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Introduction

Motivation - finance problem
Stock price model

Background

Let S; denote stock price at time t.

A European call option on this stock is a contract that gives its holder
the right, but not the obligation to buy a unit of this stock at a certain
price, called strike price, and at a given time called maturity time.
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Introduction

Motivation - finance problem
Stock price model

Background

Let S; denote stock price at time t.

A European call option on this stock is a contract that gives its holder
the right, but not the obligation to buy a unit of this stock at a certain
price, called strike price, and at a given time called maturity time.

Let K = strike price, T = maturity time and suppose Sop < K (
out-of-the- money).
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What is the behavior of

option price = E[e™"T (ST — K)™]
as time to maturity 7 — 07
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Introduction

Motivation - finance problem
Stock price model

Question

What is the behavior of
option price = E[e™"T (ST — K)*]
as time to maturity 7 — 07
To estimate this quantity, we study
P(51 > K)

as T — 0.
This probability decays exponentially fast to 0. We get a large deviation
estimate of the form

}im0 Tlog P(St > K) = —I(K)
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Introduction

Motivation - finance problem
Stock price model

Black-Scholes model

A simple model for this stock price is the B-S model
dSt = rStdt —+ O'Stth,

o > 0 is called volatility.
Under the B-S model, the price of a call option with strike price K and
maturity time T is:

option price = E[e™"T (ST — K)*]

is easy to calculate.

However the assumption of constant volatility is unrealistic and we
instead work with a more sophisticated model.
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Introduction

Motivation - finance problem
Stock price model

Stochastic volatility model for stock price

Let S; denote stock price.

dS, = rSedt + Seo(Ye)dW, (1a)
Y2 dw?. (1b)

14

Vo

where me R, r,v > 0, W® and W are standard Brownian motions
with (W) W®), = pt, with |p| < 1 constant.

1

-The process (Y;) is a fast mean-reverting process with rate of mean
reversion 1/§ (§ > 0).
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Introduction

Motivation - finance problem
Stock price model

Assumptions

We assume that

Assumption

Q@ se{0}Ul3,1);

@ in the case of B =1/2, we require m > 1/2/2 and Yy > 0 a.s., in the
case of 1/2 < 3 < 1, we require m > 0 and Yy >0 a.s.;

@ o(y) € C(R;R,) satisfies

o(y) < C(1+|yl?),

for some constants C >0 and o with0 <o <1 — (.
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Introduction

Motivation - finance problem
Stock price model

Examples of Y process

@ Ornstein-Uhlenbeck process (take 3 = 0)

v

dw®.
\/S t

1

o CIR process (take 5 =1/2)
1

dY; = 5(m— Ye)de + Y Yedw®.

Ve
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Rescaling time

Let X; = log S;. Rescale time t +— et.

1
dX.o = ¢ (r - 202(\/@,&)) dt + Veo(Ye)dWw (2a)
dY. . = g(m — Ye)dt + V\/E Yfftth(Z), (2b)

Our mean-reversion time ¢ is e-dependent.

ic volatility models
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Introduction

Motivation - finance problem
Stock price model

Rescaling time

Let X; = log S;. Rescale time t +— et.

1
dX.o = ¢ (r - 202(\/@,&)) dt + Veo(Ye)dWw (2a)
dY. . = %(m — Ye)dt + V\/E Yfftdwp), (2b)

Our mean-reversion time ¢ is e-dependent.

Consider 2 regimes:
o § = ¢* (ultra-fast regime)

e § = €2 (fast regime)
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Introduction

Motivation - finance problem
Stock price model

Rescaling time

Let X; = log S;. Rescale time t +— et.

1
dX.o = ¢ (r - 202(\/@,&)) dt + Veo(Ye)dWw (2a)
dY. . = %(m — Ye)dt + u\/g Yfftdwp). (2b)

Our mean-reversion time ¢ is e-dependent.

Consider 2 regimes:
o § = ¢* (ultra-fast regime)

e § = €2 (fast regime)

As ¢ — 0, we look at small time asymptotics of X process but large time
asymptotics of the Y process. Y is mean-reverting and ergodic and
approaches its invariant distribution in large time. The effect of Y gets
averaged!
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Results LDP
Ultra-fast mean-reversion regime
Slower mean-reversion regime

Large Deviation Principle (LDP)

Let X. 0 = x. We prove the following large deviation estimates of the
probabilities of {X.: > x’} when x" > x.

