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Fractional Brownian Motion (FBM)

Fractional Brownian Motion (FBM)

Let B = {B;,t > 0} be a real valued stochastic process defined on a
probability space (2, F, P), and H € (0,1). B is called a FBM with Hurst
parameter H, if it is a centered Gaussian process with the covariance function

1

2

A stochastic process {X;,0 < t < T} is 8 Holder continuous (0 < 8 < 1) if
there exists an a.s. finite random variable K(w) such that

Ru(s, t) = E[B"(s)B" ()] = S (¢*" + ™" — |t —s|™"). (1)

| Xe — X
sup

< K(w 2
5,t€[0,T],s#t |t—5|6 - ( ) ( )

FBM admits a modification which is Holder continuous of order /3 iff
B € (0,H).
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Some Normed Spaces

Some Normed Spaces

let ; <H<1L,1-H<a<}i

Let C([0, T], W**°[0, 1]) be the space of measurable functions
f:[0, T] x [0,1] — R such that

Sf(t,8) — (¢,
I loim o s (If(e0)+ [ G TEDlay) coc (3
te[0,T] €€[0,1] 0 |€ —nl

Let C([0, T], W*=*>>:0[0,1]) be the space of measurable functions
g : [0, T] x [0,1] — R such that

|I g ”17‘170070:: sup sup ('g(ta E) _g(t? 77)' + /V5 |g(t7’y) _g(ta n)|d7> < o0

te[0,T] 0<n<e<1 (& —n)t- (v —n)>—

(4)

Let W=([0,1]) be the space of measurable functions f : [0,1] — R such that

| o= /'f Ll 4, +// |f|£”’) 6|Z(+‘?|d5dn<oo. (5)
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Integration w.r.t. FBM

Generalized Stieltjes Integrals

Define the following quantities assuming the limits exist and are finite. Let
f(a+) = limeo f(a+¢),

g(b—) =limeog(b—¢),

for (x) = [f(x) — f(a+)]1(a,6)(x) and

8- (x) = [8(x) — g(b=)]1,5)(x)-

Definition

Suppose that f and g are functions such that f(a+), g(a+) and g(b—) exist,
for € 12, (LP) and gp— € I;=*(L7) for some p, ¢ > 1, % + % <l,0<ac<lIf

ap < 1 then we have f € I (LP). Then integral of f with respect to g can be
defined as follows;

b b
/ fdg = (—1)* / DS, fay (x) Dy~ go— (x)dx. (6)
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A Priori Estimate
Let
Ao = —————  sup DI %ge_ . 7
(8) = Fr =y o500, (D18 ) ) ™
Then 1
a < —a,00 .
A (g) = F(l — a)r(a) || g ”1 ,00,0<< 00 (8)

If f € W*(0,1), and g € W*~*°°0(0, 1) then the integral fog fdg exists for
all £ € [0,1].
Using (6) we get

13 13
/ fdg\s sup |(D="gc)n)| [ 1(05.F) ()l
0 0<n<g 0

Hence c
\ / fdg1 < Aa(®) || F et - )
0

= = = £ DA
I

University of Wyoming




Some Preliminaries Main Result Proof-outline Remark

o] o] 000000 [e]e]
o] o] 000
o] o] 000
o] [e]e]
[ ]
Stochastic Integrals w.r.t. FBM I
:
Stochastic Integral
If1—H<o¢<%then,
E sup |DiZ“B{ (s)° < oo, (10)
0<s<t<T
forall T >0 and p > 1, and we have
I B — B l,= [E(B! — BY|")]> = colt —s|". (11)
We know that the random variable
1 _
G=_———— sup |D/=°B(s)| (12)

r(l - a) 0<s<t<T
has moments of all orders.
As a consequence for 1 — H< a < % the pathwise integral fot usdB! exists
where u = {us, t € [0, T|} is a stochastic process whose trajectories belong to
the space W?’l and B is a FBM with H > % Moreover, we have the estimate

T
‘/ usdB| < Glullos. (13)
0
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Background

we will assume that the vorticity field associated to an ideal inviscid
incompressible homogeneous fluid in R® is described by a fractional Brownian
motion with Hurst parameter H > % and we will study its evolution through a

pathline equation. Let us denote by & € R this vorticity field and for &7 € R®
we have & :=V X 0.

dX:(X) -, <.
— .~ (e X(X) (14)
(%, t) = /0 5(X — BH(t, €))dBH(t, £) (15)
‘”‘(t 3 / QX(t,€) — BH(t,))dBH(t, n) (16)

with . R
X(0,€) = (&)
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Equation Studied

Equation Studied

We are interested in the following integro-differential equation

t r€
Y(t.€) = 8(6) + / / A(Y(s,7))dB" (s, n)ds, (17)

where B" is a real valued fractional Brownian motion (H > 1) defined on a
complete probability space (€2, F, P), ¢(&) is the initial condition, £ € [0,1] is a
parameter, t € [0, T] is time and A: R — R is a measurable function that
satisfies the conditions given below.

