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A stochastic McKean-Vlasov equation
(1995); (1999)

Consider the stochastic partial differential equation
t
0AD.) = (V090 + [ (V) Lol Vel
[ ) Ve T VA W (du x d)
U x]0,t]

where V. is measure-valued, (i, ¢) = [pa@(@)p(dz), W is space-time
Gaussian white noise on U x [0, 00) with variance measure v(dy) X ds,

Legp(x, 1) ZDW z, 1)3i0;p(x) + F(z, 1) - Vip(x)

D) = [ T T o vt
Note that (V.(t),1) = (V-(0), 1); just assume (V., 1) = 1.
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Exchangeability and de Finetti’s theorem
X1, Xo,...1s exchangeable if

P{Xjel,.... Xpeln}=P{X,, ely,..., X, e}

(s1,--.,8m) any permutation of (1,...,m).

Theorem 1 (de Finetti) Let X1, Xs,... be exchangeable. Then there

—

exists a random probability measure = such that for every bounded,
measurable g,
9(X1) + -+ g(Xn)

lim _ / o(2)E(dx)

n—00 n

almost surely, and
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Convergence of exchangeable systems

(2010)

Lemma 2 Forn=1,2,..., let {{f,... &y } be exchangeable (allowing
N, = 00.) Let Z" be the empirical measure (defined as a limit if N, =
00), E" = 5 D Ogp. Assume

o N, — 00

o Foreachm=1,2,..., (&,...,&") = (&,...,&n) in S™.

Then
{&} is exchangeable and setting £ = sg € S fori > N, {=Z",&1,&5 ...} =
{E,&,&, ...} in P(S) x S, where Z is the deFinetti measure for {&;}.

If for each m, {&7,..., &0} — {&, ..., &n} in probability in S™, then
=" — = in probability in P(S).
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Lemma 3 Let X" = (X7, ..., X} ) be exchangeable families of Dg[0, co)-
valued random variables such that N, = 0o and X" = X in Dg[0, 00)>
Define

=, = 2= SV 6x € P(Dil0, 00))

Vn(t) = N_ Zi—nl (SX?l € P(E)

V(t) = limyy oo = ity
Then

a) Forty,....t; ¢ {t: E[={z: x(t) # z(t—)}] > 0}
(20, Va(tr), ..., Va(t)) = (2, V(t1),..., V(t)).

b) If X" = X in Dp~=[0,00), then V,, = V' in Dpg[0,00). If X" —
X in probability in Dp~[0,00), then V,, — V in Dpp[0,00) in
probability.
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Properties of cadlag processes

a) The set D=z = {t: E[Z{x : z(t) # z(t—)}] > 0} is at most countable.

b) If for i # j, with probability one, X; and X; have no simultaneous
discontinuities, then D= = () and convergence of X" to X in Dg|0, 00)>
implies convergence in Dpg|0, c0).
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From particle approximation to particle representa-
tion

Let XV = {X[} satisfy

Xg(t) = XSN’Z-(O) —I—/ J;(Xgi(s),u, VgN(s))>W(du X ds)
U x[0,t]

" / F(X(5), V2¥(s))ds

where VN (t) = + SV Oxn () and {X2(0),1 <i < N)} is exchange-
able. ’

Assume
(z,p) € RYx P(RY) — F(x, pu) € R?
and
(1’,,UJ) = R x P(Rd) - L75($’, '7“) = LQ(V)
are bounded and continuous. Then there exists an exchangeable (weak)
solution. (Construct an Euler approximation and pass to the limit.)
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Convergence to infinite system

Letting N — oo and applying Lemma 3, there exists an exchangeable
solution to the infinite system

X.i(t) = X..:(0) + /Ux[O ) T (Xci(s),u, Vo(s)))W(du x ds)

—i—/o F(X.i(s),V(s))ds

where V() is the de Finetti measure of {X_;(¢)}.
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Uniqueness for infinite system

Kurtz and Protter (1996); Kurtz and Xiong (1999)
Theorem 4 Let

p(p, p2) = sup | fdm—/ fdps]
{flf@)—=fWI<lz—yl} JRI R4

and assume

|F(x1, 1) — F(z9, po)| + || Te(21, 1) — Te(@2, -, 12) | 120
< C(lzy — xa| + p(p, p2)).

