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Abstract
Properties of solutions of a bistable nonlinear convolution equation

in higher space dimensions are studied. The nonlinearity is the deriva-
tive of a double well function. The theory of traveling waves for this
equation was given in a previous publication [4]. Here we consider
spreading phenomena for state regions, in some cases by means of the
motion of domain walls, which are modeled by internal layers. These
phenomena are analogous to those known for the bistable nonlinear dif-
fusion equation, and in particular, for the Allen-Cahn equation, which
is a model for the motion of some grain boundaries in solid materials.
Cases when the two wells have unequal depth are considered, as well as
when they have equal depth. In the latter case a motion-by-curvature
law is derived formally in two space dimensions.

1 Introduction

We consider the properties of solutions u(x, t) of the bistable nonlinear con-
volution equation

ut = J ∗ u− u− f(u), x ∈ RN , t ≥ 0, eqn1 (1)

in which the function f has “stable” zeros at u = ±1 and the kernel J of
the convolution term is nonnegative with unit integral. This equation was
introduced in [4] as an L2 gradient flow for the energy functional

E[u] =
1

4

∫ ∫

J(x−x′)(u(x)−u(x′))2dxdx′+
∫

W (u(x))dx. energy

(2)
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Here the function W (u) is a double well function with f(u) = W ′(u), and
the integrals are over RN . This evolution equation (1) is, as a gradient flow
[13, 14], analogous to the more familiar bistable nonlinear diffusion equation

ut = ∆u− f(u), NLD (3)

for which the energy is the Ginzburg-Landau functional

EGL[u] =

∫

1

2
|∇u(x)|2dx+

∫

W (u(x))dx. energyGL (4)

In the case that W is balanced, i.e.
∫ 1
−1 f(u)du = 0, the equation (3) is

referred to as the Allen-Cahn equation [6, 7, 8].
The focus of attention in [4] was the existence and properties of traveling

waves of (1) in one space dimension. The most important kind of solutions
of (1) are those for which at every instant of time, the solution u takes
values near +1 in some region of space and values near -1 in another region.
We shall refer to these as state regions, analogous to regions occupied by
different solid grains modeled by (3). In the case of planar traveling waves,
whether considered in one or more space dimensions, these regions are half-
spaces. Depending on whether the velocity is positive or negative, traveling
waves with nonzero velocity represent the progressive spread or contraction
of the region occupied by the “upper” state (for which u ≈ 1).

In the present paper also, we are concerned with questions of the spread
or contraction of regions occupied by the upper or lower state, but not
necessarily in the form of traveling waves. Thus, those regions in our paper
will be regions in RN which may have irregular and sometimes ill-defined
boundary. In some cases, the interfacial boundary between the two state
regions will be a narrow strip or sheet, referred to as an internal layer. One
of our main interests will be in the process by which such an internal layer
may arise spontaneously (Section 2) and may migrate.

The speed of propagation of state regions is studied in general terms in
Sec. 3, and specifically in the case when the boundary is a thin layer in Sec.
4. The rate of spread of state regions is shown to be related to the speed
of the corresponding 1D traveling waves when the latter is nonzero. When
this latter speed vanishes, then the motion of higher dimensional layers will
be slower by a factor proportional to the thickness of the layer, and will also
be approximately proportional to the curvature of the layer. This is shown
by a nonrigorous asymptotic analysis in Sec. 5.
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All these properties are known to occur as well for the bistable nonlinear
diffusion equation (3), and have been studied extensively ([1, 3, 5, 9, 10, 12,
15, 16, 17, 11, 19, 24, 25, 26, 27, 28, 29]).

Another nonlinear convolution model [21, 22, 23, 20], arising from the
dynamic Ising model, has also been investigated very intensively along some
of these lines. In particular, it also has solutions with layers which were
proved in [21] to be driven by their mean curvature.

Most of our results are proved for the case that J is isotropic, i.e. depends
only on the distance between x and x′. However, anisotropy of J is allowed
in Sec. 2 and Sec. 5, where its implication for the motion by curvature law
is a prime consideration..

After the paper was written, we were informed that Barles and Sougani-
dis had just obtained some results intersecting part of our paper; they appear
in [2] (see also the survey [30]). The paper [2] treats, in a general setting, cur-
vature laws for the propagation of interfaces in any space dimension higher
than 1 as in our sec. 5, but under the condition that the traveling wave
solution has zero velocity and is C1 smooth. However, the initial generation
of interfaces is not proved in [2], nor the propagation of interfaces when the
1-D traveling wave has nonzero velocity; these are both done in this paper.
The initial generation result is needed in [2] to prove the curvature law.

2 Initial generation of interfaces

IG

Throughout the paper, we assume

A1: J ∈ C2(RN ), J(−x) = J(x), J(x) ≥ 0,
∫

J(x)dx = 1, and
∫ |x|2J(x)dx <∞.

A2: f ∈ C2(R); f has exactly three zeros, namely ±1 and α ∈ (−1, 1); f ′(±1) >
0. f has no other zeros. Moreover, f ′(α) > 0. (This last is needed
only in the present section.)

The appearance of layered solutions of the bistable nonlinear diffusion
equation (3) is known ([26, 15, 9, 27]) to occur in the “fast reaction, slow
diffusion” case, when space and time are scaled with a small constant ǫ so
that (3) assumes the form

ǫut = ǫ2∆u− f(u). NLD1 (5)
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The analogous scaling for (1) yields the following analog of the “small
diffusion” term: Jǫ ∗ u− u, where

Jǫ(x) =
1

ǫN
J

(

x

ǫ

)

. Jeps (6)

Accordingly, the present section considers the initial value problem

ǫut = Jǫ ∗ u− u− f(u), x ∈ RN , t ≥ 0, eqn (7)

u(x, 0; ǫ) = φ(x), − 1 ≤ φ(x) ≤ 1. IC (8)

Here, the initial function φ does not depend on ǫ, and is continuous with
bounded second derivatives. We denote the solution by u(x, t; ǫ), and some-
times by uǫ(x, t).

The goal is to show that in the region of space where φ(x) ≥ α +
O(ǫ1/2| ln ǫ|), the solution u(x, t; ǫ) becomes close to the value 1 in time
O(ǫ| ln ǫ|), and similarly where φ(x) ≤ α−O(ǫ1/2| ln ǫ|), u becomes close to
-1 in the same time. Thus interfaces are generated in a time scale O(ǫ| ln ǫ|)
and the “thickness” of the generated layers is at most O(ǫ1/2| ln ǫ|). This
can be compared to the result by Chen in [9], in which it is proved that
the nonlinear diffusion equation (5) develops (and propagates) layers with
thickness O(ǫ| ln ǫ|).

Theorem 1. Suppose that ‖φ‖C2 is finite. Assume A1 and A2. There
exist constants τ0 > 0 (depending only on f) and M0 > 0, M1 > 0, both
depending on f and ‖φ‖C2 , such that

(i) for small ǫ > 0, if x is such that φ(x) ≥ α + M0
√
ǫ| ln ǫ|, then

u(x, τ0ǫ| ln ǫ|) ≥ 1 −M1ǫ, and
(ii) if φ(x) ≤ α−M0

√
ǫ| ln ǫ|, then u(x, τ0ǫ| ln ǫ|) ≤ −1 +M1ǫ.

