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Abstract. Polycrystalline materials are crucial for various technological ap-

plications. Structurally they consist of a myriad of small monocrystallines
called grains which are separated by grain boundaries. As the grain structure

characterizes the material’s properties, it is highly important to understand

grain growth during microstructure evolution for engineering of new materi-
als. In this paper, we continue a program to model grain growth in polycrys-

talline materials via “hydrodynamic” nonlinear Fokker-Planck-type equations

describing the evolution of grain boundary and triple junction statistics. In
the derived model, the inhomogeneous absolute temperature results in a non-

standard entropy-type nonlinearity. We formulate a JKO-based framework

for the model, and establish the existence of global weak solutions and their
long-time behavior.

1. Introduction

In this article, we study the existence of global weak solutions of a nonlinear
Fokker-Planck-type model of grain growth in polycrystalline materials, introduced
in [25]. As a framework for the existence analysis, we use a Jordan-Kinderlehrer-
Otto (JKO) scheme [33] for the free energy and dissipation relation of our nonlinear
Fokker-Planck type model.

Grain growth appears in materials science as an extremely complex multi-scale
multi-physics process. It characterizes the changes in the material’s microstructure,
see e.g., [10, 5, 35, 6, 3, 4, 44, 47, 41, 7, 27].

Polycrystalline materials are composed of a myriad of small monocrystals called
grains, which are separated by grain boundaries, see Figure 1. Due to their tech-
nological capabilities and low production cost, polycrystalline materials are widely
used in many different industries. Automotive, ceramics, optics, and microchip
industries are just a few examples [46, 37, 8].

Changes in grain and grain boundary network distributions tremendously influ-
ence material’s properties. As an example, smaller grains in microstructure help to
improve material’s strength and toughness, which are important in ceramics indus-
try [46]. On the other hand, larger grains are needed to reduce electrical resistivity
(and hence the power consumption), which is important in the microchip and in
general electronics industries. For this reason, prediction of grain boundary distri-
bution is crucial in the engineering of new materials, and it is a major problem in
materials science.

2020 Mathematics Subject Classification. 74A25, 74N15, 35A01, 35B40, 35Q84, 49Q22.
Key words and phrases. polycrystalline materials, grain growth, nonlinear Fokker-Planck equa-

tions, gradient flows, optimal transport, JKO scheme, entropy.

1



2 BATUHAN BAYIR, YEKATERINA EPSHTEYN, AND WILLIAM M FELDMAN

a(t)

α(1)

α(2)

α(3)

α
(3
) −

α
(2
)

α(2) − α(1)

α(1) − α(3)

Figure 1. Left: A zoom view of the purple grain boundaries that
appear in the right panel. These grain boundaries meet at a triple
junction point a = a(t). Also, for each j ∈ {1, 2, 3}, α(j) = α(j)(t)
denotes the lattice orientation that corresponds to grid lines on the
figure. The differences ∆α(j) := α(j) − α(j−1) denote the lattice
misorientations (α(0) := α(3)), and ∆α := (∆α(1),∆α(2),∆α(3)) is
the vector of lattice misorientations. Right: Grain network, which
is a collection of grain boundaries and triple junction points [26, 4].

Quantities such as the positions of the triple junction points and the lattice
misorientations deliver a practical way to track the behavior of the grain bound-
ary network in a polycrystalline material, see Figure 1. To understand and model
changes in these quantities over time, in [26], the authors derived a nonlinear cou-
pled system of ODEs. For the derivation, the authors apply the maximal dissipation
principle by choosing the Mullins’ law as a local evolution law for the grain bound-
ary, by imposing dynamic lattice misorientation, and by considering a more general
dynamic boundary condition at the triple junction. Next, they relax the curvature
effects, hence the grain boundaries become line segments, as depicted in Figure 1.
The work [45] also provides an experimental justification for a such relaxation. We
refer to [26] for more details.

On the other hand, in real-life, we usually have more than 104 grains [44] so,
the nonlinear ODE model in [26] becomes quite large, and complicated. Therefore,
it is also desirable to understand grain growth statistically via PDE-based models
(via mean field models for the evolutions of important quantities of misorientations
and triple junctions). Thus, in [25], the same authors considered the following free
energy

(FE) F [f ] =

∫
Ω

(D(x)f(log f − 1) + ϕ(x)f) dx,

along with the dissipation relation

(DR)
d

dt
F [f ] = −

∫
Ω

f

π(x)
|∇(D(x) log f + ϕ(x))|2 dx.

