EXISTENCE OF HETEROCLINIC ORBITS FOR A CORNER
LAYER PROBLEM IN ANISOTROPIC INTERFACES

C. SOURDIS AND P.C. FIFE

ABSTRACT. Mathematically, the problem considered here is that of hetero-
clinic connections for a system of two second order differential equations of
gradient type, in which a small parameter e conveys a singular perturbation.
The physical motivation comes from a multi-order-parameter phase field model
developed by Braun et al [BCMcFW] and [T] for the description of crystalline
interphase boundaries. In this, the smallness of € is related to large anisotropy.
The mathematical interest stems from the fact that the smoothness and nor-
mal hyperbolicity of the critical manifold fails at certain points. Thus the
well-developed geometric singular perturbation theory [Fe], [J] does not apply.
The existence of such a heteroclinic, and its dependence on e, is proved via a
functional analytic approach.

1. INTRODUCTION

We consider the problem of finding heteroclinic solutions z(s),y(s), of the sin-
gularly perturbed system

1

" = gu(z,y)
(1'1) €2y” — gy(x7 y)
which are approximated, when € is small, by a nonsmooth connection for the for-
mal limiting system obtained by setting € = 0. The irregularity in the formal limit
arises due to the branching nature of the set of solutions (z,y) of the degenerate
relation 0 = g, (z,y) (see Figure 2). Thus the critical manifold will have a “corner”
singularity. The salient features of the function g € C?(R x R, R) are
(i) g(z,y) = g(z,—y), V(x,y) € R%. (This symmetry is assumed for convenience
only.)
(ii) g has three nondegenerate equal global minima at (0,0), (z1,y1), and (1, —y1),
where z1 > 0, and y; > 0. Without loss of generality, we assume that ¢g(0,0) =
g(z1,y1) = g(z1,—y1) = 0.
(iii) There exists a continuous function, with finitely many points of nondifferen-
tiability Y : [—§,21 + 6] — [0,00), § > 0 small, such that Y(0) = 0, Y(z1) = y1,
gy(z,Y(x)) =0, Vz € [-6,21 + §] and g(z,Y (z)) # 0, Vz € (0, 21).

We are interested in solutions (z,y) € C?(R) x C?(R) of (1.1) which satisfy

(1.2) (#(=00),y(=00)) = (0,0) and (x(o0),y(o0)) = (1,41)

and their projection on the z —y plane converges as e — 0 to the set {(z,Y (x)), = €
(0,z1)}. From the hypotheses on g one can easily show that there exists a solution
(w0, y0) € C%(R) N C(R) with yo(-) = Y(x0(-)) and x{ > 0 of (1.1), (1.2) for e = 0
(cf. Section 3).
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FIGURE 1. The graph of —g

In this paper we study (1.1), (1.2) for a specific function g satisfying (i), (ii), (iii)
such that there exists an z. € (0,z1) with
(1.3) Gyy(Te, Y (2c)) =0, gyy(z,Y(2)) >0, = # zc
and
(14) Y € C(=6,21 +5)NC>®((—0,z1 + &) — {x.}) is not differentiable at = = z..
More specifically g is given by

3
(1.5) g(z,y) =2(a” + %) — 6xy® + 2%y* + Zy“ + 2.

The physical motivation for this choice of g is given later in the introduction. We
remark that we believe that our approach works for a more general class of functions
g satisfying (1.3) and having the same type of local behaviour near the bifurcation
point x..
We have (cf. Section 2):

0, ¢ <x.=3-+/72035 with 2—6x.+22=0
Y(z) =

VAP 16 -2, ae<a <347

and (x1,y1) = (1,4/2). Thus we consider (1.1) together with the conditions
(1.6) (2(~00),y(=00)) = (0,0) and (z(00),y(c0)) = (1,V2).

The graph of —g is given in Figure 1 and the level set g, = 0 is as in Figure 2.
Let us return to (1.1), (1.2) for a general g satisfying (i), (ii), (iii). By setting
up =z, ug =2, ug =y, ug = ey’, we can write (1.1) in the form

up = ug
(1 7) U/z = gm(ulvu3>
' eul = uy
euy = gylu,us)
For ¢ = 0 we get
up = ug
u'2 = gz(ur,us)
(1.8) 0 = u
O = gy (U’l) U3)
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FIGURE 2. The form of the set g,(z,y) =0

The last two equations of (1.8) define a two dimensional manifold My = {usz =

Y (u1), ug =0, (ug,uz) € K} where K C R? is compact and int(K)D {(zo(s), 24 (s)), s €
R}. The first two equations of (1.8) define a nontrivial flow on My (cf. [J]). Based

on the theory presented in [J], for studying the behaviour of solutions of (1.7) close

to My for € > 0 small, we examine the eigenvalues of the matrix

0 0 0 0
0 0 0 0
0 0 0 1
Goy(u1, Y (ur)) 0 gyy(ur,Y(w1)) O

ie

NA% = gyy(ur, Y (u1))] = 0.
If g,y (2, Y (2)) >0, x € [-0,21 + 6] and Y € C?(—4, 21 + ) then we have only two
eigenvalues on the imaginary axis and since My € C? we conclude that Mj is smooth
and normally hyperbolic. The problem in this case is rather well understood using
the invariant manifold approach of geometric singular perturbation theory [Fe], [J].
Actually under the above hypotheses, there exists a solution (z.,ye) of (1.1), (1.2)

with € > 0 small, such that (z.,y.) = (20,y0) uniformly in R. This was proved
in [AFFS2] using geometric singular perturbation theory and in [AFFS1] using a
functional analytic approach which also gives information on the spectrum of the
linearized operator (stability).

The geometric singular perturbation theory as presented in [J] cannot be applied
if g is as in (1.5). Indeed, from (1.3), (1.4) we see that the “singular solution” (cf.
) {(zo(s),z((s), Y (z0(s)),0), s € R} C My passes through a non smooth, non
hyperbolic point.

The specific choice of g is motivated from [BCMcFW] where a continuum model
was derived for studying interfaces in the context of crystals. It is based on the free
energy functional

(L9)  J(X.Y.Z)= / Q(VX,VY,VZ) + F(X,Y, 2)] dédésdés,
Q



4 C. SOURDIS AND P.C. FIFE

where XY, Z are composition variables, (£1,&2,&3) space coordinates and Q the
volume occupied by the sample. Here @ is a positive definite quadratic form and
F' is positive except at its several global minima. The bulk free energy F' must
conform to certain crystalline symmetries, for instance it must be invariant under
permutation of XY, Z. If it is restricted to be a fourth degree polynomial its
general form is that given below in (1.10).

The function @ represents the influence on the free energy of the difference
between the order parameters at a crystalline vertex and those at nearest neighbors.
It is generally the case that this contribution depends on the orientation of the line
between those nearby points, and this dependence is a source of anisotropy. The
simplest type of quadratic form ) which accounts for anisotropy and which satisfies
other symmetry conditions is of the form @ = AQ; + BQ2 where @; are the simple
sums of squares of derivatives given below in (1.11). The ratio B/A := €* then
will be taken as a measure of the degree of anisotropy of the free energy. Isotropy
corresponds to the case B = A as we show below (e = 1); our focus will be on the
anisotropic case € < 1. The simplest example for F' and @ is
(1.10)

F(X,Y,Z) = ax(X?4+Y 2+ Z*)4a3 XY Z+an (X Y4 ZY) fapn(X2Y?+ X222 4+Y2 Z%),

{(3?)2 +(%) + (ggﬂ |
()" ()" ()" () 880"+ ()]

The approach in [BCMcFW] is to assume dynamics governed by a gradient flow
with respect to J, and examine the nature of the interface between grains of ordered
and disordered material. In general, these two states will enjoy different bulk free
energies, and the interface will migrate. However, the motion depends on the values
of the coefficients in (1.10), which in turn depend on the temperature. The simplest
situation is when the two bulk values of F' are the same. In this case we are led
as we will see below to a hamiltonian system. In the specific example (1.10) if the
temperature is chosen appropriately then this is the case, with the two equilibria
(0,0,0) and (1,1, 1) representing the disordered and ordered state respectively. A
possible choice of the coefficients in (1.10) such that F(0,0,0) = F(1,1,1) =0 is

Q=

N

(1.11)
Q2 =

N[

(112) ag = 27 az = 7127 aq1 — g2 = 1

(see [BCMcFW]). The governing evolution PDE’s are given by the L? gradient flow
of this functional:

o (X X
(1.13) ro | Y=Ll Y |-V Y. 2),
t\ z Z

where L is a diagonal matrix of second degree elliptic operators in the space vari-
ables, V denotes the gradient with respect to the variables (X,Y,Z), and 7 is a
dimensionless relaxation time.

Plane waves in the direction 71 and velocity V' are solutions of (1.13) of the form

X = :C(”fl, . (51,52753) - Vt) = (E(S), Y = y(s)a Z = Z(S)a
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with boundary conditions
(1.14) x(—00) = y(—00) = z(—00) =0, z(c0) =y(c0) = 2z(c0) = 1.

They represent planar interfaces with normal 7 separating an ordered state from
a disordered state. The functions @ = (x,y, z) satisfy (derivatives are with respect
to s):

(1.15) V' = Ad" — VF(z,y,2),

where A = [A;;] is a diagonal matrix whose elements are linear functions of A
and B and quadratic functions of 7. However recall that the coefficients of F' are
such that F' has equal depth wells at the equilibria at the order disorder transition:
F(0,0,0) = F(1,1,1). We see by taking the scalar product of (1.15) with @’ and
integrating that V' = 0. The resulting system is hamiltonian.

When 7 = (1,0,0) then A1; = A and Age = Ags = B (cf. [BCMcFW]). The
above suggest that we seek solutions of (1.15) with V' = 0 with the imposed symme-
try condition y = z. For exhibiting the resulting system we define our anisotropy
parameter € := 1/B/A and the reduced free energy

g(z,y) =F (w %y \}Qy)

which corresponds, via (1.10), to (1.5) for the choice of coefficients given in (1.12).

We have that the resulting system, is modulo rescaling, (1.1) together with (1.6).

For more details we refer the interested reader to [BCMcFW], [ABCFFT].
Throughout the rest of the paper we consider (1.1), (1.6) with g given by (1.5).

The main result of the paper is

Theorem. If ¢ > 0 is sufficiently small, then there exists a solution (ze,y.) €

C?(R) x C*(R) of (1.1), (1.6) with

1 2
|z — 2ol|m2(®) + €% [|[ye — vollL2r) + €3 [|ye — Yol @) < Ce,
where (zg,yo) solves (1.1) with e =0 and (1.6).

