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ABSTRACT. Polycrystalline materials are crucial for various technological ap-
plications. Structurally they consist of a myriad of small monocrystallines
called grains which are separated by grain boundaries. As the grain structure
characterizes the material’s properties, it is highly important to understand
grain growth during microstructure evolution for engineering of new materi-
als. In this paper, we continue a program to model grain growth in polycrys-
talline materials via “hydrodynamic” nonlinear Fokker-Planck-type equations
describing the evolution of grain boundary and triple junction statistics. In
the derived model, the inhomogeneous absolute temperature results in a non-
standard entropy-type nonlinearity. We formulate a JKO-based framework
for the model, and establish the existence of global weak solutions and their
long-time behavior.

1. INTRODUCTION

In this article, we study the existence of global weak solutions of a nonlinear
Fokker-Planck-type model of grain growth in polycrystalline materials, introduced
n [25]. As a framework for the existence analysis, we use a Jordan-Kinderlehrer-
Otto (JKO) scheme [33] for the free energy and dissipation relation of our nonlinear
Fokker-Planck type model.

Grain growth appears in materials science as an extremely complex multi-scale
multi-physics process. It characterizes the changes in the material’s microstructure,
see e.g., [10, 5, 35, 6, 3, 4, 44, 47, 41, 7, 27].

Polycrystalline materials are composed of a myriad of small monocrystals called
grains, which are separated by grain boundaries, see Figure 1. Due to their tech-
nological capabilities and low production cost, polycrystalline materials are widely
used in many different industries. Automotive, ceramics, optics, and microchip
industries are just a few examples [46, 37, §].

Changes in grain and grain boundary network distributions tremendously influ-
ence material’s properties. As an example, smaller grains in microstructure help to
improve material’s strength and toughness, which are important in ceramics indus-
try [46]. On the other hand, larger grains are needed to reduce electrical resistivity
(and hence the power consumption), which is important in the microchip and in
general electronics industries. For this reason, prediction of grain boundary distri-
bution is crucial in the engineering of new materials, and it is a major problem in
materials science.
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FIGURE 1. Left: A zoom view of the purple grain boundaries that
appear in the right panel. These grain boundaries meet at a triple
junction point @ = a(t). Also, for each j € {1,2,3}, o) = a9 (¢)
denotes the lattice orientation that corresponds to grid lines on the
figure. The differences Aal?) = a9 — aU=1) denote the lattice
misorientations (a(?) = ), and Aa = (A, Ao Aa®) is
the vector of lattice misorientations. Right: Grain network, which
is a collection of grain boundaries and triple junction points [26, 4].

Quantities such as the positions of the triple junction points and the lattice
misorientations deliver a practical way to track the behavior of the grain bound-
ary network in a polycrystalline material, see Figure 1. To understand and model
changes in these quantities over time, in [26], the authors derived a nonlinear cou-
pled system of ODEs. For the derivation, the authors apply the maximal dissipation
principle by choosing the Mullins’ law as a local evolution law for the grain bound-
ary, by imposing dynamic lattice misorientation, and by considering a more general
dynamic boundary condition at the triple junction. Next, they relax the curvature
effects, hence the grain boundaries become line segments, as depicted in Figure 1.
The work [45] also provides an experimental justification for a such relaxation. We
refer to [26] for more details.

On the other hand, in real-life, we usually have more than 10* grains [44] so,
the nonlinear ODE model in [26] becomes quite large, and complicated. Therefore,
it is also desirable to understand grain growth statistically via PDE-based models
(via mean field models for the evolutions of important quantities of misorientations
and triple junctions). Thus, in [25], the same authors considered the following free
energy

(FE) FIf) = [ (D) oz =1) + o(a) )
along with the dissipation relation

d f
(DR) GFN == [ 5 19(D@) s 1 + (@)

With the notation in the caption of Figure 1, the variable x is a pair of the
position of the triple junctions and vector of lattice misorientations, i.e., (a, Aa) €
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Q C RY. Then, in (FE), the unknown f(x,t) is the joint probability distribution
function of the position of the triple junctions and the lattice misorientation of the
grain boundaries. The quantity D(x) is the inhomogeneous absolute temperature
coefficient (the thermal effects of the under-resolved part of the system), which
includes, for instance, the information about the topological changes, such as grain
and grain boundary disappearance, among other effects during microstructure evo-
lution. Lastly, ¢(x) is the grain boundary energy density, and 7(x) is the mobility.
One can also consider a mobility 7 (z, ¢) with time dependence, this does not change
the analysis in this paper.

Formally, the free energy (FE) and the dissipation relation (DR) is the Wasser-
stein gradient flow of the following nonlinear Fokker-Planck type equation

u_v. <7T(J;)V(D(x)10gf+¢(x))), rEQ, te(0,00),
(nFP) ﬂ{x)v (D()log f + ¢(x)) - v =0, z € 00,
f(z,0) = fo(x), x € Q.

Here,  C R? is a bounded domain and v is outward normal vector on the boundary
09Q. The second equation in (nFP) indicates that we are imposing natural (no-
flux) boundary condition. Also, fy is the initial data. We refer to [25] for the
detailed derivation of (nFP) from kinematic continuity equations. As a result of the
inhomogeneity in D(z), we have a nontrivial entropy-type logarithmic nonlinearity
in (nFP). This is distinct from the type of nonlinearities typically encountered
in Fokker-Planck type equations in the literature, see e.g., [19, 16, 53, 2]. As we
will discuss below, this nonlinearity introduces several challenges for the global
well-posedness analysis of both classical and weak solutions of (nFP).

In [25], the authors assume fo > ¢ > 0 and fy € C2*P to obtain local existence
of classical solutions of (nFP) under the natural (no-flux) boundary conditions.
As the authors apply three different change of variables, they require fy € C275.
This regularity of fy makes global existence analysis harder. For example, a priori
estimates in [24, 28] do not apply, hence it is not possible to extend local solution
to a global solution. On the other hand, without any change of variables, in our
recent work [9], we have established the global existence of classical solutions with
assumptions fo > ¢ > 0 and fo € C2, under the periodic boundary conditions. This
sequence of work [24, 28, 9] makes use of fixed-point techniques, and does not rely
on the gradient flow structure of the model.

In this work, we propose a new and systematic JKO-based framework to study
the global existence of weak solutions of (nFP). See Theorem 6.2 below for our
main result. As we noted above, in prior work [9] on this model, the global existence
analysis was limited to the periodic boundary conditions. JKO scheme makes it
possible to handle the natural (no-flux) boundary conditions in a straightforward
way. In addition, for weak solutions, we are able to relax the strict positivity of
fo- In contrast, if we still assume strict positivity of fy, e.g., Dlog fo + ¢ € L°,
we are in a position to prove two additional results. First, following ideas from
[54], we prove a discrete maximum principle for the JKO solutions, see Proposition
7.1. This result can be useful for future numerical simulations of such models, as
it provides a stability estimate. Second, in the long-time limit, we prove that the
smooth solutions of (nFP) converge exponentially fast to the equilibrium state f¢4
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in (8.1), see Proposition 8.2. We note that, for the long-time behavior, this type of
assumption on fp was also made in the case of periodic boundary conditions, see
e.g., [24, 28].

As established in the seminal paper of Jordan, Kinderlehrer, and Otto [33],
the linear Fokker-Planck equation is the gradient flow of the entropy functional in
the 2-Wasserstein space. The authors constructed solutions of the linear Fokker-
Planck equation via an implicit in time minimizing movements scheme. Now JKO
schemes are prominent tool in existence analysis of PDEs. They have been applied
to a wide-variety of PDEs. Some examples are, aggregation—diffusion equations
[15, 14, 18], crowd motion [43], the Cahn-Hilliard equation [23], the cross-diffusion
system [22], the Muskat problem [39], ultrafast diffusion [31, 29], Darcy’s law [32],
and chemotaxis [34].

