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ABSTRACT

Ultrasound directed self-assembly (DSA) enables noninvasively aligning high aspect ratio particles in three-dimensional (3D) user-specified
orientations, which finds application in a myriad of engineering applications, including manufacturing engineered materials. However, the
number of ultrasound transducers and their spatial arrangement limit the accuracy of the particle alignment with any 3D user-specified ori-
entation. We define a set of 3D user-specified orientations and use numerical simulations to quantitatively evaluate the effect of the number
of ultrasound transducers, their spatial arrangement including a sphere, cube, and two parallel plates, and the size of the spatial arrangement
on the orientation error of a high aspect ratio particle in a standing ultrasound wave field. We demonstrate that a spatial arrangement of
ultrasound transducers with more than two unique wave propagating directions is required to orient a high aspect ratio particle in 3D, and
we determine that the orientation error decreases with the increasing number of unique wave propagation directions. Furthermore, we show
that in a spherical arrangement of ultrasound transducers, the orientation error is independent of the size of the arrangement of transducers.
This knowledge facilitates using ultrasound DSA as a fabrication method for engineered composite materials that derive their function from
the location and orientation of particle inclusions.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0025367

External field-directed self-assembly (DSA) is the process by
which discrete components organize into patterns due to interactions
between themselves and their environment, driven by internal or
external forces.1 Thus, external field-DSA techniques enable non-
invasively manipulating particles in a fluid medium, which finds appli-
cations in, for instance, cell-cell interaction studies,2 microfluidic3 and
biomedical devices,4 displays,5 and fabrication of engineered materials
with designer properties that derive from the location and orientation
of patterns of particles embedded in the matrix material.6–8

External field DSA techniques employ an arrangement of trans-
ducers to establish a magnetic,9 electric,10 or ultrasound field11–14 that
manipulates particles into user-specified patterns. Tuning the operat-
ing parameters, number, and spatial arrangement of the transducers
allows altering the external field and, thus, the locations where par-
ticles assemble. Magnetic and electric DSA typically require ultra-high
field strength and ferromagnetic and electrically conductive particles,
respectively,15,16 which limits dimensional scalability and material

choice. Alternatively, ultrasound DSA relies on the acoustic radiation
force derived from the acoustic radiation potential associated with a
standing ultrasound wave field to manipulate particles in a fluid
medium. Ultrasound DSA drives particles, independent of their prop-
erties and geometry, to the locations of minimum acoustic radiation
potential (ARP), which correspond to the nodes or antinodes of the
wave field, depending on the relative compressibility of the particle
and the fluid medium.17 Additionally, low attenuation of ultrasound
waves in low-viscosity fluids18 such as water,19 air,20–22 and photopoly-
mer resin23 reduces the need for high field strengths, thus facilitating
dimensional scalability.

Implementing ultrasound DSA in engineering applications
requires knowing the relationship between the spatial arrangement of
ultrasound transducers, their operating parameters (amplitude and
phase), and the corresponding ultrasound wave field. Thus, we define
the “forward” ultrasound DSA problem, which resolves the pattern of
particles that assembles as a result of user-specified ultrasound
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transducer operating parameters, and the “inverse” ultrasound DSA
problem, which resolves the ultrasound transducer operating parame-
ters required to assemble a user-specified pattern of particles. The for-
ward ultrasound DSA problem is straightforward to solve
analytically.24 However, solving the inverse ultrasound DSA problem
often requires complex numerical optimization techniques. Several
solutions exist to the inverse ultrasound DSA problem to assemble
user-specified patterns of spherical particles in 2D25–27 and 3D,28 and
of high aspect ratio particles in 2D29 and 3D30 where the solution also
accounts for the particle orientation.

The number and spatial arrangement of ultrasound transducers
limit the ultrasound standing wave patterns and, thus, the patterns of
particles that can be assembled. For spherical particles, a pattern is fea-
sible if we can establish an ultrasound standing wave where the ARP
minima coincide with the user-specified particle locations, whereas for
high aspect ratio particles, the ARP minima must additionally align
with the user-specified orientation.