Iimoelog P(Xer > x')=—I(x'; x, t)

with rate functions /(x’; x, t) as follows.
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Comments on the rate functions

Rate function (6 = €* case)

When § = €,
x — x'|?
2%t
where 52 is the average of the volatility function o(y) with respect to the
invariant distribution of Y.

I(x';x,t) =
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Outline of proof Ultra-fast mean-reversion regime
Applications to finance Slower mean-reversion regime

Comments on the rate functions

Rate function (6 = €> case)

When § = €2,
— / —
I(x'; x,t) = tsup {p(X X ) - HO(P)}
pER t
where B o
Ho(p) = lim T 'logE[ezP Lo (Yf)d5|yop =yl

T—+o0

YP is the process with the perturbed Y process with generator BP

BPg(y) = Bg(y) + povy’pd,g(y), 3)

where B is the generator of the Y process.
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Problem

Two aspects to this problem:

It is a Large Deviation problem coupled with a homogenization problem.

o (w1 =

for fast
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Introduction

Results Bryc's lemma
Outline of proof PDE
Applications to finance Convergence of viscosity solutions

Comments on the rate functions

Key Steps in Proof

@ Prove convergence of the following functionals

ul(t,x,y) = elog E[e¢ "XI|X o =x,Yo=y], he Cs(R)

to ul(t,x).
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Bryc's lemma
Outline of proof PDE
Convergence of viscosity solutions

Key Steps in Proof

@ Prove convergence of the following functionals
uP(t,x,y) = elog E[e” "X |X. o = x, Yoo =y], he CyR)

to ul(t,x).
@ Prove exponential tightness of {X. +}c>0, i.e. for any o > 0 there
exists a compact set K, C R such that

Iimoelog P(X.+ ¢ Ky) < —a.

Rohini Kumar Small time ics for fast ting ic volatility models




Bryc's lemma
Outline of proof PDE
Convergence of viscosity solutions

Key Steps in Proof

@ Prove convergence of the following functionals
uP(t.x,y) = elog E[e” "X-)|X o = x, Yo =y], he CyR)

to ul(t,x).
@ Prove exponential tightness of {X. +}c>0, i.e. for any o > 0 there
exists a compact set K, C R such that

Iin})elog P(X.+ ¢ Ky) < —a.

Then, by Bryc's inverse Varadhan lemma, {X ;}c>o satisfies a LDP with

I(x';x,t) ;== sup {h(x')— ul(t,x)}.
hGCb(]R)
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Applications to finance C g of vi y
Comments on the rate functions

Convergence of u,

Fix h € Cp(R). How do we prove

ue(t’xa y) =€ |Og E[ee_lh(XEYt)|X6,0 = X, YE,O

=]
converges?

o (w1 =

for fast
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Bryc's lemma
Outline of proof PDE
Convergence of viscosity solutions

Convergence of u,

Possible ways:
o Compute u. and take limit.
e Use PDE (viscosity solution) approach.

@ Operator-theoretic approach (See Feng and Kurtz [2]):
ul = S.(t)h

is a nonlinear contraction semigroup.

Method: Let H, denote nonlinear generator of S.(t). Prove

H. — H. Invoke Crandall-Liggett generation theorem to get the
limit semigroup S(t) corresponding to H.

@ A variational representation for S.(t)h can be obtained. S.(t) can
be interpreted as a Nisio semigroup.
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Comments on the rate functions

PDE

u. satisfies the following nonlinear pde:

Oru=H.u, in(0,T] xR x Ey; (42)
u(0,x,y) = h(x), (x,y) €Rx Eo. (46)

Ey is the state space of Y.
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Bryc's lemma
Outline of proof PDE
Convergence of viscosity solutions

Let A denote the generator of the markov process (X ., Ye.). Then

Heu(t,x,y) = ee_(l”AeeEfl“(t7 X,¥)
1 1 1
= e((r - 502)8Xu + 5028)2(Xu> + §|0(‘3xu|2