We give a brief overview of the structure of the paper which is devoted to
the proof of the above Theorem. In Section 2 we show that this g satisfies (i),
(i), (iii) with (z1,71) = (1,4/2) and we find the explicit function Y'(-) such that
gy(z,Y(z)) =0, € Domain(Y"). We have that there exists an . € (0, 1) such that
Y € C((—=00,3)) N C>® ((—00,3] = {c}), Y(2) =0, 2 <., Y ()~ Cla — )2
for © — x, > 0 sufficiently small, and Y'(z) > 0, 2 € (2, 3]. In Section 3 we show
the existence of a solution (zg,y0) = (z0,Y (z0)) € C*(R) x C(R) of (1.1) with
e = 0 and (1.6). We assume due to translation invariance that x¢(0) = z. and
thus yo is not smooth at s = 0. The pair (zg, yo) corresponds to the outer solution
of (1.1), (1.6) for small € > 0, i.e it is a good approximation of the true solution
outside of a neighborhood of s = 0 (note also that yj — oo as s — 01). We seek an
approximate solution valid for s € R in the form (zo, Y,) where Y,¢ € C?(R) solves
the “reduced” problem

(1.16) ey’ = gy(z0,y), seER

(1.17) y(—o0) =0, yloc) = V2

and Y* g Yo as € — 0 (recall that g,(zo,%0) = 0). The main difficulties for

proving existence of such a function Y,¢ are that yo € C(R) is not smooth at s =0
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and gy, (20(0), yo(0)) = 0. We feel that it is useful to graph the form of the function
Gyy(z0(8),yo(s)), s € R in Figure 3.

 u(0(5). 30 (s))

FIGURE 3. The form of the function gy, (zo(-),yo(-))

In Section 4 we construct a Y5, € C*(R)NC>®(R—{%|In e|e3 }) which solves (1.16)
approximately in R and (1.17) exactly. We estimate |e*Y," — g, (20, Y,,)| both
in L>°(R) and in L?(R); the latter will be used for studying the system (1.1). In
Section 5 we consider the linear operator

(1.18) Ley = —€*y" + gyy (20, Y )y, y € H*(R)
for a class of functions Y which includes Y;,- We remark that gyy(mo,?f) can
be negative for |s| = O(e?) and thus we have not been able to use the results of
[FP]. Instead, we establish a priori estimates for the equations L.y = f and L.y =
Y f using blow up (scaling) arguments. In the first case we get that lyllze@®) <
Ce_%HfHLp(]R) and in the second ||y||z»®) < CE_%HfHLp(R) with p = 2,00. We
seek a solution of (1.16), (1.17) in the form Y, 4+ y with y € H?*(R) (recall that
functions in H!(R) tend to 0 at +00). Substituting in (1.16) and rearranging terms
yields

Ley = 1y’ + Yo u” + €Y — gy(20,Y,,)
for some ¢; € R and L, is as in (1.18) with Y*¢ = Y, In Section 6 we prove
existence of a solution of the above equation using the contraction mapping prin-
ciple. This solution furnishes a solution Y, € C?(R) of (1.16), (1.17) such that
1Y, = yollLem) < Ces and ||V — Yoll2m)y < Ce3. We remark that the results
of Section 5 hold for L, with Y€ = Y. Next we seek a solution of (1.1), (1.6) in
the form (zg + x, Y, +y) with 2,y € H?(R). Substituting in (1.1) and rearranging
terms yields

—Bxz = 0(2? + ¥?) + gay(w0, y0) (MI + y) + Ei(z,y)

gyy(xovy())
—Ley = O(zy 4+ 2> + Y92 + 43) + gay (w0, Y,

2
The linear operator Bx = —z” + (gm (xo,Y0) — %) x, = € H?(R) is studied
in Section 8. It holds that giy (0,Y0) < Cgyy(z0,%0), s € R for some C' > 0. Hence

B is selfadjoint in L?(R). Moreover we have that o(B) C {0} U [c,00) for some
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¢ > 0 and 0 is a simple eigenvalue. This is well known since B corresponds to the
variational equation at xq of (3.4) below, however we provide an elementary proof
of this. The linear operator L. is as in (1.18) with Y = Y,¢ and ||E, (z, Y2y <
Ce+ Ce%HyHLw(R). In Section 7 we prove that

Ly = _€2y// + gyy(xo, Y:)y = _gﬂﬁy(w()vyre)xa T e HQ(R)

Combining the above with the gradient structure of (1.1) motivates us to consider
a map

T: {(v,y) € H*(R) x H*(R), v Lz} — {(z,y) € H*(R) x H*(R), = Lxz}}

implies

< Ced ||2]| 2 m)-
L2(R)

gzy(anyO)
Gy (T0, Y0) <l’ +vy
" gyy(l'OvyO)

(r Lz means in L2(R)) via T(z,y) = (Z,9), where

BT = —b(z,y)z} + O(@® + ) + gy (20, y0) (L2222 5 4 ) + Fu (2, y)

—Lej = O(xy + 2> + Y2 + %) + gay (@0, V)

and b(x,y) is a number such that the right hand side of the first equation is Lz
which allows us to solve for Z. In Section 9 we prove existence of a fixed point of T,
which gives the existence of (x,y.) € C*(R) x C?(R) satisfying (1.6) and a b. € R
such that

:E/e/ = gw(xevye)_bexé)
62?42/ = gy(xﬂye)

Furthermore,
1 2
l[re — ol 2 (®) + €2 |[Ye — vollL2r) + €3 ||y — Yol|L>~®) < Ce.

From the above two relations and the fact that g(0,0) = g(1,/2), it follows that
be =0, i.e (ze,ye) solves (1.1), (1.6) and satisfies the estimate of the Theorem.

Our approach is functional analytic in the spirit of [AFFS1] and uses as its
point of departure [ABCFFT]. In the latter reference, the leading order interior
approximation to a similar equation as in (1.16) was established (cf. Propositions
4.1, 5.1).

A similar result to our main Theorem appears in [Fi]. There a shooting type-
argument is used. This produces a solution (z,y.) of (1.1), (1.6) (with g given
by (1.5)) that converges to (zo,yo) as € — 0, although less information about this
convergence was obtained.

We must say that problem (1.1) considered in a bounded interval and without
the right hand side having gradient form has been studied extensively by a variety
of methods. We refer to [TKJ] for a review and on how many cases are handled
using geometric singular perturbation theory. Note that via (ii) we have that for
e > 0 both (0,0,0,0) and (x1,0,y1,0) are saddles for (1.7) with two-dimensional
stable and unstable manifolds. Thus their intersection is not transversal. Based
on this, we believe that in our case the gradient structure is necessary. For recent
extensions of geometric singular perturbation theory to deal with certain types of
nonhyperbolic points in the plane, we refer to [KS].
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2. FORMULATION OF THE PROBLEM

We will study the existence of solutions with ¢ > 0 small for the following
problem:

"= ga(z,y)
2.1 ’
( ) 62y// — gy(fﬂ, y)
, d
x=u2a(s), y=1y(s), seR, =
together with the boundary conditions
(2.2) x(—00) =0, z(c0) =1,
(2.3) y(=o0) =0,  y(oo) =2,
where
3
(24) g(w,y) = 2(2* +y*) = 6ay” + 2%y + Sy + 2t

For future reference, note

(2.5)  gu(z,y) =4z — 6y° + 2xy? + 422, gy(z,y) =y(4 — 12z + 222 + 3y2),

Gz (T, Y) 442y 4 1222 > 4,
(26) Gy ($7 y) _12y + 4333/7
gyy(xa Y) 4 —12x + 222 + 9y2.

We will find the critical points of g, i.e. solve g(z,y) = 0 and g,(z,y) = 0. From
gy =0 we get y =0 or y = £Y (x) where
(2.7)
0, r<r.=3-+72035 with 2 — 62, + 22 =0,

VA 4 6r - 2)3,

By substituting in g, = 0 we get as the only critical points:

(0,0), (1,£v2)

Y(z) =
r. <z <3+VT.

global nondegenerate minima of g,

(2.8)
(%, i@) saddle points.
Note that 0 < z. < % Also

Furthermore g is symmetric with respect to the x axis. The above imply that g
satisfies (i), (ii), (iii) of the introduction.
Also by setting a = %, b=6— 2z, > 0, we observe that

(2.10) gy(x,y) =2y (ay2 —blx —x.) + (z — a:c)z) .

Remark 2.1. In this paper, unless specified otherwise, we will denote by C/c a
large/small positive generic constant independent of € whose value will change from
line to line. In many cases we will not explicitly write the obvious dependence of
functions on € > 0.
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3. THE ¢ = 0 APPROXIMATION (g, Yo)

Setting € = 0 in (2.1), yields

"o
(31 0 e
From the second equation of (3.1) we get

(3:2) y =Y (@)

and by substituting in the first

(3.3) 2" = g(3, Y (2))

and since g, (z,Y (z)) = 0, we have

(3.4) 2" = Gy(x)

where

(3.5) G(z) = g(z, Y (x)), 3.

We note that G € C'(—o0,3] and Gy € C ((—00
discontinuity at = z. (this follows from (2.5), (2.6
Y(0) =0, Y(1) = V2, we get
G(0)=0 G(1)=0
(3.6) G.(0)=0 G.(1)=0
G.(0) >0 Gur(1) >0

<
,3] — {z.}) with a finite jump
)). From (2.8), (2.9) and since

(3.7) Glz)£0, ze(0,1).

From (3.6), (3.7) we obtain that (3.4) and thus (3.3) has a unique solution z(-)
such that

(3.8) xg(—00) =0, x0(c0) =1, and x((0) =z, (cf. [Ar]).
Furthermore
(3.9) zo(s) >0, s€eR.

Also xg approaches its limits exponentially and
(3.10) zg, xy, o — 0 exponentially as |s| — oo.
Note that (3.10) combined with the fact that z{’ has a finite jump discontinuity
only at s = 0 gives that z, € H*(R).
From (3.2) we have yo(s) := Y (z0(s)), s € R.
We observe that yo € C(R) N C*°(R — {0}) and via (2.7), (3.8), (3.9):

3
5:’/(2) = _(xO - xC)(xO +xc - 6)7 S 2 Oa
yo(s) >0, s > 0 and 3yoy|, = (—2z0 +6)z(, s > 0. We see from (3.8), (3.9), (3.10)
and the above that

(3.11) yo(s) >0, s>0,
(3.12) yo(s) =0, s<0, yo(oo) =2 (exponentially),

(3.13) Yo, Yo — 0 as s — oo (exponentially).
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Furthermore since x¢(0) = z.,

2
im 2 _ 020 ie lim y‘)(lS) =C>0.
s—0t S s—0t g2
This and the relation
1
1 1 S2
s2yl = g(—2$0 + 6)x’0y07(8), 5> 0,

yield lim,_o+ s2yf(s) = C > 0. Similarly we obtain lim,_g+ s2y{(s) = C € R.
The above three limits combined with (3.13), imply

(3.14) yo(s) < Cs?, yh(s) <Cs™ 2, |yl(s)| < Cs™ 3, s>0,

(3.15) cs? < yo(s), 0<s<1.

