Math 3210-3
HW 3

Solutions

There are 7 points possible on this assignment. Only part (b) of problem 3 will be graded.

Set Operations

1. Prove: (ANB)U (B~ A)=(AUB)~ (ANB).
Proof We will first show that (AN B)U (B~ A) C (AUB)~(ANB). Let z € (AN B)U(B~\ A). Then
eitherz € ANBorz e BNA Ifz e ANB,thenaz € Aandx ¢ B,sox ¢ ANB,andx € AUB,

soz € (AUB) N~ (AN B. On the other hand, if z € B\ A, then © € B and z ¢ A. By the same
arguement, z ¢ ANB,sox € (AUB)~\ (AN B). Hence (AN B)U (B~ A) C(AUB)~ (ANDB).

Conversely, we will show (AUB)~ (ANB)C (ANB)U (B~ A). Let y € (AUB) ~ (AN B). Then
yeAorye B,buty ¢ (ANB). Soifyc Aandy ¢ (ANB), theny € ANB. If y€e Band y ¢ ANB,
then y € BN A. Hence (AUB) N (ANB)C (AN B)U (B~ A).

O

2. & Prove: ANB=A~N (AN B).

Proof First we will show ANB C AN(ANB). Letz € ANB. Thenz € Aandz € B=z ¢
ANB=12€ AN (AN B). Hence ANBC A~ (A\ B).

Conversely, we now want to show AN (ANB) C ANB. Let y € AN (AN B). Then y € A and
y¢ ANB=ye Aandy € B=— y € AN B. Therefore ANB=A~\ (A\ B).
O

3. Let {A; : j € J} be an indexed family of sets and let B be a set. Prove the following generalizations
of theorem 6 from class.

(a) BU [ﬂje,] AJ} = e s (BUA).
Proof Let x € BU {ﬂjeJA]}. Then either x € B or v € A for all j € J. If z € B, then
x € BUA; for all j € J which implies that z € N(B U A;). On the other hand, if z € A;Vj € J,
then © € BUA,;Vj € J which implies that x € N(BUA;). Hence BU [ﬂjeJ Aj] C Njes(BUA;).
For the reverse inclusion, let y € N(BU A;). Then y € BU A;Vj € J which implies that y € B
orye Ajforall jeJ. Henceye BU [ﬂjGJ Aj] Therefore B U [ﬂjeJ Aj] =Njes(BUA;).
O
(b) BN [Uje] Aj:| =U,jes (BN A4;).
Proof Let x € BN {U]EJAJ}. Then z € B and = € UA;, so x € B and 3j such that z € A;.

Thus for some j € J, x € BN Aj, sox € UBNA,).
For the reverse inclusion, let y € U(B N A;). Then 3j € J such that y € BN A;, which implies

that y € B and y € A;. Hence y € BN {UJEJAJ}.
|
(c) B~ {UjeJ Aj:| = mjeJ(B\Aj)'
Proof Let x € B\ {UJ—GJAJ}. Then z € Band Vj € J, x ¢ A;. Sox € BN A;Vj € J. Thus

z € Nje (BN A).
For the reverse inclusion, let y € ﬂjeJ(B NA4j). SoVj,y € Bandy ¢ A;. Hence y €

B~ [UjeJ Aj:|'
Therefore B \ [Uje] A]} =Njes (BN 4)).



(d)

B Moy 4s] = Ues (B 4)).
Proof Let z € B~ [mjeJ Aj]. Then € B and 3j such that « ¢ A;. For that j, we have
z € BN Aj. Hence x € U e ;(B N 4;).

For the reverse inclusion, suppose y ¢ B ~\ [ﬂje] AJ}. Then y € NA;, so for all j € J, y € Aj.
Soy ¢ B\ Aj for all j. Therefore y & [, ;(B \ 4;).

O

Relations

4. & Prove or give a counterexample: A x B = B x A.
Consider the following counterexample. Let A = {1},B = {# € R|5 < z < 6}. Then A x B =
{(1,2)]|5 < x < 6} which is a vertical line segment in the plane, and B x A = {(z,1)|5 < z < 6} which
is a horizontal line segment in the plane.

5. Prove or give a counterexample:

(a)

(c)

(AUB)xC=(AxC)U(BxCC).
Proof Let (x,y) € (AUB)xC. Thenz € AUBandye C. Soz € Aandy € Corx € B
and y € C. In the first case, (z,y) € A x C, and in the second case, (z,y) € B x C. Thus
(x,y) € (Ax C)U(Bx ().
For the reverse inclusion, let (z,w) € (A x C)U (B x C). Then (z,w) € Ax C or (z,w) € B x C.
Soze€ Aorze€ B,and w € C. Hence (z,w) € (AUB) x C.

|

(AxB)N(CxD)=(ANC) x (BN D).

Proof We have that (x,y) € (A x B)N(C x D) if and only if (z,y) € A x B and (x,y) € C x D

if and only if z € A and z € C and y € B and y € D if and only if (z,y) € (ANC) x (BN D).
]

(AxB)U(CxD)=(AUC) x (BUD).
We will provide a counterexample. Let A, B,C and D be pairwise disjoint sets. Consider (a, d)
where a € A and d € D. Then (a,d) € (AUC) x (BUD), but (a,d) ¢ Ax B and (a,d) ¢ C x D.