With the notation in the caption of Figure 1, the variable x is a pair of the
position of the triple junctions and vector of lattice misorientations, i.e., (a,∆α) ∈
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Ω ⊂ Rd. Then, in (FE), the unknown f(x, t) is the joint probability distribution
function of the position of the triple junctions and the lattice misorientation of the
grain boundaries. The quantity D(x) is the inhomogeneous absolute temperature
coefficient (the thermal effects of the under-resolved part of the system), which
includes, for instance, the information about the topological changes, such as grain
and grain boundary disappearance, among other effects during microstructure evo-
lution. Lastly, ϕ(x) is the grain boundary energy density, and π(x) is the mobility.
One can also consider a mobility π(x, t) with time dependence, this does not change
the analysis in this paper.

Formally, the free energy (FE) and the dissipation relation (DR) is the Wasser-
stein gradient flow of the following nonlinear Fokker-Planck type equation

(nFP)



∂f

∂t
= ∇ ·

(
f

π(x)
∇ (D(x) log f + ϕ(x))

)
, x ∈ Ω, t ∈ (0,∞),

f

π(x)
∇ (D(x) log f + ϕ(x)) · ν = 0, x ∈ ∂Ω,

f(x, 0) = f0(x), x ∈ Ω.

Here, Ω ⊂ Rd is a bounded domain and ν is outward normal vector on the boundary
∂Ω. The second equation in (nFP) indicates that we are imposing natural (no-
flux) boundary condition. Also, f0 is the initial data. We refer to [25] for the
detailed derivation of (nFP) from kinematic continuity equations. As a result of the
inhomogeneity in D(x), we have a nontrivial entropy-type logarithmic nonlinearity
in (nFP). This is distinct from the type of nonlinearities typically encountered
in Fokker-Planck type equations in the literature, see e.g., [19, 16, 53, 2]. As we
will discuss below, this nonlinearity introduces several challenges for the global
well-posedness analysis of both classical and weak solutions of (nFP).

In [25], the authors assume f0 > c > 0 and f0 ∈ C2+β
x to obtain local existence

of classical solutions of (nFP) under the natural (no-flux) boundary conditions.
As the authors apply three different change of variables, they require f0 ∈ C2+β

x .
This regularity of f0 makes global existence analysis harder. For example, a priori
estimates in [24, 28] do not apply, hence it is not possible to extend local solution
to a global solution. On the other hand, without any change of variables, in our
recent work [9], we have established the global existence of classical solutions with
assumptions f0 > c > 0 and f0 ∈ C0

x, under the periodic boundary conditions. This
sequence of work [24, 28, 9] makes use of fixed-point techniques, and does not rely
on the gradient flow structure of the model.

In this work, we propose a new and systematic JKO-based framework to study
the global existence of weak solutions of (nFP). See Theorem 6.2 below for our
main result. As we noted above, in prior work [9] on this model, the global existence
analysis was limited to the periodic boundary conditions. JKO scheme makes it
possible to handle the natural (no-flux) boundary conditions in a straightforward
way. In addition, for weak solutions, we are able to relax the strict positivity of
f0. In contrast, if we still assume strict positivity of f0, e.g., D log f0 + ϕ ∈ L∞

x ,
we are in a position to prove two additional results. First, following ideas from
[54], we prove a discrete maximum principle for the JKO solutions, see Proposition
7.1. This result can be useful for future numerical simulations of such models, as
it provides a stability estimate. Second, in the long-time limit, we prove that the
smooth solutions of (nFP) converge exponentially fast to the equilibrium state f eq
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in (8.1), see Proposition 8.2. We note that, for the long-time behavior, this type of
assumption on f0 was also made in the case of periodic boundary conditions, see
e.g., [24, 28].

As established in the seminal paper of Jordan, Kinderlehrer, and Otto [33],
the linear Fokker-Planck equation is the gradient flow of the entropy functional in
the 2-Wasserstein space. The authors constructed solutions of the linear Fokker-
Planck equation via an implicit in time minimizing movements scheme. Now JKO
schemes are prominent tool in existence analysis of PDEs. They have been applied
to a wide-variety of PDEs. Some examples are, aggregation–diffusion equations
[15, 14, 18], crowd motion [43], the Cahn-Hilliard equation [23], the cross-diffusion
system [22], the Muskat problem [39], ultrafast diffusion [31, 29], Darcy’s law [32],
and chemotaxis [34].

In our case, due to the inhomogeneity in D(x), the entropy-type free energy (FE)
is not λ-displacement convex, see Appendix A for a discussion. For this reason, the
general metric-space based approach, see [1, Sec. 11.2.1] and [50, Sec. 4.4] for the
literature and discussion, does not apply. On the other hand, a more hands-on
strategy for the convergence of JKO schemes is also presented in [50, Sec. 4.4], and
applied in the work [48, 51, 36, 23]. The idea is to use the dissipation relation to
control a higher space-time Lp integrability, and use an Aubin-Lions-Simon type
lemma for strong compactness. We have adopted a similar strategy in our work.
The challenge in our case arises from the inhomogeneity of the absolute temperature
coefficient D(x). The dissipation relation (DR) no longer controls the spatial H1

norm of
√
f in a straightforward way. Nonetheless, more involved computations do

allow us to establish similar estimates, see Lemma 4.1. We point out that the higher
order space-time Lp integrability (p > 1) is essential since the optimality condition
(Euler-Lagrange equation) associated with our JKO-based scheme contains non-
trivial entropy-type nonlinearity, see Lemma 3.2.