In our case, due to the inhomogeneity in D(z), the entropy-type free energy (FE)
is not A-displacement convex, see Appendix A for a discussion. For this reason, the
general metric-space based approach, see [1, Sec. 11.2.1] and [50, Sec. 4.4] for the
literature and discussion, does not apply. On the other hand, a more hands-on
strategy for the convergence of JKO schemes is also presented in [50, Sec. 4.4], and
applied in the work [48; 51, 36, 23]. The idea is to use the dissipation relation to
control a higher space-time LP integrability, and use an Aubin-Lions-Simon type
lemma for strong compactness. We have adopted a similar strategy in our work.
The challenge in our case arises from the inhomogeneity of the absolute temperature
coefficient D(x). The dissipation relation (DR) no longer controls the spatial H*
norm of v/f in a straightforward way. Nonetheless, more involved computations do
allow us to establish similar estimates, see Lemma 4.1. We point out that the higher
order space-time L? integrability (p > 1) is essential since the optimality condition
(Euler-Lagrange equation) associated with our JKO-based scheme contains non-
trivial entropy-type nonlinearity, see Lemma 3.2.

Organization of the paper. In Section 2, we introduce our notations, as-
sumptions, and various important preliminary results. In Section 3, we formulate
our JKO-based scheme and establish some of its fundamental properties such as
optimality condition. In Section 4, we derive Fisher-type spacetime regularity esti-
mates. In Section 5, we obtain compactness of the piecewise constant interpolation
associated with our JKO scheme. Section 6 contains one of the main results of this
paper, namely, we establish existence of weak solutions of (nFP). In Section 7, we
prove a discrete maximum principle on the JKO solutions. Lastly, in Section 8, we
study long-time behavior of smooth solutions of (nFP).

2. PRELIMINARIES

In this section, we introduce notations and assumptions used throughout the
paper, and we recall several important background results from the literature which
will be used later on in our analysis.

2.1. Notation.

(N1) Constants ¢, C' > 0 possibly change their values from line to line, but they
will never depend on the time step size 7 > 0 and the time horizon T' < oc.

(N2) p; denotes the i-th coordinate projection, i.e., p; : X7 X Xo — X; with
pi(x1, 22) = x;, where i € {1,2}.
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Functions

related to the nonlinear Fokker-Planck type equation

Jo(z)
flz,t)
Zlf]
Ff]
fed(z)
D(x)
o(x)
()

Initial data

Unknown probability density function

Fisher information, Z[f] == [, f~* V1| da

Free energy, see (FE)

Free energy minimizing equilibrium state, see (8.1)
Inhomogeneous absolute temperature coefficient
Grain boundary energy density

Mobility

Optimal transport notions

(g1, p2) | Set of couplings, see (2.1)

cr(z,y) Quadratic cost function with mobility, ¢x(z,y) = 7(y) |z — y|*
[P (1, p2) | Set of optimal couplings with respect to cr, see (2.3)
We(p1, p2) | Wasserstein distance with respect to c,, see (3.1)

fipi () Unique minimizer of (JKO,pp)

7@ Piecewise constant interpolation, see (4.15)
(S"g)(x,t) | Time shift operator, (S"g)(x,t) == g(x,t —h),t > h >0
TABLE 1. Summary of the some important notations used

throughout the paper.

(N3) gup denotes the push-forward of a measure p through a measurable func-

tion g.

2.2. Assumptions. We make the following positivity and regularity assumptions

on the functions fy, D, 7, and ¢ that appear in (nFP), as listed below.

(A1) The set

Q c RY is an open, bounded, connected, and C' domain. The

dimension d > 1 is arbitrary throughout the paper.

(A2)

The initial data satisfies fo(x) > 0 for almost every z € Q, and has nor-
malized total mass. Also, its free energy is finite, i.e., F'[fo] < co, where F'

as defined in (FE).

(A3)

For the inhomogeneous absolute temperature coefficient D(z), there exists
a constant C'p > 0 such that D(z) > Cp holds for all z € Q, and D(x)
belongs to C2(Q). For the mobility 7(x), there are constants CUP, C1oV > (
such that C1°V < 7(z) < O holds for all € Q, and 7(z) belongs to

C(Q). Lastly, the grain boundary energy density ¢(x) belongs to C*(£).

2.3. Optimal transport theory. For the reader’s convenience, in this subsec-
tion, we recall some fundamental notions from optimal transport theory. See, for

example, the books [30, 42, 49, 56].

Denote by P(X) the set of all probability measures on X. Then, for any p1, s €

P(Q2), the set of couplings, or transport plans, between uq and ps is defined by

(2.1)

by

(2.2)

D(pr, p2) = {7y € P(2 x Q) | prgy = p1 and payy = p2}.

Call ¢: 2 x Q — R to be a cost function, then the Wasserstein distance is defined

inf

W2(p1, =
¢ ('ul ,ug) YET (p1,p2)

{[ cannl.
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This quantity is often referred to as the Kantorovich problem. Whenever Q C R? is
bounded and c(z, y) is continuous on Q x €2, the Kantorovich problem (2.2) admits
a minimizer [49, Thm. 1.4].

By using the Wasserstein distance (2.2), we introduce the set of optimal couplings
with respect to the cost function c(z,y) as

(2.3) TP (pin, o) = {7 € T(p1, pa) ‘ W2 (pa, o) = /QXQC(I,y)dv}-

2.4. Trace inequality. In this subsection, we derive a trace inequality with e.
This will be used later in the proof of Lemma 4.2 to estimate an entropy-type
boundary integral in terms of the Fisher information.

Lemma 2.1 (A trace inequality with ). Let @ C R? be a bounded Lipschitz
domain, 2 < q < 2+2/d, and e > 0. There is C depending only on d, Q, q, and €
so that, for any u € H*():

2 2—
(2.4) Hu”%q(ag) <e ||vu||L2(Q) HUHHEIQ) +C ||u||%2(9) :

Proof. The Gagliardo-Nirenberg interpolation inequality in a bounded domain says
that

(2.5) oy < € (IVll2(0) Nl 2oy + el 2y ) »

where 6§ = d (% — %), and C depends only on ¢ and 2. We would like to take the

g-th power of the both sides of (2.5), followed by an application of the elementary
inequality (|a| + [b])4 < 297 1(|a|? + |b|?), where ¢ > 1. Then, we also would like to
2

apply Young’s inequality with the exponents r = % and s = = To this aim,

we should make sure that r > 1. Actually, thanks to the expression of 6, r > 1 is
equivalent to ¢ < 2+ 4/d, and we have this by the hypothesis of the lemma. As a
result,

0 1-6 a
el < € (Il L2y el 2oy + 2y

1-0
<cC (”V“HH(Q ||u||%(2(9 4 ||U||L2(Q)>
—0)

2q(1-06)
(26) <0 (1Vullaey + COMILE + s )

where C(g) = (er)~*/"s~'. Next, similar to the proof of [38, Thm. 4.2], we introduce
the auxiliary function v as a solution of Av = ‘?S?I Lin O with a” =1 on 0f). Assume
that [lul|;2() = 1. Then, by applying integration by parts to Jo lul* Avdz, and
using the PDE that v solves, we can estimate

Q
/ |u|? dS = m/ lu|? dzx + q/ (sgnw) [u|*™! Vu - Voda
00 €2 Jo Q

1/2 1/2
<C (/ |u|? dzx + (/ |ul 20D dx) (/ |Vu|2dac> )
Q Q Q

13 2(g—1
< SVl sy + € (lullogey + Il )

(2.6) )
S g ||VUHLQ(Q) + O
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In the last inequality, we have also applied (2.6) with ¢’ = 2(¢ — 1) and 0" =
d(% — %) Since ¢ < 24 2/d, we have ¢’ < 2+4/d so, this application is valid. The
non-L2-normalized case, (2.4), follows from scaling. (]

2.5. Aubin-Lions lemma. In this subsection, we recall a generalized version of
Aubin-Lions lemma from Dreher and Jiingel [21], which will be used in Corollary
5.2 to obtain compactness of the piecewise constant interpolation associated with
(JKO,rp). Before we state the result of [21], we introduce some notation.