Then the solution of the infinite system is unique.
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The corresponding SPDE

PX0) = PX0) + [ LeplXeils) Vi)
+/ V@(Xs,i(s))Tjg(Xw(s),u, Vo(8))W (du x ds)
U x]0,t]
By the exchangeablity, averaging over 7 gives
WVAD) = (V090 + [ (Vi) Lol Vil

+/‘ (Va(s), V(T , Vo)W (du  ds)
U x[0,t]
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Uniqueness via Markov mapping
Define v : (R4)>* — P(R?) by

1 n
— lim =Y 4,
v(2) nggon; 1

if the limit exists in P(R?) and ~(x) = o otherwise.

Then V.(t) = v(X(¢t)) and a Markov mapping theorem implies that
every solution of the SPDE can be obtained in this way.
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Vanishing spatial noise correlations

Let d > 2, U = R%, v be Lebesgue measure, and
T, u, 1) = 2T (.67 (x — w), ),

so that the stochastic intergral becomes

/Rdx[o ; ja(Xa,i(S),U, %(S))}W(du > ds)
— /Rd 04 e PT(Xei(s), e (Xey(s) — w), Va(s))) W (du x ds)

_ / T(Xei(5), 2, Vi(s))WE(dz x ds),
R9x[0,t]

where for each ¢, W is a Gaussian white noise defined by

/ oz, 8)WE(dzxds) = / (e (X 4(s)—u), s))W (duxds)
R4x[0,00) R4 x[0,]

(NOTE: The W7 are not independent but are exchangeable.)
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Convergence

If [oa|T (2,2, p1)|?dz < oo and z1 # o, then
/ 8id/2j(w17 Eil(xl - U), M)gid/2\7($27 671(372 - U), M)Tdu
Rd

= | Tz, e oy —u), 1) T (20,6 g — u), ) du
Rd
— 0

Assume that the convergence is uniform on |z — x| > § > 0, for each
§ > 0, and on compact subsets of P(R?).

Assume the nondegeneraey condition
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The zero correlation limit

Theorem 5 Assume X.(0) = X(0), and an additional regularity con-
dition for d = 2. Ase — 0, X, converges in distribution to the solution

of
Xi(t) = Xi(0)+/

Rex[0,4]

j(Xi(s),u,V(s)))VVi(duxds)—F/o F(X;(s),V(s))ds

where the W; are independent and V (t) is the de Finetti measure for
{Xi}.

V' 1s the unique solution of
(V(1),0) = (V(0), ¢) +/0 (Vi(s), Lp(:, Vi(s)))ds
where Lo(x, 1) = 5 35 Dij(x, 1)0,05p(x) + F (2, ) - Vip()

Dz, p) = /U T (1) T (2, 1) el
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Sketch of proof
Xa,i — U

Xa,i(t) = Xz(O) + /U o 5_d/2[7(X57i(8), ,%(S)»W(du % dS)

—i—/o F(X.,(s), V.(s))ds
= X;(0)+ /Rdx[o ) T (Xei(s),u, Vo(s))YWE(du x ds) —i—/o F(X.i(s), Vo(s))ds

where

st' -
MED = [ puWiduxds) = [ el
R9x[0,t]

YW (duxds)
R x[0,t] €

Relative compactness follows from boundedness of J and F' and

€ 5 — Xg’is —Uu, _ Xg"S — U
e = [ ety Rl 2

)du — 0
R [0, 3 €

for t < 7;; =inf{t: X;(t) = X;(¢)}. If 7, = oo a.s., then the limits W;
and W; are independent.
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A stochastic Allen-Cahn equation

(2009)
1

dm = (émm — (m?* = D)ym)dt +cW, m(t,b) =my,m(t,a) =m_

Find a signed measure-valued process M which will have a density with
respect to Lebesgue measure so we can write M (t,dz) = M (t, x)dzx.

Let {X;} be independent reflecting Browian motions on the interval
[a, b] with uniform initial distribution, and let A; satisfy

A;(t) = A;(0) +/0 G(M (s, X;(s))As(s)ds +/R o Pe(Xi(s) — )W (du x ds)

P ml — A(s—)
o T = A

" my — Ai(s—)
o |my — Ai(s—)|

dAS(s) +

where

(M(2), ) = T =37 (X)) Ai(t).
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Assumptions

e {A;(0)} is an exchangeable sequence.

e IV is space-time Gaussian white noise governed by Lebesgue mea-
sure so fo[o o Pe(Xi(s) — u)W(du x ds) is a Brownian motion with
variance ¢ [ pe(u)du.

e A and A; are right continuous, nondecreasing processes, A in-
creases only when X; = b and A; increases only when X; = a, and
if X;(s) =0b, Aj(s) —Af(s—) = |my — Ai(s—)] and if X;(s) = b,

Ay (s) = Ay (s=) = [m- — Ai(s—)].

