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Arranging Ellipsoidal Particles in Three-Dimensional User-Specified Orientations
with Ultrasound-Directed Self-Assembly
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Ultrasound-directed self-assembly (DSA) enables particles to be arranged into user-specified patterns,
which finds application in a myriad of engineering applications. However, using ultrasound DSA with
nonspherical particles requires the ability to explicitly control their orientation. We theoretically derive a
method to determine the operating parameters (amplitude and phase) of any arrangement of ultrasound
transducers required to explicitly align ellipsoidal particles in any three-dimensional user-specified ori-
entation. This method locally minimizes the acoustic radiation potential at user-specified locations and
optimizes the curvature of the acoustic radiation potential to direct ellipsoidal particles into user-specified
orientations. We show experimental validation using a single ellipsoidal expanded polystyrene particle in
air and quantify the difference between the user-specified and experimentally obtained orientations. This
work finds application in using ultrasound DSA in industrial processes and as a manufacturing method for
engineered materials.
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I. INTRODUCTION

Directed self-assembly (DSA) is the process by which
discrete components organize into patterns due to inter-
actions between themselves and their environment, driven
by internal or external forces [1]. DSA techniques enable
the noninvasive manipulation of particles in a controlled
fashion and, thus, are of interest to a myriad of engineer-
ing applications, including cell-cell interaction studies [2],
biomedical devices [3], microfluidic devices [4], and for
manufacturing engineered materials [5–8]. DSA is typi-
cally categorized into template [9,10], template-free [11],
and external field-directed techniques [12–14]. Template
DSA techniques require the mechanical [15] or chemi-
cal [16] modification of a substrate to create attraction
sites that prompt selective particle deposition. Template-
free DSA techniques employ chemically functionalized
capping molecules that encapsulate particles and selec-
tively interact with each other and the environment to
organize the particles into patterns [17,18]. The complex
fabrication methods required for template DSA typically
limit dimensional scalability, whereas the finite selection
of capping molecules restricts the types of patterns that
template-free DSA techniques can organize. Alternatively,
external-field-directed techniques employ a set of tunable
transducers to generate electric [19], magnetic [20], and/or
ultrasound [21–24] fields to noninvasively manipulate
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particles dispersed in a fluid into user-specified patterns.
Tuning the operating parameters and spatial arrangement
of the transducers allows the external field to be altered
and, thus, the location where particles assemble. Mag-
netic and electric field DSA requires ferromagnetic and
electrically conductive particles, respectively, and typi-
cally demand high-strength fields to manipulate particles
into their desired location [25,26]. In contrast, ultrasound
DSA relies on the convergence of the acoustic radiation
force associated with an ultrasound wave field, which
creates “acoustic traps” that capture and control the loca-
tion of particles of any material type [27] and shape
[28]. Furthermore, low attenuation of ultrasound waves in
low-viscosity (bulk and shear) fluids [29], such as water
[30], air [31–33], and photopolymer resin [8], facilitates
dimensional scalability over macroscale areas and vol-
umes. Also, the low-strength ultrasound wave field needed
to perform ultrasound DSA renders it suitable for non-
invasively manipulating fragile materials without causing
damage, e.g., to manipulate biological materials [34,35].

Employing ultrasound DSA requires knowing the rela-
tionship between the ultrasound transducer operating
parameters (amplitude and phase), their spatial arrange-
ment, the corresponding ultrasound wave field, and the
resulting pattern of particles. This relationship requires
solving either the “forward” or “inverse” ultrasound DSA
problem. The forward problem determines the pattern of
particles that results from user-specified ultrasound trans-
ducer operating parameters, whereas the inverse problem
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computes the ultrasound transducer operating parameters
required to assemble a user-specified pattern of particles.
Conceptually, solving the inverse problem requires tuning
the ultrasound transducer operating parameters to create
an “acoustic trap” at user-specified locations where par-
ticles will accumulate. To accomplish this, the acoustic
radiation force and potential associated with the standing
ultrasound wave field must be zero and locally minimum,
respectively, at user-specified locations where particles
will accumulate [27].

