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MATH 2280-2, EXAM 2
APRIL 3 2008

Total: 100 points
Problem 1 (30 pts) Consider the first order system of differential equations %' = Ax, where

fo 3
A= §L3 2

(a) Find the eigenvalues and eigenvectors of A. (hint: the eigenvalues are —1 and 5.)
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{b) Find a fundamental matrix solution B to the system x' = Ax.
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(¢) Find the matrix exponential e, Using your answer, find the solution to x’ = Ax, with x(0) = (1,0)7.
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(d) Find a particular solution x,(t) to x’ = Ax -+ f, where f = (4,6)”. (hint: Use x,(t) = u = constant
"€

vector.)
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(e) Solve the initial value problem x’ = Ax + f, with x(0) = (1, —=1)7, and the same f as above.

Zl)=20() + 2 (&) = (Agj + @&:} ?)
A codl afos e maiic ex
7 - o ,,f,

) () BlR) o ) T )
(£ (2)
=4 (7))

A
: 5 2

Z,



Problem 2 (30 pts) Consider the two masses two springs system depicted below.
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(a) Derive the second order system of DEs satisfied by z1(t) and x2(t) (displacements around the equi-
Jibrium position), assuming there are no external forces. Put the system in the form M x" = Kx,

specifying what the matrices M and K are.
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(b) With mq =1, ma = 1/2, k1 = 2 and kg = 1 show that the system is equivalent to x” = Ax, with

A= {;3 ,,121 ,
;ﬂ _ K~ P A A T
,A WK = (ﬁi){y z - ) : é 2 fl/}*

(c) Find the general solution to the system x” = Ax. _
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(d) What are the natural frequencies of the system x” = Ax? Describe their corresponding modes of

oscillation.
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|- f, where the external force is f(t) = (coswt, 0)7,

(e) Find a particular solution to the system x” = Ax
and w is not a resonance [requency of x”/ = Ax.
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Problem 3 (10 pts) Consider the matrix

(a) Show N is nilpotent. ' iz‘”‘; s © 4'
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(b) Use your answer to compute the matrix exponential eM.
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Problem 4 (30 pts) Consider the two populations system

(a) How does each population behave in the absence of the other one (logistic, exponential growth or

decrease)? Describe the nature of the interaction between the z—population and the y—population
(competition, cooperation, predation).
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(b) Find the three critical points of the system (hint: one critical point is (2,4)7.)
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(¢) Find the linearized system around the critical point (2,4)7.
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for the linearized problem. (if the point is a saddle point, carefully plot the

(d) Sketch the phase portrait
axis of the hyperbolic trajectories, if the point is a spiral, find the orientation by e.g. computing the
tangent field at a couple of points). What type of critical point is this? Is it stable or unstable?
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(e) Complete the phase portrait below around the critical point (2,4)”. When z(0) > 0 and y(0) > 0,
what do you expect about the z and y populations after a large time? Sketch a few trajectories
representative of your predictions about the populations.
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