The pair (x0,yo) satisfies (3.1) and (2.2), (2.3). The approximation (zg,yo) is
not satisfactory due to the serious lack of smoothness of y,. We keep xg, but we
will replace yo by Y,¢ € C?(R) which solves the “reduced” problem:

(3.16) ey = gy(zo,y), sER
(3.17) y(—00) =0,  y(oo) =V2.

4. CONSTRUCTION OF AN APPROXIMATE SOLUTION Y, FOR THE “REDUCED”
PROBLEM (3.16), (3.17)

In this section we will construct a C' approximate solution Y, for the reduced
problem (3.16), (3.17). We first construct a yg, € C(R) as

Youts s < —| lne|e%
(4.1) Yip =13 Yins || < [Inefed
Yotuts s> |Ineles

where v, ;, Yin, Yi, € C™ satisfy (3.16) approximately in their domain of defini-
tion, and y,.;, Y, = yo satisfy (3.17). We then obtain Yy, as

(4.2) Yap := Yap + P

where p € H'(R) a suitable (“small”) function such that Y, € C'(R) and Yq,
satisfies (weakly) “approximately” (3.16) in R. We note that p € H'(R) implies
that Y, satisfies (3.17).

Throughout this paper we will use the notation d. = | In e|e%.

The inner approximation y,,

From (2.10) with m = 2{,(0) > 0 and y € C*(R):
(4.3) —e%y" + g, (w0,y) = —€*y” + 2y(ay® — bms) + yF(s), s € R.

with |F(s)| < Cs?, s € R (C > 0 independent of y). We will find y;,,(s) as a
suitable solution of

(4.4) ey = 2y(ay® — bms), s €R
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and then we will restrict its domain of definition to |s| < d.. Using the transforma-
tion

(45) v =5 ()

€3
we see that
(4.6) R"(s) = 2R(s)(aR?(s) — bms), s € R.
We want ¢~ 3 [Yin(E£de) — yo(£d:)] — 0 as € — 0. Since yo(s) = 0 for s <0, and

Yo(s) — \/@

we have that the appropriate conditions on R are
(4.8) R(s) =0, s— —o0,

(4.9) R(s) — 14/ b—ms —0, s— 400,
a

(see also (4.19)).

(4.7) <Cs%, 5>0,

We have
Proposition 4.1. There exists a solution R(s) of (4.6), with R'(s) >0, s € R and
(4.10) R(s) = O(e®) as s— —o0,
(4.11) R(s) = \/bﬂs—i—O(S_g) as §— 00
. = . ,
(4.12) R'(s) < Cls|™2, s#0.

Proof. The existence of a function R with R’ > 0 satisfying (4.6), (4.9), (4.10) was
proved in [ABCFFT] using the method of sub-supersolutions. The estimates (4.11),
(4.12) follow, and we present their proofs in Appendix A. (I

Remark 4.1. Note that (4.11) is an improvement over the corresponding estimate
in [ABCFFT]. As we will see it is important that 3 > 1.

We define
(4.13) Yin(s) = 5 R (S> . |s| < de.
€3
Using (4.3), (4.4), (4.13) and Proposition 4.1:
(4.14) |2yl — gy(w0, Yin)| < C| Ine|2e3, for |s| < d.,
and from (4.12):
(4.15) 0<yl (£d.) < C|lne|"Ze 5.
Lemma 4.1. If € > 0 is sufficiently small then
(4.16) [1gin = woll o (~a..) < Cet
2
(4.17) [yin — Yoll22(=d. 4. < Ce3,

(4.18) 5o (Yin — yo)ll22(=d..a.) < Ce.
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Proof. For s > 0,

b b
dr(F)-me)| < R(F) -y ) -y
€3 €3 a €3 a
@) b
(4.19) < e R(‘Z) Y IR YR §
€3 a €3

(4.20)

Proof of (4.16)
For —d, < s <0:
1

[gin(5) — 9o(s)| = € R () Y & R().

€3

For 0 < s < d. we have from (4.19) and using that R(t) — /22t € L>[0,00):

Relation (4.16) now follows.

Proof of (4.17)
We have

0
2 S
||yzn - y0||2L2(_d570) = / €3R2 <§> ds =

2
—|lneled

[Yin(s) — yo(s)| = S06%+Cllne\%e§Ce%.

|Ine|e: N s 2
1in = volli200,) = / <E3R <2> - y0(8)> =
0 €3
2 |lne|e% . s 2
s 3n(5) e
€3 €2

(4.20) € ) s [Ine|e (3.14)
< 2/ <63R2 () + y%(s)) ds+C (*s™° +5%)ds < Ces.
0
Relation (4.17) follows.

Proof of (4.18)
Relation (4.18) is proved similarly to (4.17) using that yo(s) = 0, s < 0, and

(3.14). O

The outer approximations y5,,, y5.;

We seek
(4.21) Yot (5) = yo(s) +04(s), 5 >do,



HETEROCLINIC ORBITS FOR A CORNER LAYER PROBLEM 13

such that
(4.22) Your(de) = yin(de),  ydui(00) = V2.
Since gy (0, Y0) = 0, we have for s > d.:
1
*Gzy;rut + gy (o, Yout) = *62‘71 + gyy (0, Yo)o4 — 62?/6/ +
+9y(z0, Yo + 0+) — gy (70, Yo) — Gyy(T0,Yyo)o+
or from (2.5), (2.6)

(4.23)

*fzy:utﬁ + 9y (20, Yluy) = —€0"L + gyy(T0. Yo) ot — €y + 303 + 9yoot, s> d..
We choose o such that

(4.24) —620{{_ + gyy (0, 0)o 1 = €20, s >d,,
and (from (4.22))

(4.25) o4 (de) = S R(|Inel) — yo(de), 04 (00) =0.
Analogously we seek

(4.26) Your () = 10(s) + 0 (5) = 0_(s), < —d,
such that

(4.27) Yout(—00) =0, Your(—de) = Yin(—de).
We have

(4.28) _Gzy;ut// + gy(xovy;ut) =—c®0” + gyy(xoa Yo)o— + 3‘737 s < —d..
‘We choose o_ such that

(429) 7620’& + gyy($0,yo)0'_ = O; S S 7dey
and
(4.30) o (—00) =0, o_(—d.)=e3R(—|lne).

We note that there exist unique o, € H?(d., ), o € H?(—o00, —d,) solutions of
(4.24), (4.25) and (4.29), (4.30) respectively. This follows from (4.31)(;) below and
vy € L*(de,00) (cf. (3.13)).

In the sequel we will make use of the following relations which follow easily from
(2.6), (3.11), (3.14), (3.15), and we cite them here for future reference (see Figure
3):
(4.31)

Gyy(20(8),yo(s)) is strictly decreasing/increasing for s < 0/s > 0, gyy(20(0),y0(0)) =0,

9y (z0(s),90(s)) = ¢lsl, |s| <1, and gy (20(s),90(5)) < Clsl, s € R.

Remark 4.2. Only mild use of the monotonicity of gyy(zo(-),yo(-)) and yo will be

made in this paper.

Lemma 4.2. If e > 0 is sufficiently small, then

5 1
2¢3

)

(4.32) lo—|[Loe(—o0,—d.)s o] |Loe(a, 00) < Cllnel”
(4.33) 1900+ || 2% ¢, .00) < C|Ime|2€5,

(4.34) o (2d)| < Cllne| "33,
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_ 2
(4.35) lo—ll2(—oo—a)s  losllL2a,,o0) < ClIne| €3,

(4.36) 900+ |12 (d, 00) < C|Ine|~Ze.

Proof. Proof of (4.32)
We have from (4.25):

1 5| (4.20)
|0-+(d6)‘ = €§R(|1n€|)—y0(‘lne|6§) <
(4.37) < C|lne|"2e3 + C|lne|?e < C|lne| 3¢5

if € is sufficiently small.
Let maxg>q, 04(s) = 04(so) (recall o4 (00) = 0). If s9 = de, then via (4.37),

04(s) < Cllne| " 3e3, s>d..
If 59 > de, then o/, (s9) = 0 and ¢’} (s9) < 0. Substituting s = so in (4.24):

(4.38) 9y (%0(50),90(50))+ (s0) < €yg (s0)-
Note that from (4.31) we get

(4.39) 9y (T0(s), y0(s)) > ¢|Ineles, |s| > d.
and from (3.14):
(4.40) i (s)) < Cs™2 < Cllne|~2¢7t, s> d..

Thus from (4.38):

*y5 (s0) (4~39)é4.4o) Cw -

o4+(s0) < Gyy(20(50), Yo (50))

ie.

0.(s) <C|lnel"%e3, s> d..
By applying the above procedure to —o, we obtain (4.32) for o. The proof of
(4.32) for o_ is identical.

Proof of (4.33)
We set £(s) = yo(s)o4(s), s> d., then

(3.14),(4.32)

(4.41) 12(d)] £ Cllne|7ed|Ine| 35 = C|Ine| 23,
From (4.24):
(4.42) —€°S" + gyy (20, 90)E = —€ Yot — 22yh0’, + Eyoyy, 8 > de.

Let maxs>q, 2(s) = X(so) (recall X(oc0) = 0). If sg = de, then (4.41) gives
X(s) < C] lne|_26%, s> d..
If so > d., then 3'(sg) = 0 and ¥"(sg) < 0. Hence

~ Yo(so)

(4.43) ol (s0) = — 208

o+(s0).
Note that via (3.11), (3.15),
(4.44) yo(s) > c|Ine|zes, s> d.



HETEROCLINIC ORBITS FOR A CORNER LAYER PROBLEM 15

and from (3.14), (4.32), (4.44):
(4.45)

o’ (s0)| < O—+—+
|In €]

Se
Substituting s = so in (4.42) and using that X" (s¢) <0 :
0)

gyy(fﬂo(so% yo(So))E(S
(3.14),(4.32),(4.45)
g

< | = €yg (s0) o+ (s0) — 2¢yg(50)”, (s0) +€2yo(80)y6’(80)| <

_3 1
2|lne|_g€% —1—06280 2|1ne\_%e_% + C¢é? 30 30 2 <

< Ce|Ine| %e 1|hr16| 2)63+C€2|hl€| 2e7 5 Ine| 2 5+Ce3|Ine| ' 3 < Cllne| tes.
Now via (4.39), we have X(so) < C|lne|~2€3, ie. X(s) < C|lne| 2%, s > d..
Relation (4.33) follows from the same procedure applied to —X.