In our proof, we use the method in [9] with modifications.
We shall prove only part (i) in details; the proof of part (ii) follows by

applying (i) to −u(−x, t).
We start by perturbing f(u) near u = α as follows:

fǫ(u) = (1 − ρǫ(u))f(u) + ρǫ(u)
α+ ǫ1/2| ln ǫ| − u

| ln ǫ| , f-eps (9)

where ρǫ is a nonnegative C∞
0 cut-off function satisfying

ρǫ(u) ≡ 0 for u ≤ α−√
ǫ/C1 and u ≥ α+ 3

√
ǫ| ln ǫ|,

C1 = ‖f ′‖L∞([−1,1]),

ρǫ(u) ≡ 1 for α ≤ u ≤ α+ 2
√
ǫ| ln ǫ|,

0 ≤ ρ′ǫ(u) ≤ 2C1/
√
ǫ for u < α,

0 ≥ ρ′ǫ(u) ≥ −2/(
√
ǫ| ln ǫ|) for u > α.

(10)
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We list the properties of fǫ proved as in [9]:

P1. fǫ has exactly three zeros: −1, α+
√
ǫ| ln ǫ|, 1;

P2. fǫ(u) ≥ f(u) for all u in, say, [-2,2];

P3. |f ′ǫ(u)| ≤ C2 for all u ∈ [−2, 2] and all small ǫ (C2 is a constant);

P4. there exists a positive constant C3 independent of small ǫ such that

(a) fǫ(u) ≥ C3
√
ǫ for u ∈ [α−

√
ǫ

C1
, α],

(b) fǫ(u) ≤ −C3
√
ǫ for u ∈ [α+ 2

√
ǫ| ln ǫ|, α+ 3

√
ǫ| ln ǫ|].

Consider the ordinary differential equation obtained by ignoring the “dif-
fusion” term in (7) with f(u) replaced by fǫ(u):

ǫvt(η, t) = −fǫ(v(η, t)), ODE (11)

v(η, 0) = η ∈ R1. ICODE (12)

For a slightly different fǫ, the following lemma was proved in [9], except
for (iii):

Lemma 2. (i) There exists a positive constant τ0 such that for all small
ǫ,

v(η, t) ≥ 1 − ǫ2 for t ≥ τ0ǫ| ln ǫ|, η ≥ α+ 3
√
ǫ| ln ǫ|.

(ii) v(η, t) is C2 smooth in both η and t, and

vη > 0 for all η ∈ [−2, 2], t ≥ 0.

(iii) There exists a positive constant C4 such that for all small ǫ and for
0 ≤ t ≤ τ0ǫ| ln ǫ|, η ∈ [−2, 2],

|vηη(η, t)| ≤
C4

ǫ
. vetaeta (13)

Proof of (iii): The proof of this is very close to that of Chen [9] when

he proves
∣

∣

∣

vηη

vη
(η, t)

∣

∣

∣ ≤M/ǫ.

By [9],

vηη(η, t) =
(f ′ǫ(v(η, t)) − f ′ǫ(η))fǫ(v(η, t))

f2
ǫ (η)

.

To show (13), by (P3) we need only worry about those η such that |fǫ(η)| ≤
C
√
ǫ for some small constant C. These η are contained in (−1−√

ǫ,−1+
√
ǫ)

or (1 −√
ǫ, 1 +

√
ǫ) or [α,α + 2

√
ǫ| ln ǫ|], by (P1), (P3), and (P4).
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If η ∈ (−1 −√
ǫ,−1 +

√
ǫ) , then v(η, t)↓ − 1 as t→∞. Thus

|vηη(η, t)| ≤ |f ′′(...)||v(η,t)−η|f(v(η,t))
f2(η)

≤ C5|−1−η||−1−v(η,t)|
|−1−η|2 ≤ C5,

where C5 depends on f and its derivatives up to second order near u = −1.
Similarly, we can show that vηη is bounded for η ∈ (1−√

ǫ, 1 +
√
ǫ)∪ (−1−√

ǫ,−1 +
√
ǫ).

It remains to prove (13) for η ∈ [α,α + 2
√
ǫ| ln ǫ|].

Case 1. v(η, t) ∈ [α,α + 2
√
ǫ| ln ǫ|] for all t ≤ τ0ǫ| ln ǫ|.

Then vηη(η, t) = 0, since fǫ is linear for u ∈ [α,α + 2
√
ǫ| ln ǫ|].

Case 2. For some t0 ≤ τ0ǫ| ln ǫ|, v(η, t0) = α + 2
√
ǫ| ln ǫ|. Then by

solving (11), we find

v(η, t) = α+
√
ǫ| ln ǫ| + √

ǫ| ln ǫ|e(t−t0)/ǫ| ln ǫ|, t ≤ t0,

η = v(η, 0) = α+
√
ǫ| ln ǫ| + √

ǫ| ln ǫ|e−t0/ǫ| ln ǫ| ≥ α+
√
ǫ| ln ǫ|(1 + e−τ0),

fǫ(η) = α+
√

ǫ| ln ǫ|−η
| ln ǫ| ≤ −√

ǫe−τ0 .

(14)
Thus (13) follows.

Case 3. For some t0 ≤ τ0ǫ| ln ǫ|, v(η, t0) = α. The proof of (13) in this
case is very similar to the one in Case 2. This completes the proof of Lemma
1.

Now we use the solution v(η, t) of (11) to construct a subsolution of the
form

u(x, t) = v(φ(x) −Mt, t) − q(t/ǫ),

where M > 0 is large, q(0) = 0, q(t/ǫ) is small enough.
We wish to prove that for 0 ≤ t ≤ τ0ǫ| ln ǫ|, Lu ≤ 0, where

Lu ≡ ǫut − Jǫ ∗ u+ u+ f(u)
= ǫvt(φ(x) −Mt, t) − ǫMvη(φ(x) −Mt, t) − q′(t/ǫ)−
− ∫ J(y)v(φ(x − ǫy) −Mt, t)dy + v(φ(x) −Mt, t) + f(v(φ(x) −Mt, t) − q(t/ǫ))
= −ǫMvη(φ(x) −Mt, t) − q′(t/ǫ) + I + f(v(...) − q(t/ǫ)) − f(v(...)), Lu

(15)
where

I =

∫

J(y) [v(φ(x) −Mt, t) − v(φ(x − ǫy) −Mt, t)] dy.
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We proceed to estimate I as follows. By Taylor’s Theorem (we assumed
that φ has bounded second derivatives),

v(φ(x) −Mt, t) − v(φ(x− ǫy) −Mt, t) =
vη(φ(x) −Mt, t)(φ(x) − φ(x− ǫy)) + 1

2vηη(η̂, t)(φ(x) − φ(x− ǫy))2

= vη(φ(x) −Mt, t)(ǫ∇φ(x) · y +O(ǫ2|y|2)) + vηη(η̂, t)O(ǫ2|y|2).
(16)

This, (13) and the assumption that J be even imply

I = vη(φ(x) −Mt, t)

∫

RN
J(y)O(ǫ2|y|2)dy +O(ǫ)

∫

RN
J(y)|y|2dy (17)

= vη(φ(x) −Mt, t)O(ǫ2) +O(ǫ), 0 ≤ t ≤ τ0ǫ| ln ǫ|. (18)

In view of this and (15), it suffices to require

0 ≥ −ǫ(1 +O(ǫ))Mvη(φ(x) −Mt, t) − q′(t/ǫ) +O(ǫ)
+f(v(...) − q) − f(v(...)) for 0 ≤ t ≤ τ0ǫ| ln ǫ|.