Researchers have solved the inverse ultrasound DSA
problem using an indirect approach by creating a database
of solutions to the forward ultrasound DSA problem [36,
37], which does not provide a general solution to the
inverse problem. The literature also documents different
direct solution methodologies to the inverse ultrasound
DSA problem, which enable the organization of two- (2D)
[38–42] and three-dimensional (3D) [31,43] user-specified
patterns of spherical particles. In addition to static pat-
terns, few publications also demonstrate the assembly of
dynamic patterns, in which spherical particles follow a
user-specified trajectory [44,45]. However, existing solu-
tions to the inverse problem neglect the orientation of the
acoustic traps and, thus, only apply to organizing spherical
particles because they are axisymmetric. This limitation
prevents using ultrasound DSA with nonspherical parti-
cles, which is relevant to, for instance, manufacturing engi-
neered composite materials with discontinuous aligned
fibers. A few researchers have manipulated the orientation
of ellipsoidal particles by modulating the amplitude of two
orthogonal standing ultrasound waves [46] and by selec-
tively energizing a subset of eight ultrasound transducers
arranged as an octagon [47]. However, these methods rely
on solving the forward ultrasound DSA problem in two
dimensions and, thus, do not allow explicitly specifying
a user-specified orientation and location of the particles,
which is essential to using ultrasound DSA as e.g., a
materials’ manufacturing method. Furthermore, no demon-
stration exists in three dimensions. Marzo et al. derived a
solution to the inverse ultrasound DSA problem for a sin-
gle ellipsoidal particle by computing the ultrasound trans-
ducer operating parameters that maximize the Laplacian
of the acoustic radiation potential with empirically derived
weight functions, thereby implicitly controlling the orien-
tation of a single disk-shaped particle in two dimensions
[45]. Prisbrey and Raeymaekers computed the ultrasound
transducer operating parameters required to maximize the
curvature of the acoustic radiation potential associated
with a 2D standing ultrasound wave field in any user-
specified orientation and showed explicit control of the
2D orientation and position of multiple high-aspect-ratio
particles (carbon microfibers) [48].

However, no theoretical understanding or experimental
demonstration of using ultrasound DSA to explicitly con-
trol the orientation and location of nonspherical particles

in three dimensions exists. Hence, the objective of this
paper is to show the theoretical derivation of a direct
solution method for the inverse ultrasound DSA problem
to create 3D user-specified patterns of ellipsoidal parti-
cles with explicit user-specified orientation and location
in three dimensions, for any arrangement and number of
ultrasound transducers. We then show experimental vali-
dation of the theoretical method with a single ellipsoidal
expanded polystyrene particle.

II. THEORETICAL DERIVATION

We follow a three-step procedure to create a pattern of
ellipsoidal particles in three dimensions with explicit user-
specified location and orientation. First, we compute the
ultrasound (pressure) wave field resulting from any spa-
tial arrangement of Nt ultrasound transducers as a function
of their operating parameters. Second, we use Gor’kov’s
acoustic radiation force theory to compute the acoustic
radiation force associated with the ultrasound wave field
that acts on the ellipsoidal particles by treating a parti-
cle as a rigid bead chain of spherical particles, and we
determine the resulting pattern of particles [27]. Third,
we compute the ultrasound transducer operating param-
eters required to assemble any 3D pattern of ellipsoidal
particles with explicit user-specified location and orienta-
tion by solving a constrained optimization problem. The
objective function of the optimization problem simulta-
neously minimizes the acoustic radiation potential, U, to
create acoustic traps at user-specified locations and opti-
mizes the products of projections of its Hessian matrix in
multiple directions to control the orientation of the acoustic
traps, as a function of the ultrasound transducer operating
parameters. Projecting the Hessian of U determines its cur-
vature in that direction. Thus, we optimize the curvature
of the acoustic radiation potential at each user-specified
location in multiple directions, to ensure that the result-
ing acoustic radiation force is simultaneously small in the
user-specified orientation and large in multiple directions
orthogonal to the user-specified orientation. As a result,
the acoustic traps at the user-specified locations are elon-
gated in that direction and do not apply torque to ellipsoidal
particles when their major axes align.