7

e Note that if X;(s) = b, then A;(s) = m, and if X;(s) = a, A;(s) =
me_.

e We require the solution {(X;, A;)} to be exchangeable.
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Derivation of SPDE

M is the signed measure given by
1
(o, M(0) = Tim 3 o(Xi(0) Ailt)
i=1

and M is the density of M.

Note that the limit will exist by the exchangeability requirement and
M 1is absolutely continuous with respect to Lebesgue measure by the
uniformity of the {X;(¢)}.

Let X; be given by the Skorohod equation
Xi(t) = X;(0) + o Bi(t) + X{(t) — X(t).

where the B; are independent standard Browian motions independent
of W and {X;(0)}, the X;(0) are independent and uniformly distributed
over [a,b], and \? and \! are the local times at a and b.
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Averaging both sides of this identity,
(o, M(t)) = (i, M(0)) + / (pG(M(s,+)), M(s))ds

t
/ / z)pe(x — w)dzW (du x ds) + / (%@”,M(s»ds
Rx[0,¢] 0
subject to the boundary conditions M (¢,b) = m, and M(t,a) = m_.
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What happens when ¢ goes to zero?

Let € be the diameter of the support of p.

/ / z)pe(x — u)dzW (du x ds)
Rx[0,t]

C/RX[OJ]/RQO(U)W(du X ds)

Wit = [ oy PAKS) W ()

converges to

1ff]R{p6 Ydx — c.

converge to independent Brownian motions with parameter o2 if

/ P2 (x)dr — 0.
R
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Conditionally Poisson representations
(2010)

Consider

Xi(t) = Xi(0)+ /0 o (Xi(s))dBy(s) + /O o(X(5))ds

—|—/ a(Xi(s),u)W(du x ds)
I'x[0,t]
and

Uit) = Ui(0) + / Ui(s)0(Xi(5))dBis) — / Ui(s)d(Xi(s))ds

—I—/ Ui($)71(X;(s), u)W (du x ds)
I'x[0,¢]

B; independent Brownian motions,

{(X;(0),U;(0))} a conditionally Poisson point process with mean mea-
sure V (0, dz) x du.
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Measure-valued process

V) = Tll)rgo; Z Ox,(t —hmeZe_EUi(t)(SXi(t)

t)<r )

1
= 622(] e~ 08x ) = 3¢ 2 e MU B)dx)

Define
1

Lip = 5@90” +c¢’, Loy =dp — (0 + / 1odp)¢’
T

B(z) = ()’ + / 22 (, up(du)
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Applying Itd’s formula
e Vil (X;(t)) t
= e V0p(X;(0)) — 6/0 Us(s)e” " p(Xi(s))70(Xi(s))dBi(s)
[ (X, 3)) (X)) B

—e/r o Usi(s)e™ U o(X;(s))71 (Xi(s), w)W (du x ds)
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Corresponding SPDE

(V(t), ) = (V(0), ) - / V@), (n(u)e + (- u)g )W (du x ds)

I'x[0,t]
t
T / (V (), Le)ds
0
1

Lo = 56&@” + (¢ — 0 — /vﬁdu)w’ + (d+ B)yp
I

For the Zakai equation, take
o= Yo = 07 d= _ﬁ

O®First ®Prev ONext ®Go To ®Go Back @Full Screen ®Close ®Quit 24



Markov mapping theorem

Theorem 6 A C C(E)xC(E) a pre-generator with bp-separable graph.
D(A) closed under multiplication and separating.
v : E — Ey, Borel measurable.

a a transition function from Ey into E satisfying
aly, 7 (y) =1
Let pio € P(Eo), vo = [ a(y,-)po(dy), and define

c - {/f ), [ Af@al.dz) 1 € D).

]f? is a solution of the MGP for (C, o), then there exists a solution
Z of the MGP for (A,1y) such thatY = yo Z and Y have the same

distribution on Mg, [0, 00).
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Abstract

Particle representations and limit theorems for stochastic partial differential equations

Solutions of the a large class of stochastic partial differential equations can be represented in terms of the de
Finetti measure of an infinite exchangeable system of stochastic ordinary differential equations. These repre-
sentations provide a tool for proving uniqueness, obtaining convergence results, and describing properties of
solutions of the SPDEs. The basic tools for working with the representations will be described. Applications
include the convergence of an SPDE as the spatial correlation length of the noise vanishes, uniqueness for a
class of SPDEs, and consistency of approximation methods for the classical filtering equations.
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