I1 (19)

We assert (to be verified later) that q may be chosen so that it satisfies

q(0) = 0, 0 ≤ q(t/ǫ) ≤ 1 − α′ for 0 ≤ t ≤ τ0ǫ| ln ǫ|, I2 (20)

where α′ > α is close to α.
Observe that there exist small constants γ > 0, µ > 0, such that if

0 ≤ q ≤ 1 − α′ and |v − 1| ≤ γ or |v + 1| ≤ γ, then

f(v − q) − f(v) ≤ −µq. I3 (21)

Case 1. 1 − γ ≤ v(φ(x) − Mt, t) ≤ 1 or −1 − γ ≤ v(...) ≤ −1 + γ,
0 ≤ t ≤ τ0ǫ| ln ǫ|.

We wish (see (19))

0 ≥ −q′(t/ǫ) − µq(t/ǫ) +O(ǫ). I4 (22)

Case 2. −1 + γ ≤ v(φ(x) −Mt, t) ≤ 1 − γ; 0 ≤ t ≤ τ0ǫ| ln ǫ|.
We need the following lemma.
Lemma 3. If −1 + γ ≤ v(η, t) ≤ 1 − γ, 0 ≤ t, then there exists a

positive constant C6 such that

vη(η, t) ≥ C6 > 0. (23)
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We delay the proof of this until the end of the section. Continuing with
Case 2, we note that by (19) and Lemma 3, it suffices to require

0 ≥ −ǫM
2
C6 − q′(t/ǫ) + bq(t/ǫ) +O(ǫ) 31 (24)

for 0 ≤ t ≤ τ0ǫ| ln ǫ|, where b = ‖f ′‖L∞([−2,2]).
We take q to satisfy

q′(τ) + µq(τ) = O(ǫ),
q(0) = 0

(25)

(so that (22) is satisfied). This implies that

0 ≤ q(τ) = O(ǫ)(1 − e−µτ ) ≤ O(ǫ). 32 (26)

Hence (20) is satisfied. Now (24) demands that

ǫMC6

2
≥ (b+ µ)q(t/ǫ) = (b+ µ)O(ǫ).

This is true if M is large, independently of small ǫ.
We have thus proved that u(x, t) = v(φ(x) −Mt, t) − q(t/ǫ) is a subso-

lution of (7), (8) for 0 ≤ t ≤ τ0ǫ| ln ǫ| and hence by the comparison principle
discussed below (28),

u(x, t) ≥ v(φ(x) −Mt, t) − q(t/ǫ) for 0 ≤ t ≤ τ0ǫ| ln ǫ|. 33 (27)

Let Ω+
0 = {x ∈ RN : φ(x) ≥ α + (3 + Mτ0)

√
ǫ| ln ǫ|}. Then if x ∈

Ω+
0 , φ(x) −Mt ≥ α + 3

√
ǫ| ln ǫ| for 0 ≤ t ≤ τ0ǫ| ln ǫ|. Therefore by (26) -

(27) and (i) of Lemma 2, we have

u(x, τ0ǫ| ln ǫ|) ≥ 1 −O(ǫ) 34 (28)

This establishes Theorem 1, except for a brief discussion of the compar-
ison principle and the proof of Lemma 3.

Comparison Principle. For simplicity assume ǫ = 1 in (7) and (8).
Then the Cauchy problem is equivalent to the following “variation of con-
stants formula”

u(·, t) = etAφ(·) +

∫ t

0
e(t−s)Ag(u(·, s))ds ≡ F (u),
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where Au = J ∗ u, g(u) = u+ f(u). Without loss of generality, assume g(u)
is increasing in u (otherwise replace u in (7) by eMtu). Then F is order
preserving in the space X = L∞(RN × [0, T ]). If u is C1 in the variable t
and is a subsolution of (7) and (8), it is routine to show that for small T ,
F has a unique fixed point ũ in the unit ball centered at φ in the space X;
moreover ũ ≥ u in RN × [0, T ]. By uniqueness, the solution u of (7), (8) is
ũ. A ladder argument then gives u ≥ u in RN × [0,∞).

Proof of Lemma 3. By easy manipulations, we have

vη(η, t) =
fǫ(v(η, t))

fǫ(η)

(see [9]). Take a small β > 0 so that |f ′(u)| > C7 for some constant C7 > 0
and for u ∈ (α− β, α + β) (recall A2).

If η /∈ (α−β, α+β), then by the assumption that −1+γ ≤ v(η, t) ≤ 1−γ,
we have

vη(η, t) =
|f(v(η, t))|

|f(η)| ≥ some positive constant C8.

If η ∈ (α− β, α), then by P2 and P3,

vη(η, t) ≥ f(v(η,t))
fǫ(η) ≥ f(v(η,t))

‖f ′

ǫ‖L∞[−2,2](α−η)

≥






C7(α−v(η,t))
‖f ′

ǫ‖∞(α−η) if v(η, t) ∈ (α− β, α),
inf {f(v):v∈(−1+γ,α−β)}

‖f ′
ǫ‖∞β if v(η, t) /∈ (α− β, α).

≥ some positive constant C9 (v(η, t) < η for t > 0).

If η ∈ (α,α + β) and v(η, t) ≥ α+ β, then

vη(η, t) = f(v(η,t))
fǫ(η) ≥ inf {f(v):v∈(α+β,1−γ)}

‖f ′

ǫ‖∞(η−α)

≥ C10,

where C10 is some positive constant.
If η ∈ (α,α + β) and v(η, t) < α+ β, we use the fact that f ′ǫ(u) ≤ 0 for

u ∈ (α,α + β) and small ǫ, to obtain

vη(η, t) =
−fǫ(v(η, t))

−fǫ(η)
≥ −fǫ(η)

−fǫ(η)
= 1.

The fact we just used can be proved as follows:

f ′ǫ(u) = (1 − ρǫ(u))f
′(u) − ρ′ǫf(u) − ρǫ

| ln ǫ| + ρ′ǫ
(

α+
√

ǫ| ln ǫ|−u
| ln ǫ|

)

= ρ′ǫ(
√
ǫ+ α−u

| ln ǫ| − f ′(ū)(u− α)) + plus nonpositive terms.
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But by recalling (A2) that |f ′(u)| > C7 on (α − β, α + β), we see that this
last expression is nonpositive for small ǫ.

This establishes the fact and Lemma 3 is proved.

3 Spread of a new phase

spread

The object of this section is to show that if f is such that traveling waves
result in the spread of the upper state region at the expense of the lower
one, then the upper region also spreads in higher dimensions, provided that
initially the solution u of (1) lies above α by some amount in a large enough
ball in RN . The ultimate velocity of this spread is shown to be eventually
arbitrarily close to that of 1D traveling waves. Of course the analogous
result holds if “upper” and “lower” are interchanged in all of the above.
This type of result is known for the equation (3) as well. For example, in
1D it was proved in [11].