For any h > 0, define the time shift operator as (S"g)(z,t) := g(x,t — h), t > h.
Let T < oo be a time horizon. For any N € Z>q, let 7 := T/N be a time step
size. For a given sequence of functions {u;}kN:O, define the piecewise constant
interpolation u” as u” (¢) = uj, if t € (k — 1)7, k7], where k =1,..., N.

Lemma 2.2 (Aubin-Lions [21, Thm. 1]). Let X, B, and Y be Banach spaces such
that

X < compact B continuous Y.
Let 1 < p < oo, and {u” };>0 be a family of piecewise constant interpolations such
that

4™ oo 50y + 7 lu” = STl prr vy < €,
where C does not depend on 7. Then, {u” },~q is relatively compact in L?(0,T; B).

The main advantage of this version of the Aubin-Lions Lemma is that it avoids
the check that HuT — ShuTHLl(h vy 0 uniformly in 7 > 0 as h — 0, which is a
requirement of the Simon’s classical result [52, Thm. 3].

As mentioned in [21, p. 3074], the following identity holds

N—-1
(2.7) T W = ST ey = D Uk — iy
k=1

In the proof of Corollary 5.2, with some particular choice of Y, we will estimate
the right hand side of (2.7) in terms of a Wasserstein distance in a natural way.

2.6. Uniform integrability. In this subsection, we first recall the definition of
uniform integrability. Then, we state a useful and well-known criterion implying
uniform integrability.

Let (X, ) be a measure space. A family of functions G C L'(u) on X is called
uniformly integrable if [12, Def. 4.5.1]

lim sup/ lgl dp = 0.
470 geG J{|g|>a}

It is convenient to use the following criterion to establish the uniform integrabil-
ity.
Theorem 2.3 (de la Vallée Poussin’s criterion [12, Thm. 4.5.9]). Let pu be a finite

positive measure. Also, let ® : [0,00) — [0,00) be an increasing function which
P(s)
S

satisfies the superlinearity property limg_ oo
G C LY(u) defined on X satisfy the condition

sup/ D(|g|)du < oo,
geGJX

= oo. If a family of functions

then G is uniformly integrable.
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2.7. Logarithmic Sobolev and Csiszar-Kullback-Pinsker inequalities. In
this subsection, we state a logarithmic Sobolev inequality and a Csiszar-Kullback-
Pinsker inequality. These will be used in the study of long-time behavior of smooth
solutions of (nFP) in Section 8.

The logarithmic Sobolev inequality in a bounded domain follows from the stan-
dard Sobolev and Poincaré inequalities. The following version can be proved by a
small variation of the argument in [20].

Lemma 2.4 (Version of the Logarithmic Sobolev inequality from [20, Lem. 1]).
Let Q C R? be a bounded C'-domain, and df be a measure on Q with ¢ dx < dfB <
¢~ dx for some ¢ < 1. Then, for all g € HY(Q), the following inequality holds

28) [ alose?)ds - oy ( / g%w) ( / g%w) <c [ voP is,

where C' depends on d, 2, and c.

Lastly, we state the Csiszar-Kullback-Pinsker inequality, which will be used in
Corollary 8.12. For an elementary proof, we refer to the online note of Caiizo [13].

Lemma 2.5 (Version of the Csiszér-Kullback-Pinsker inequality from [13, Thm.
1]). Letg >0, h > 0 such that [|g|| 1oy = [l 110y = 1, and ¢(s) == s(logs—1)+1.
Then, the following inequality holds

9
(29) o=l <2 [ ¢ (3) ha.

3. JKO SCHEME

In this section we will introduce the JKO scheme associated with the free energy
(FE) and the dissipation relation (DR), and then study some of its fundamental
properties. Particularly, in Lemma 3.2, we derive the optimality condition of our
JKO scheme, which involves a nonlinear entropy-type term stemming from the
inhomogeneity of the absolute temperature coefficient D(x).

3.1. Some general facts. As usual in gradient systems the mobility 7w appears
in the distance as follows. We define the quadratic-type cost function ¢, (z,y) =
m(y) |z — y|2, and then introduce the following Wasserstein quasi distance

(3.1) W)=t L[ oo

Yel (p1,p2) LJaxq
By using the upper and lower bounds of the mobility 7 from Assumption (A3), we
have the following equivalence:

(3.2) CRYW2(pr, pa) < W2, p2) < CRPW2(py, o).

Here, W (1, o) is the standard 2-Wasserstein distance equipped with the quadratic
cost function cq(x,y) = |z — y?.

Having the Wasserstein distance (3.1), we can introduce the JKO scheme asso-
ciated with (FE) and (DR) as follows. Let 7 > 0 be a given time step size, and
Jo = fo. Then, for a given f; we recursively define f,, as the minimizer of

W2(f, D)

(JKOer) s < angin { LI g
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Before we establish the existence and uniqueness of minimizers of (JKO,pp),
we need to record the lower bound of the free energy (FE). Using the elementary
inequality s(logs — 1) > —1 and f being a probability measure on {2, we have the
following lower bound on the entropic part of (FE)

| D@0z f = 1)da = = [ D)o > 1Dl 019,
as well as
| ¢ta)sda = =6l ey [ fdz = =10l 0
which lead to the following uniform lower bound on the free energy (FE)
(3-3) FIf] = =Dl goe ey 1€ = 10l Lo -
Our first result is on the existence and uniqueness of minimizers of (JKO,gp).

Lemma 3.1 (Existence and uniqueness). At each step k > 1, there exists a unique
minimizer of (JKOurp) over P(£2).

Proof. The proof is similar to the given for [49, Thm. 8.5]. With Assumption
(A1), Q is a compact set, which implies P (ﬁ) is compact under the Wasserstein
quasi distance (3.1). By Assumption (A3), D(x) > 0 holds for every x € Q. So,
for every x € , the map f — D(z)f(log f — 1) + ¢(x)f is strictly convex in f.
Hence, the free energy F[f] is strictly convex in f. Also, by Assumption (A3),
D(z) is continuous. By (3.3), we also have F[f] > —Cq 4. p. Thus, F[f] is lower
semi-continuous with respect to (3.1), and the direct method gives the existence
of a minimizer. Since F[fy| < oo by Assumption (A2), minimizer does not assign
a mass to Lebesgue measure zero sets on ). So, minimizer belongs to P(£2).
Uniqueness of the minimizer follows from the strict convexity of F. O

3.2. Optimality condition. In the next lemma, we derive an optimality condition
(or Euler-Lagrange equation) for (JKO,rp), which will be used in Theorem 6.2 to
prove existence of a weak solution of (nFP).

Lemma 3.2 (Optimality condition). Let f] be the minimizer of (JKOupp), and
v e PPY(fT, fr_1). For any vector field § € C° (4 RY) tangent to 09, i.e., £-v =10
holds for any outward normal vector v on 02, we have the following optimality
condition
| w @) @iy = [ €D fids
QxQ Q

T

(3.4) —A}@»vmmmwgﬁ—nm
—/5@%Vdﬂﬁmﬂ
Q

Proof. The proof is almost the same as given for [30, Lem. 3.3.3]. Since our
free energy (FE) is different with regard to containing an inhomogeneous absolute
temperature coefficient D(x), we include the derivation of the optimality condition
to highlight the emergence of the nonlinear entropy-type contribution in (3.4).
Let v € T2P*(f7, ff_;) be an optimal coupling with respect to the cost function
¢r, and consider the flow of £ by £&(t,z) = £(®(t,z)) with ®(0,2) = 2. Then
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define the e-variation of vy as 7. = (®(e,) x Id), v, where ¢ € R. By push-
forwarding +. through the first and second coordinate projections (see Notation
(N3)), we have

(3.5) (p1)gve = (e, )pefr = fo and  (p2)gre = fio1-
Also, by Taylor expansion
(3.6) O(e,z) =z +eé(x) + ole).

Then, we can use the above construction to estimate

W2(fe 7)< / w(w) |z — ol? de

QxQ

— [ w) o) -y
QxQ
W rwle—sP a2 [ wm)a)- @ -+ ofe)

(3.1 WA 26 [ w)ea) - o - o)y + ofe),

QxQ

where we have used the optimality of v with respect to the cost function ¢, in the
last equality. We will make use of (3.7) in a moment.