Proof of (4.34)

Multiplying (4.24) with ¢~2 (s — (de + e%)), gives for s > d.:
~ (5= e+ D)) o+ e (5= (de+ 8)) gyylwo,yo)os = (5= (e +¢3)) v

!/
Integrating over [de,d + 63:| and noting that (s — (de + €3 >0+ = [( (de + €3 ) o, — 04 ,
gives

w\w

o (de + €8) — €507, (de) — o (de)+

_2 dete3 ( etes 2 "
+e s = (de + €9)) gyy (w0, yo)or s ds = 5 (d€+€3)) Yo ds.
d de

€

Using (4.32), (4.31), (4.40) we have
6%\0;(d6)| §C|lne\_%e%+C’e_2 Fed( |lne\+1)63|lne| 563+06363|lne\ 1< Cllne™ Zes

i.e we obtain (4.34) for o4. The proof of (4.34) for o_ is analogous. We note that
in order to estimate the second term of the right hand side of the above relation it
was important that 2 > 1 (cf. Remark 4.1).

Proof of (4.35)
Multiplying (4.24) with oy and integrating over [d., 00), gives

o0 o0 o0
—62/ Ula+ds+/ gyy(l‘o,yo)didSZGQ/ yyotds.

c c de

Integrating by parts (recall oy € H?(d,,0)):

620;(d6)0+(d6)+62/d U'+st+/ gyy(xo,yo)aids:g/ yooids

e e de

and by using (4.32), (4.34), (3.14),

oo ) ) :
/ Gyy (0, y0)07ds < Ce?| Ine|~2es / ) s”2ds + o 1ne|_%6_%|lne|_5e%7
. [Inele3
or
oo -
(4.46) / Gyy(T0,y0)0%ds < C|lne| €.

€

Thus via (4.39)

> 4
/ olds < Cllne| €3,

€
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which proves (4.35) for 0. The proof of (4.35) for o_ is analogous.

Proof of (4.36)
Relation (4.36) is a consequence of (4.46) and the observation (cf. (3.14), (4.31))

(4.47) Gyy(x0(8),90(s)) > ey (s), seR.
The proof of the Lemma is complete. O

From (4.23), (4.28) via (4.24), (4.29), (4.32), (4.33), (4.35) and the definition
Your(s), s < —d

yout(s) =
y:ut(5)7 S 2 dé

we obtain
(4.48) | = Your” + 9y (20, Yout)|| 1= (1524, < C|Ine|~2e,
(4.49) | = Yout” + 9y (@0, Your)l|2(1s2a.) < C|Ine[ e
From (4.21), (4.26), (3.14), (4.34):
(4.50) Your' (£de)| < C|Ine| 3¢5
and from (4.32), (4.35), (4.36):
(4.51) |Yout — Yol| L= (js]zd.) < C|Ine| €3,
(4.52) 1Yout — tollL2(s)2a.) < C|Ine| =23,
(4.53) 1Yo (Yout — Yo)l|L2(js)>a) < Clln el Ze.
The function yg,,
We define y5, € C(R) N C*°(R — {£d.}) by

Yout, |S| 2 de
(4.54) vy =

Yin, |5| S de
(cf. (4.1)).
It follows from (4.22), (4.27) that
(4'55) yap(_oo) =0, yap(oo) = \/i
and from (4.14), (4.48), (4.49) that
(4.56) | — yap” + 9y(€0,Yap)| < C|Ine|"%e, s # +d.,

| — 62yap” + gy(l”o, yap)HLQ(—oo,—de)

(4.57) | = Yap” + 9y(@0, Yap)ll22(~a0) < Cllne[~*ed

|| — EQQapN + gy(zo, yap)||L2(d57oo)
Furthermore (4.15), (4.50) imply

(4.58) ey (£d5)| < Cllne| 23
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and (4.16), (4.17), (4.18), (4.51), (4.52), (4.53):

(4.59) [90p = Vol L~z < Ce?,
(4.60) 19ap — Yol 2y < Ce?,
(4.61) 10 (Yap — wo)ll2 (@) < Ce.

The function p¢

As we will see (cf. (5.29)), there exists a large D > 0 (independent of €) such
that

Wl

9yy(20(3), Yap(5)) > ce3 for |s| > De.
) by

We define a function g,,(-) € C(R

~ g (@o(s)vm(s)), 5] = De?
Gyy(s) = )
linear, |s| < Des
Then it is easy to see that
(4.62) cei <Gy(s)<C,  seR
and
- 2
(4.63) [19yy (20(5) Yap($)) = Gyy ()| Lo ) < Ce3.
We also define two functions py € H'(R) from the relations
(4.64) _ezp/i/ + Gyy(s)pr =0, s# *de
and
(4.65) o (—d7) = pl(—dF) =1,
(4.66) Pide) = pl(dE) = 1.

The existence and uniqueness of pr > 0 follows from (4.62). Using (4.62), (4.64),
(4.65), (4.66) and the maximum principle we have

lsFdel
_\/ETE
€3

1es
4.67 0 < —— R
(4.67) < px(s) < 5 \ﬁe , S€

(c as in (4.62)).
From (4.67), (3.14) one can check that the following hold:

(4.68) o+ ]| Lo ®) < Ces,

(4.69) llo+llr2m) < Cé,

(4.70) l1yopa ||y < C|lne|2e,

(4.71) llyops| 22y < C|Ine|3ed,
Let

(4.72)  p(5) = (Yap(—d) = Yap(=d2)) p—(5) + (Yap(d) — yap(de)) p1-(s)-
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Then (4.68), (4.69), (4.70), (4.71) and (4.58) imply:

(4.73) 17l gy < C|Ine[~%e3,
(4.74) 161l 2 () < Cllne| 3 e,
(4.75) llyodl @) < Ce?,
(4.76) |yodllL2®) < Ce.
Also via (4.73), (4.75), (4.59):

~ 2
(4.77) YapPll Lo r) < Ce3,
(4.78) [YaphllL2r) < Ce.

The function Y,

Let Yy, := yap+p (cf. (4.2)). It follows from (4.65), (4.66), (4.72) that Y, € Cl(R).
We note that

(4.79) Yop(—00) =0,  Yy,(00) = V2,
Y,, € H'(R) and Y, has exactly two points of finite discontinuity at s = +d..

Proposition 4.2. If e > 0 is sufficiently small, then the following hold:

(4.80) 1€2Yap” = gy(x0, Yap) || ooy < C| el =2,
(4.81) 1€2Yap” = gy(@0, Yap)l|L2ry < ClIne| =25,
(4.82) [[Yap — vol|Loem) < Ces,

(4.83) [[Yap — %ollr2m) < Ces,

(4.84) llyo(Yap — vo)llr2 ) < Ce.

Proof. For s # +d.:

_€2Yapl/ + gy(ajOy Yap) = _62yap// - 62f3// + gy(x07 Yap + pA) =

(4'85) = _Ezyap,/ + gy (1'07 yap) + gy (1'0» Yap + ﬁ) — 9y (:EO, yap) — Gyy (:CO, yap)ﬁ"_
+(9yy (205 Yap) — Gyy(8))p =

)
= —€Yap" + 9y(20, Yap) + 36° + Waph” + (9yy (T0, Yap) — Gyy (5))P
Relation (4.80) follows from (4.85) via (4.56), (4.73), (4.77), (4.63). Relation (4.81)
follows from (4.85) via (4.57), (4.73), (4.74), (4.77), (4.63). Relation (4.82) follows
from (4.59), (4.73). Relation (4.83) follows from (4.60), (4.74). Relation (4.84)
follows from (4.61), (4.76). The proof of the Proposition is complete. O
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5. THE LINEAR OPERATOR L,
In this section we will study the linear operator
Ly = —€y" + gyy (20, Y )y
where Y (5) = yap(s) + p(s), s € R and p € C(R) such that
(5.1) 15]] o r) < C|Ine| 2 ek

Remark 5.1. The results of this section also hold for ||p||r~®) < C|In |3,
a > 0.

Lemma 5.1. There exists a D > 0 that depends only on the function R (thus it is
independent of €) such that if € > 0 is sufficiently small, we have

(5.2) gy (T0(s), Y (s)) > ¢|s|  for Des <|s| <1,

(5.3) Gu(@o(s), V() 2 ¢ for |s|> 1.

Proof. We will prove (5.2) for De? < s < 1 and leave the rest to the reader.
Relation (4.11) implies that there exists a large D > 0 such that

1 /om
(5.4) R(s) > ﬁ“ -5 8 >D.

Note that from (2.10):
(5.5) Gyy(o(s), Y(s)) = 9}72(5) —3y2(s), s>0.

For De3 < s < |Ine|e3 we have Y(s) = €3 R (i> + p(s) and thus from (5.5):

2
€3

aleo() V) = 96 () 072(0) + 1865 () o) - 3o
> 8B () —72(s) — 348(s).

Since % > D, relation (5.4) yields
3

€

gl V() 2 A1)~ 3R

b
U C| lne|71£ —C| lne\egs > cs
a D

Vv

provided e > 0 is sufficiently small.

For |Inele3 < s we have that Y (s) = yo(s) + o1 (s) + (s) and by working as
before:

(5.6)  gyy(wo(s). V() = 553(s) — 120 () + ()%, s > |Ineled.



20 C. SOURDIS AND P.C. FIFE

Thus for |Ine|e3 < s < 1 we obtain via (3.15), (4.32), (5.1):

Gyy(x0(5),Y (s)) > cs — C| lne|_1e% > cs— Cllne|™ e > cs
ne
provided e > 0 is sufficiently small.
The result follows by combining the two above cases. O

The following Proposition will be proved in Appendix B.
Proposition 5.1. Suppose that y € C*(R) N L= (R) and p < 0 satisfy
(5.7) —y" 4+ 2(3aR?(s) — bms)y = py, s€R.

Then y = 0.

Proposition 5.2. Let y € H*(R), f € L°>(R) with isolated points of discontinuity
and

—y" + gyy(20(s), Y (s))y = f, s€R.
Then if € > 0 is sufficiently small (independent of y, f), we have

_z
[yllzoe ) < Ce 3| f| Lo w)
(C > 0 independent of y, f,€).

Proof. We will use a “blow up” argument. Suppose that there exist €, > 0, y, €
H?(R) and f, € L°°(R) with isolated points of discontinuity, such that

(5.8) —E2 Y + gy (20(5), Y (8))yn = fn, sER,
_2
(5.9) €n, — 0 HynHLOO(JR):la 6n‘5||fn||Loc(R)—>07 n — 00.

2 = 2
Let gn(s) = yn(egs)a fn(s) = fn(efls)a s€R, n>1, then

_z2 2 o2 2.
(510) _gg +€n 3gyy(x0(6% 8)7 Y(E”is))gn = €n s fn(s)v s € R7
2o
(5.11) [inllLe®) =1, € ?|[fullre@ — 0, n— oco.
Note that
(5.12) e_%gyy(xo(egs),f/(egs)) Croe(®) 2(3aR?*(s) —bms) as € — 0.