Suppose that J is a radial kernel satisfying A1. Define

Ĵ(y1) =

∫

RN−1
J(y1, y

′)dy, y1 ∈ R1, y′ ∈ RN−1. Jroof (29)

Then Ĵ(y1) is an even function with Ĵ(y1) ≥ 0 and
∫

R1
Ĵ(y1)dy1 = 1.

The one-dimensional problem

ut(y1, t) = Ĵ ∗ u− u− f(u) 1dTW (30)

has [4] a traveling wave solution

u(y1, t) = U(y1 − ct), y1 ∈ R1, t ≥ 0. t-w (31)

Suppose c 6= 0. Then U is smooth and satisfies

Ĵ ∗ U(z) − U(z) + cU ′(z) − f(U(z)) = 0, z ∈ R1, TWeqn

U(−∞) = −1, U(∞) = 1, U ′ > 0,

c =

∫ 1

−1
f(u)du

∫

∞

−∞
(U ′)2dz

. c

(32)
Thus

∫

RN
J(y)U(z−y·n)dy−U(z)+cU ′(z)−f(U(z)) = 0, z ∈ R1, TWeqn1

(33)
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for any unit vector n in RN (which is allowed to depend on z). Consider
the Cauchy problem for (1) in RN , with initial data

u(x, 0) = φ(x), − 1 ≤ φ(x) ≤ 1, φ continuous in RN . ic (34)

Theorem 4. In addition to the above, A1, and A2, suppose the 1D
traveling wave U in (31) has velocity c < 0. For all small η > 0, there exists
a small β(η) > 0 such that for any 0 < β ≤ β(η), there exists a positive
constant L(η, β) so that if φ(x) ≥ α+ η for |x| ≤ L(η, β), then

u(x, t) ≥ U(−|x|−ct−ξ(t))−q(t), x ∈ RN , t ≥ 0, estbelow (35)

where the functions ξ(t) and q(t) depend on η and β and satisfy

ξ′(t)↓ in t, ξ′(t) = β for t large ; xi (36)

lim
t→∞

q(t) = 0. (37)

(q(t) is given by (53) in the proof below.)
Remark. By constructing supersolutions, we can also show that if

φ(x) ≤ α − η for x near infinity, then an inequality similar to (35) holds,
with the inequality sign and the signs of ξ(t) and q(t) changed. These re-
sults imply that a large region in which u is close to 1 (the upper state
region) propagates at an asymptotic speed |c| in the long run. In one space
dimension, we can improve the theorem and the proof is much easier.

Proof of Theorem 4.
We look for a subsolution of the form

u(x, t) = U(−|x| − ct− ξ(t)) − q(t),

where ξ(t) and q(t) satisfy the following:

ξ′(t) > 0;
0 < q(t) ≤ 1 − (α+ η/2), q(0) = 1 − (α+ η).

xiq (38)

We need the inequality

0 ≥ Lu ≡ ut − J ∗ u+ u+ f(u)
= −(c+ ξ′(t))U ′(−|x| − ct− ξ(t)) − q′(t)−
− ∫RN J(y)U(−|x− y| − ct− ξ(t))dy
+U(−|x| − ct− ξ(t)) + f(U(−|x| − ct− ξ(t)) − q(t)).

(39)
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By (33), we have

∫

J(y)U(−|x| − ct− ξ(t) + y · σ(x))dy − U(−|x| − ct− ξ(t))
+cU ′(−|x| − ct− ξ(t)) − f(U(−|x| − ct− ξ(t))) = 0,
σ(x) = x

|x| if x 6= 0; any unit vector, if x = 0.
sigma

(40)
We therefore need

0 ≥ −ξ′(t)U ′(−|x| − ct− ξ(t)) − q′(t) + I+
+f(U(−|x| − ct− ξ(t)) − q(t)) − f(U(−|x| − ct− ξ(t))),

Q

(41)
where

I =
∫

J(y) [U(−|x| − ct− ξ(t) + y · σ(x)) − U(−|x− y| − ct− ξ(t))] dy
=
∫

|y|≥M(t) +
∫

|y|≤M(t) ≡ I1 + I2, M to be chosen later, M(t) ≥ 1.

(42)
Observe that

I1 ≤
∫

|y|≥M(t)
2J(y)dy. (43)

To estimate I2, one sees that if |x| ≥ K(t) ≥ M(t) (where K(t) will be
chosen later), then for |y| ≤M(t), we have by Taylor expansion

|x− y| = |x|
∣

∣

∣σ(x) − y
|x|

∣

∣

∣ = |x|
[

|σ(x)| − σ(x) · y
|x| +O

(

|y|2
|x|2
)]

= |x| − σ(x) · y +O
(

M2(t)
K(t)

)

.
(44)

Thus if |x| ≥ K(t), we have I2 ≤ ∫

|y|≤M(t) J(y)‖U ′‖L∞O(M2/K)dy =

O(M2/K).
On the other hand if |x| ≤ K(t), then

I2 ≤ ∫

|y|≤M(t) J(y) [1 − U(−2K(t) − ct− ξ(t))] dy.

≤ 1 − U(−2K(t) − ct− ξ(t)) ≡ g(t).
3 (45)

Summarizing the above estimates, we have

I ≤ 2

∫

|y|≥M(t)
J(y)dy +O

(

M2(t)

K(t)

)

+ g(t) ≡ h(t). I (46)

Observe that there exist µ = µ(η) > 0, γ = γ(η) > 0 such that if 1 − γ ≤
u ≤ 1 or −1 ≤ u ≤ γ − 1 and 0 ≤ q ≤ 1 − (α+ η/2), then

f(u− q) − f(u) ≤ −µq.
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Case 1. 1−γ ≤ U(−|x|−ct−ξ(t)) ≤ 1 or −1 ≤ U(−|x|−ct−ξ(t)) ≤ γ−1.
We want to have (see (41))

q′ +µq ≥ h(t), 0 ≤ q ≤ 1− (α+ η/2), q(0) = 1− (α+ η) 5 (47)

(for the definition of h(t), see (46)).
Case 2. −1 + γ ≤ U(−|x| − ct− ξ(t)) ≤ 1 − γ. This implies U ′(−|x| −

ct− ξ(t)) ≥ a > 0 for some a. In this case we want

aξ′(t) ≥ −q′(t) + bq + h(t), b = ‖f ′‖L∞([−2,2]) axi (48)

(h given by (46)).
We shall first choose ξ(t), then q(t) so that

q′ + µq = h(t),
q(0) = 1 − (α+ η), qprime

(49)

q(t) ≤ 1 − (α+ η/2). qest (50)

To select ξ(t), define δ(η) = min
(

η
4 ,

−ca
2(b+µ) , 1 − (α+ η/2)

)

. For all 0 < δ ≤
δ(η), let r(t) be a smooth nonincreasing function such that

r(t) =

{

b+µ
a (1 − (α+ η/2)), 0 ≤ t ≤ T,

δ(b+µ)
a , 1 + T ≤ t <∞,

r (51)

where T is large enough so that

e−µtq(0) = e−µt(1 − (α+ η)) < δ/3 for t ≥ T. 9 (52)

We take ξ(t) such that ξ′(t) = r(t), t ≥ 0. By (49), we have

q(t) = e−µt(1 − (α+ η)) + e−µt
∫ t

0
eµsh(s)ds. q3 (53)

Now we must verify that q, which satisfies (49), also satisfies (48) and (50).
Let us first check (50).