It is not well understood how the number and spatial arrange-
ment of ultrasound transducers relate to the portfolio of feasible user-
specified patterns. The literature documents that common user-
specified patterns of particles result from a priori knowledge of pat-
terns of particles that are intuitive to assemble, such as a line pattern
between parallel ultrasound transducers, or a rectangular pattern
between orthogonally oriented ultrasound transducers.25 Additionally,
researchers use trial-and-error of the number and spatial arrangement
of ultrasound transducers, until the desired user-specified pattern of
particles is feasible to assemble, which is time consuming.30

Alternatively, Guevara Vasquez et al. show theoretically that with a
spherical arrangement of an infinite number of ultrasound trans-
ducers, any planar pattern of particles is feasible in the far-field, pro-
vided that the pattern of particles is a level-set of a 2D function with
spatial frequency limited by the wavenumber.31

However, even for feasible user-specified patterns, deviations
may exist between the user-specified and experimentally assembled or
simulated patterns of particles; for instance, because of constructive or
destructive interference in the ultrasound wave field, reflections, and
manufacturing tolerances or misalignment of ultrasound transducers.
A pattern error quantifies the deviation between the user-specified and
any experimentally assembled or simulated pattern of particles. For
spherical particles, it accounts for the deviation between the user-
specified and actual particle locations,25,28,32 whereas for high aspect
ratio particles, the pattern error also accounts for the deviation
between the user-specified and actual orientation.29

Few researchers have attempted to measure or simulate how the
number and spatial arrangement of ultrasound transducers define the
portfolio of feasible user-specified patterns. For instance, Grinenko
et al. simulated that the area in which the location of a single spherical
particle can be controlled increases with increasing number of ultra-
sound transducers arranged into a circle.33 Greenhall et al. simulated
ultrasound DSA of complex 2D patterns of spherical particles, such as
a block “U” pattern, with 200 ultrasound transducers arranged into a
square, and also qualitatively concluded that the number of ultrasound
transducers affects the geometric complexity of the pattern of particles
that one can assemble.25 Prisbrey et al. also simulated ultrasound DSA
of complex 3D patterns of spherical particles with 225 ultrasound
transducers arranged into a sphere, confirming that Greenhall’s obser-
vations in 2D also apply in 3D.28 In another publication, Prisbrey et al.

calculated that the orientation error associated with experimentally
aligning a high aspect ratio particle in different 2D user-specified ori-
entations decreases with the increasing number of ultrasound trans-
ducers (arranged into a circle).29 Most recently, Prisbrey et al.34

theoretically derived a solution to the inverse ultrasound DSA problem
that computes the ultrasound transducer operating parameters
required to align a single high aspect ratio particle in any 3D user-
specified orientation, with any number and arrangement of ultrasound
transducers. They experimentally validated their theory with a spheri-
cal arrangement of 24 ultrasound transducers and quantified the 3D
orientation error between user-specified and experimentally obtained
orientation.

The literature documents that increasing the number of ultra-
sound transducers increases the portfolio of feasible user-specified pat-
terns in both 2D and 3D and decreases the pattern error between the
user-specified and experimentally assembled or simulated pattern of
particles, but no systematic evaluation exists. This knowledge is impor-
tant to, e.g., use ultrasound DSA as a manufacturing method for engi-
neered materials with designer properties. Hence, the objective of this
work is to quantify how the number and spatial arrangement of ultra-
sound transducers affect the orientation error associated with 3D
ultrasound DSA of a high aspect ratio particle. While this work does
not yet provide a comprehensive solution, it contributes to under-
standing this important open problem in ultrasound DSA.