62 —etu e tu € 1
+ 5e Be® Y+ po(y)uyﬁ(ﬁafyu + %@u@yu)
(5)

where,

- 1
ge_é uBec T = %Bu+5_1§|uy56yu|2.
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ug for & = €* case

We prove that as € — 0, u. — ug where ug satisfies the HJB equation

1
Ol = §|5(’“)Xuo(x)\2;
up(0, x) = h(x),

where 72 is the average of 02(-) with respect to the invariant distribution
of Y.
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up for § = € case

We prove that as ¢ — 0, u. — ug where ug satisfies the HJB equation

Oty = Ho(Ox o)
up(0, x) = h(x),

where

”:IO(p) = TE’TOO T llog E[(-;-%P2 I aZ(Y;’)d5|YOp =yl
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Bryc’s lemma
Outline of proof PDE
Convergence of viscosity solutions

Rigorous proof of convergence of u,

We use viscosity solution techniques adapted from Feng and Kurtz [2].
Difficulties:

@ In what sense do the operators H, converge? How do we identify the
limit operator?
o We are averaging over a non-compact space!
-We need to carefully choose suitable perturbed test functions in our
proof.

-The perturbed test functions f.(t,x,y) and H.f.(t,x,y) should have
compact level sets.
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Bryc’s lemma
Outline of proof PDE
Convergence of viscosity solutions

Rigorous proof of convergence of u,

We prove conditions for convergence of u,, solutions (in the viscosity
solution sense) of

Otu = H.u,
to a sub-solution of
Oru(t, x) < 0'25\ Ho(x, Vu(t, x), D?u(t, x); a), (8)
and a super-solution of
Oru(t, x) > sup Hy(x, Vu(t, x), D?u(t, x); o). (9)

a€EN

The method used is a generalization of Barles-Perthame’s half-relaxed
limit arguments first introduced in single scale, compact space setting
(see Fleming and Soner [3]).
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Option pricing

Applications to finance it e Gy

Asymptotics of option price

Consider an out-of-the-money European call option i.e.
So < K

or
x =log Sy < log K.

Iir’g+ elog E[e " (St — K)T] = —I(log K; x, t),

where | is the rate function for LDP of {Xc +}eo.
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Option pricing

e 3 Implied Volatilit;
Applications to finance mplied Volatility

Asymptotics of option price

I|m clog E[e™"* (S — K)'] = I|r51 elog/ P(Se,t > z)dz
€— K
= I|m elog/ P(X.,t > log z)dz
K
> { t
~ lim elog exp{ (log z; x, )}dz
e—0*t K €
=— inf [(logz;x,t
z€(K,00) ( & )
(by Laplace principle)
= —I(log K; x, t)
as | is a continuous, increasing function in the interval (x, c0). O
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Option pricing
Applications to finance it e Gy

Details of this work can be found on http://arxiv.org/abs/1009.2782.

Our paper titled “Small time asymptotics for fast mean-reverting
stochastic volatility models’ has been accepted (pending minor revisions)
in Annals of Applied Probability.
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Option pricing
Implied Volatility

Thank You!
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Option pricing

Applications to finance izl Welktdi ey

Black-Scholes model

A simple model for this stock price is the B-S model
dSt = rStdt + O'Stth,

o > 0 is called volatility.

Price of a call option with strike price K and maturity time T under this
model can be easily calculated:

E® [e= (ST — K)']

50 <Iog(So/K) +rT + ;0'27—) ke o (Iog(So/K) +rT — ;U2T>

oVT oV T

(Black-Scholes Formula)
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Option pricing

Applications to finance izl Welktdi ey

Implied Volatility

Implied Volatility, (T, K), is the volatility parameter value to be
inputed in the Black-Scholes model to match a call option price.