Take M(t) = (t +m)1/4, K(t) = (t +m)3/4, where m is large enough
that

K(t) ≥M(t) for t ≥ 0;

h1(t) ≡ 2
∫

|y|≥M(t) J(y)dy +O
(

M2

K

)

≤ δ
3µ , t ≥ 0.

(54)
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This implies that q(t)→0 as t→∞, as desired. It also implies that

e−µt
∫ t

0
eµsh1(s)ds ≤

δ

3
, t ≥ 0. 10 (55)

By taking −ξ(0) sufficiently large, we have

g(t) = 1 − U(−2K(t) − ct− ξ(t)) ≤ δ/(3µ) 11 (56)

for all t ≥ 0. (Recall ξ′(t) = δ(b+µ)
a ≤ −c/2 for large t ≥ T + 1).

Now (55) and (56) yield

q(t) = e−µt(1 − (α+ η)) + e−µt
∫ t
0 e

µsh1(s)ds+ e−µt
∫ t
0 e

µsg(s)ds

≤ (1 − (α+ η)) + δ
3 + δ

3 ≤ 1 − (α+ η) + η
6 ≤ 1 − (α+ η

2 ).

Thus (50) holds.
Next, we verify (48), i.e. aξ′(t) ≥ (b+ µ)q for t ≥ 0. We have

aξ′(t) = ar(t) ≥
{

(b+ µ)(1 − (α+ η/2)), 0 ≤ t ≤ T,
(b+ µ)δ, t ≥ T.

For 1 ≤ t ≤ T, we have aξ′(t) ≥ (b+ µ)q(t), by (50).
For t ≥ T, we have

aξ′(t) ≥ (b+ µ)δ

≥ (b+ µ)
[

e−µt(1 − (α+ η)) + e−µt
∫ t
0 e

µs(h1(s) + g(s))ds
]

= (b+ µ)q(t),

by (52) - (56).
Finally, we have to check that φ(x) ≥ u(x, 0) = U(−|x| − ξ(0)) − (1 −

(α+ η)).
For |x| ≤ L, u(x, 0) ≤ 1 − (1 − (α+ η)) = α+ η ≤ φ(x).
For |x| ≥ L, u(x, 0) ≤ U(−L− ξ(0))− q0. Noting that q0 = 1− (α+ η),

in order to show that u(x, 0) ≤ −1 ≤ φ(x), we need to show that U(−L−
ξ(0)) ≤ −(α+ η). In other words, it suffices to show that

−L− ξ(0) ≤ U−1(−(α+ η)), i.e. − U−1(−(α+ η)) − ξ(0) ≤ L.

Now take β(η) = δ(η)(b−µ)
a , β = δ(b−µ)

a , with L(η, β) = −U−1(−(α + η)) −
ξ(0).

The desired result follows from the comparison principle (discussed below
(28)).

14



4 The propagation of internal layers (phase inter-
faces)

PIL

We return to the analog of the “fast reaction, slow diffusion” case, and
denote by uǫ(x, t) the solution of

ǫuǫ
t = Jǫ ∗ uǫ − uǫ − f(uǫ), x ∈ RN , t ≥ 0, eqn2

uǫ(x, 0) = φ(x), − 1 ≤ φ(x) ≤ 1, IC2

Jǫ(x) = 1
ǫN J

(x
ǫ

)

, Jeps2

(57)

with φ continuous in RN .
We look at the problem from a slightly different point of view now,

fixing (x, t) and letting ǫ↓0. We show that the limit is ±1 except on surfaces
analogous to “light cones”. This type of result is also known for (5), see e.g.
[19].

Before giving the statement of our result, we recall [4] that the 1D prob-
lem (30) always has a monotone traveling wave U (see (31)). If c 6= 0, then
U is C1 smooth and satisfies (32). If c = 0, U may be not differentiable
and may even have jump discontinuities at some points. In this section,
we assume that the set of such points is finite, which is true if f(u) has
only finitely many critical points over interval [−1, 1]. At points where U is
differentiable, U is C1 and U ′ > 0. In any event, c = 0 or c 6= 0, U satisfies
(33), possibly except at finitely many points.

Theorem 5. Assume A1, A2 and that J is radial. Let Ω+
0 = {x ∈ RN

∣

∣

∣φ(x) >

α}. Then the following is true:
(i) If the one-dimensional traveling wave (31) has velocity c < 0, then

for any t > 0,

lim
ǫ→0+

uǫ(x, t) =

{

1, if dist(x,Ω+
0 ) < −ct,

−1, if dist(x,Ω+
0 ) > −ct, aa (58)

A similar assertion holds if c > 0.
(ii) If the one-dimensional traveling wave has velocity c = 0, then for

any t > 0,

lim
ǫ→0+

uǫ(x, t) =

{

1, if φ(x) > α,
−1, if φ(x) < α.

ab (59)

Proof of Thm. 5(i).
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First, let (x0, t0) be any point such that dist(x0,Ω
+
0 ) < −ct0. There is

a point x1 ∈ Ω+
0 such that |x0 − x1| < −ct0. Without loss of generality, we

assume x1 = 0. Take a small ball Br0(0) so that Br0(0) ⊂ Ω+
0 . Then there

exists a positive constant η > 0 such that φ(x) ≥ α + η for |x| ≤ r0. Let
β(η) be the small positive constant in the statement of Theorem 4. Take a
small number β ∈ (0, β(η)) so that

|x0| = |x0 − x1| < −ct0 − 2βt0. x0 (60)

Now rescale uǫ(x, t) as follows: vǫ(x, t) = uǫ(ǫx, ǫt). Then vǫ satisfies

vǫ
t(x, t) = J ∗ vǫ − vǫ − f(vǫ), x ∈ RN , t ≥ 0, v-eps eq (61)

vǫ(x, 0) = φ(ǫx) ≡ φǫ(x), − 1 ≤ φǫ ≤ 1. v-eps-ic (62)

Note that φǫ(x) ≥ α+ η for |x| ≤ r0/ǫ.
Now by Theorem 4, there exist functions ξ(t) and q(t) depending only

on η and β such that for all small ǫ > 0,

vǫ(x, t) ≥ U(−|x| − ct− ξ(t)) − q(t), x ∈ RN , t ≥ 0,
ξ′(t) = β for t ≥ T (η, β), and q(t)→0 as t→∞.