Since & is tangent to 99, the flow ®(t) : @ — Q defines a diffeomorphism. So,
by change of variables, we have f7(z) = fe(®(e, z)) det(V®(e, z)). Now, for f. in
(3.5), we can look at the entropic part of the free energy (FE), which is given by

/Q D(y) -(y)(log f-(y) — 1)dy
W [ D(@(e.0) 7 (g £:(B(e,2)) ~ 1)
Q

_ . Ii
= /QD(@(E,;U))fk (log (det(V£(s,x))) — 1) dx
- /Q D(®(z,2)) f7 (log f7 — 1)da
- /Q D@ (e, 2)) 7 log(det (VD (e, 7)) )dar
= F1 + FQ.

Substituting the Taylor expansion of ®(e,x) into D(®(e,x)) and then performing
a Taylor expansion on the resulting function, we obtain

(38)  D@(e,2)) Y D(x + e€(x) + o(e)) = D(z) + £€(z) - VD(z) + o(e).

Now, we can use (3.8) to further expand the integrals F} and Fy. For Fi, we get

(3.9 F, = / D(x)fi (log fi — 1)dx + 5/ &(z) - VD(x) ff (log fi — 1)dx + o(e).
Q Q

For Fy, we additionally use the identity det(V®(e,z)) = 14+eV -£(x) + o(e) to get

(3.10) Fy, = —s/ﬂ V - &(x)D(x) fi dz + o(e).
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In a similar fashion, for the potential energy part of (FE), we can write
(3.11)

Py = / o) /- (y)dy ©7 / (@) fTdz + ¢ / £(z) - V(@) fldz + ofe).

Observe that f7 is minimizer of (JKO,rp) so, it is possible to estimate

WE(fT, fio)/2r + FIfE) < W2(fe, fio1)/27 + Ffe]

(3.7)
S wrRir /e e / rW)E) - (= — y)dy

QxQ
+ Ffe] + ofe).
Canceling W2 /27 terms from both sides of the previous estimate, as well as plugging
(3.9), (3.10), and (3.11) in F[f.] = F1 + F> + F5, we get
0<e/r | w)e)- @)y +e [ €@ VD) log S~ da
X

e / V- €(2)D(a) fTdz + ¢ / £(x) - V(@) fdz + ofe).

Dividing both sides of the last estimate by ¢ and sending ¢ — 0, first for € > 0 and
then for € < 0, we obtain the optimality condition (3.4). O

3.3. Discrete dissipation estimates. The following discrete energy dissipation
and total square distance estimates hold since f[,; minimizes (JKO,pp):

(3.12) sup F[fi] < Flfo], and Z ka’fk) F[fo] — mf F[fk]

k=0 k>0

Note that, by Assumption (A2), we have F[fy] < oo. Also, by (3.3), we know
F[f] > —=Caq,¢,p so, —infy>o F[f]] < Cq ¢ .p. Thus, the right hand sides of the
estimates in (3.12) are bounded independently from k, and 7.

We also have the following optimality equation associated with (JKOp,rp).

Lemma 3.3 (Optimality equation). At any step k > 1, for the Kantorovich poten-
tial @y, from fi to fi_,, we have

(3.13) D(x)log fT + ¢(x) + ﬁ = C ae.
Here, Cy, is a constant but may change at each step k.

Proof. The idea of the proof is similar to the proof given for [49, Prop. 8.7]. In our
case, we have ‘;—?[fg] = Dlog ff + ¢. O

Taking the gradient of the both sides in the optimality equation (3.13), we have

(3.14) Veor|* = 72 |V (D(2) log ff + ¢())[-

Note that ¢, is the Kantorovich potential from f; to f_;, on the other hand, ¢ is
the grain boundary energy density as appear in (nFP). Also, denote by T} to be
the optimal map from f] to f7_;. Define the dissipation integral as follows

(3.15) Diss(f / FIV(D()log f + é(2))? de.
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Now, we can express the Wasserstein distance between f] and f_; in terms of
the dissipation as

T T _ 1 fT 2
WAL S0 = 1 | iy Vel da

(3.14) T2 f 9
=" — | ——=—|V(D(z)log fi + ¢(x))|" dz
(A3),(3.15) 72 .
Our goal in Section 4 will be about the bounding the dissipation integral Diss(f7)
from below in terms of the Fisher information. This will help in Section 5 to get
a strong compactness result for the nonlinear entropy-type term in (3.4), as the
distance W2(f, fi_,) is already bounded from above thanks to (3.12).
Lastly, we relate the standard entropy to our free energy (FE) via the following
functional estimate.

Lemma 3.4 (Relation between the entropy and free energy). For any measurable
function f on Q which satisfies f > 0 and Hf||L1(Q) =1, we have

1) [ log fo < [0 oy (FU+ DN 120+ [0 m) + 1

Proof. Observe that f(log f —1)+ 1> 0, and D(x) > 0 by Assumption (A3). So,

we can estimate

/(f(logf — 1)+ 1)dz
Q

<10 oy ([, DS l108 = 1)+ Do+ [ 6+ 6l )0

<D ey (FUT+ 1Dl oy 190+ 16y ) -
which implies (3.17) after a re-arrangement. d

For any minimizer f] of (JKO,rp), from the discrete energy dissipation estimate
(3.12), we have F[f]] < F[fo]. Using this in (3.17), we get the following uniform
upper bound for the family of entropy densities

(3.18) /Qf;Z log fidx < ||D71||L<>C(Q) (F[fO] + 1Dl poe 0y 12 + ||¢||Loo(9)) + 1.

4. FISHER-TYPE SPACETIME REGULARITY

In this section, we will obtain Fisher-type spacetime regularity for the piecewise
constant interpolation f7 associated with (JKO,rp). To be more precise, we will
establish L? Hl-regularity of /f7. As we have seen, the optimality condition (3.4)
contains a non-trivial entropy-type nonlinear term. To be able to pass the time
discretization limit, in this nonlinear term, we must show strong convergence of
the family of entropy densities. The regularity estimates obtained in Corollary 4.2
below will imply the desired strong convergence result in Section 5.

First, in Lemma 4.1 below, we prove a Fisher-type functional estimate. This
estimate relates the Fisher information to our dissipation relation (DR). Also, it is
independent of minimizers of (JKOy,pp), or solutions of (nFP).
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After that, in Corollary 4.2 below, we use our Fisher-type functional estimate
(4.3) in the dissipation inequality (3.16), and obtain the L2 H}-regularity of \/f7.

Lemma 4.1 (Fisher-type functional estimate). Let f be a measurable function on
Q satisfying

(4.1) f20, and || fllprq) =1

Define the entropy and dissipation integrals as
(4.2) Ent(f) = / flog f dx, and Diss(f) = / FIV(D(z)log f + ¢(a))| de,
Q Q

where D and ¢ satisfy Assumption (A3). Then, we have the following estimate

2

(4.3) H\/}H < CDiss(f) + Bnt(f) + 1),

H(Q
Here, C depends on d, Q, C?-norm and lower bound Cp of D, and C'-norm of ¢.

Proof. Expanding the square term inside the dissipation integral Diss(f) in (4.2),
we get the following decomposition:

2
Diss(f) :/Q(D(:E))zwjﬂdx

+/ 2(VD(x) - Vo(x)) flog fdx —|—/ 2D(x)Vo(x) - Vfdx
Q Q

+/ 2D(x)VD(z)log f - V fdx
Q

+ / V(o) fd + / VD) f(log f)?dz
Q Q
(44) =L+ L+13+1,+ 15+ I5.

Observe that I5,Ig > 0, as f > 0 by (4.1), and these integrals do not contain
an information about the H'(Q)-regularity. Define 7 = Z[f] == [, %daz as the

Fisher information. So, with the lower bound Cp of D in Assumption (A3), we
reduce (4.4) to

(4.5) Diss(f) > C3T + I + I3 + I4.