Indeed, in [-L,L] with L > 0 (independent of € > 0), we have for small ¢ > 0
(|lne| > L):

f’(egs) = E%R(S) + ﬁ(e%s)
and from (2.10) we get that for |s| < L:

e 3g,y(z0(c5s),Y(5s)) = 6aR%(s)+ 12ae 3 R(s)p(e3s) + 6ae 5 p> (5 s) —

—2be™ 3 (20(€5 5) — 0(0)) + 23 (zo (e 5) — 20(0))?

Relation (5.12) follows from the above relation, (5.1) and m = z{,(0).

From (5.10), (5.11), (5.12) and the usual diagonal argument we obtain (passing

~ HEOC(R) — .
to a subsequence) that g, = ~ g, n — oo with

(5.13) —7" 4+ 2(3aR?(s) —bms)j =0, scR
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and

(5.14) |7 Lo ) < 1.

To finish, we show that g is not identically zero. Indeed, (5.10) and the regularity
assumption on f, yield that each g, € C?(R — {isolated points}) N C*(R). Thus
from (5.11) we may assume without loss of generality that there exists a sequence
{sn}, n > 1 such that

1
(5.15) Gn(sn) 2 5 5 Gnlsn) <0

(there exists a sequence 3, € R such that §,(3,) = 1, 7,(3,) = 0, and for fixed n
there exists a sequence s, — §,, j — oo with g//(s?,) < 0).
Setting s = s, in (5.10) and using (5.15):

_2 2 2 ~ 2
(5.16) €n ® Gyy (o (€5 5n), Y (€ 50))Un(Sn) < €n® fu(sn), n>1.

The above relation implies that the sequence {s,} is bounded. Indeed, suppose
that for a subsequence |s,| — co. Then |s,| > D for large n. But (5.16) via (5.29),
(5.15), yields
2.
c<e€n®fn(sn) forlarge n

which contradicts (5.11).

Passing again to a subsequence, we get s, — 5. Since §, — ¢ in H? _(R) and
Un(sn) > 3, we have §(5) > 3. Thus 7 is not identically zero. This combined with
(5.13), (5.14) contradicts Proposition 5.1. The “blow up” argument worked and
consequently Proposition 5.2 is proved. d

Proposition 5.3. Let y € H*(R), f € L°>(R) with isolated points of discontinuity
and

—€%y" + gyy(20(s). Y (8))y =Y (5)f(5), seR.
Then if € > 0 is sufficiently small (independent of y, f) we have
_1
Y[z ®) < Ce 3| fll Lo m)
(C > 0 independent of y, f,€).

Proof. The proof is similar to that of Proposition 5.2 and makes use of
(5.17) V()] < C(|s|? +€3), seR.

Again arguing by contradiction and re-scaling we have that there exist €, >
0, 7, € H*(R) and f, € L*(R) with isolated points of discontinuity, such that

2 2 .2 1.2 _1 -
(518) —27;{ +€en 3gyy(x0(€%5)7 Y(Gi 3))gn = €n 3Y(6% S)En 3 fn(s)u s € R7
1
(519) €np — 0, HgnHLoo(]R) = 1, €n 3 ||fn||L:x:(R) — 0, n — 0.
Relation (5.17) implies that
1.2
(5.20) len *Y (e s)| < C(ls|2 +1), s€R, n>1.
From (5.19), (5.12), (5.20), (5.18) and the usual diagonal argument, we get (passing

-~ leoc(R) — .
to a subsequence) that g, 2> g, n — oo with

(5.21) 7" +2(3aR*(s) —bms)y =0, s€R, |[g]lr~w <1
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Without loss of generality we may assume that there exist s,, € R such that
- 1
(5'22) yn(sn) 2 57 yg(sn) S 0.
We claim that the sequence {s,} is bounded. Indeed, suppose that for a subse-

quence |s,| — oo. Then |s,| > D for large n. Setting s = s,, in (5.18) and using
(5.22) and Lemma 5.1:

(5.23) e;%gyy(mo(essn),?(eésn)) < 267;,%‘Y(Gésn”G;%an”Loo(R), for large n.
If for infinite n:

D< s <t
then (5.23), (5.2), (5.19), (5.20) yield

)

clsn| < C(\sn|% + 1), for infinite n,

which contradicts |s,| — oc.
If for infinite n:

_2
En K S |Sn|7

then (5.23), (5.3), (5.19) and ||Y|| &) < C imply:

_2 1
cen® < €, ?, for infinite n,

which contradicts €, — 0, n — oo.
Consequently {s,} is bounded which leads to a contradiction as in Proposition 5.2.
This proves Proposition 5.3. (]

The following Lemma follows from Proposition 5.1 and will be proved in Appen-
dix C.

Lemma 5.2. There exists a large Ko > 0 such that if K > Ky, the eigenvalue
problem

—y" +2(3aR?(s) — bms)y = \y, s€[-K, K],
Y (-K)=y'(K)=0
has only strictly positive eigenvalues.

Lemma 5.3. If € > 0 is sufficiently small then Yy € H*(R) the following hold:

(5.24) | e oot Fetds z et [ ypas
(5.25) / €2y'2 + gyy(z0(s), f/(s))des > c/ }72de3
(5.26) / 62y/2 + gyy(zo(s), )7(3))y2ds > c/ ygy2ds

(c independent of €,y ).
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Proof. Lemma 5.2 and the variational characterization of the eigenvalues yield
Ko Ko
(5.27) / 7% + 2(3aR?(s) — bms)gids > c/ 7*(s)ds V§ e H' (—Ky, Ko)
—Ko —Ko
(¢ > 0 the principal eigenvalue in [— Ky, Ko])
Let y € HY(—Koe3, Ke? ), then §(s) := y(eis) € H (—Ko, Ko) and

who

Kope ~ . Ko | ~
[ e e Y etds =t [ g, anlchs), Viehs) i (s)ds =
—Koge3 —Ko
4 KU 4 KO 2 2 -~ 2
= 65/ @'2+2(3aR2(5)—bms)§2ds+65/ (€73 gyy(20(e35),Y (¢35))—2(3aR?(s)—bms)|§*ds >
— Ko — Ko
(5.27) Ko » 4 s 2 ~ 2 2 Ko ~2
> 663/ g ds—e® max |€ 3gy,(zo(e35),Y (€35)) — 2(3aR(s) —bms)‘/ y-ds >
— Ko [s|<Ko —Ko
2
(5.12) Ko Koe3
> Ee%/ ﬂQdSZEG%/ y2ds,
2 7K0 2 7KUE%
ie.
(5.28)
2 2
Kope3 9 N 5 Kpe3 5 5
/ ) Y+ gyy (20(5), Y (5))y?ds > ce? / ) yids, Yy e H'(—Koes, Kyes).
—Kpe3 —Kpe3
Proof of (5.24)
From Lemma 5.1,
(5.29) Gyy(20(5), Y (5)) > ce5,  |s| > Des.

From here on we assume that Ko > D. Let y € H'(R) then

/OO 622”/2 + gyy(ﬂco(s),f/(s))y?ds =

— 00

= / I A OOV / ' 4 g, (wo(s), T (s))yds >
s|<Kpe3

2
|s|>Kope3

(5.28),(5.29) o0
> ce%/ ) y2ds + ced / ) yids = ced / y3ds.
|s|<Kope3 |s|>Kope3 —00

This proves (5.24).

Proof of (5.25)

It follows from Lemma 5.1 and (5.17), that
Y (s

(5.30) Gyy(20(s), Y (5)) = c¥2(s), 5| > Des.
From (5.17) we obtain
(5.31) [V (s)| < Ce3, |s| < Koe3.

Let y € H*(R), then

- / 4% + gy o(s), V' (s))yds + /
[s|<Koe

wo
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(5.28),(5.30) ) o
> ces , Y ds+c , Yoy“ds >
|s|<Koe3 |

s|>Koe3
(5§1) c/ y? 2ds—l—c/ Y2y2ds
— Jisl<Koed Y |s|>Koe3 re

This proves (5.25).
Proof of (5.26)
Relation (5.26) is proved similarly using yo(s) = 0, s < 0, gyy(z0(s), Y (s)) > cy(s),
s > De3 (from Lemma 5.1, (3.14)), and 0 < yo(s) < Ce3, 0 < s < Kge3 (from
(3.14)). O
Proposition 5.4. Let y € H*(R), f € L?(R) and

—€%y" + gyy(z0(s), Y(s))y=f, seR.
Then if € > 0 is sufficiently small (independent of y, f), the following hold:

_2
(5.32) l[yllL2@) < Ce 3| fllL2(m)
g _ 1
(5.33) 1Y yllre@y < Ce 3| fllr2m)
(5.34) lyoyllL2m) < 067%||f||L2(R)

with C > 0 independent of y, f, €.

Proof. Multiplying the equation by y, integrating by parts (y € H2(R)) and using
the C-S inequality, we obtain

(5.35) / 5 4 gy (20(3), V' (5)?ds < Iyl el 1l 2w

Relation (5.32) follows from (5.35) via (5.24). Relation (5.33) follows from (5.35)

via (5.25), (5.32). Relation (5.34) follows from (5.35) via (5.26), (5.32). The Propo-
sition is proved. O

Proposition 5.5. Let y € H*(R), f € L*(R) and
—€y" + gyy(a0(s).Y(s))y=Yf, seR.
Then if € > 0 is sufficiently small (independent of y, f), the following hold:

(5.36) 1llz2@) < Ce 5 f]] r2ry
(5.37) ||5~/:UHL2(R) < Ollfll2m
(5.38) lyoyllLzry < Cllf[lL2 ()

with C > 0 independent of y, f, €.

Proof. Multiplying the equation by y, integrating by parts (y € H?(R)) and using
the C-S inequality, we get
o0 2 - ~
(5.39) / Y+ gyy(0(s), Y (s))yds < [[Yyll L2l f1] 2wy
and via (5.25):
Yyl < ClfllL2w),
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which proves (5.37). Now (5.39) becomes

(5.40) / 2 + gy (o), T (5))y2ds < ClLF|2agay.

Relation (5.36) follows from (5.40) via (5.24). Relation (5.38) follows from (5.40)
via (5.26). The Proposition is proved. O

Remark 5.2. Note that the linear operator Loy = —€2y" + gyy(z0(s), Y (s))y with

D(L.) = H?(R) is self-adjoint in L*(R) (since g,y (2z0(s),Y (s)) € L®(R)). Taking

into consideration thatlim,_, o gy, (0(5), Y (5)) = gyy(0,0) > 0 and lim,_.o. g,y (20(s), Y (s5)) =
Gyy(1,V/2) > 0, we get 0ess(Le) C [c,00) with ¢ = min{gy,(0,0), g,,(1,v2)} > 0.