(63)

We therefore have that

uǫ(x0, t0) ≥ U

(−|x0| − ct0
ǫ

− ξ(t0/ǫ)

)

− q(t0/ǫ). (64)

But since ξ′(t) = β for t ≥ T (η, β), we have ξ(t0/ǫ) ≤ 3βt0
2ǫ for ǫ small. Hence

by (60)

uǫ(x0, t0) ≥ U
(

−|x0|−ct0
ǫ − 3βt0

2ǫ

)

− q(t0/ǫ)

≥ U
(

βt0
2ǫ

)

− q(t0/ǫ) → 1 as ǫ→0+.
(65)

Thus limǫ→0+ uǫ(x0, t0) = 1.
It remains to show the second part of (i), i.e.

lim
ǫ→0+

uǫ(x, t) = −1 for dist(x,Ω+
0 ) > −ct, t > 0. case2 (66)

Let (x0, t0) be such that dist(x0,Ω
+
0 ) > −ct0 (we take x0 = 0). There

are a small δ > 0 and constants ξ1 > ξ0 such that ξ1 > ξ0 > −cδt0, where
cδ = c − δ < 0 and the closure of the ball Bξ1(0) does not intersect Ω+

0 .
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Then there exists a small η > 0 such that φ(x) ≤ α − η for |x| ≤ ξ1. To
show (66), it suffices to show that for all small β > 0,

lim sup
ǫ→0+

uǫ(x, t) ≤ −1 + β. limsup (67)

To this end, we construct a supersolution of the form

ū(x, t) = U

( |x| − cδt− ξ0
ǫ

+ r(t/ǫ)

)

+ q(t/ǫ). ubar1 (68)

We shall choose r(t) and q(t) so that they satisfy

0 < q(t) ≤ 1 + α− η
2 , q(0) = 1 + (α− η),

r′(t) ≥ 0, r′(t) ≡ 0 for large t.
qr (69)

Then
Lū(x, t) = ǫūt(x, t) − Jǫ ∗ ū+ ū+ f(ū)

= (−cδ + r′(t/ǫ))U ′
(

|x|−cδt−ξ0
ǫ + r(t/ǫ)

)

+ q′(t/ǫ)+

+U
( |x|−cδ−ξ0

ǫ + r(t/ǫ)
)

+ f(U(...) + q(t/ǫ))−
− ∫RN Jǫ(y)U

(

|x−y|−cδt−ξ0
ǫ + r(t/ǫ)

)

dy.

(70)

Setting the vector n in (33) equal to σ in (40), we have

∫

RN J(y)U
(

|x|−cδt−ξ0
ǫ + r(t/ǫ) − σ(x) · y

)

dy − U
(

|x|−cδt−ξ0
ǫ + r(t/ǫ)

)

+cU ′(...) − f(U(...)) = 0.
(71)

Thus

Lū(x, t) = (δ + r′(t/ǫ))U ′
(

|x|−cδt−ξ0
ǫ + r(t/ǫ)

)

+ q′(t/ǫ)

+f(U(...) + q(t/ǫ)) − f(U(...)) + I,
R1

(72)
where, for some Mβ to be chosen,

I =
∫

RN J(y)
[

U
(

|x|−cδt−ξ0
ǫ + r(t/ǫ) − σ(x) · y

)

− U
(

|x−ǫy|−cδt−ξ0
ǫ + r(t/ǫ)

)]

=
∫

|y|≥Mβ
+
∫

|y|≤Mβ
≡ I1 + I2.

R2

(73)
We need the inequality Lū ≥ 0 for 0 ≤ t ≤ t0, ǫ small. For all small β > 0,
there is a large number Mβ > 0 such that

I1 ≥ −2

∫

|y|≥Mβ

J(y)dy > −β/100. I1est (74)
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For |x| ≥ 1
2(ξ0 + cδt0) > 0 and ǫ small, by Taylor’s theorem as in the

previous section, we have

|I2| ≤
∫

|y|≤Mβ

J(y)O(ǫ)dy < β/100 for all t ≥ 0. I2est (75)

For |x| ≤ 1
2(ξ0 + cδt0), small ǫ > 0 and 0 ≤ t ≤ t0,

I2 ≥ ∫

|y|≤Mβ
J(y)

[

−1 − U
(

|x−ǫy|−cδt−ξ0
ǫ + r(t/ǫ)

)]

dy

≥ ∫

|y|≤Mβ
J(y)

[

−1 − U
(

−cδt−ξ0
3ǫ + r(t/ǫ)

)]

dy

≥ −1 − U
(

−cδt0−ξ0
3ǫ + r(t/ǫ)

)

≡ g(t).

I2g (76)

Now let µ = µ(η) > 0 and γ = γ(η) > 0 be constants such that if
0 ≤ q ≤ 1 + (α− η

2 ) and 1 − γ ≤ u ≤ 1 or −1 ≤ u ≤ γ − 1, then

f(u+ q) − f(u) ≥ µq.

We consider several cases.
Case 1. 1−γ ≤ U

( |x|−cδt−ξ0
ǫ + r(t/ǫ)

)

≤ 1 or −1 ≤ U(...) ≤ γ−1, and

|x| ≥ 1
2(ξ0 + cδt0) > 0, for 0 ≤ t ≤ t0.

In this case, we want (see (69), (72) - (75))

0 ≤ q′(t/ǫ) + µq(t/ǫ) − β/50. C1 (77)

Case 2. 1−γ ≤ U
(

|x|−cδt−ξ0
ǫ + r(t/ǫ)

)

≤ 1 or −1 < U(...) ≤ γ−1, and

|x| ≤ 1
2(ξ0 + cδt0) > 0, for 0 ≤ t ≤ t0.

In this case, we want (see (72) - (74) and (76))

0 ≤ q′(t/ǫ) + µq(t/ǫ) − β/100 + g(t) C2 (78)

(here g(t) is given in (76)).

Case 3. −1+γ ≤ U
( |x|−cδt−ξ0

ǫ + r(t/ǫ)
)

≤ 1−γ and |x| ≥ 1
2(ξ0+cδt0) >

0, for 0 ≤ t ≤ t0.
Let a be such that U ′(...) ≥ a > 0 and b = ‖f ′‖L∞([−2,2]). In this case,

we want (see (72) - (75))

ar′(t/ǫ) + aδ + q′(t/ǫ) − bq(t/ǫ) − β/50 ≥ 0. C3 (79)

Case 4. −1+ γ ≤ U
(

|x|−cδt−ξ0
ǫ + r(t/ǫ)

)

≤ 1− γ and |x| ≤ 1
2 (ξ0 + cδt0)

for 0 ≤ t ≤ t0.
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In this case, we want (see (72) - (74) and (76))

ar′(t/ǫ) + aδ + q′(t/ǫ) − bq(t/ǫ) − β/100 + g(t) ≥ 0. C4 (80)

We take q to satisfy

q′(τ) + µq(τ) − β = 0, q(0) = 1 + α− η,

so that

q(τ) = (1 + α− η)e−µτ +
β

µ
(1 − e−µτ ).

Take β > 0 so small that

β <
δa

2
and β <

µδa

4(b+ µ)
. beta (81)

Let τ0 be such that

−aδ
2

+ (1 + α− η)(b + µ)e−µτ0 +
β(b+ µ)

µ
= 0.

Such τ0 exists by (81) and by assuming δ is small enough (no loss of gener-
ality). We take r(τ) given by

ar′(τ) =

{

−aδ
2 + (b+ µ) [(1 + α− η)e−µτ + β/µ] , if 1 ≤ τ ≤ τ0;

0, if τ ≥ τ0.

r(0) = 0.

Thus r′ ≥ 0 and r′(τ) ≡ 0 for τ ≥ τ0. Now we check whether (69) and (77)
- (80) are satisfied.

The inequality (69) will be satisfied if β is taken small enough, which
involves no loss of generality. Also, (77) is obviously true.

To show (78), we just need to show that

β/100 ≥ −g(t) = 1 + U

(−cδt0 − ξ0
3ǫ

+ r(t/ǫ)

)

.

This is true for small ǫ, because

−g(t) ≤ 1 + U

(−cδt0 − ξ0
3ǫ

+ r(τ0)

)

→ 0 as ǫ↓0.