Figure 1 shows a Cartesian coordinate system (x,y,z)
with origin o at the center of a ring structure with Nt
evenly spaced ultrasound transducers, which create an
ultrasound wave field with angular frequency ω0 = 2π f0,
where f0 is the center frequency of the ultrasound transduc-
ers. The inset image in Fig. 1 identifies spatial parameters
to describe the pressure originating from the j th ultrasound
transducer at any discrete domain point xl (red dots) in the
3D domain D. D contains a fluid medium with density ρ0
and sound wave propagation speed c0. The pressure wave
field P at any point xl is the summation of pressure waves
emitted by all Nt ultrasound transducers with operating
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FIG. 1. Ring structure with Nt ultrasound transducers. Inset
image identifies the spatial parameters to describe the ultrasound
wave field at any domain point xl (red dots), resulting from the
j th ultrasound transducer with center at sj (black dot) and normal
direction n(sj ).

parameters v, which is computed in matrix form as

P = Bv. (1)

Here,

vT = (A1eiα1 , . . . , Aj eiαj , . . . , ANte
iαNt ), (2)

and Aj and αj are the amplitude and phase of the
j th ultrasound transducer (with j = 1 . . . Nt), respectively.
i = (−1)1/2. Matrix B relates the ultrasound transducer
operating parameters v to the pressure wave field P. Each
element, plj , of B represents the pressure with no phase
delay or amplitude modulation at the lth domain point xl
emitted from the j th ultrasound transducer [49], i.e.,

plj = 2P0
J1(k0a sin(θlj ))

k0a sin(θlj )

eik0rlj

rlj
. (3)

Hence, the j th element of v scales and delays the pres-
sure wave emitted from the j th ultrasound transducer with
respect to domain point xl. We note that Eq. (3) assumes a
circular piston source with radius a, and the 3D Euclidean
distance rlj between the lth domain point xl and the j th
ultrasound transducer center point sj satisfies the far-field
Fraunhofer limit, i.e., rlj >>a [49]. P0 is an ultrasound
transducer property [pressure amplitude in Pa per volt
peak-to-peak (VPP) square excitation signal at a distance
from the ultrasound transducer] that relates the emitted
pressure amplitude to the voltage signal amplitude driving
the j th ultrasound transducer. J 1 is the first-order Bessel
function of the first kind, k0 = 2π /λ0 is the wave number,
λ0= c0/f0 is the wavelength of the ultrasound wave field,
and θ lj is the angle between the lth domain point xl and the
j th ultrasound transducer normal vector n(sj ).

Gor’kov’s acoustic radiation force theory describes the
acoustic radiation potential at the lth domain point xl as

Ul = vTQlv and [27,50]

Ql = 2�1(BlBH
l ) − 2�2[(∇Bl)(∇Bl)

H ]. (4)

With acoustic contrast factors

�1 = πr3
p

3

(
1

c2
0ρ0

− 1
c2

pρp

)
, (5)

�2 = πr3
p

[
ρp − ρ0

ω0ρ0(ρ0 + 2ρp)

]
. (6)

The term Bl in Eq. (4) is the lth row of B, and the
superscript H represents the complex conjugate trans-
pose. The acoustic radiation force Fl = −∇Ul at the lth
domain point xl acts on each spherical particle (of the bead
chain that approximates the ellipsoidal particle) with radius
rp <<λ0, density ρp , and sound propagation speed cp in
domain D. Thus, Gor’kov’s acoustic radiation force theory
relates the ultrasound wave field to the locations of acous-
tic traps where particles will accumulate [27], which are
defined as the stable fixed locations xs ∈ D, where the mag-
nitude of the acoustic radiation force |Fl| = 0 and points
toward xs in the surrounding region.

We define the orientation of an ellipsoidal particle in
an acoustic trap at xs as the direction of a unit vector ek
that coincides with the major axis of the ellipsoidal parti-
cle. Figure 2 shows two Cartesian coordinate systems in
D, showing orthonormal basis vectors {ex, ey , ez} with ori-
gin o and orthonormal basis vectors {ei, ej , ek} with origin
xs; ez represents the direction of gravity. We determine the
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FIG. 2. Domain D with Cartesian coordinate systems {ex, ey ,
ez} with origin o and {ei, ej , ek} with origin xs that contain an
ellipsoidal particle.
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orientation ek of an acoustic trap at xs via the relationship
between the curvature κ(xs,en) of the acoustic radiation
potential U at xs in each of the three directions en = ei, ej ,
and ek. Note that, en is a unit vector with origin xs that
defines the direction in which we determine the curvature
of the acoustic radiation potential U.