We aim to estimate the remaining integrals {;}j_, in terms of the Fisher informa-
tion Z. More precisely, for some C' > 0, we will show that

3
(4.6) 2| + 13| + [14] < ZC%I+ C(Ent(f) +1).

Then, we can plug (4.6) into (4.5) to get Diss(f) > C;—’QDI — C(Ent(f) + 1), which
will complete the proof.
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Estimation of Is: In order to estimate the integral I, first, we integrate by parts
to get the following decomposition:

IQ:/QV(D(x)2)logf-Vfdm
:—/fV-(V(D(x)Q)logf) d:c—i—/ flog fV(D(2)?) - vdS
Q o0
:—/ flong(D(sc)Q)dm—/ Vf-V(D(z)?)dx
Q Q

+ [ Flog fY(DG@)) -vas
99
=l + 12+ I23.

We will estimate each integral separately.
For the integral I5;, we can estimate

|I21] = ‘/Qflog fA(D(:v)Q)dx

< ||A(D2)HL°0(Q) /Q |flog f|dx

(4.7) L AD ooy (Bt + 212,

where for the last inequality we also used that [,(flog f)~dx < |].
For the integral I 5, if we multiply and divide its integrand by Cp+/f, then by
Young’s inequality, we can estimate

1] = \ [ 9190w

cy o[ VP
<CD2/Q|V(D(:C)2)]2fdx+4D/Q|J{|dx

(41) 2
(4.8) < CD2HV(D2)H;(Q)+TDI.

For the boundary integral I 3, first, we let u := \/f, then for any 2 < ¢, we have
the following elementary inequality

(4.9) |flog f| = 2u? |logu| < C(q)u? + 1.

Note that, by (4.1), [[ull z2q) = Hf||1L/12(Q) = 1. If we additionally restrict g to the
interval 2 < ¢ < 24 2/d, then we can use the trace inequality in Lemma 2.1 with
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e=Ch(1+2 HV(D2)HL°0(SQ) C(q))~! to estimate

ool = | [ f1owsv(D(?) - vas|

<2 ||V(D2)HLOO(3Q) /BQ u? [log u| dS

(4.9)
< 2 VD)1 ey /89(0((1)1#1 +1)ds

4 )
< CpIVul[paq) +C

:C,%‘

2
(4.10) = iDI +C.

Thus, combining the estimates (4.7), (4.8), and (4.10), for the integral I, we
obtain

(4.11) L] < %%uc*(Ent(f) +1)

Estimation of Is: This is very similar to the estimation of I ;:

L) = /Q 2AVD(x) - Vé(x)f log fdx

s2||VD~V¢||LOO<Q>/Q|flogf\dx

(4.2)
(4.12) < 2|VD - V|| oo ) (Ent(f) +219]).

Estimation of 1,: Similar to the estimation of I5 o, if we multiply and divide its
integrand by Cp+/f, then by Young’s inequality, we get

14| = D($W¢(l’) -V fdx
02 \Y%
<4Cp / |V¢ )| fdx + —= /| f|
D a2 2 C%
(4.13) < ACH DN VO Lo ) + =T

Adding (4.11), (4.12), and (4.13) together, for some C' > 0, we conclude that
3
(4.14) L] + |13 + 1] < S CHT + C(Ent(f) +1).

From (4.1), we have H\/TH;(Q) = ||fHL1(Q) = 1. Using this and plugging (4.14) in
(4.5), we arrive to (4.3). O

Next, we introduce the piecewise constant interpolation, which will help to work
at the continuous level. Let 7 > 0 be a given time step, and f; be the minimizer of
(JKO,rp). Then, we define the piecewise constant interpolation f7 : [0, 00) — P(Q2)
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by

s ) fo fort=0,
(415) ‘f (t) o {f,z fOI' t € ((k - 1)77 k7]7 k € ZZI

as a curve of probability measures.

As a corollary of the Fisher-type functional estimate (4.3) and the dissipation
inequality (3.16), we prove the following regularity of the piecewise constant inter-
polation f7.

Corollary 4.2 (Fisher-type spacetime regularity). For any T < oo, the piecewise
constant interpolation f7 satisﬁes the following estimate

(4.16)

<C(L+T).
L2(0 T;H(Q))

Furthermore, by Sobolev embedding, we additionally have

(4.17) H\/F

Here, ifd > 2, pisany 2 <p< %. Otherwise, it can be chosen 2 < p < co. In

the estimates above, C depends on d, Q, p, fo, C%-norm and lower bound Cp of
D, C-norm of ¢, and CUP in Assumption (A3), but not on 7, and T.

<CO+T).

L2(0,T;LP (Q))

Proof. We know that f7 > 0, and Hf/I”Ll(Q) = 1. Moreover, thanks to (3.18), we
have Ent(f]) = [, f log fidz < C. Now, using Lemma 4.1, we can estimate

(4.3)

N—-1
< rC Z (Diss(f7) + Ent(f) +1)

2
Ii HY(Q)

(3.16),(3.18) N1 2(
L (M )

(3.12)
(4.18) < ca+1),

where we have also used fo;} 7 = N7 < T in the second line. Thanks to definition
of the piecewise constant interpolation f7, (4.18) implies (4.16). As we mentioned
in the hypothesis of the corollary, by applying Sobolev embedding in space, (4.16)
also implies (4.17). O

5. COMPACTNESS

In this section we post-process the regularity estimates derived from the energy
dissipation inequality in order to show appropriate pre-compactness of the piecewise
constant interpolation f™ as 7 — 0.

Corollary 5.1 (First order spacetime regularity). For any T < oo, the piecewise
constant interpolation 7 satisfies the following estimate

(5.1) 1™ a0, mwrn o)y < CL+T),

where C' as described in Corollary 4.2.
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Proof. Young’s inequality allows us to estimate the L'-norm of V7 in terms of
the Fisher information and total mass of f7, i.e.,

(5.2) /Q|Vf,§|d:c§/9f,§d:c+i |ka

Having that, we can estimate

A

HI(Q)

17l L o.rswrn)y =7 ( fkd95+/ |ka|dx>
1

(52) N
s 27 ’ f’“ H(Q)
k=0
(4.18)
< COA+T1),
which is (5.1). i

Corollary 5.1 makes the application of the Aubin-Lions Lemma 2.2 more appar-
ent, and we obtain the following compactness result.

Corollary 5.2 (Compactness). For any T < oo, and 1 < q < % (in d =1,

1< ¢ < o0), the family {f7},=0 is relatively compact in L*(0,T; LI(£2)).
Proof. First, we choose X = WhY(Q), B = L1(Q), and Y = C1(Q2)’. Then, we
have the embeddings

compact continuous

(5.3) whiQ) LY(Q) ———— ().

The first embedding is compact by Rellich—-Kondrachov theorem. Also, the second
embedding is continuous since, for any ¥ € C1(Q) and g € L(2), by Holder’s
inequality, we have

/Q Poda

Second, for the family { f7 },0, we should check the validity of the norm estimate

1
<l pascamn (e 191l gy < 191914l o o 9l oo -

(5.4) ||fT||L1(o,T;W1,1(Q)) +r T - STfTHLl(T,T;cl(Q)/) <,
where C’ does not depend on 7. From Corollary 5.1, we already know that
10, 7wra()y < C(1+T) so, let us bound the dual norm of the discrete

time derivative of f7. Let v € T'9P*(f7 11, /) be an optimal coupling with respect
to the cost function ¢,. Then, for any ¥ € C1(Q) with [¥llc1(q) < 1, we have

‘ [ @ fda| =
SC(Q)/QXQIJJ—Z/IM

c-s ) 1/2
2 o) ( [ dv)
QOxQ

(3.2)
(5.5) < OO PWa(fiars 1),

JICCEE ww»m\
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where we have used the Cauchy-Schwarz inequality and v(Q x Q) =1 in the third
line. Next, taking the supremum over all such ¢ in (5.5), we get

(56) ||f1§+1 - f]:”c'l(ﬂ)/ S CWﬂ(flz+1vfIz)

Consequently, with the help of Cauchy-Schwarz inequality, we estimate

N—-1

B i o (2.7) T T
T =S Moy = D 11 = Fll e oy
k=1
= a N-1 T T 1/2 N-1 1z
@.20-8(}(2 W) ( 7')
Pt T k=1

(3.12)

(5.7) < or,

where we have also used ZkN:_ll 7 < T in the last inequality. Also, it is important to
note that C' is independent of 7. As a result, adding (5.1) and (5.7) together gives
(5.4). Thus, having (5.3) and (5.4) at hand, for any T' < oo, Aubin-Lions Lemma
2.2 shows the relative compactness of the family {f7},~o in L'(0,7;L(Q)). O

For the family of entropy densities {f7log f™},~0, we aim to get L!-uniform
integrability, which will help in Corollary 5.5 to obtain a strong convergence result.
In Corollary 4.2, we have proved a L} L%, /% estimate of the f7. However, the standard
de la Vallée Poussm criterion in Theorem 2.3 is in terms of Lj , integrability. We
can achieve this norm bound as well by interpolating with the mass conservation.
The next lemma about this.