To prove (79) and (80), we merely need to show that

−aδ + (b+ µ)q(t/ǫ) + 99β/100 − g(t) ≤ ar′(t/ǫ). C4-1 (82)
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Since −g(t) ≤ β/100 and in view of (81), to show (82) it suffices to establish
that

(b+ µ)q(τ) − aδ/2 ≤ ar′(τ),

which will follow if

(b+ µ)

[

(1 + α− η)e−µτ +
β

µ

]

− aδ/2 ≤ ar′(τ).

But this is true by the definitions of r(τ) and τ0.
Now to show that ū is a supersolution of (57) for 0 ≤ t ≤ t0, we only

need to demonstrate that
ū(x, 0) ≥ φ(x)

in RN , which by (68) is true if and only if

U

( |x| − ξ0
ǫ

)

+ (1 + α− η) ≥ φ(x) ubar (83)

in RN . But since φ(x) ≤ α− η for |x| ≤ ξ1, (83) holds in the ball Bξ1(0).
For |x| ≥ ξ1 > ξ0,

U

( |x| − ξ0
ǫ

)

+ (1 + α− η) ≥ U

(

ξ1 − ξ0
ǫ

)

+ (1 + α− η) ≥ 1 ≥ φ(x)

if ǫ is small. Thus (83) holds in RN and ū(x, t) is a supersolution of (57) for
0 ≤ t ≤ t0.

By the comparison principle below (28), we have

uǫ(x, t) ≤ U

( |x| − cδt− ξ0
ǫ

+ r(τ0)

)

+ q(t/ǫ), 0 ≤ t ≤ t0.

In particular (note 0 = x0),

uǫ(x0, t0) ≤ U

(−cδt0 − ξ0
ǫ

+ r(τ0)

)

+ (1 + α− η)e−µt0/ǫ +
β

µ
(1 − e−µt0/ǫ).

Sending ǫ↓0 and using the fact that cδt0 + ξ0 > 0, we obtain

lim sup
ǫ↓0

uǫ(0, t0) ≤ −1 +
β

µ
.

This proves the second part of (i).
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Proof of Thm. 5(ii). For every x0 with φ(x0) < α and every t0 > 0,
we need to prove that limǫ↓0 uǫ(x0, t0) = −1. Without loss of generality, take
x0 = 0. Clearly for some small ξ1 > 0, the ball Bξ1(0) does not intersect

Ω+
0 . Suppose φ(x) ≤ α− η in this ball, for some η > 0. Take small positive

constants δ and ξ0 such that δt0 < ξ0 < ξ1. As in the proof of the second
part of (i), we can show that

ū(x, t) = U

( |x| + δt − ξ0
ǫ

+ r(t/ǫ)

)

+ q(t/ǫ)

is a supersolution for 0 ≤ t ≤ t0 and small ǫ, where

q(τ) = (1 + α− η)e−µτ +
β

µ
(1 − e−µτ ),

r′(τ) ≥ 0, r′(τ) ≡ 0 for large τ, r(0) = 0.

This, as in the previous proof, yields

lim
ǫ↓0

uǫ(0, t0) = −1.

(When U is not C1 at some points (only finitely many, by our assumption),
after showing that Lū > 0 and ū(x, 0) > φ(x), we use the comparison
arguments in the proof of Theorem 4.1 in [4] to get ū ≥ uǫ.)

Similarly, we can prove the remaining part of (ii). This completes the
proof of Theorem 5.

5 Motion by curvature

MBC

As in the case of the better known equation (5) and also in the case
considered in [21], when the velocity c of the 1D traveling wave vanishes,
then the motion of interfaces in higher dimensions is slower, by a factor ǫ,
and is driven by curvature of the interface. In this section we examine this
case, rescaling time in accordance with this expectation. Denoting the new
time variable by the same symbol t, we consider the equation

ǫ2ut = Jǫ ∗ u− u− f(u). ev (84)

We consider families u(x, t; ǫ) of solutions with the layer property, where
x ∈ R2, t ∈ R+, defined for all small enough positive ǫ. In addition to A1,
we assume, for some constant C and all x,

J(x)|x|4 ≤ C. J2 (85)
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And in addition to A2,

f ′(u) > −1,

∫ 1

−1
f(u)du = 0. f (86)

Our object is to investigate formally the properties of such layered solu-
tion families, in particular the manner in which they move.

Let Γ(t; ǫ) denote a time-dependent closed curve in the plane, assumed
to be the locus where u(x, t; ǫ) = 0 for a solution u of (84). We suppose
that u has a “layer” at Γ in the sense implied by the matched asymptotic
construction below, and deduce the local structure of u near there, as well
as the law by which Γ moves.

At locations bounded away from Γ, we suppose that u can be described
by an “outer” expansion

u(x, t; ǫ) = u0(x, t) + ǫu1(x, t) + ... outer (87)

Using the variable ξ′ = (x − x′)/ǫ, we may express the convolution in
the form

Jǫ ∗ w(x) =

∫

R2
J(ξ′)w(x + ǫξ′)dξ′. J1 (88)

Also note that

u(x+ ǫξ′, t; ǫ) = u0(x, t)+ ǫ[u1(x, t)+ ξ′ ·∇u0(x, t)]+ ... exp-u (89)

Substituting these expressions into (84), we obtain

f(u0) + ǫ[f ′(u0)u1 − (

∫

R2
J(ξ′)ξ′dξ′) ·∇u0(x, t)] +O(ǫ2) = 0. outer1

(90)
Therefore f(u0) = 0 and the coefficient of ǫ equals 0. For u0 we select

the outermost zeros of f :

u0(x, t) = ±1; u0 (91)

now u1, etc., can in turn be determined successively from (90) and its ex-
tensions. The choice u0 = 1 will be used on one side of Γ (we refer to this
region as D+), and u0 = −1 in D−.

To construct an inner expansion, we shall establish a local orthogo-
nal coordinate system (r(x, t; ǫ), s(x, t; ǫ)) as in [5, 12, 18] in which r =
± dist(x,Γ(t; ǫ)) with r > 0 in D+. When r = 0, s measures arclength
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along Γ from some point on Γ which moves (when Γ moves) in a trajectory
orthogonal to Γ.

In some neighborhood N of Γ(t; ǫ), we may invert to obtain x(r, s, t; ǫ).
By possibly shrinking N , we know that there is a numberR > 0 such that the
coordinate transformation is in fact well defined and invertible in any ball of
radius R centered at any point in N . Let B(x) denote the ball of that radius
centered at x. By (85), we have that for x′ /∈ B(x), Jǫ(x−x′) ≤ C|x−x′|−4ǫ2,
so that if the quantity (Jǫ ∗u)(x) is replaced by the integral only over B(x),
with the same integrand, we will incur an error only of the order O(ǫ2). In
the following inner expansion, we shall disregard terms of that order in ǫ, so
will replace convolutions by integrals over B(x).