Also (5.82) yields Ker(Le) = 0 for small € > 0. From the above, we conclude

R(L¢) = L*(R) provided € > 0 is sufficiently small.

6. EXISTENCE OF A SOLUTION Y, FOR THE “REDUCED” PROBLEM

In this section we will prove the existence of a solution Y,¢ € C%(R) for the
“reduced” problem

(6.1) &y =gy(z0,y), sER

(6.2) y(—00) =0,  y(oo) =2

with Y ¢ 0y € C(R) (recall gy(zo(s),y0(s)) =0, s € R and yo satisfies (6.2)).
We seek Y7 =Y +ywithy € H 2(R). Obviously Y,¢ satisfies the desired conditions
at +oo (cf. (4.79)). In order to satisfy the equation, we must have for s # +d.:
_62y”+9yy($0> Yap)y = =gy (w0, Yap+y)+9y (70, Yap) +9yy (2o, Yap)y—l—eQYc{;—gy(a?o, Yap),
or equivalently
(6.3) —e*y" + Jyy(To, Yap)y = —3y° — 9Yapy2 + €2Yal;) — gy(20, Yap), s # Lde.

Let

_11 12
Be={y € H*R): |lyllr=m) < M|Ine|"=e7, [|y|lr2m) < M|Ine|2es}

with M > 0 independent of ¢ > 0 to be determined.

We also define a mapping T : B, — H?(R) from the relation
(6.4) —€*(Ty)" + gyy (w0, Yap)Ty = —3y* — Y, 0 + 62Ya'; —gy(0,Yap), s# *d..

The fact that T is well defined, follows from the following observations. The dif-
ferential operator on the left hand side satisfies the hypothesis of Section 5 with
Y =Y., (cf. the definition of Y,Y,, and (4.73), (5.1)). For y € H*(R), the right
hand side of (6.4) is in L?(R) (cf. (4.81)) and thus we can use Remark 5.2. Also
note that since the right hand side of (6.4) is in C(R — {+£d.}) (cf. below (4.79)),
we conclude that Ty € C*(R — {+d.}) N C*(R) and

—(Ty)"(£d;) + (Ty)"(£d) = Yy, (£d.) — Yy, (£d)
(6.5) Ty + Yo € C*(R).

Lemma 6.1. There exists M > 0 such that if € > 0 is sufficiently small, we have
T:B. — B..
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Proof. Let y € B.. Applying Propositions 5.2, 5.3 with Y = Y., we obtain from
(6.4):
_2 _1 _2
Tyl o) < Ce™ 5 |[Y%]| Loo ) +Ce 3 |42 | Loo ) +Ce™ 3 ||€2Y or— gy (€0, Yap) || oo (r) -
Now using |[y|| e ®) < M|Ine|~2e3 and (4.80):
Tyllpem < CM?|Ine| 3¢5 + CM?|Ine| 'e5 + C|lne| 7 €3

(6.6)

= CM?|Ine|™  + M?|Ine|~7 +1)|Ine| 2€5.
Applying Propositions 5.4, 5.5 with ¥ = Y, we get from (6.4):

_2 _1 _2
ITylley < Ce3[ly’llzemy + Ce 3 |yl L2y + O3 Yay, — gy (@0, Yap)l L2 (w)

sy, n 12
< Ce 3l lLem |yl 2@ + Ce 3|yl Lo my [yl L2@) + C|Ine| "2 €3

yegBe CM3|1ne|’%e% + CM2|111€|716% +O|1H€‘7%6%,
ie.
(6.7) 1Tyll 2y < C(MP|Inel ™ + M| Ine[ ™2 +1)| In¢| 2.
Relations (6.6), (6.7) imply that if we choose M = 2C, then [|Ty||p~m) <

M|Ine|~2¢3 and ITyll2m) < M|Ine|~2€3 provided € > 0 is sufficiently small.
Thus Ty € B, which proves the Lemma. O

Lemma 6.2. Ife > 0 is sufficiently small, there exists y. € Be such that Ty, = y..

Proof. First we show that T : B, — B, is a contraction in the L?(R) norm. Indeed,
let y1, y2 € Be then (6.4) yields

—(Ty1 — Ty2)" + gyy (w0, Yap)(Ty1 — Ty2) = =3(y7 — y3) — Wap(yi — v3),
i.e.
Le(Ty1 — Ty2) = =3(yf + v1y2 + ¥3) (1 — y2) — Wap(y1 + v2) (1 — v2)-

Applying Propositions 5.4, 5.5 with ¥ = Y;,, and since il Loo(r) < M| In €| zes, i=
1,2, we get

_ _1
Ty — Tyallr2wy < C(IInel ™" + [Inel=2)|Jy1 — yollL2r)-
Thus if € > 0 is sufficiently small:
1
(6.8) | Ty1 — Ty2||r2®) < §||y1 —vollL2m),  Yy1,92 € Be.

We define a sequence y, € B, n >0, by 40 =0, yptr1 = TYn, n > 0. From (6.8)
we get that {y,} is Cauchy in L?(R). For n > 0,

(6.9) —622/Z+1 + gyy(xm Yop)Ynt1 = _3y2 - 9Yapy72L + EQYa/;) - 9y($07 Yap)
and using ||yn||r=®) < C, n > 0 (this suffices) we obtain,

C
||y;:+m - ngLQ(R) < 2 (||yn+m - ynHL2(R) +|Yntm-1— yn—1||L2(]R)) , n,m2>1
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Since ||Yn+m — YnllL2®) — 0, the above relation and an interpolation inequality

vield [|[Ynym — Ynllm2(®) "> 0. Consequently, there exists y, € B. such that

2
Yn HR) Y« as n — oo . Taking limits n — oo in (6.9), yields Ty. = y.. This proves

the Lemma. O

Theorem 6.1. There exists a solution Y, € C?(R) of the “reduced” problem (6.1),
(6.2) such that

(6.10) I1Yr — vollzoe @) < Ces,
(6.11) 1Y = yollr2r) < Ce3,
(6.12) 1o (Yr — yo)llr2(m) < Cé,
(6.13) 1Y (Y = yo)llz2r) < Ce.

Proof. From Lemmas 6.1, 6.2 and (6.5) we get that Y, := Y5, 4+ y< € C*(R) solves
the “reduced” problem (6.1), (6.2).

Relations (6.10), (6.11) follow from the fact that y. € B and (4.82), (4.83).

Since Ty, = y. and y. € B,, we obtain from (6.4) via (5.34), (5.38), (4.81) that

_1
llyoy«ll 2@y < Cllne|™ 2e.

Relation (6.12) follows from the above relation and (4.84). Relation (6.13) follows
from (6.10), (6.11) and (6.12). The Theorem is proved. O

Remark 6.1. Since Y, := yap + (P + ys) with ||p + yu|[Loom) < Cllne|"ze3, we
can apply the results of Section 5 with Y =Y.
7. THE LINEAR OPERATOR K.

We define a linear operator K : H?(R) — H?(R) from the relation (cf. Remarks
5.2, 6.1):

(7.1) —e(Kx)" + gyy (w0, V) K2 = —guy(0,Yy)z, sER.
Since gay (20, ;) = 4Y,(20(s) — 3), Propositions 5.3, 5.5 with Y =Y, give
(7.2) 1K gy < O [lallor),

(7.3) |Kz||L2my < Ce 3 ||2]|L2m)-

Multiplying (7.1) by s, integrating over [O,Deg] and using (7.2), we obtain with
the same procedure as we did for (4.34):

(7.4) (Kz) (Ded)| < Ce ||| oo ).
Let (cf. (4.31))

gzy(xo,yo)x s #0.
Jyy (05 Y0)
The following estimates are easy consequences of (3.10), (3.13), (3.14), (4.31).

(7.5) w(s) = Kz +

gzy(IOa yO)

< C’e*%, s> De%7
gyy(x07y0)

(7.6)
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’ "
(9xy($07y0)> <gxy($0ay0)>
gyy(xOuyO) ’ gyy(xmyo)

Relations (7.2), (7.3) via (7.6) yield

o

(7.7) <Cs™ <Cs7%, s>0.

(7.8) 10l e et ooy < O Fllal |z m)
(7.9) 0l 2 et ooy < O Hllallzaey-
Also from (7.4), (7.6), (7.7) we have

(7.10) [w/(Des)| < Ce el 2wy

Lemma 7.1. If e > 0 is sufficiently small, we have

1920 (@0, 90 wll 3 o) < Cebllalliremy, Vo € HAR),

(C > 0 independent of x,€).

Proof. We observe that Lemma 5.1 with Y = Y, implies 92,(x0,90) < Cgyy(x0,Yr), s>
De3. Thus it suffices to show

1 1
(1) lgi(eo, Yl oz ) < Cetllallmm, Vo e HXR).

€3 ,00

Using (7.1) we see that w satisfies for s > De?,

1
xr b) xT X b)
"4y (0, Yo )w = —€ (gy(fvoyo)x) +(gyy(x0, y,)deu(To: Y0) _ goy(20, s )> .

gyy(l'o, Yo) gyy(l'm Yo)
Multiplying the above equation by w and integrating by parts over [De%,oo):

62/ ) w'?ds + 2w (DeS) (De%) Jr/ ) Gyy (0, Yr)wids =
De3 De3
2 2y (%0, Yo) ) /OC ( Jay (T, Yo)
wds+ Gyy (@0, Yy) =————= — gay (20, Yr) | Twds,
e ( o) et A0 g G gy 90 1)

%
or via (7.8), (7

) 7z
2 2 2 2 gmy(xmy(])
Gyy (o, Y )w?ds < Cedllz +6/ (x) wlds +
[ ol vy lelfee + € [ |(£4E22)
(7.12)
o0
gwy(anyO)
+/ Gy (0, Yy) LT IOL g (o, V)| el jwlds.
Del v gyy(xovyo) Y
‘We have
00 "
/ . (gxy(‘r(%yo)x) |U}‘d$§
De3 gyy(‘TanO)

oo 00 / oo
S / , gzy(x07y0) |x”||w|ds+2/ . <9xy(x07yo)> |x/\|w\ds+/ .
Dei | 9yy (o, Yo) pe |\ 9yy(@0,Y0) De3

o, )y = 5 R
< Ce / , [2wlds +C | sT2|||w|ds +C [ sz |z||w|ds <
De3s

De3

De3

<Ce 3|2,

(o)
_5 ., _3
(De%’OO)HwHL2(De% oo)+c|‘xHHQ(R)HwHLoo(DE%’OO)/ (s72+s72)ds <

2
€3

<ga:y(1'07 yO) ) "
Gyy(T0,Y0)

|z[|w]ds <



HETEROCLINIC ORBITS FOR A CORNER LAYER PROBLEM 29

(78,9 i Ca
(7.13) < Ce 3||$HH2(R)"‘C6 3H9”||1L12(R)§C6 3||3”||H2(JR)~

Also for s > Deé5:

gy (%0,Y0)
9yy (-’I)o 73!0)

gyy(an YT)M - gzy(l'Oa Yr) < |gyy(IOa Yr) - gyy(an yO)| + |gzy(x07 yO) - gmy(an Yr)|

9yy (Z0,y0)

.6),(7.6)
< COIY2 —ydles +ClY, — yol

< CIYo(Ye = yo)le™5 + Clyo(Ye — yo)|e ™5 + C|Y, — yol.
Now using (6.11), (6.12), (6.13), we obtain that

Thus the C-S inequality and (7.9) yield

I

Gzy (mOa yO)

< (Ce
gyy(CCOyyO)

ol

gyy(x()’}/;) _gxy(anY;") 3.