Al. A is differentiable.

A2. There exists M; > 0 such that |A(x) — A(y)| < Mi|x — y| for all x,y € R.
A3. There exists Mz > 0 such that |A(x)| < M for all x € R.

A4. There exists 0 < ¢ < 1 and for every N there exists My > 0, such that
|A"(x) = A'(y)| < Mu|x — y|* for all |x],[y| < N.
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Main Result

Theorem

Let ap = min{3,(} and o € (1 — H, ). If ¢ € W*>[0,1] and the function A
satisfies the assumptions Al, A2, A3, and A4 then, there exists a unique
stochastic process Y € L°((Q, F, P), C([0, T], W**°[0,1])) which is a global
solution of the stochastic partial differential equation (17).

Proof - Outline

Step 1: Fix w - work pathwise
Step 2: Local existence and uniqueness - contraction principle
Step 3: Invariance (Lemma 1)

Step 4: Contraction (Proposition 1 + Proposition 2 = Lemma 2)
Lemma 1 + Lemma 2 = Theorem 1 (Local existence and uniqueness)
Step 5: Global existence (Theorem 2)

Step 6: Stochastic case (Theorem) - -
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Lemma 1

Lemma 1 (Invariance)

Consider the operator

F - c([o, T], w*=[0,1]) — C([o, T], W*[0,1])
defined by

t £
F(Y(6,6)) = 6(6) + / / A(Y (5,7))de- ds, (18)

where ¥ € (C([0, T], W*=[0,1])), g € C([0, T], W*~>=[o,1]),
¢ € W*[0,1] and A satisfies the assumptions Al, A2, A3, and A4.
Let us also define the ball

Br, ={Y € C([0, T, W*=[0,1]) = [[Y]a,00 < R}

Lemma

Given a Ry > ¢(§) there exists T1 > 0 such that F(Bg,) C Bg,. The time Ty
depends on Ry, initial condition ¢(€) and the constant c.
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Lemma 1

Sketch of the Proof of Lemma 1

. CIF(Y(E) = F(Y (),
||F(Y(t’ 5))”04,00 - tE[O,T],?G[O,I] ('F(y(t7 5))' + o (£ n)a+1 )

(19)
Consider the first part.

[F(Y (£, 9)I

+f/UW@m@m|

16(6)] + /Awwm@m
)]+ Mo @) el AL

where An(g) = ﬁ SUPg<n<e<i |D1:ag§—('7)|-

IN

IN
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: :
Sketch of the Proof of Lemma 1 (cont.)
Further,
M:
HACY (5 ) et € T2 1Y o e
Thus we get,
M,
IFCY(8,€)) < 16(€)] + Aalg)t | 7= + MullYlloox | - (20)
=) = - = = 9ace
: :
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Sketch of the Proof of Lemma 1 (cont.)
Now we consider the second part in (19).

/glF( (t.8) — F(Y(tn))ld
(& —m)~tt

< ([ ey

Now we consider the second part in (21).
13 1 13
/ W / A(Y(s,7))dgds| d
0

AV
0o [ e [ G e

+fhale) Ml/ (€~ n"‘“/ / 7|Y(5(J ,;)L(f 6);d5d7d17 (22)

= £ DA

dn> ds (21)

/ A(Y(5,7))de,
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Sketch of the Proof of Lemma 1 (cont.)
Consider the first part in (22) with the substitution n = v — (£ — v)x.

f_1 €AY (s,7)] Mob®
/0 (€ —n)a“/n (€ —n)> dydn < 7758 (23)

2«

where b{) = B(2a,1 — ) with,

_ M) _ [* e 1, [ x!
B(p, q) —m—/ox (1 —x)% "dx —/0 de (24)

Now consider the second part in (22).

€15 Y(sa) - Y(s) Y llosoo 1a
/0 (5—17)"‘“/7,/" o s LY
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Lemma 1

Sketch of the Proof of Lemma 1 (cont.)

Now using the estimates (20), (21), (22), (23) and (25) with (19) we get;

IFOY) a00 < 118lay00 + TEE (L + [ [laso0)

where

1 b(l)
b = | M =
« 211-a T1-2a

— Rilldllasco i
Choose Ty = D) with Ry > [[@][a,c0-

+ M [1 + 7{1(11_ a)D Na(g).  (26)

Recall Br, = {Y € C([0, T], W=[0,1]) : [|Y|lawe < Ri}.

