
(Q\h, k) = [h, k] - A\

For each t > 0, define a random linear transformation
pt(B) : C — C by

1 t
p(B)A - A = Z/ 1B, |12 ds.
0

exp (—%pt(B)‘lc - C)

Ji(x,c) = E
@9 V/det(2mpi(B))




Hypoelliptic heat kernel

Remarks:

e supersedes previous result, as well as (Dobbs-M) showing

smoothness for elliptic hkm (although not path space
results)

e still requires dim(C) < oo
e relies on special structure of step 2 stratified groups

e actual smoothness result (v. smoothness of fin dim
projections)



Abstract (nilpotent) Wiener groups

Definition Let (g, gowm, ) be an abstract Wiener space such
that gcoas is equipped with a nilpotent Lie bracket.

et denote gcys when thought of as the Lie group with
multiplication defined via BCHD formula.

Assumption: [-):]:gocm X gom — gonm 1S Hilbert-Schmidt.

Definition Let {B.;};~0 be BM on g (elliptic case). Then
with

is BM on . Fort >0, let denote the heat kernel
measure on G.

We will call (G,Gcar, pe) an abstract Wiener group.



Quasi-invariance on abstract Wiener groups

Theorem (M)
For all y € Goy and t > 0, ug IS quasi-invariant under right
translations by y. Moreover, for all g € (1, o),

where Ric > k. Similarly for left translations.

(Final) Remarks:
e dgeneral definition, lots of examples
e natural setting for studying hypoellipticity
e robust method for proving quasi-invariance

e but other hypoelliptic models will heed other methods....



