Math 3210-3
HW 13

Solutions
Note: Problems 4 and 7 are extra credit.
Limit Theorems
344 344
1. Suppose that lima, = a and limb,, = b. Let s, = azi—%?n. Prove that lims,, = abQ—:_ 1(1 carefully,

2.

using the limit theorems.

Proof: We have the following:

ad + 4a,
b2 +1

lim(a? + 4a,)
= —2 2 byTh 50(4
(b2 + 1) y Theorem 50(4)

lim(a3) + lim(4a,,)
= n by Th 50(1
lim(b2) + lim 1 y Theorem 50(1)

(lim ay,,)? + lim(4a,,)
= by Th 50(3
(limb,,)2 + lim 1 y Theorem 50(3)

limay,)? + 4lima,
_ (mzl‘j m)b J)g +”f" by Theorem 50(2)

lims, = Ilim by definition

344
= ab%—i—la by hypothesis
|
1— n+1
(a) Verifyl—l—a—i—az—i—---—i—a":%fora;él.

Proof: We will prove this by induction. Let n = 1. Then 1+ a = 1{_"5 = (H‘ll)_(ll;a) =1+a.
k+1

Hence n = 1 is true. Assume 1+ a + a2 + - + aF = 1= for some k € N. Then we have the

l—a
following:
1— ak+1
Ltata+-ta+d = ——— o™
—a
- P R I R S
N 1—a
1— ak+2
1—-a
1—qgnt!
Therefore 1 +a+a’+---+a" = N for a # 1.
—a
|
& Find lim, .oo(1+a+a?+---+a") for |a| < 1.
Proof: By Theorem 50, we see that lim, (1 + a + a2+ -+ a™) = limp,_00 1_1“:;“ =
lirﬁgaa_n;)l) = 1—1i1nl3"+1' Since |a| < 1, we know from problem 3(f), lima™ = 0, so lim, (1 +
a+a’+--+a") =g

O



(c) Calculate limyoo(1+ 3 + 5+ + 37).
. 1 1 1 1 3
By part (b), nh_)rrgo (1+§+§+...+3_n> = 1 —
(d) What is lim,, .oo(1 +a+a?+---+a") for a > 1?7
If a > 1, lim, (1l +a+a®+---+a") = +oo. To prove this, recall that if a > 1, then a" > a
foralm € N. Sol+a+a?>+---+a” >1+a+a+---+a=1+na > n. Therefore for any
M € R, by the Archimedean property, there is some n € N such that n > M, but we also have that
n < l4+na < 14+a+a+---+a < 1+a+a®+- - -+a". Therefore, lim,_, o (1+a+a?+---+a") = +oo.

Monotone and Cauchy Sequences

3. Which of the following sequences are nondecreasing? nonincreasing? bounded? No proofs required.

1
(a) — Nonincreasing, Bounded

(b) ) Bounded

(c) n 5 Nondecreasing

(d) sin ( ) Bounded

(e) (—2)™ Neither

() 3% Nonincreasing, Bounded

51+ 82+ -+ 8p
n

4. Let (s,) be a nondecreasing sequence of positive numbers and define o,, = . Prove
that (0, ) is a nondecreasing sequence.

Proof: We will prove this by induction. We know that 0 < s1 < sg, so0 s1 + s1 < s1 + S2, which
implies that 2s; < s1 + s3. Thus s;1 < i +82.

Sitsate 48k 51 +s2+-+Skt+sSk41
k — k+1

Son = 1 is true. Assume o is true, that is

. By hypothesis, we know s, > s; for all j <n,so s;+sa+---+5p41 <
Sk+1 + Sk+1 + - -+ Sg+1 where there are k 4+ 1 summands. So s1 4 s+ -+ + Sg+1 < Sgy1(k+1). Thus

0 < sga(k+1)—81 —s2 — -+ — sk11. Hence we have the following:
814+ Spt1 514+ 8pr1 | Skpa(k+1) =51 — 83— —Sp 4
k+1 = k+1 k+2)(k+1)
 (E42)(s1 4 Spyr) Fskya(k 1) =851 — 50— — Sk
B (k+2)(k+1)
sik+ -+ spp1k+2s1 + -+ 25541 + Spp2(k+1) —s1 — 52— -+ — Sk

(k+2)(k+1)
s1k 4 sok+ -+ spp1k +s1+ 82+ -+ Sp1 + Spp2(k+ 1)
(k+2)(k+1)
sik+1)+sa(k+1)+- +spp1(k+ 1)+ sppa(k+1)
(k+1)(k+2)
S1+ 82+ -+ Spy2
k+2

= Ok42

Therefore (0,,) is a nondecreasing sequence.