Implied volatility for Black-Scholes model is a constant for all T and K.
However, implied volatilities of market prices are not constant and vary

with T and K. Keeping T fixed, the graph of implied volatilities of
market prices as a function of K is approximately U-shaped.
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Applications to finance izl Welktdi ey

Implied volatility

Let 0. denote the implied volatility corresponding to strike price K of
option price given by our stochastic volatility model. Then o, is obtained
by solving:

1 2 12
U5y x —log K + ret + 50zet Ko x —log K + ret — 50Cet
O—e\/a 0'5\/5

=E[e" (St —K)" | ~e

 I(log Kix,t)
€
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Taking lim._,q elog on both sides, we get

log K — x)?
=0t 2l(log K; x, t)t

o F
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Option pricing

Applications to finance izl Welktdi ey

Taking lim._,o € log on both sides, we get

log K — x)?
lim o2 = 0BK =X)°
=0+ 2l(log K; x, t)t

In the regime § = ¢*, we get lim._ ¢+ 02 = 5°.

In the regime § = €2, we need to first compute the quantity Hy defined as
the limit of a log moment. This can be computed for the Heston model

i.e. when o(y) =./y and 3 =1/2.
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Applications to finance izl Welktdi ey

A LDP and applications to option pricing and implied volatility for the
Heston Model are in Feng, Forde and Fouque [1].

Implied Volatility in the small-epsilon limit

\ 0.38 4 M

0.36
\ .
\ 0344 M

0.32 4

030 4

\ 0.28 4
\ 0.26 4

- \).24 1
3
‘. \\;
L.
, ,
-1 0.5 0

Here x = log(K/So). Take o(y) = /y and the parameters are
t=1,8=1/2,m=.04,v = 1.74 and p = —.4 (dashed blue), p =0
(solid black), p = +.4 (dotted red).
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Rate functions (6 = €*)

Ix" — x|
262t

is the rate function for {Z, ;}.~0 where Z, . satisfies Z. ¢ = x and

t 1 t
Ze’t:X—l—e/ <r—252>ds+\/2/ FdWs
0 0

(Ze.e = log S5?)

I(x';x,t) =
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Comments on the rate functions

Rate functions (6 = €*)

X" = x|
252t
is the rate function for {Z, ;}.~0 where Z, . satisfies Z. ¢ = x and

t 1 t
Ze’t:X—l—e/ <r—25—2>ds+ﬁ/ FdWs
0 0

(Zet = log Sff)

I(x';x,t) =

i.e. in this regime, the mean-reversion of Y is so fast that o(Y/(-)) gets
averaged to & and the stock price behaves effectively like the
Black-scholes model with constant volatility &.
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I(x"; x,t) = tsup

s {p(*5) - o)}
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Comments on the rate functions

Fio(p) = lim T llog E[e2P" Ji ()5 |yp — y.
T——+o0
Process YP is multiplicative ergodic (a strong enough ergodic property

that the above limit exists and is independent of Y5 = y), see
Kontoyiannis and Meyn [4] for definition of multiplicative ergodicity.
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Comments on the rate functions

Fo(p) = lim T~ log E[e” /i 707%| vp = y]}

2
p
= sup (%/ UZdM—J(M;p)>.
nEP(Ry) Ry

Where J(-; p) is the rate function for the LDP of the occupation
measures {u7(-)} >0

ut(A) = / 1{yrcayds average amount of time Y” spends in set A.

(See Stroock [5].)
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YP is a mean-reverting and ergodic process. As ¢ — 0, the distribution of
Y?, approaches its invariant distribution. J(-; p) measures the cost of
deviation of Yefjt from its invariant distribution.

ic volatility models

Rohini Kumar Small time ics for fast ting



Introduction

Results

Outline of proof
Applications to finance
Comments on the rate functions

Rate functions

I(x"; x,t) = tsup

o
peRMGQ&H{p(X X>

Rohini Kumar
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Comments on the rate functions

Rate functions (0 = ¢?)

peR LEP(R) t

! 2
I(x';x,t) = tsup inf p(u) - ﬁ/ o?du + J(u; p)
2 Jr,

The deviation {X.; > x"} is caused by a perturbation of Y, . to Y£. and
then Y2, deviates from its invariant distribution.

Rohini Kumar Small time ics for fast ting ic volatility models




	
	Introduction
	Motivation - finance problem
	Stock price model

	Results
	LDP
	Ultra-fast mean-reversion regime
	Slower mean-reversion regime

	Outline of proof
	Bryc's lemma
	PDE
	Convergence of viscosity solutions

	Applications to finance
	Option pricing
	Implied Volatility

	Comments on the rate functions

