Math 3210-3
HW 27

Solutions

Applications of Uniform Convergence

1. Let fo(z) = 1+ for € [0,1]. Show that the sequence (f,) does not converge uniformly on [0, 1]

by using Theorem 118.

Proof:  Notice that for x € (0,1], we have f(z) = lim, . fn(2) = limp oo 775 = 1. Andif 2 =0

we have £(0) = 1im £,(0) =0. 8o f() = { 5 0=5 ="

We know f,(z) is continuous for all n and = € [0, 1], but f(z) is not continuous. So by Theorem 118
we know f,, does not uniformly converge to f on [0, 1].

O

2. Let fn(z) = Lm;m: for z € R.

3n + sin” nx

(a) Show that (f,) converges uniformly on R.

Proof: Forx € R wewilllet f(x) = lim,, .o fn(z). Notice that for x € R we have 57— +1 < falz) <

"3—21. Also lim,, % = lim,— o0 "3—'5 = %, so by the squeeze theorem f(z) = lim f,(z) = %

To prove this convergence is uniform, let € > 0 and let N = %. Then for x € R and n > N we
have
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Therefore (f,,) uniformly converges on R.

|
(b) Use Theorem 119 to evaluate lim fn(z)de.
n—oo 0
Proof: Since we proved the convergence is uniform, we can apply Theorem 119 to get
s s s 1

lim fn( )daC:/ lim fn(:v)d:v:/ Sdr =2,

n—oo g n—o 0 3 3
|

3. Using Corollary 9, integrate the geometric series
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term by term from —z to x, where x € (—1, 1), and obtain a series for log (1 + x)



Proof: Since z € (—1,1), we see [—z,z] C (—1,1), so |t"] < 2™ < 1. Thus by the Weierstrass M-test
> 1" converges uniformly on [—z,z]. Thus we can apply Corollary 9 to integrate the series term by
term. We have
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Uniform Convergence of Power Series
4. (a) Find the function given by the series Z n?z™ for |z| < 1.
n=1
Proof: We want to find the function whose series is given by Z n?r" = r+42* + 923 + 162+ - -
n=1
for |z| < 1. We know the following:
1
. = 14+at+2?+23+.-. differentiate to get (1)
—x
1
E = 142z +32% +423+--- differentiate again to get (2)
-z
2
Ao = 2 + 62 + 1227 + 2023 + - - - divide by 2 to get (3)
-z
1
E = 143z +62%+102%+--- multiply by x to get (4)
-z
a v E = z+32%+62%+102" +--- multiply eqn(4) by 22 to get (5)
-z
2
i a E = 2% 4323 + 62* +102° + - - now add eqn(5) and eqn(6) to get  (6)
-z
 +a? 2 3 4
= Z n?z"™ (8)
n=1

This series has the same radius of convergence as the geometric series, so this is for all |z| < 1.



b) Evaluat — and —.
(b) Vauae;?l an 7;2271

, R N R N > n? 1 = n? 1.1 11
Proof: Since f(z) = e :;n z 7thenngl2—n = f(§) = 6311(17;22_” = f(i)_g =5
O
1 oo
5. (a) Show that 152 ;(—1)”1‘271 for |z| < 1.
Proof:  For |z| < 1 we have the following:
1 2 .
T = l4z+z°+--- replace  with —z (9)
-z
1 _ 2 _ .3 “h o2
5z = l—z+4+2z° -2+ replace z with (10)
1 2, .4 _ 6
T2 = l—az 42—z +--- (11)
= Sy (12
n=0
O
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b) Show that arct = — fi 1.
(b) Show that arctanx 1;) 1 or |z] <
Proof: Because power series converge uniformly, we can apply Theorem 119 to get
arcta /z L dt (13)
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o 1+¢2
= /(1—t2+t4—t6+-~)dt (14)
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(c¢) Show that the series for arctanz in part(b) also holds when z = 1.

Proof: When z =1 we have ;(—1)” ;::11 = ;(—1)” 2n1—|— 1 which converges by the alter-
nating series test.
O
(d) Use part (c) to find a series whose sum is 7.
Proof: Since arctan1 = 7 we see m = 4722(_—2711 =4 (1 — é =+ - >
O

6. (a) Show that /ma ctant dt i (1)
. w rctant dt = —
0 2n(2n — 1)

n=1

for |x| < 1.
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Proof:  From above we see arctanz = x — % +-- = HZZO(—l)" ;n—l—l for |z] < 1, so we can
integrate term by term to get:
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(b) Show that the formula in part (a) also holds for z = 1.

v — (=1t 1 1 1
Proof: At x = 1 the above formula gives us /0 arctant dt = Z m =312 + 30~

n=1

6 + -+ which converges by the alternating series test. Thus the formula holds for =z = 1.
a
(c) Assuming that the series 1 —4 — 24+ 141 -1 — 1 4... is convergent, use part (b) to find its
value.
Proof: Notice that 1—%—%—1—%4—%—%—%—1—---:(1—%)—1—(—1%—1—%)4-(%—%)-i—(—%-i—---:
I Llit-L+...= folarctantdt:tarctant— $1In(1 4 t2) 0= Z—1In2