We compute the curvature of the acoustic radiation
potential Ul at any domain point xl in the direction of en
as

κ(xl, en) = vH Ken
l v, (7)

where Kl
en = en

THlen is a projection of the Hessian matrix
of the acoustic radiation potential Hl in the direction of en.
The orientation ek of an acoustic trap xs is the direction en,
for which the curvature of the acoustic radiation potential
κ(xs,en) = 0, with the additional requirement that the other
two curvatures associated with the particle coordinate sys-
tem κ(xs,ei) ≈ κ(xs,ej )>0 to ensure that the particle does
not rotate in the ek-ej or ek-ei planes. Hl is computed as

Hl =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

∂2Ql

∂x2

∂2Ql

∂x∂y
∂2Ql

∂x∂z
∂2Ql

∂y∂x
∂2Ql

∂y2

∂2Ql

∂y∂z
∂2Ql

∂z∂x
∂2Ql

∂z∂y
∂2Ql

∂z2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (8)

Xd and Ed are lists in which each element represents a
3D user-specified location xd and orientation ed of an
ellipsoidal particle in D, respectively. Hence, to assemble
ellipsoidal particles at all xd ∈ Xd with the corresponding
curvature ed ∈ Ed, the curvature κ(xd,ed) = 0 and the cur-
vature in two mutually orthogonal directions κ(xd,ei) and
κ(xd,ej ) must be approximately equal and positive, i.e.,
κ(xd,ei) ≈ κ(xd,ej )>0 for all elements of Xd and Ed. Addi-
tionally, the acoustic radiation potential U must be locally
minimum at all xd ∈ Xd. We represent an ellipsoidal par-
ticle as a rigid bead chain of spherical particles, similar
to our previous work [48], and we account for the length
of an ellipsoidal particle by including the {x, y, z} coor-
dinates of each bead on the bead chain that represents
each ellipsoidal particle in Xd. Thus, we describe patterns
of multiple ellipsoidal particles by including the coordi-
nates of their respective bead chains in Xd. To compute
the ultrasound transducer operating parameters required
to assemble patterns of ellipsoidal particles with explicit
user-specified orientations and positions, we formulate
an objective function that simultaneously maximizes the
product κ(xd,ei)κ(xd,ej ) to ensure they are approximately
equal, minimizes κ(xd,ed)2 to ensure that the curvature
in the user-specified orientation ed is zero, and mini-
mizes the acoustic radiation potential U to ensure an
acoustic trap exists for all points xd ∈ Xd. To obtain a sin-
gle objective function and optimize for all user-specified

locations xd ∈ Xd and corresponding orientations ed ∈ Ed
simultaneously, we relax the requirement of local max-
imality by maximizing the sum of the curvature for all
points xd ∈ Xd and the corresponding orientation ed ∈ Ed,
which we express in quadratic form as a function of the
ultrasound transducer operating parameters v, i.e.,

κ�(xd, en) = vH Ken
� v. (9)

Here, K�
en is the summation of matrices Kl

en for all
points xd ∈ Xd. Similar to Greenhall et al. [38], we con-
strain the amplitude of the ultrasound transducers |v| =β

to reflect their finite input power, where β is a real scalar
value that represents the maximum harmonic velocity of
the ultrasound transducer surface. Thus, we formulate the
constrained quartic objective function as

max
v

f (v) = κ�(xd, ei)κ�(xd, ej ) − κ�(xd, ed)
2

+ ςκ�(xd, ez)
2 − δvH Q�v, (10)

subject to |v| = β.