Lemma 5.3 (Additional time integrability). For any T < oo, the piecewise con-
stant interpolation f7 satisfies the following estimate

(5-8) 171l

+13a

L 18 (axjo,1)) — <C(+T),

where C as in Corollary /.2. Here, if d > 2, a = ﬁ. If d < 2, we can choose
arbitrary o € [1,00).

Proof. Look at first d > 2, and consider (4.17) with the Sobolev exponent 2* := d%dzz

5.9 g . H\/ g <CA+T).

(59) 17 s sy = VT oy < O+ T)

Therefore, for almost every ¢ € [0,T], f7 € L%(Q) In this case, 27 =4 =
1+ 225 = 1+ a. Choose, r = =1+ = 11':_25, rir =1, 79 = 1+ a, and
0= 15 +2 . These quantities satisfy the relation l Tel + %, which shows that the
interpolation theorem in space applies so, we have

(5.10) 17 oo e gy < 17 Wy 17y

Observe that, (1 — 0)r = 1. So, by taking the r = 1 + T4 power of the both sides
of (5.10), we get

(5.11) 17l

1+ 1+o¢
L' THE ()

D0 |
S ey ™ 1 ey -
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Thanks to conservation of mass, we have [|f7|| 1) = 1. Using this and integrating
(5.11) on [0,T], we obtain

T
T 1+1+a T T ’
/ T At < [ U Ny = U N 1 oy < CA+T)

J =1 Q)

which is (5.8). If d < 2, we can choose arbitrary a € [1,00). O

As a consequence of the additional time integrability achieved in Lemma 5.3, via
de la Vallée Poussin’s criterion in Theorem 2.3, we obtain the following uniform
integrability result.

Corollary 5.4 (Uniform integrability). For any T < oo, the family of entropy
densities {f7log f7}r~o is L'-uniformly integrable on Q x [0, T).

Proof. For any | > 1, the function ®(s) := s’ defined on [0, 00) is increasing and
superlinear. Moreover if we additionally restrict [ to 1 <l < 1+ m = r, where
« as described in Lemma 5.3, then the following elementary inequality holds:

(5.12) Islogs|" < C(1)|s|" + 1.

Now, we can estimate

T
sup/ / (If™ log fT|)dxdt = sup/ / lf7 long\l dzdt
7>0

(s 12)
< sup/ / D"+ 1)dzdt
>0 Q

(5.13) L C(1+T),

where C does not depend on 7, and T. Owing to (5.13), de la Vallée Poussin’s
criterion in Theorem 2.3 applies so, we conclude that the family of entropy densities
{f7log f™},r>0 is L'-uniformly integrable on Q x [0, 7T7. O

Next, we combine the compactness and uniform integrability results from Corol-
laries 5.2 and 5.4 to establish the strong convergence result stated below.

Corollary 5.5 (Strong convergence). For any T < oo, and sequence of time steps
{Tk}k>1 such that T, — 0 as k — oo, up to a (not relabeled) subsequence, we have
the following convergence results

™ — f strongly in L*(Q x [0,T7]),
and
™ log f™ — flog f strongly in L*(Q x [0,T7]).

Proof. The first assertion follows from the compactness result in Corollary 5.2.
For the second assertion, we know that f™ — f strongly in L'(Q2x [0, T) implies,
up to a (not relabeled) subsequence, f™ — f pointwise a.e. Since s — slogs
is continuous on [0,00), we get f™ log f™ — flog f pointwise a.e. Also, from
Corollary 5.4, the family {f™ log f™ };>1 is L'-uniformly integrable. Combining
this with the pointwise a.e. convergence, by Vitali’s Convergence Theorem, we get
f™log f™ — flog f strongly in L'(Q x [0,T7). a
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6. EXISTENCE OF WEAK SOLUTIONS

Our next step in this section will be about proving that the piecewise constant
interpolation f7 associated with (JKO,rp) converges to a weak solution of (nFP)
in an appropriate sense. To achieve this goal, in the next definition, we introduce
our notion of weak solution.

Definition 6.1 (Weak solution). Let fy be an initial data which satisfies Assump-
tion (A2). The function f € LL (£ x [0,00)) is called a weak solution of (nFP)
if

0==000) [ c)fa(orio - | N | a1 e o
—/m/¢(t)ivg(x)-VD(q;)f(x,t)u—1ogf(x,t))da:dt
0 Q ()
e (V@)
| fews <w<

) flx, t)dxdt
- V()
* /0 /Qw(t) -Vo(x) f(x, t)dzdt

x)
m(x)
holds for all ¢ € C°([0,00)) and ¢ € H ().
Finally, we can state and prove our main existence result.

Theorem 6.2 (Existence of a weak solution). There exists a weak solution f €
Li (Q x [0,00)) of (nFP) in the sense of Definition 6.1.

Proof. Let v € TeP*(f7, fT_;) be an optimal coupling with respect to the cost
function ¢,. Then, we estimate

(6.1)
' [ =i [ 06 - y)dv'

axo ()

(@)~ Cl) = Ve =)~ (22 1) Ve) - (2 3) ) o
- (@)

Taylor (),
< TQHVngLOO(Q)/ v =yl dy + HVC”L“(Q)/

QxQ QxQ

()
7(x)

OQ 2 2 2
< 7”V CHLoo(Q)/QXQ |z — ] d’YJFCQ,w”vCHLoo(Q) R |z —y|™ dy

(3.2) PO
< CQ,?T,CWn(fkvfk—l)7

— 1| |z —y|dy

where we have used

% — 1‘ < C'|z — y| in the second inequality. This holds since
Q) is connected and 7 is C' and bounded l from below on the closure of (2.

Now, for any test function ¢ € C°(€Q) such that d,{ = 0 on 91, we choose
&(x) = VTFC(%’) In this case £ is tangent to 02 so, we can use £ in the optimality

condition (3.4). Note that, since this type of test functions are dense in H'(Q2), see
[11, Thm. 1.4], we can conclude the weak solution condition for all ¢ € H'(Q).

Then, after multiplying both sides of (6.1) by 771, we can plug (3.4) with £ in
the resulting estimate to obtain
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(6.2
‘ /medx A (Wx)> D@)fide + || 05 voteli

m(x) ™

1
— | —VD(z)-V c(1—log fr)d
| S5 7P - V@ (1~ og f7)do

Next, for any ¢ € C2°([0,00)), we multiply both sides of (6.2) by 7¢((k — 1)7).
Then, by summing the resulting estimate from k£ = 1 to k& = oo, and invoking a
FTC argument similar to the one given for the heat equation in the proof of [30,
Thm. 3.3.4], we obtain the following

1
< C;Wﬁ(fzi,fi_l)-

‘ - w(O)AC(x)fO(x)dx B /OOO/QatTﬁ(t)C(x)fT(x,t)dxdt

- / h / w(t)%VC(x)-VD(a:) £ (@, 0)(1 — log ™ (x, 1)) dadt
0 Q T

_/Ooo/gzw(t)v. <v7f(g))f7(x,t)dxdt
+ /O N /Q w(f)vf(g)

Now, thanks to the strong convergence result from Corollary 5.5, we can pass to
the limit as 7 — 0 in the previous estimate and conclude that

-Vo(x)fT(z, t)dxdt‘ <Cr.

