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EXPANDING POPULATION

Picture from Duke Cancer Institute: http://sites.duke.edu/dukecancerinstitute/
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EXPANDING POPULATION
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Fisher Kelmogarov PDE Maple plot
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Fisher-Kolmogorov-Petrovsky-Piscounov (FKPP)
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Oru=aAu+ Bu(l—u)
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Stochastic FKPP

(Figure from [Doering, Muller and Smereka 2

Oru=alAu+ Fu(l—u)+|yu(l-— u)\1/2 W




FKPP or Stochastic FKPP ?

First question:

Sile mr.
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B1AsED VOTER MODEL

BVM on

(L712) x {1,...,M}.

(0—0) at rate al?/M
(0—1) becomes {(11) at rate (o L2+ B)/M
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B1AsED VOTER MODEL
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BVM on
(L712) x {1,..., M}.

(0—0) atrate al?/M

(0—1) becomes {(1 —1) atrate (aL2+B)/M

THEOREM (DURRETT AND FAN, 2016)

Suppose L/M — ~/(4a) € [0,00). Then density of type 1 converges to
O =aAu+28u(l—u)+ |yul —u)|?W

where a >0, 5 >0 and v > 0.

~ = 0 (deterministic FKPP)
7 > 0 (stochastic FKPP)

[Muller and Tribe 1995] (related to case L = M = n'/?).
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LINEAGE DYNAMICS

@ Pick an individual at (t,x) and follow its ancestral line backward in time
@ What is the probability that it has an ancestor who lived at (0, z) ?
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LINEAGE DYNAMICS

Let G(7,z) := G(r, z|t, x) be probability density that an individual picked at
(t,x) has an ancestor who lived at (7, z).

™

X
Then
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BVM WITH NEUTRAL MUTATIONS (LABELS)

Neutral mutation: Same rate
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THEOREM (DURRETT AND FAN, 2016)

Under suitable scalings, the pair of densities of type 1 and labeled type 1
converges in distribution to the coupled SPDE

Oru = au + 2Bu(1 — u) + |21 — )2 WO + |y(u — 0)(1 — u)|V/2 W
Ol = aNl + 230 (1 — u) + |71 — u)|*?2 WO + 7€ (u — 0)*/? W?

Applications: (i) lineage dynamics (ii) probability of gene surfing
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APPLICATION: LINEAGE DYNAMICS

Coupled SPDE suggests that p = ¢/u satisfies

Oip = aDp+2aV logu-Vyp + [4yp(1—p)/ul'/>W.
with pg = 4.
Implication:

For FKPP (v = 0), lineage dynamics is a Brownian motion with drift and is
independent of 5.
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WEAK UNIQUENESS OF SPDE
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WEAK UNIQUENESS OF SPDE

Duality between sFKPP d;u = aAu + 2Bu(1 — u) + \/4yu(1 — u)W and the
BCBM (Xl(t)v X2(t)a to aXn(t)(t)):
n(0) n(t)
EJ] (1 ue(x(0)) =EJ] (1 = wo(xi(t)))-
i=1 i=1
@ Shiga and Uchiyama 1986
Q Shiga 1988
@ Athreya and Tribe 2000
@ Doering, Muller and Smereka 2003

This duality implies weak uniqueness of sFKPP.
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FIGURE: Biased voter model &
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F1GURE: Dual of BVM: Branching Coalescing RW (({)sepo,g




{8NB#0}={¢PP N A0}
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DuALITY

BVM starting with A :  ¢7

t
Dual starting with B : (B = {x;(t): 1 <i < n(t)}

From Harris’ graphical construction we have

P(ENB=0)=P( NA= @)
P(&(xi(0)) =0, 1 < i< n(0)) =P(&(xi(t) =0, 1 <i < n(t))
n(0) n

EJ] (1 - &0a(0))

~

t

E|](1-&(x(t)))

1

—

1

Formally L, M — oo leads to duality between sFKPP and BCBM.
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DuALITY

How about for the coupled SPDE?
Deu = ol + 28u(1 — ) + (L — )2 WO + |y (u — 0)(1 — u)|2 W
Oel = QN +2B0 (1 — u) + |y0(1 — u)[*2 WO + |y (u — O)[V/2 W2

Need an ordered BCBM x; = (x1(t), x2(t), - - - , Xn(¢)(t)) such that the first
occupied site is the ancestor.
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I {1}
{o,1}
) {0,2}
) {-1,2}
0
{-1,3,2}
—— {0,-1,3,2}
) {1,-1,3,2}
) {1,-1,3}
{1,-2,-1,3}

-2 -1 0 1 2 3

Order the list so that the first occupied site is the ancestor.
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I {1}

{0,1}
) {0,2}
] {-1,2}

{-1,3,2}
{0,-1,3,2}
) {1,-1,3,2}
0 {1,-1,3}
{1,-2,-1,3}
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I {1}

{0,1}
) {0,2}
] {-1,2}

{-1,3,2}
{0,-1,3,2}
5 {1,-1,3,2}
) {1,-1,3}
{1,-2,-1,3}
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I {1}

{0,1}
) {0,2}
] {-1,2}

{-1,3,2}
{-1,0,3,2}
) {-1,0,3,2}
) {-1,1,3}
{1,-2,-1,3}
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I {1}

{0,1}
) {0,2}
] {-1,2}

{-1,3,2}
{-1,0,3,2}
) {-1,0,3,2}
) {-1,1,3}
{1,-2,-1,3}
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DUALITY FOR COUPLED SPDE

BVM &, n¢(x) = 1 if the individual at x is labeled
Dual (¢ = {x(t): 1<i<n(t)} ordered

Observe
n(t)
{m(x) =1} = U{the first occupied site j in the list is labeled}
j=1
Hence
n(t) j—1
P(ne(x) =1) =E ) no(x( f))H (1 =& (xi(1)))
j=1
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DUALITY FOR COUPLED SPDE

n(t) j—1
P(n¢(x) =E Zno(xj t)) H(l — So(xi(1)))

Formally L, M — oo leads to duality

EF: ((ut, £e), (x0, n(0))) = EF ((uo, €0, (xe, n(t)))

where )
j—
Fi((u, = > ) [T (1= ux))-
1<j<n i=1
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DUALITY FOR COUPLED SPDE

Ordered BCBM x; = (x1(t), x2(t), -, Xa()(t))

THEOREM (DURRETT AND FAN, 2016)

For m > 1, we have duality relations

EFm((”tvft)v (XOa n(O))) = EFm((u()vKO)’ (th’,nl(t)))
where Fm((u, (), (x,n)) = > 0(x,) -+ 006) [T (1 = u(x))

1<ji<jp<-+<jm<n i=1

Corollary: Weak uniqueness of coupled SPDE holds.
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RELATED WORK

@ Neuhauser (1992)

@ Le Gall (1993)

@ Evans and Perkins (1998)

@ Donnelly and Kurtz (1996, 1999)
@ Durrett, Mytnik and Perkins (2005)
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ONGOING WORK AND OPEN PROBLEMS

@ Coupled SPDEs on graphs/trees

@ Multi-type advantageous/deleterious mutations

@ Long time behavior of coupled SPDEs and interacting superprocesses

@ Genealogies of BVM in higher dimensions
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Thank you!
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