Matrix Q� is the summation of matrices Ql for all xd ∈ Xd.
Maximizing Eq. (10) determines the optimal ultrasound
transducer operating parameters (amplitude and phase) v*

required to assemble ellipsoidal particles with explicitly
defined 3D user-specified locations and orientations. Note
that, ςκ�(xd, ez)2 compensates for the gravitational force
acting on the particle by maximizing the squared curvature
of U in direction ez, and ensures that the acoustic radiation
force is sufficiently large to levitate a particle. ς is a cal-
ibration constant that accounts for the particle properties.
If this term is too small, the acoustic radiation force may
be too small to levitate a particle. Conversely, if it is too
large, the term will dominate the objective function, result-
ing in an ultrasound wave field that may cause the particle
to rotate in the plane orthogonal to the direction of gravity.
Additionally, −δvH Q�v ensures that the resulting acoustic
radiation potential U is locally minimum at the user-
specified locations xd ∈ Xd. This is important when maxi-
mizing κ�(xd,ei)κ�(xd,ej ) because it enables the resulting
curvatures κ�(xd,ei)>0 and κ�(xd,ej )>0. Otherwise it is
possible to maximize κ�(xd,ei)κ�(xd,ej ) with κ�(xd,ei)<0
and κ�(xd,ej )<0, which creates a local maximum rather
than a minimum in U at xd and, thus, would not be a
stable fixed point (“acoustic trap”). δ is a calibration con-
stant to ensure κ�(xd,ei)>0 and κ�(xd,ej )>0. If this term
is too small, the resulting acoustic radiation potential may
not create acoustic traps at the user-specified locations.
Conversely, if it is too large, it will dominate the other
terms, effectively reducing Eq. (10) to maxv–vH Q�v. We
have solved the latter optimization problem previously
[38,43,44], to create user-specified patterns of spherical
particles, but it does not provide explicit control over
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the orientation of ellipsoidal particles. We design an opti-
mization algorithm to maximize Eq. (10) by successive
eigendecompositions of matrices of the same size as Q� .
The algorithm guarantees the generation of a sequence of
iterates that converge in objective function values [51].

III. METHODS AND MATERIALS

We experimentally demonstrate the theoretical solution
method to the inverse ultrasound DSA problem for a sin-
gle ellipsoidal particle. The process to manipulate a single
ellipsoidal particle into an explicitly defined orientation
is as follows. We first define a user-specified orienta-
tion ed and location xd such that the bead (of the bead
chain that approximates the ellipsoidal particle) at the cen-
ter of the particle coincides with the center (xd = o) of a
fluid reservoir with a specific shape and spatial arrange-
ment of Nt ultrasound transducers. We then maximize
Eq. (10) to compute the optimal ultrasound transducer
operating parameters v* required to orient the ellipsoidal
particle in the user-specified orientation ed with its center
at xd = o, accounting for the reservoir shape and spatial
arrangement of transducers. Finally, we experimentally
validate the theoretical model by applying the resulting
optimal ultrasound transducer operating parameters v* to
an experimental setup with an identical fluid reservoir
and spatial arrangement of Nt ultrasound transducers and
by measuring the experimentally obtained orientation of
the ellipsoidal particle compared with the user-specified
orientation.

Figure 3 schematically shows the experimental setup
with an ellipsoidal particle at its center (not to scale). We
use an EPS particle (cp = 900 m/s, ρp = 25 kg/m3) in air

Borescope 
camera 

Ellipsoidal EPS 
particle 

70 mm

Ultrasound 
transducers 

Ultraino driver 
shield 

Arduino MEGA 
2560 

24 individual
40 kHz PWM signals 

y 

x 

z 

FIG. 3. Schematic of the experimental setup, comprising three
rings with eight ultrasound transducers each, showing an ellip-
soidal expanded polystyrene (EPS) particle at its center. Ultra-
sound transducers are driven by 40 kHz pulse-width-modulated
(PWM) signals.