Now suppose Y € Bg,. Then ||Y||a,0 < R1 and we get ||F(Y)||a,00 < R1.
Thus F(Y) € Bg, and hence F(Bg,) C Bg,.
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Proposition 1
Proposition

Let f € C([0, T], W;>°[0,1]) and g € C([0, T], W'=*>:°[0,1]). Then for all
§elo1],

/ot/oE f(s,v)dgyds
+f e I (s, )5 [ [ e as

dn
t ré
<nol@t [ [ e 407 (If(s,v)l
+ /0 ’ Wdé) dvds. (27)

where bg ) is a constant which depends on «.
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Proposition
Let h: R — R be a function satisfying the assumptions A3 and A4. Then for
all N > 0 and |X1|, |X2|, |X3|, |X4| < N for all X1,X2,X3,X4 eR,
|[h(X1) — h(X2) — h(X3) + h(Xa)|
< Mi|Xy — Xo — Xs + Xa| + My | Xy — Xs|(|X1 — Xo|* + [ Xs — Xa|).  (28)
o <& = = z 9ace
:
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Lemma 2 (Contraction)

Lemma

Given a constant Rz > ||¢||a,00 there exists T» > 0 and a constant 0 < C < 1
such that,

IF(Y1) = F(Y2)lla.co < ClIY1 = Yalfa.co
for all Y1, Ys € Br, = {Y € C([0, T2], W*™[0,1]) : ||Y]la0o < R}
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Theorem (Local Existence - Deterministic Case)

Theorem

Let0<a< 3, ge C([0, T], W'=*>°[0,1]). Consider the integro-differential

equation .
Y(t.€) = 6(6) + / / A(Y (s, 7)) de(s, n)ds

where t € [0, T], £ € [0,1], and A satisfies assumptions A1, A2, A3, and A4.
Let co = min{3,(}. Then the above equation has a unique solution

Y € C([o, T], W*=°[0,1]),

for a < ag and ¢ € W*>°([0,1]) for all for all T < Ty where Ty is a constant.
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Theorem 2 (Global Existence - Deterministic Case)
Theorem
Let0<a< 3, ge C([0, T], W'=*>°[0,1]). Consider the integro-differential
equation
t r&
V(=0 + [ [ AY(s.0)de(s,n)as
o Jo
where t € [0, T], £ € [0,1], and A satisfies assumptions A1, A2, A3, and A4.
Let co = min{3,(}. Then the above equation has a unique solution
Y € ([0, T], w*=[0,1]),
for a < ag and ¢ € W*°([0,1]) for all T > 0.
o S =, = 9ace
:
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Main Theorem

Theorem

Let « € (1 — H,ap). If ¢ € W*®°[0,1] and the function A satisfies the

assumptions Al, A2, A3, and A4 then, there exists a unique stochastic process

Y € L°((Q, F, P), C([0, T], W*°°[0,1])) which is a solution of the stochastic

partial differential equation (17).

Proof.

The random variable G = ﬁ SUPp<y<e<i |(D£1:“B§,)(17)| has moments of

all orders. Since the pathwise integral fol A(n)dB, exists for 1 — H < a < 1,

with A € W;"', we have the estimate ‘fol A(n)dBn‘ < G||A||a,1- Thus the

existence and uniqueness follows. O
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Remark

Riemann-Liouville Fractional Integrals

Definition
Let f € L'(a, b) and a > 0. The left-sided and right-sided Riemann-Liouville
fractional integrals of f of order «v are defined for almost all x € (a, b) by

o 1 x f(t)
BIOZ @ ), G

(29)
and

Iﬁ‘_f(x):(_ra;a X (t_f)g;()l_a)dt (30)

respectively, where (—1)® = =™ and [(a) = 1s° r@=Ye~"dr is the Gamma
function or the Euler integral of the second kind.
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Weyl Derivative

Definition

Suppose I (L?) be the image of LP(a, b) by the operator I3} and /5. (L") be
the image of LP(a, b) by the operator /5 . Let Let 0 < o < 1. Then we define
the Weyl derivative for almost all x € (a, b) as;

) = r(11—a) ((xffxg)a vo [ Gl dt) Henl) - (31)

R ( t)a+1

and

DT ([P () )
0= ey (e o) e o) 1o G2)

The convergence of the integrals at the singularity t = x holds pointwise for
almost all x € (a, b) when p =1 and in L” sense when 1 < p < 0.
o <5 = = z 9ac
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