Figure 1 depicts the 3D user-specified orientation of the major
axis of a high aspect ratio particle ed (red), where

ed ¼
cos ðhdÞ cos ðudÞ
sin ðhdÞ cos ðudÞ
�sin ðudÞ

2
4

3
5: (1)

Here, hd is a rotation angle in the xy-plane and ud is a rotation angle
in the xz-plane. We use the formulation of Prisbrey et al.34 to solve the
inverse ultrasound DSA problem and compute the operating parame-
ters v� ¼ [v1,…,vj,…,vNt]

T of each ultrasound transducer j, required to
align a single high aspect ratio particle in orientation ed at the center o
of any spatial arrangement of Nt ultrasound transducers. Here, vj
¼ Aje

iw
j, where Aj and wj are the amplitude and phase of the jth ultra-

sound transducer, respectively, and i ¼ (�1)1/2. The solution method
uses constrained optimization to determine the optimal operating
parameters v� of the spatial arrangement of ultrasound transducers
required to locally minimize the ARP U, minimize the curvature of U
in the user-specified orientation jd, and maximize the curvature of U

FIG. 1. 3D user-specified orientation ed (red) of a high aspect ratio particle centered
at o with point cloud of resulting acoustic trap locations xs (black dots) and major
axis of the point cloud em.
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in two orthogonal directions ji and jj simultaneously at multiple loca-
tions along ed.

34

The ARP in a fluid medium with density q0 and sound propaga-
tion speed c0 is given as17,35

U ¼ 2U1 jPj2
� �

� 2U2

���� @P@x
����
2

þ
���� @P@y

����
2

þ
���� @P@z

����
2

 !
; (2)

with the acoustic contrast factors

U1 ¼
pr3p
3

1
c20q0
� 1
c2pqp

 !
; (3)

U2 ¼ pr3p
qp � q0

x0q0ðq0 þ 2qpÞ

� �
; (4)

where rp is the length of the minor axis (thickness) of the high aspect
ratio particle.

P ¼
PNt

j¼1 pj is the total (complex) pressure at an arbitrary
domain point xl, where we calculate the contribution of each jth ultra-
sound transducer (circular with radius a) as36

pj ¼ P0
J1 k0a sin ðhjÞ
� �
k0a sin ðhjÞ

eik0rj

rj
vj: (5)

k0 ¼ 2p/k0 is the wavenumber, k0 is the wavelength of the ultrasound
wave field, J1 is the first order Bessel function of the first kind, P0 is an
ultrasound transducer property (pressure amplitude in Pa per volt
peak-to-peak (Vpp) square excitation signal at a distance from the
ultrasound transducer) that relates the pressure amplitude to the volt-
age amplitude driving the jth ultrasound transducer, rj is the Euclidean
distance between the jth ultrasound transducer and a domain point xl,
and hj is the angle between the normal on the jth ultrasound trans-
ducer surface and xl.

Figure 1 also depicts a point cloud of acoustic trap locations xs
associated with the ultrasound wave field that results from applying v�

to all Nt ultrasound transducers. Specifically, xs are the locations where
the acoustic radiation force F ¼ �rU acting on a high aspect ratio
particle with density qp and sound propagation speed cp equals zero
and points toward xs in the surrounding region, and where U is locally
minimum. A cluster of acoustic trap locations in close proximity locate
and orient a single high aspect ratio particle in the orientation estab-
lished by the ultrasound wave field. Thus, the major axis em (blue) of
an ellipse fitted to the point cloud of acoustic trap locations xs defines
the 3D orientation of a high aspect ratio particle in the ultrasound
wave field. Perfect alignment of the major axis of the high aspect ratio
particle with the user-specified orientation exists when em¼ ed. Hence,
we define the orientation error c between ed and em as

c ¼ arccosðed � emÞ: (6)

We only consider the orientation error because we always locate the
high aspect ratio particle at o.

Figure 2 shows ultrasound transducers arranged into (a) a sphere,
(b) a cube, and (c) two parallel planes and illustrates how we increase
Nt from sparse to dense. We select these arrangements to represent
configurations in which the primary wave propagation direction emit-
ted from each ultrasound transducer is unique (sphere), points along
three orthogonal axes (cube), and establishes a standing wave in one
direction (parallel planes).