(c0= 346 m/s, ρ0 = 1.18 kg/m3). The average lengths of
the major and minor axes of the EPS particles are 4.2 and
2.1 mm, respectively. The setup comprises three identi-
cal orthogonal rings with diameter 70 mm that define a
spherical reservoir, each with eight uniformly distributed
ultrasound transducers (type Murata MA40S4S) of radius
a = 4.5 mm [see Eq. (3)] that have a directivity of 80° and
a center frequency f 0 = 40 kHz. We design the rings with
a diameter of 70 mm, about 8λ0 (λ0= 8.65 mm), to ensure
that the acoustic trap at xd = o is in the far-field region.
We use an Arduino Mega 2560 board with an ULTRAINO
driver shield [52] to drive each ultrasound transducer with
an independently controlled PWM signal. The ULTRAINO
driver shield amplifies 5 V PWM signals generated with
the Arduino Mega 2560 board to a maximum of 18 V
via MOSFET amplifying circuits. Altering the PWM duty
cycle and adding a delay enable the independent control
of the amplitude and phase of each ultrasound transducer.
Furthermore, the experimental setup is fitted with three
borescope cameras that view along the negative x, y, and
z axes to create image projections of the EPS particles on
three orthogonal planes that intersect at the center of the
rings. We manufacture the structure of the experimental
setup using fused deposition modeling with polylactic acid
plastic. Figure 3 also shows an inset image of a single ring
to illustrate its dimensions and placement of the ultrasound
transducers.

Figure 4(a) shows a simplified schematic of the exper-
imental setup, with the borescope cameras and support
structure removed for clarity, and with an ellipsoidal EPS
particle (not to scale) at its center. The inset image depicts
intersecting x-y, x-z, and y-z view planes, as viewed from
the perspective of the borescope cameras, with the EPS
particle at its center. Figure 4(b) shows the projections of
the EPS particle on each view plane, indicating the angles
θm and ϕm, which represent the rotation of the EPS par-
ticle about the z axis and about an axis in the x-y plane,
respectively. We measure θm and ϕm based on the major
axis of the EPS particle [light blue arrows in Fig. 4(b)]. We
compute the major axis using principal-component anal-
ysis on binarized versions of the borescope images. We
then compute the orientation em of the EPS particle in the
experiment as

em =
⎡
⎣ cos(θm) cos(ϕm)

sin(θm) cos(ϕm)

− sin(ϕm)

⎤
⎦ . (11)

We note that the user-specified orientation ed can also be
expressed via user-specified angles θd and ϕd. We define
the orientation error as the angle γ e between the user-
specified orientation ed and the experimentally determined
orientation of the EPS particle em,

γe = arccos(ed · em). (12)
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FIG. 4. (a) Simplified experimental setup schematic with an
ellipsoidal EPS particle in the center. Inset shows orthogo-
nal view planes that intersect the particle to create projections.
(b) EPS particle projections on the x-y, x-z, and y-z view planes.

IV. RESULTS AND DISCUSSION

We experimentally demonstrate explicit control of the
3D location and orientation of a single ellipsoidal EPS
particle for several user-specified angles θd with ϕd = 0
(Fig. 5) and for several user-specified angles θd with
ϕd = 10, 20, and 30° (Fig. 6). For all experiments, the
user-specified location is at the center of the experimen-
tal setup (xd = o). Figures 5(a) and 6(a) show experimental
results (orthogonal projections of the EPS particle) with
the user-specified angles θd and ϕd indicated in orange.
Additionally, Figs. 5(b) and 6(b) show the orientation error
γ e as a function of the user-specified angles θd and ϕd.

Figure 5(a) shows orthogonal projections of an ellip-
soidal EPS particle (white) oriented at user-specified
angles θd = 0, 45, and 135° with ϕd = 0°. Each row per-
tains to a single experiment. The middle column shows
projections of the EPS particle on the x-y plane and
the right column shows projections on the x-z or y-z
planes. We observe good qualitative agreement between
the user-specified orientations and experimentally mea-
sured orientation of the EPS particle. Figure 5(b) shows
the orientation error γ e as a function of the user-specified
orientation angle θd with ϕd = 0°. We observe a maximum
orientation error of 22.8° for θd = 70° and minimum orien-
tation error of 2.8° for θd = 20°. Prisbrey and Raeymaekers
have previously used ultrasound DSA to assemble 2D
patterns of high-aspect-ratio carbon microfibers with user-
specified orientation in water. They computed the optimal
operating parameters of Nt = 16 ultrasound transducers,
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FIG. 5. (a) Experimentally obtained projections of ellipsoidal
EPS particle projections for θd = 0, 45, and 135° and ϕd = 0°.
(b) Orientation error as a function of θd and ϕd = 0°.