0= —(0) /Q C(@) folw)da — / N /Q Deb(t)C () f ()t
/Ooo/Qz/J(t)ﬂ(lwvg(x)~VD(1:)f(x,t)(1logf(x,t))dxdt

[T V)V - Vi(x) flx, t)dzdt
0 Q ()
+ /0 h /Q b)Y D) G (a) i, ) dudt.

7(x)

So, we see that f is a weak solution of (nFP) in the sense of Definition 6.1. O

7. DISCRETE MAXIMUM PRINCIPLE

In this section, we obtain a discrete maximum principle on the minimizers of
(JKOpnrp), the arguments are inspired by work of Tudorascu [54]. In [54], the
author proves a discrete maximum principle on the JKO solutions pj, of the heat
equation. Since our scheme (JKO,pp) is nonlinear due to inhomogeneous absolute
temperature coefficient D(z) and contains potential term ¢(x), we prove a discrete
maximum principle on the quantity D(x)log fi + ¢(x), rather than f. This is the
natural quantity to look for a maximum principle since it is the analogue of the
Hopf-Cole transformation in such setting which solves a viscous Hamilton-Jacobi
equation in the continuum limit.

Denote by P2¢(Q2) the set of all absolutely continuous probability measures on
Q. Let v € T'(f7, fo) be a coupling, where f7, fo € P?¢(2). Following [54], we
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define wy and w; such that they satisfy the following formulas for all ¢ € C°(Q):
(7.1)

/Q wo(y)C(y)dy = /E oy S /Q wn ()((2)dx = /E o S

This defines wp,w; as elements of P(f2) via duality. They satisfy the following
inequalities

(7.2) 0<wy<fo and 0<w; < ff.

Then, thanks to (7.2) and Radon-Nikodym theorem, the wy and w; are indeed
absolutely continuous, justifying (7.1).

To see (7.2), since the first marginal of v is f] and E x (Q\ E) C Q x Q, it is
possible to estimate

/mex)c(x)dm: [E oy S < /Mc(mdv: [ Fr@)cte)da.

Then, by arbitrariness of ¢, we get wy < f{ a.e. The inequality wy < fy follows in
the same way. Lastly, the inequality 0 < wg, w; follows by choosing arbitrary ¢ > 0
in (7.1).

Choosing test functions that take 0 only in F and Q \ E respectively, we have
(73) U}0|E =0 and U}1|Q\E =0.

Taking ¢ = 1 and using (7.3), we get the following conservation of mass property
(7.4) / wodx = / wrde = y(E x (2\ E)).
Q\E E

For any s > 0, let fs .= f{ —s(w; —wp). Then, we define 5 such that it satisfies
the following formula for all ¢ € C%(Q x Q):

(7.5) /Q RETEE /Q RETLEE /E oy (9 ) b

Similar to a computation given in [55, p. 1436], we have v, € T'(fs, fo). If we choose
test functions to only depend on their first variables i.e., ((z,y) = {(x), then (7.5)
reduces to the

/Q (= /Q RECCES /E RGO
W @) frde - s / (wn (&) — wo(2))C(x)de,
Q Q

which shows that the first marginal of ~, is f{ — s(w; — wp). Likewise, choosing
C(z,y) = ((y) makes the second integral in (7.5) zero, and we get the second
marginal of v, to be fy.

Now, we can use the setup introduced above to prove the following result.

Proposition 7.1 (Discrete maximum principle). Assume that
fo € P*(Q), and D(z)log fo(z) + ¢(x) € L>=(N).

Then, any minimizer fi, of (JKO.rp) satisfies the following discrete mazimum
principle

(7.6) |Dlog fiy, + ¢||LW(Q) < [ Dlog fo + ¢l < g
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Proof. Define K := [|[Dlog fo + ¢| 1o (q) and E = {z € Q | D(z)log fT + ¢(z) >
K}. Our goal is to show that |E| = 0. Towards a contradiction assume that |E| > 0.

Now, assuming that |E| > 0, we claim that v(E x (Q\ E)) > 0 for v € T'(f7, fo)-
To see why this is the case, we proceed by contradiction again, namely assume
Y(E x (2\ E)) =0 holds. In this case, we have

AE x Q) = A(E x (Q\ E)) +(E x E) = 1(E x E).

Using that, it is possible to estimate

[ ("4 [ g

=vy(ExQ)=7vFEXxE)<~y(QxE)

o o (5580}

which is a contradiction. Note that, the first strict inequality above requires |E| > 0.
So, we have established the claim y(E x (2 \ E)) > 0.

Now, since v(E x (2\ E)) > 0 and (7.4) hold, the functions wg and wy can not
be identically equal to 0 in . This makes the perturbation fs = f7 — s(w1 — wp)
is nontrivial.

We have D(x) > 0 by Assumption (A3), also s — s(log s—1) is a convex function.
As a combination of these properties, we have

(7.7) D(z)fs(log fs —1) — D(x) f{ (log f{ —1) < D(x)(fs — f1)log fs.
Substituting the cost function ¢ = ¢, = 7(y)|z—y|? in (7.5) and using the optimality
of ~ for small s > 0, we record that
W‘/%(fsva) Wz(firvf())
2T

o + Ffs] <

+ F[f]]
(7.8)

FFE = FI) =g [ ) oy

In the remainder, our goal is to show that the difference F[fs] — F[f] is strictly
negative whenever s > 0 is sufficiently small. Recall that fs = f7 — s(w; — wy) so,
we can estimate

(7.7)
FIEL - FIT S [ D@ - 1) og e + [ ot)(f. ~ f1)da
(7-3),(7-4) —s(/ (K — D(x)log(f{ + swo) — ¢(x)) wodx
O\E
+/ D(z)(log(f7 — swy) — log f7)wydx
E

+ [ (D@og 7 + o) - ) wlda:)
= —s(I1 + Ir + I3),

where we have also added and subtracted the integrals fQ\ p Kwodz (74 p Kwidz

and [, D 5 D(x)log f{dx in the second line.
Now, we need to further estimate each integral separately. The third integral I3 is
strictly positive, since it is taken over the set E = {x € Q| D(z)log fT +¢(z) — K >
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0}, and |E| > 0 by the contradiction hypothesis, as well as w; is non-negative and
not identically equal to 0 in E, since (7.4) holds with v(E x (2\ E) > 0. So, let us
estimate the remaining integrals I; and I5.

FEstimation of I;: In the set Q\ E, for f7, we have

K—-9¢
. r < — .
(7.9 e (*5°)
Also, thanks to the definition of K, the same upper bound holds for fy:
D1 — K-
(7.10) fo=exp (W) < exp <D¢> ]

Combining (7.9) and (7.10) with 0 < wy < fo, for s > 0, we get

K
(7.11) f1 + swo < exp <D¢> (1+s).
Using that, we can estimate the integral I as

L= / (K — D(x)log(f{ + swo) — ¢(x)) wodx
O\E

K—¢(x
exp( S >)
= D(z)wolog | —7—=
O\E IT + swo
(7.11)

(7.12) > —log(1l+ s) D(z)wodz.
O\E

Estimation of Iy: From (7.2) we know 0 < w; < f7 and s > 0, which implies

w
—121—3.

S
T

Then, we can estimate the integral I as

(7.13) 1-

I = / D(x)w (log(f] — swy) — log 7 )dx

/ D(z)wq log <1 —sf1>

(7.13)
(7.14) > log(1—s) /D Jwidx.