We maintain an equidistant ultrasound transducer spacing in the
spherical arrangement,37 whereas in the cube and parallel plane
arrangements, we ensure that the normal on the ultrasound transducer
surface at the center of each plane array intersects o. For each spatial
arrangement, we also vary the characteristic dimension Cd, which we
define as the radius of the sphere, the distance from the center o to the
planes of the cube, and distance from the center o to each plane,
respectively. We simulate ultrasound transducers with radius
a¼ 4.5mm (type MURATA MA40S4S) with x0/2p ¼ 40 kHz, and
orient a high aspect ratio expanded polystyrene (EPS) particle (qp

¼ 25 kg/m3), with the average length of the major and minor axes
being 4.2mm and 2.1mm in air.

We define 100 different user-specified orientations using combi-
nations of hd and ud between 0� and 90� in 10� increments and deter-
mine the orientation error c. We select Cd/k0 ¼ 3, 6.5, 10, and 13.5 for
each spatial arrangement to determine the effect of the size. The mini-
mum Cd/k0 ¼ 3 ensures that the center point o resides in the far-field
region of the ultrasound wave field. Furthermore, we vary Nt for the
sphere between Nt ¼ {6, 99}, cube Nt ¼ {6, 1014}, and parallel planes
Nt¼ {2, 578}. Thus, we calculate 100 orientation errors for each spatial
arrangement, for each characteristic dimension, and for each number
of ultrasound transducers.

Figures 3(a)–3(c) show the average orientation error ca for the set
of 100 user-specified orientations as a function of the number of

FIG. 2. Ultrasound transducers arranged into (a) a sphere, (b) a cube, and (c) two
parallel planes, showing a sparse (left) and a dense configuration (right) and indi-
cating the characteristic dimension Cd.
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ultrasound transducers Nt and characteristic dimension Cd for ultra-
sound transducers arranged into (a) a sphere, (b) a cube, and (c) two
parallel planes. The error bars represent one standard deviation of the
orientation error. From Fig. 3(a), we observe that ca is almost indepen-
dent of Cd/k0 but decreases with increasing Nt. The standard deviation
of c also decreases with increasing Nt, indicating that the accuracy
increases. From Fig. 3(b), we observe that the ca increases with increas-
ing Cd/k0 and decreases with increasing Nt. Furthermore, the standard
deviation of c is independent of Nt. From Fig. 3(c), we observe that the
average and standard deviation of c does not vary significantly with Nt

or Cd/k0. We also note the high ca for the spatial arrangement of two
parallel planes [Fig. 3(c)] compared to that of the sphere [Fig. 3(a)]
and cube [Fig. 3(b)].

Figures 4(a)–4(c) show U resulting from implementing v� (from
the solution to the inverse ultrasound DSA problem) in a square solu-
tion domain with length 2k0 centered at o, in the xz-plane, for hd¼ 0�

and ud ¼ 30� (indicated by ed in red), respectively, and for the spatial
arrangement of sphere [Fig. 4(a)], cube [Fig. 4(b)], and two parallel
planes [Fig. 4(c)]. We maintain Nt constant and vary Cd/k0 to illustrate
how the minima of U (dark green), where a high aspect ratio particle
aligns, evolve with increasing Cd/k0.

We observe from Fig. 4(a) that there is no difference between U
for Cd/k0 ¼ 3 and Cd/k0 ¼ 13.5, which matches the observations of
Fig. 3(a) that show that the ca is independent of Cd/k0. The minima
(dark green) of U at o result from ultrasound waves emitted from
ultrasound transducers that have a unique propagation direction.

FIG. 3. Average orientation error ca for ultrasound transducers arranged into (a) a
sphere, (b) a cube, and (c) parallel planes as a function of the number of ultrasound
transducers Nt and characteristic dimension Cd/k0.