arranged as a hexadecagon, by maximizing the curvature
of the acoustic radiation potential in a user-specified orien-
tation [48]. This method does not allow explicit control of
the 3D user-specified orientations of high-aspect-ratio par-
ticles, but in the limiting case, where ϕd = 0° and, thus, the
high-aspect-ratio particle is oriented in two dimensions,
the method presented here must yield similar experimen-
tal results to those obtained using the method presented in
Ref. [48]. Indeed, Prisbrey and Raeymaekers report a sim-
ilar, yet slightly smaller, orientation error in Ref. [48]. The
2D experiments [48] do not require simultaneously orient-
ing and levitating the high-aspect-ratio particles because
they are performed in water, which provides buoyancy
forces that easily levitate the carbon microfibers. There-
fore, the 2D method only uses the ultrasound transducers
to orient the high-aspect-ratio particles. However, in the
3D method derived in this paper, a subset of ultrasound
transducers must maximize the curvature of the acoustic
radiation potential in the ez direction [see Eq. (10)], to
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FIG. 6. (a) Experimentally obtained projections of an ellip-
soidal EPS particle for θd = 0, 90, and 180° and ϕd = 20 and 30°.
(b) Orientation error as a function of θd and ϕd.

create a component of the acoustic radiation force that lev-
itates the ellipsoidal EPS particle. Thus, this decreases the
number of ultrasound transducers available to orient the
ellipsoidal particle in the x-y plane, which affects the accu-
racy. Additionally, the objective function derived in this
paper maximizes the curvature of the acoustic radiation
potential in ei and ej orthogonal to ed and, thus, the compo-
nent of the acoustic radiation forces in directions between
ei and ej may be small, which would allow the particle to
“slip” and/or rotate in between the edei and edei planes.
In the 2D method [48], maximizing the curvature of the
acoustic radiation potential in a single direction precludes
this problem. In three dimensions, solving this problem
requires maximization of the curvature of the acoustic radi-
ation potential in many or even an infinite number of
directions orthogonal to ed. However, this could further
relax the requirement of local maximality of the objective
function and increase the error.

Figure 6(a) shows projections of an ellipsoidal EPS par-
ticle (white) oriented at user-specified angles θd = 0, 90,
and 180° with ϕd = 20 and 30°. Each row pertains to a sin-
gle experiment. The middle column shows projections of
the EPS particle on the x-y plane and the right column
shows projections on the x-z or y-z planes. We observe
good qualitative agreement between the user-specified ori-
entations and experimentally measured orientation of the
ellipsoidal EPS particle. Figure 6(b) shows the orienta-
tion error γ e as a function of the user-specified angles θd
and ϕd, which is similar to the orientation error of Fig.
5(b) for a user-specified orientation in the x-y plane. The
orientation error tends to increase when ϕd>20°, which
results from increasing the curvature of the acoustic radia-
tion potential in the z direction to levitate the ellipsoidal
EPS particle, even when its projection on the x-y plane
decreases. When the ellipsoidal particle rotates out of the
x-y plane, the user-specified orientation ed tends toward the
z axis (ez), which results in competing terms in the objec-
tive function. Specifically, the term that minimizes the
squared curvature of the acoustic radiation potential in the
user-specified orientation ed and the gravity compensation
term [see Eq. (10)] combine when ed coincides with the
z axis. Decreasing the influence of the gravity compensa-
tion term in the objective function, by either decreasing the
weight of the particles and/or increasing the total acoustic
radiation force on the particle by adding ultrasound trans-
ducers to the setup, solves this problem. Additionally, a
study by Cox et al. indicates that decreasing the depen-
dence on the gravity compensation term may be possible
by rapidly alternating between multiple acoustic traps to
create a “composite” acoustic trap, where one acoustic trap
provides large acoustic radiation forces in the direction
of gravity, and the second acoustic trap works to orient
the elongated particles [53]. This, however, increases the
complexity of controlling the experimental setup, due to
the need to rapidly alter the signals driving the ultrasound
transducers.