Thus, the lower bounds (7.12) and (7.14) show that I; + I — 0 as s — 0. We
also know that I3 is strictly positive. Then, for s > 0 sufficiently small, we obtain

(7.15) L +IQ+I;>,+* m(y) |z —y[>dy | <0

27 JEx(@\E)
If we plug (7.15) in (7.8), we get a contradiction with the fact that f7 is the
minimizer of (JKOupp). So, |E| = 0. We can inductively repeat the argument to
obtain the general inequality for Dlog fi,; + ¢. [
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8. LONG TIME BEHAVIOR

In the last section, we study the long-time behavior of smooth solutions of (nFP).
Recall from [24, Prop. 1.2] that the free energy (FE) minimizing equilibrium state

of (nFP) is given by
(8.1) fYx) =exp (—W) )

where C°? is determined by the normalization [, fdz = [, fodx = [, f*dx = 1.

First, we show the positivity of the relative entropy F[f] — F[f®Y]. Due to
inhomogeneity in D(z), it is not possible to directly apply the Jensen’s inequality
to obtain the positivity of the relative entropy. Instead, we introduce an auxiliary
variable, and then use the structure of the transformed relative entropy to get the
desired positivity result.

Lemma 8.1 (Positivity of the relative entropy). For the free energy (FE), and the
equilibrium state (8.1), the relative entropy is positive, i.e.,

(8.2) Flf] = F[f*] = 0.

Proof. Doing a direct computation, and introducing the auxiliary variable p :=
we have

83) Pl - FU) = [ (D)flogs + 6o+ [ D) - o -

e (s (os( L) 1) e
= [ D@ (pltog p=1) +1)

Observe that the functions D(z), p(logp — 1) + 1, and f°? that appear in the last
line are positive. So, we get F[f] — F[f°1] > 0. O

_f
f6qa

With the help of the logarithmic Sobolev inequality in Lemma 2.8, we obtain
the following decay of the relative entropy F[f] — F[f¢4], with an exponential con-
vergence rate.

Proposition 8.2 (Convergence to equilibrium). Let f be a smooth global in time
solution of (nFP) with the initial data fo such that

(8.4) D(z)log fo(x) + 6(x) € L=(R).

Then, we have

(8.5)  F[f] — F[f°Y] < F[fole ", which implies F[f] — F[f*Y] — 0 as t — oc.
Here, C' depends on d, 2, fy, ™, D, and ¢.

Proof. First, the maximum principle of D log f + ¢ with (8.4) additionally implies
the following bound

(8.6) |D(z)log f(x,t) + ¢(x)| < C, for allt > 0.
Defining B(t) == [, D(x)(f*(z) — f(2,t))dz — C*9, and then using in (8.3), we
get

(8.7) FIf] - FIf*9] = /Q (D(@)flog | + 6f)de + B().
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The dissipation relation is given by

GEN = Flr) == [ L9og s+ o) da

(8.8) /07{|V(Dlogf+¢+B(t))|2da:,

where we have used VB(t) = 0 in the second line. Letting u := exp(Dlog f + ¢ +
B(t)), we can write (8.8) as

G =Pl = = [ £ 91ogul? aa
[P
o Jom u?
(8.9) :—4/ \Vf|2 1f

Next, we introduce the measure df = %%dm Since 7, f, and u are bounded due
o (8.6), and Assumption (A3), we can find ¢ < 1 such that cdz < dB < ¢ 'dwx. In
this case, the logarithmic Sobolev inequality in Lemma 2.4 applies with respect to
dB, and (8.9) becomes

& (e - Pl LS (/Q(ulogu){Lm ~log (/Quzdx) (/Q uidm))

= —C’/ flog udx

:—0/ 2)flog f + &f + B(t)f)dx
(8.10) Ffe1)),

where we have used the equality [, B(t)fdx = B(t) [, fdx = B(t) in the last line.
Then, invoking Gronwall’s inequality in (8.10), we get

(8.11) F[f] = F[f*9] < F|fole "

Since F[f] — F[£°1] > 0 by (8.2), (8.11) implies F[f] — F[f*)] = 0ast — oco. 0O

Lastly, we get the following L'-convergence result.

Corollary 8.3 (Convergence to equilibrium in L'). Let f as in Proposition 8.2.
Then, we have

eq |2 — _
(8.12) 1 = £ gy < 2D ey Flole ™
where C' as in Proposition 8.2.

Proof. We know f, f¢4 > 0 with || f[|11(q) = |f*U11(q) = 1. So, using the Csiszér-

Kullback-Pinsker inequality in Lemma 2.5 with the auxiliary variable p = we

i
feqa
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can estimate

(2.9)
1 = F02 ) < 2 /Q (pllogp— 1) + 1) f1dz
< 2Dy [ D) pllogp 1)+ 1) S

=2 D7 ey (FLA = FLI))

(8.5)
< 2D LT

which is (8.12). Note that, the second inequality is valid as we have D(xz) > 0,
p(logp—1)+1>0, and f°4 > 0. O

APPENDIX A. FAILURE OF DISPLACEMENT CONVEXITY

First, we recall the notion of A-displacement convexity, which can be used for
contraction properties [17, 40] and existence proofs [1, Sec. 11.2.1]. Then, we in-
vestigate the A-displacement convexity of the entropy-type part of our free energy
(FE), which is given by E[p] := [, D(z)p(log p — 1)dz.

Let o, p1 € P3°(X), and T(z) is an optimal transport map from pg to p1. Define
Ts(x) = 2+ s(T(z) — z), where s € [0,1]. Then, the displacement interpolation
of o and py is defined by ps == (Ts)gpo. Also, recall that, a functional E :
P3¢(X) — R such that s — FE[us] is twice differentiable called A-displacement
convex if %E[us] > AW3 (o, p1) holds for all s € [0,1].

Mathematically one might imagine that convexity or concavity assumptions on
D(z) might relate to A-displacement convexity. However, as we will show via two
examples, neither convexity nor concavity can guarantee this. We do not consider
such assumptions on the inhomogeneous absolute temperature coefficient D(z) to
be physically natural, but it is worth considering for mathematical reasons.

In both of our examples, we work on a bounded interval 2 C R.

Conver D(z) example. We choose D(x) = 1+ x?, which is convex and satisfies
Assumption (A3). Let § € (0,1), and pg == (1 — d)1[_1,9) + 01jg,1). Also, introduce
the optimal transport map, and its associated flow as

T(x) = 21;_10) + (x + 1)1y, and Ty(x) = 21;_1 o) + (z + 5)1p,1].

Since 0, Ts(z) = 1, we have ps o Ts = po/0,Ts = po. Then, we can write the
entropy-type part of our free energy (FE) as

Blp,) = /[ DT @) pullog o — 1

= D(x + s)d(logd — 1)dx +/ D(z)(1 —0)(log(1 —¢) — 1)dz.
[0,1] [~1,0)

Using 955 D(x + s) = 2 and the optimal transport map T, we obtain the identities
d2

T Elpd = 260085 = 1) and Wi(on.p) = [ fo = (@) pude =5

[71)1]
In this case, for A-displacement convexity of E, we should have
d2

(A1) e

Elps] > AW3(po, ;1) = 2(logd —1) > .
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But, for any fixed A\ € R we can always choose a sufficiently small § such that
2(logé — 1) < A, which contradicts with (A.1).

Concave D(x) ezample. We choose D(z) = 5 — 2%, which is concave and satis-
fies Assumption (A3). Let § € (0,1), and n(z) = $1p5(z). Then, define the
probability measures

po =n(x), and p; =n(x—1) on [0,2].

As these measures just shift of each other by factor of 1, the optimal transport map
from pg to p1, its associated flow, and the displacement interpolation are given by

T(Z‘) =x+1, Ts(x) =x+s, and p, = (Ts)#pO = 77(37 - S)'
Plugging ps in the entropy-type part of our free energy (FE), we have

1 1 s+0 1 52
E[ps]=§<log6—1)/ (5—m2)d1‘= (1—10g5> <82—|—55+3—5)_

Doing a direct computation, we get the identities

d2
@E[ps] =2(logd +1), and Wi(po,p1) = / |z — T(x)]?podz = 1.
(0,2]
For A-displacement convexity of E, we should have
d2
(A.2) L Blpg] > A\W2(po, p1) = 2(logd+1) > A

ds?
Similar to the previous example, for any fixed A € R we can always choose a
sufficiently small ¢ such that 2(logd + 1) < A, which contradicts with (A.2).
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