FIG. 4. ARP U in (a) sphere, (b) cube, and (c) parallel plane ultrasound transducer
arrangements for Cd/k0 ¼ 3 and 13.5 and for hd ¼ 0� and ud ¼ 30�.
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Thus, the ability to align a high aspect ratio particle in a user-specified
orientation in a spherical arrangement of ultrasound transducers is
independent of the size of the sphere. In contrast, we qualitatively
observe from Figs. 4(b) and 4(c) that the width of minima of U (dark
green) increases in the x-direction, with increasing Cd/k0.
Furthermore, we observe that the inclination of the minima of U
approaches zero, despite imposing hd ¼ 0� and ud ¼ 30� to the
inverse ultrasound DSA solution. The Huygens principle causes the
ultrasound waves emitted from each ultrasound transducer to
approach a plane wave, with the increasing distance from the source.
Hence, in spatial arrangements that comprise orthogonal or parallel-
oriented plane arrays of ultrasound transducers, the ability to align a
high aspect ratio particle in a user-specified orientation that is not par-
allel to the ultrasound transducers decreases with the increasing size.
This explains the increasing ca with increasing Cd/k0 for the cube spa-
tial arrangement [Fig. 3(b)]. The ability to orient a high aspect ratio
particle with just two parallel arrays of ultrasound transducers is even
more compromised as evidenced by the high ca, independent of Cd/k0
and Nt [Fig. 3(c)].

Figures 5(a)–5(c) show U resulting from implementing v� (from
the solution to the inverse ultrasound DSA problem) in a square solu-
tion domain with length 2k0 centered at o, in the xz-plane, for hd¼ 0�

and ud ¼ 30� (indicated by ed in red), respectively, and for the sphere
[Fig. 5(a)], cube [Fig. 5(b)], and two parallel planes’ [Fig. 5(c)] spatial
arrangement of ultrasound transducers. We maintain a constant Cd/k0
and vary Nt to illustrate how the minima of U (dark green), where a
high aspect ratio particle aligns, evolve with increasing Nt.

We qualitatively observe from Fig. 5(a) that increasing Nt for the
spherical arrangement improves the alignment of the minima of U
(dark green) at o with the user-specified direction ed. However, the
improvement between Nt ¼ 6 and Nt ¼ 50 does not continue beyond
Nt ¼ 50. Thus, for a spherical arrangement with sufficient ultrasound
transducers, ca is independent of Nt. In contrast, we qualitatively
observe from Figs. 5(b) and 5(c) that increasing Nt in the cube and
two parallel plane arrangements does not improve the alignment of
the minima of U (dark green) at o with ed. However, it decreases the
width of the minima of U (dark green) in the x-direction.

We have assumed that the ultrasound waves emitted from the
ultrasound transducers do not reflect off nearby surfaces. However,
reflections could affect a practical implementation and orientation error.
While we assumed a massless particle, one must ensure that the curva-
ture of U is sufficiently large in the direction of gravity to support the
particle,34 by maximizing the curvature of U in the direction of gravity,
in addition to optimizing the remaining terms in the objective function.

We conclude that to minimize the orientation error of a high
aspect ratio particle, it is important to use an arrangement of ultra-
sound transducers with wave sources oriented in different directions
because the Huygens principle causes the ultrasound waves emitted
from each ultrasound transducer to approach a plane wave, with the
increasing distance from the source. Hence, in spatial arrangements
that comprise orthogonal or parallel-oriented plane arrays of ultra-
sound transducers, the ability to align a high aspect ratio particle in a
user-specified orientation that is not parallel to the ultrasound trans-
ducers decreases with the increasing size. In contrast, in a spherical
arrangement, each ultrasound transducer is oriented in a unique direc-
tion. For that reason, the orientation error is independent of the size
and decreases with increasing ultrasound transducers.

This research was supported by the Army Research Office
under Contract No. W911NF-16-1-0457.
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