2
L2?2(De3 ,00)

@18 [ ol V20 g ) el s < O
M ) r)— N Yz ) T —_ 2 .

De% v gyy(:EanO) Y H2(®)
Relation (7.11) follows from (7.12), (7.13), (7.14). The Lemma is proved. O

Lemma 7.2. If € > 0 is sufficiently small, then
1
g (@0, 90)ul o 3y < Ot ol ey, Vi € H(R),
(C > 0 independent of z,¢).
Proof. For 0 < s < De3:

ggy(m()a yo) 2
gyy(l'm yO)

|9xy(11?07il/0)w| gmy(x07y0)Kx+

(3.14),(4.47)

< CSéHKxHLOO(]R) + Cl|z[| oo ()

(7.2) 11

< Cese 3 |[z]|Leo(r) + Cllz]|Leo®) < Cll2|[L20 ()
The claim of the Lemma follows. O

Proposition 7.1. If € > 0 is sufficiently small, then

x :I; b)
‘ ey (70, Y0) (,gy(O?JO)x+ Ka:)

< Cet||z| g , Vz e H*R),
gyy(anyO) || HH (R) ( )
(C > 0 independent of z,€).

L2(R)

Proof. We will show (cf. (7.5)) that
192y (@0, vo)wll 2y < Cebllal|mam), Vo € HA(R).

But this follows from Lemmas 7.1, 7.2 and the fact that g,,(20,%0) = 0, s < 0.
The Proposition is proved. (I
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8. THE LINEAR OPERATOR B

We define a linear operator B with D(B) = H%(R) and Bx := —2""4+G ,..(2(s)),
G asin (3.5). Observe that Gy, (z0(s)) € C°(R—{0}) and has a finite discontinuity
at s =0,
gfﬁy(x()v Yo) . 540
Gyy (‘”0; yO)
We have that B is selfadjoint in L?(R) and o.s5(B) C [¢, 00) with ¢ = min{G4(0), Gz (1)} >
0 (cf. (3.6)). Recall that

(8.1) xy(s) = Gz(xo(s)), s€R

and thus —z('(s) + Gzz(z0(8))z(s) = 0, s # 0, i.e a € Ker(B) (recall that
z) € H2(R), cf. below (3.10)).
We claim that dim(Ker(B)) = 1. Indeed, suppose x € Ker(B). Since Bxj =
0, Bx =0, we obtain z{x —z(x' = c € R, s € R. But zj,z{,x, X’ — 0, as |[s] = o
and thus ¢ = 0, i.e. x(, x are linearly dependent.
We also claim that 0 is the principal eigenvalue of B. Indeed, it suffices to show
(via a density argument) that

Gz (20(5)) = gza(T0,Yo) —

| o+ Gulale)ats 20, voe CE@).

— 00

Let # € C2°(R), then z = pz{ with ¢ € CL(R) (since z{(s) > 0, s € R) and thus

/ 1% 4 G (wo(s))a?ds = / o' + G (@o(5))]” + Gaa(o(s)) 9 zg ds =

—0oQ

&1 / 02" + PG (wo(5)) 2l + 20" 9Ga (w0(5))h + 9> Gaa(0(s))Thahds =

> o PECL(R)
:/ 90'23662(134-/ (P*Galzo(s))zh) ds = 0
—00 —co

Taking the above claims into consideration, we get
Proposition 8.1. Let f € L?(R) with ffooo fxyds = 0, then there exists a unique
x € H*(R) with [%_axajds =0 such that Bz = [, i.e.

2
gmy(xmyo)) =/ scR

—2" + | g (o, y0) —
QM( ) Gyy (5507 yO)

Furthermore,
[zl 2y < CllfllL2w)
(C > 0 independent of f).

9. EXISTENCE OF A HETEROCLINIC ORBIT FOR THE SYSTEM

We seek z,y € H2(R) such that 2o+, Y, +y satisfy (2.1) (they obviously satisfy
(2.2), (2.3)). We must have Vs € R:

(o + )" = ga(xo+2 Y, +y)
e, +y)” gy(wo + 2, Y, +y)
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Rearranging terms and using x{j = g, (%o, y0), €Y, = gy (20, Ys),

g2, (z0,y0)

z" — (gm(xoayo) - W) = ga(xo+ 2,90 +Y) = 92(%0,Y0) — gza (20, Y0)T — gay (0, Yo)y+
Gy (w0, y0) (L2228 0 4 ) +

gyy (£0,Y0)
+92(zo + 2, Y, +y) — gz(x0 + 2,90 +¥)

Y —gyy (20, Y2y = gy(zo+z, Yr+y)—gy (20, Ye)—guy (0, Yr)2—gyy (20, Y3 )y+Guy (20, Vi )z.
Equivalently

B = Ni(2,) + gay (0, y0) (L2222 5 1y ) + By (3, )

gyy($07y0)
_Ley = N2(1'7 y) + gzy(an Yr)x
with
(9.1) Ni(z,y) = —6y* + 2zy® + dyoxy + 2xoy® + 42> + 12222,
(9.2) Ei(z,y) = (2(z + 20) — 6) (Yr —40)* + 2(y + %0) (Yr — ¥0)) ,
(9.3) No(z,y) = =122y + 22%y + daozy + 2Y,2? + 3y + 9Y,4%
Let (as always | means in L*(R))

B. = {(z,y) € H*R)xH*(R), z L xf, ||al[s2r) < Me, |lyll oo (r) < €2, [yl 2() < Mae’}

with My, Ms independent of € > 0 to be determined.
We define a mapping T : B, — {(z,y) € H*(R) x H*(R), = L z{}, with
T(z,y) = (2,9) and

(0.4) —Bi = —b(ay)ah + Ni(2,5) + gay (0, 30) (g(‘””x n y) | Ei(a,y)

gyy(mo, yo)
(95) _Leg =Ny (177 y) + Gy (LE(), YT)ZE
(9.6)
1 zy (L0, _
b1 = 1 (N1 + gy ) (250004 ) 4 ),
H%HL2(R) Jyy(T0, Y0) L2(R)

The mapping T is well defined. Indeed,

Step 1

For (z,y) € B, the right hand side of (9.5) is in L?(R) and thus via Remark 5.2 we
obtain a unique j € H?(R).

Step 2

Relation (9.6) implies that the right hand side of (9.4) is normal to z(,. Consequently
via Proposition 8.1 we get a unique z € H?(R) with # L (.

Lemma 9.1. There exist large My, My > 0 such that if € > 0 is sufficiently small,
we have T': B, — B..

Proof. Let (x,y) € Be and (z,7) = T(z,y).
Claim 1

191l @) < 0c(D)e2,  [[7llr2@) < C(My + oc(1))e3,
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where 0.(1) — 0 as ¢ — 0 and C' > 0 independent of ¢, My, M. (0(1) depends on
My, Ms).
From (9.3), (9.5) we have

(9.7 —Ly = (—12 4 2z + dag)xy + 2Y,2? + 3y> + 9,92 + 4V, (o — 3).
From Propositions 5.2, 5.3 (with Y = Y.):

_ _z _1 _2
gl ) < O 5|2l oo ) [yl oo ) + Ce™3[|2][F ey + C™ 3 Yl 0 )+
1 1
+Ce5[[Yl|7 o gy + Ce 3 2l m)

and since (z,y) € B,
(9.8) 7] oo () < CMyed + CMZes 4 Ces + Ces + CMyes.
Also (9.7) via Propositions 5.4, 5.5 yields
_ 2 _1 _2
191 L2®) < Ce™ 3 ||| oo ) 1yl | L2 @) +Ce 3 ||| oo ) 12 L2 ) +C™ 3|yl oo ) 191 | L2y +
+0€™ 5 |lyl o @ 9|2 ) + O a2 w),
and since (z,y) € B,
(9.9) 19l| 22 (r) < CMy Mae + CMZeS + CMye + CMaed + CMyes.
Claim 1 follows from (9.8), (9.9).

Claim 2
2y (L0, _
‘ gxy(J?anO) <g y( 2 y0)$+y>

Gyy(T0,Y0)
Indeed, from (9.5), (7.1) we get ¥ = —L-*No(z,y) + Kx. By applying Propositions
5.4, 5.5 and noting that |g.y(z0,%0)| < Clyol, s € R, we have as for (9.9) (without
including the last term):

gy (0, y0) L Na (2, )| 2ry < C(Ms + 0(1))e.

Also Proposition 7.1 yields
‘ Gay(T0, Yo) <gzy(x0;y0)x + Kx)

Jyy (0, Yo)
Claim 2 follows from the above two relations.
Claim 3

< oc(1)e.
L2(R)

< Ced||z|| g2y < CMyes.
L2(R)

I1Z]| 52 r) < C(140c(1))e.
Using that (z,y) € B, and the estimates of Theorem 6.1, we obtain
[IN1(z,9)||2m) < 0c(1)e and  [|Ey(z,y)||2m) < C(1+ 0e(1))e.

Thus applying Proposition 8.1 in (9.4) and taking into consideration the above
relation, Claim 2 and (9.6), we easily obtain Claim 3.