The orientation error in all experiments also results from
the following. We treat the ellipsoidal particles as a rigid
bead chain of spheres, for which Gor’kov’s acoustic radi-
ation force theory is not strictly valid. Furthermore, the
aspect ratio of an ellipsoid is smaller than that of a bead
chain. This, however, still enables accurate location and
orientation of the ellipsoidal particles, as indicated by the
small orientation error. Manufacturing errors in the exper-
imental setup result in misalignment of the ultrasound
transducers, which causes the theoretical and experimen-
tal spatial arrangement of the ultrasound transducers to be
different. The ULTRAINO software has limited amplitude
and phase resolution of VPP/10 between 0 and 18 VPP and
π /5 radians, respectively, which are both accounted for
in our simulation, yet, nevertheless, pose a limitation to
the solution of the inverse ultrasound DSA problem. The
objective function presented in Eq. (10) is relaxed both
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because we sum over all points xd ∈ Xd and because we
include multiple terms, which may confound with each
other, and result in acoustic traps that form nearby user-
specified locations and/or in orientations that deviate from
the user-specified orientations. Furthermore, deviations
between the user-specified and experimentally obtained
orientation result from scattering of the ultrasound wave
field off nearby surfaces, which is not accounted for in the
calculation of the acoustic pressure.

We levitate ellipsoidal EPS particles in air to exper-
imentally demonstrate and visualize that the solution to
the inverse ultrasound DSA problem derived in this work
allows the orientation of high-aspect-ratio particles to be
explicitly accounted for. However, we emphasize that
this solution also translates to systems of varying size
and shape, with different particle shapes and different
fluid media. Thus, the solution to the inverse ultrasound
DSA problem for aligning ellipsoid particles in 3D user-
specified orientations apply to, e.g., employing ultrasound
DSA as a processing method for engineered materials that
derive their properties from a pattern of high- aspect ratio
particles embedded in a matrix material.

We point out that it is possible to specify a pattern
of ellipsoidal particles with a user-specified location and
orientation that cannot be implemented because not all
possible user-specified locations and orientations yield a
solution that maximizes Eq. (10). Increasing the number
of ultrasound transducers increases the possibility of max-
imizing Eq. (10) for many different user-specified locations
and orientations. However, the relationship between the
number of ultrasound transducers, their spatial arrange-
ment, and achievable patterns of particles remains an open
problem. Additionally, the formation of acoustic traps in
locations that are not part of the user-specified pattern
are an inevitable result of interference between ultrasound
waves that generate the acoustic traps in user-specified
locations. We note that the possibility of a particle vibrat-
ing within an acoustic trap is an inherent limitation of
ultrasound DSA, which could lead to increased instability
over time and cause the ellipsoidal particle to eject from the
acoustic trap [54]. However, during the experiments in this
work we do not observe increasing instability over time
while the particle rests in the acoustic trap during imaging.

V. CONCLUSION

We theoretically derive and experimentally demonstrate
a direct solution to the inverse ultrasound DSA prob-
lem that enables explicit control over the 3D location
and orientation of an ellipsoidal particle. This solution
method contrasts earlier solutions of the inverse ultra-
sound DSA problem limited to 3D user-specified patterns
of spherical particles and 2D user-specified patterns of
high-aspect-ratio particles. Maximizing the curvature of

the acoustic radiation potential in two orthogonal direc-
tions, and orthogonal to the user-specified direction of the
ellipsoidal particle, allows explicit control over its 3D ori-
entation. Experimental measurements of the orientation
of a single ellipsoidal EPS particle, relative to the user-
specified orientation, reveal a slightly larger orientation
error for the method that explicitly orients ellipsoidal par-
ticles in three dimensions, compared with the 2D method
published earlier. This increased error results from the need
to simultaneously levitate and orient the ellipsoidal particle
in three dimensions, rather than just orient it in two dimen-
sions. This work has implications for using ultrasound
DSA as a manufacturing method for engineered materials
that derive their properties from specifically oriented fibers
embedded in a matrix material, including electrically con-
ductive materials with embedded wiring, or for structurally
reinforced composite materials, to only name a few.
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