This means that we may transform to the new (moving) coordinate sys-
tem (r, s) in the convolution integral (suppressing dependence of r, s, u on
t and ǫ) as follows:

Jǫ∗u =

∫

B(x)
Jǫ(x(r, s)−x(r′, s′))u(r′, s′)

∣

∣

∣

∣

∂x′

∂(r′, s′)

∣

∣

∣

∣

dr′ds′+O(ǫ2). J-rs

(92)
Note that

∂x

∂(r, s)
= 1 + rκ Jac (93)

(see (95) below).
We expand

x(r′, s′) − x(r, s) = (r′ − r)xr(r, s) + (s′ − s)xs(r, s) + 1
2(r′ − r)2xrr+

(r′ − r)(s′ − s)xrs + 1
2(s′ − s)2xss +O(d3), del-x

(94)
where d2 = (r′ − r)2 + (s′ − s)2.

Let n(s), τ(s) be the unit normal and tangential vectors to Γ, oriented
so that n points into D+ and τ points in the direction of increasing s. Let
κ(s) be the curvature, so that

ns(s) = κτ, τs = −κn, xr(r, s) = n(s), xs(r, s) = τ(s)(1 + rκ),
xrr(r, s) = nr = 0, xrs = ns = κτ, xss = −κn(1 + rκ) + rτ(s)κ′(s).

n,tau

(95)
On the basis of this and (94),

x(r′, s′) − x(r, s) =
n(s)(r′ − r) + τ(s)(1 + rκ)(s′ − s)+
+κτ(r′ − r)(s′ − s) − 1

2(κ(1 + rκ)n− rκ′(s)τ)(s′ − s)2 +O(d3).
del-x1

(96)
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Let s0 be a fixed point on Γ; in the following we shall usually suppress
dependence on the choice of s0. We define

ρ =
r

ǫ
, σ =

s− s0
ǫ

.

Thus from (96), we have

x(r′, s′) − x(r, s)

ǫ
= n(s0)(ρ

′−ρ)+τ(s0)(σ′−σ)+ǫκ[τ(s0)ρ
′(σ′−σ)−1

2
n(s0)(σ

′−σ)2]+O(ǫ2). del-x2

(97)
We assume that u can be expressed in the form

u(r, s, t; ǫ) = U(ρ, σ, t; ǫ), U (98)

with U a regular function of the variables shown. The form (98) itself
expresses a certain type of dependence of u on ǫ.

In light of (97), we obtain

Jǫ(x(r, s) − x(r′, s′)) = 1
ǫ2
J(x(r′,s′)−x(r,s)

ǫ )
= 1

ǫ2J(n(ρ′ − ρ) + τ(σ′ − σ) + ǫκ[τρ′(σ′ − σ) − 1
2n(σ′ − σ)2] +O(ǫ2))

= 1
ǫ2

[

J((ρ′ − ρ)n + (σ′ − σ)τ) + ǫκ
[

∂τJ(...)ρ′(σ′ − σ) − 1
2∂nJ(...)(σ′ − σ)2

]

+O(ǫ2)
]

= 1
ǫ2

[

K(ρ′ − ρ, σ′ − σ; s0) + ǫκ
[

ρ′(σ′ − σ)∂σ′K(...) − 1
2(σ′ − σ)2∂ρ′K(...)

]

+O(ǫ2)
]

, Jexp

(99)
where K(ρ, σ; s0) = J(ρn(s0) + στ(s0)).

And from this, (92), and (93), we find (suppressing t-dependence for the
moment)

Jǫ ∗ U =
∫

B(x) [K(ρ′ − ρ, σ′ − σ) + ǫκ[...]]U(ρ′, σ′)(1 + ǫρ′κ)dρ′dσ′ +O(ǫ2)

= L0U + ǫκL1U +O(ǫ2), L02

(100)

where

L0U =

∫

B(x)
K(ρ′ − ρ, σ′ − σ)U(ρ′, σ′)dρ′dσ′, L0 (101)

L1U =
∫

B(x){ρ′(σ′ − σ)∂σ′K(...) − 1
2(σ′ − σ)2∂ρ′K(...) + ρ′K(...)}U(ρ′, σ′)dρ′dσ′. L1

(102)

24



For the inner expansion, we construct approximate solutions U(ρ, σ)
which are defined and bounded for all real values of ρ. Again because of
(85), the range of the integration variable ρ′ in (101) and (102) may be
extended to −∞ < ρ′ < ∞, incurring only an additional error of the order
O(ǫ2), which can be ignored. The same is true of the integration variable
σ′.

We now construct an inner expansion of the equation (84) near Γ. We
recall that (r, s) is a function of t. In fact,

∂U

∂t
=

1

ǫ
Uρrt +O(1). (103)

Since the normal velocity v of Γ in the direction of D+ is equal to −rt, we
have ǫ2Ut = −ǫvUρ+O(ǫ2). We expand U(ρ, σ; ǫ) = U0(ρ, σ)+ǫU1(ρ, σ)+ ...
and obtain

O(1):
0 = L0U0 − U0 − f(U0), O-1 (104)

O(ǫ):

−vU0ρ = κL1U0 + L0U1 − U1 − f ′(U0)U1. O-eps (105)

By the definition of Γ and ρ, we require U0(0, σ) = α for all σ. By
(86) and [4], the equation (104) has a solution ψ(ρ) satisfying this condition
which is independent of σ. We take it to be our lowest order approximate
profile:

U0 = ψ(ρ). U0 (106)

It is a smooth stationary profile of the 1D nonlinear convolution equation.
We now have the representation

L0ψ(ρ) =

∫ ∞

−∞
K̂0(ρ′ − ρ)ψ(ρ′)dρ′, L0short (107)

where

K̂0(ρ′ − ρ) =

∫ ∞

−∞
K(ρ′ − ρ, σ; s0)dσ. Jhat (108)

Set
L = K0 − 1 − f ′(ψ(ρ, s)).

We then obtain from (105)

LU1 = −vU0ρ − κL1U0 = −vψ′ − κL1ψ(ρ). eqn-u1 (109)
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We multiply this by ψ′(ρ) and integrate with respect to ρ. Use the fact
that ψ′ is the kernel of L. We obtain (using the L2-scalar product)

〈−vψ′ − κL1ψ,ψ
′〉 = 0, (110)

hence
v‖ψ′‖2 = −κ〈L1ψ,ψ

′〉. vel (111)

The operator L1 can be expressed as

L1ψ =

∫ ∫
{

∂σ
[

ρ′σK(ρ′ − ρ, σ)
] − 1

2
σ2∂ρ′K(ρ′ − ρ, σ)

}

dσdρ′,

= −1

2

∫ ∫

σ2∂ρ′K(ρ′ − ρ, σ)dρ′dσ,

since the integral of the derivative with respect to σ vanishes.
Thus from (111), we have

v(s0) = − κ

2‖ψ′‖2

∫ ∫

J̃(ρ′ − ρ; s0)ψ
′(ρ′)ψ′(ρ)dρdρ′, vel2 (112)

where J̃(ρ′ − ρ; s0) =
∫

J((ρ′ − ρ)n(s0) + στ(s0))σ
2dσ.

The coefficient of κ on the right of (112) is clearly always negative, which
is the sign which will provide a well-posed motion by curvature law. This is
true despite the possible anisotropy of the kernel J .

This is the motion by curvature law for these interfaces. It says that the
normal velocity of Γ is proportional to κ, with the constant of proportionality
dependent in a specific way on J and ψ. It also depends on the orientation
of the interface through the dependence on s0, which was mostly suppressed
in the previous notation.
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