Claims 1,3 imply that by choosing M; = 2C, My = C(2C + 1) and provided € > 0
is sufficiently small, we have (Z,y) € B.. The Lemma is proved. O

Lemma 9.2. If € > 0 is sufficiently small, there exists (z«,y«) € Be such that
T(zs,ys) = (T4, Ys)-



HETEROCLINIC ORBITS FOR A CORNER LAYER PROBLEM 33

PTOOf' Let (mlay1)7 (5'327y2) € Be- From (94)7 (95)7 (96)7 with (jugz) = T(xwyZ)
and after simple calculations as in Lemma 9.1:

N = GollLe@ < Cesllyr — yallpoom) + Ce™8 |21 — za|| 2 my

(9.10)
o 4 .
[|Z1 — Zo|[m2ry < Cedllyr — y2llpom) + Ced ||z — 22||m2(r)
and
(9.11) o = Dol < Cet ||yr — Yollpee m) + Ce & |z — || 2 (r)
(9.12) N7 = Bollmew < CO|lyr — vollne®) + C()||x1 — za||mr2(m)-

We will use the notation (U1, gUtD) = T(27,¢7), j > 1, (z,¢") = (z,9) =
T(x,y), V(z,y) € Be, ie. (27,%7) = T (z,y), V(z,y) € B.. From (9.10), we have
that for j > 1:

_q _q A N 1=3
171 = Bllee® < CUedllyr — v2llem +CUe™ [|l21 — 22||m2(r)
_q _q N 3Ed N L
121 = 23| lmey < C()es [lyr — v2llrem®) + C(i)ed ||z1 — 22| 2w
and thus via (9.11)

i N i .\ Q=3
17 =Bl < CUIesllyr — vallioe @ + CGET |21 — 2ol | m2r)
Combining the above two relations with (9.11), (9.12), gives

17t — Galle@) < Cedllyr — yallpo(r) + Ced |z — 2| m2m),
(9.13) 17} — 24l m2ey < Cedllyr — yollne(r) + C€s |1 — 2|l m2ry.,

_ _ 4 1
gt — Blleemy < Cedllyr — yallp(m) + Cedllzr — 22| g2 (w),

(9.14) 7t — Bl < Cle)llyr — vallLe @) + Cle)llz1 — ol |m2®)-
We consider the norm in H2(R) x H?(R)
1@ I = 2| m2w) + 1YllLe @) + 1Yl L2R)-

Then provided € > 0 is sufficiently small, (9.13) yields

1
(9.15)  [[|T (z1,91) — T (2, 92)[|| < §|||(x1,y1) — (2, y2)ll, V(zs,9:) € Be.

Hence the map T* : B, — B, is a contraction with respect to the norm ||| - |||. We
define a sequence u, = (Zn,Yn) € Be by upy1 = T*u,, n >0, ug = (0,0). Then
{un} is Cauchy with respect to the norm [||-|||. Thus there exist z. € H?(R), y, €

L>*(R), § € L*(R) such that
zn — 2ullm2®) = 0, [lyn — ysllLe®) — 0, [lyn — llLz®) — 0, n — oo
Relation (9.14) (noting the difference in notation) yields that for n,m > 1,
Yntm — Ynllmz@®) < C(OYntm—1 = Yn—-1llre®) + C()|Tntm—1 — Tn1|lm2®)-
Thus the sequence y,, is Cauchy in H*(R) and ||y, — yu||mr2@) "— 0. Let u, =
(4, yx) € Be, then u, HExH ux as n — oo. From (9.13), (9.14) we have that

2 2
T4un H xH T4u* as n — 00. Since uUpq1 = T4un , it follows that T4u* = Us.
From (9.15) we get that w, is the unique fixed point of T* in B.. Note that
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T%u, = Tu, , or equivalently T* (Tus) = Tu,. This implies that Tu, € B, is also
a fixed point of T*. Consequently Tu, = u, which proves the Lemma. (]

Theorem 9.1. If e > 0 is sufficiently small, then there exists a solution (ze,y.) €
C?(R) x C?(R) of (2.1), (2.2), (2.3) with
l|xe — w02 (r) + 6%||y5 = yollL2®) + G%Hye = yollL~®) < Ce.
Proof. From Lemma 9.2 and (9.4), (9.5) we have that z, := z¢ + z¢, y. := Y, +y¢
satisfy with b, € R:
"o o /
(916) X - gx(x€7 ye) bsxo

€
2,11

€Y = gy(xevye)
and (2.2), (2.3). Hence x, y. € C*(R) and
d (1 1
I <2x’62 + 562y;2 — g(xe,y€)> = —bexyr., seR.

/ ; lsl—

Integrating and using (2.2), (2.3), 2., 3. "= 0 and g(0,0) = g(1,v/2), we obtain

(9.17) fbs/ zyrlds = 0.
Note that
/ zorlds = / xg(zh + x,)ds EBe / rids + o0.(1) >0

provided € > 0 is sufficiently small. Thus (9.17) yields b, = 0. Consequently via
(9.16), (2.2), (2.3) we have proved the existence part of the Theorem. The estimate
of the Theorem follows from the fact that (z.,y.) € B¢ and (6.10), (6.11). The
proof of the Theorem is complete. O

APPENDIX A. PROOF OF THE TECHNICAL ESTIMATES OF PROPOSITION 4.1

Proof of (4.11)

Claim 1. There exists a sequence {s, },>1 such that s, — oo as n — oo and

(A.1) R (sy) < \/%msn—%, n>1.

Indeed, suppose that the claim is not true. Then there exists C' > 0 such that

R/(s) > \/b—ms*%, s>C.
a

Integrating the above, we get

b
R(s) 22\/%3—0’, s>C,

which contradicts (4.9). This proves Claim 1.

We set ¢(s) := 2aR (R + b;”s>, s> 0. Then from (4.9) we have

(A.2) 3bms < q(s) < 5bms  for large s.
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Also from (4.6) :

(A.3) R" =q(s) (R - bms) , s>0.

Claim 2. There exists a sequence §,, such that §,, — oo as n — oo and

b
R(gn) - ﬁgn <

a =

(A.4)

We argue by contradiction. Suppose that there exists C' > 0 such that

(A.5) R(s) — b—ms > ! s73, s>C.
a bma

We may assume that

(A.6) q(s) > 3bms, s> C (from (A.2)),

and

(A7) R(C) < %mc**% (from (A.1)).

We consider two cases:

(i) R(s) —y/ts < — blmas i s>C.
); (A.

Then from (

R"(s) < (3bms)( ! s_g>:—3 bms_%, s> C.

Integration yields,

R'(s) <6/ —s7 — 61/ b—mC_% +R(C), s>C.
a a

From the above relation and (A.7) we get R'(s) < 0 for large s which contradicts
the fact that R'(s) >0, s € R.
(i) R(s)f\/bms> blmas’g, s>C.
This case also leads to a contradiction by similar more simple arguments.
Thus both cases give a contradiction, which proves Claim 2.

Let u(s) := R(s) — 1/b7ms, for s > 0. Then from (A.3) we obtain that for s > 0:
1 /b
(A.8) —u" 4 q(s)u + 1V Tms*% =0.

Claim 3.There exists a large C' > 0 such that
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are sub-supersolutions respectively of (A.8) in [C, c0).

Indeed,
1 bm 3 35 1 9 1 5 1 bm 3
v +q(8)u+ -\ —s 2 = — 572 —q(s 572 4 /=572 <
o a(s)u 4V a 4 /bma a(s) bma 4V a -
(A.2) 35 1 9 1 5 1 bm 3
— s72 — (3bms §72 4 —4/—s2
4 v/bma ( ) bma 4V a

|
3
|
Nlo
VR
~| &
g
IS
|
Sy B
NE
Y
w
~
AN
o

if s > C large enough. Thus u is a subsolution of (A.8) in [C, o).
The fact that @ is a supersolution of (A.8) in [C, 00) follows from the previous re-
lation and from u = —u.

Based on Claim 2, we can assume that u, u, @ are solutions, subsolutions, super-
solutions respectively of (A.8) in [C,00) with |u(C)| < \/;TGC’*%. We thus have
u(C) < u(C) < @(C) and from (4.9) that u,u,2 — 0 as s — oco. By combining
the above with ¢(s) > 1, s > C, it follows from the maximum principle that
u(s) <wu(s) <a(s), s>C ie.

b 1
R(s) — m5| < s72 , s>C.
a bma
This proves (4.11).
Proof of (4.12)

From (4.6), (4.9) we have

(A.9) IR"(s)] < Cs™%, s>0.

Since R'(s) >0, s € R, Claim 1 implies that R'(s,) "= 0. Thus

R’(s)—R’(sn):/s R'(t)dt ‘&) R’(s):/s R'(t)dt, s € R,

Sn [eS)

which via (A.9) gives (4.11) for s > 0. For s < 0 the proof is similar.

APPENDIX B. PROOF OF PROPOSITION 5.1
Proof. Note that (4.10), (4.11) yield

(B.1) 3aR*(s) — bms — 00, as |s| — oo.

This implies that y has finitely many zeros in R (all of them simple). Using
this, the differential equation, and y € L>®(R), we get y,vy’,y” — 0 exponentially
as |s| — oo.

Suppose that y is not identically zero.

(i) If y(s) # 0, Vs € R. Then multiplying (5.7) with R’ > 0 and integrating by
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parts gives

u/ yR'ds :/ [-R" 4 2(3aR*(s) — bms)R'Jyds ' = / 2bmRyds.
— 0o — 0o —0o0

Thus g > 0, a contradiction. Integration by parts is justified from the previous
observation and elementary bounds on R’, R”, R" which follow from Proposition
4.1.

(ii) If y(k) = 0 for some k € R. Then we may assume without loss of generality
that (k) > 0 and y(s) > 0, s > k. Again multiplying (5.7) with R’ but this time
integrating by parts over [k, c0) gives p > 0, a contradiction.

The Proposition is proved. ([

APPENDIX C. PROOF OF LEMMA 5.2

Proof. Suppose that the claim of the Lemma is not true. Then there exist K,, "=~

00, A\ <0, y, € C?[-K,,,K,], n>1, such that

(Cl> _y;: + 2(3@R2(S) - bms)yn = )\nyvu s € [_KannL
(C.2) Yn(—Kn) =y, (Ky) = 0, HynHLOO[—Kn,Kn] =1

From (C.2) we may assume without loss of generality that there exist s,, € [—K,,, K],
n > 1 such that

Ynlsn) =1, yn(sn) =0, yy(sn) <0.
Setting s = s, in (C.1) gives

(C.3) 2(3aR*(s,) —bms,) <A\, <0, n>1,

ie.

(C.4) miﬂrg 2(3aR*(s) —bms) <\, <0, n>1, (cf. (B.1)).
se

From (C.1), (C.2), (C.4) and the usual diagonal argument (passing to a subse-
quence):

Yo — § in C?_(R) with 7|l Loy <1, A —A<0 , n— oo,

and
—7" +2(3aR?*(s) —bms)y = \j, sSER.

To arrive at a contradiction, we show that g is not identically zero (cf. Proposition
5.1). Relations (C.3), (B.1) yield that the sequence {s,} is bounded. Thus, by
passing to a subsequence, we may assume that s, — §, as n — co. Since y,, — ¥ in
C2 .(R) as n — oo and y,(s,) = 1, we obtain %(5) = 1. The proof is complete. [

loc
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