Sn

1
5. & Let s =1 and spy1 = for n > 1.

(a) Find sq, s3 and s4.
2 14

5
s3 =3, 83 =g, and s4 = 5.



(b) Use induction to show that s,, > % for all n € N.
Proof:  'We can see from part (a) that s; and so are both > % Now assume sj > % for some

k € N. Thenwehavesk:%*—giﬂ>%,so
Sp—1+1 1
=+ 1 - 5 +1
3 3
3
_ 2
3
1
2

Thus s,, > % for all n € N.
O

(c) Show that (s, ) is a nonincreasing sequence.

Proof: 'We need to show that s,, > s,41 for all n € N. From above, we see that s; =1 > % = So,
S+l > Sp41+1
3 3

son = 1 is true. Assume s > sgy1 for some k € N. Then spy; =
Therefore s, is a nonincreasing sequence.

= Sk+42-

O

(d) Show that lim s,, exists and find lim s,,.

Proof: Since 0 < s, < 1 for alln € N, and since (s,,) is monotonic, by Theorem 59, (s,,) converges
to a real number, so the limit exists. We know lim s,, = lim s,,41, so if s = lim s,,, we have

s = lims,
= lim8"+1
N 3
lims, +1
3
s+1
3

Thus s = Sng. We can solve for s to get s = %
O
6. & Let s, = a1 + ag + - - + a,, where each a; € R, and let ¢, = |a1| + |az| + - -+ + |an|. Prove that if
(tn) is a bounded sequence then (s,) converges.

Proof: Notice that we have:

t1 = a1
ta = |a1] + |azg]
ts = |a1]| + |az| + |as]

tn = laa] + lag| + laz| + - - + [an]

So () is a nondecreasing sequence. By assumption it is bounded, so by the Monotone Convergence
Theorem (¢,) converges. Thus (¢,) is Cauchy. So by definition given e > 0 there exists N such that
foralln >m > N, |t, — t,m| < e. But

[t =t = llaa| + lao] 4 -+ |an] = (laa] + |ag] + - + Jan] + |ansa| + -+ + Janl|
llant1|+ lanta| + - + |am]]
< €



Thus for this same N value, if n > m > N we have

Isn = sml = a1+ +an—(a1+ - +an)]
lant1 + any2 + -0+ aml

lant1| + |ante] + -+ + am]
anta] + lantol + - + lam||

€

A

AN

Therefore |s, — $m| < €, so (sy,) is Cauchy.
|

7. If |an41 — an| < 37" for all n € N, prove that (a,) is Cauchy, and then conclude that (a,) converges.
(At some point in your proof problem 2(c) could be helpful.)

—In (2
Proof: Let e >0 and let N = ?7(3) Then for all n > m > N we have
n

|an_am| - |an_an—l+an—l _an—2+an—2_"'+am+l _aml
S |an_an71|+|an71_an72|+"'+|am+1_am|
< 37D 4 3=(=D 4y gom

Since n > m let k € N with n = m + k. Then

lan — am| < 37m(@E7D 4372 o371 1)

()]

= 3—7TL .
3 —m
(5) 5

3
But m > N, s0 |an, — am| < (—) 37N = e. Therefore (a,) is Cauchy, and since every Cauchy sequence

AN
oo

2

in the reals converges, (a,) converges.

O

—In 2
Note: (2)3 VN =e <= 3 V=% <= —Nhn3=h¥ < N-= 1n33.
n

8. Find an example of a sequence of real numbers satisfying each set of properties.

(a) Cauchy, but not monotone: Let a,, = %

(b) Monotone, but not Cauchy: Let a,, = n
if n is odd

1
(c) Bounded, but not Cauchy: Let a,, = { T it nis even