Organization of the paper. In Section 2, we introduce our notations, as-
sumptions, and various important preliminary results. In Section 3, we formulate
our JKO-based scheme and establish some of its fundamental properties such as
optimality condition. In Section 4, we derive Fisher-type spacetime regularity esti-
mates. In Section 5, we obtain compactness of the piecewise constant interpolation
associated with our JKO scheme. Section 6 contains one of the main results of this
paper, namely, we establish existence of weak solutions of (nFP). In Section 7, we
prove a discrete maximum principle on the JKO solutions. Lastly, in Section 8, we
study long-time behavior of smooth solutions of (nFP).

2. Preliminaries

In this section, we introduce notations and assumptions used throughout the
paper, and we recall several important background results from the literature which
will be used later on in our analysis.

2.1. Notation.

(N1) Constants c, C > 0 possibly change their values from line to line, but they
will never depend on the time step size τ > 0 and the time horizon T <∞.

(N2) pi denotes the i-th coordinate projection, i.e., pi : X1 × X2 → Xi with
pi(x1, x2) := xi, where i ∈ {1, 2}.
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Functions related to the nonlinear Fokker-Planck type equation
f0(x) Initial data
f(x, t) Unknown probability density function

I[f ] Fisher information, I[f ] :=
∫
Ω
f−1 |∇f |2 dx

F [f ] Free energy, see (FE)
f eq(x) Free energy minimizing equilibrium state, see (8.1)
D(x) Inhomogeneous absolute temperature coefficient
ϕ(x) Grain boundary energy density
π(x) Mobility

Optimal transport notions
Γ(µ1, µ2) Set of couplings, see (2.1)

cπ(x, y) Quadratic cost function with mobility, cπ(x, y) := π(y) |x− y|2
Γopt
cπ (µ1, µ2) Set of optimal couplings with respect to cπ, see (2.3)
Wπ(µ1, µ2) Wasserstein distance with respect to cπ, see (3.1)
fτk+1(x) Unique minimizer of (JKOnFP)
fτ (t) Piecewise constant interpolation, see (4.15)

(Shg)(x, t) Time shift operator, (Shg)(x, t) := g(x, t− h), t ≥ h > 0

Table 1. Summary of the some important notations used
throughout the paper.

(N3) g#µ denotes the push-forward of a measure µ through a measurable func-
tion g.

2.2. Assumptions. We make the following positivity and regularity assumptions
on the functions f0, D, π, and ϕ that appear in (nFP), as listed below.

(A1) The set Ω ⊂ Rd is an open, bounded, connected, and C1 domain. The
dimension d ≥ 1 is arbitrary throughout the paper.

(A2) The initial data satisfies f0(x) ≥ 0 for almost every x ∈ Ω, and has nor-
malized total mass. Also, its free energy is finite, i.e., F [f0] <∞, where F
as defined in (FE).

(A3) For the inhomogeneous absolute temperature coefficient D(x), there exists
a constant CD > 0 such that D(x) ≥ CD holds for all x ∈ Ω, and D(x)
belongs to C2(Ω). For the mobility π(x), there are constants Cup

π , C low
π > 0

such that C low
π ≤ π(x) ≤ Cup

π holds for all x ∈ Ω, and π(x) belongs to
C1(Ω). Lastly, the grain boundary energy density ϕ(x) belongs to C1(Ω).

2.3. Optimal transport theory. For the reader’s convenience, in this subsec-
tion, we recall some fundamental notions from optimal transport theory. See, for
example, the books [30, 42, 49, 56].

Denote by P(X) the set of all probability measures on X. Then, for any µ1, µ2 ∈
P(Ω), the set of couplings, or transport plans, between µ1 and µ2 is defined by

(2.1) Γ(µ1, µ2) := {γ ∈ P (Ω× Ω) | p1#γ = µ1 and p2#γ = µ2}.
Call c : Ω × Ω → R to be a cost function, then the Wasserstein distance is defined
by

(2.2) W 2
c (µ1, µ2) := inf

γ∈Γ(µ1,µ2)

{∫
Ω×Ω

c(x, y)dγ

}
.
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This quantity is often referred to as the Kantorovich problem. Whenever Ω ⊂ Rd is
bounded and c(x, y) is continuous on Ω×Ω, the Kantorovich problem (2.2) admits
a minimizer [49, Thm. 1.4].

By using the Wasserstein distance (2.2), we introduce the set of optimal couplings
with respect to the cost function c(x, y) as

(2.3) Γopt
c (µ1, µ2) :=

{
γ ∈ Γ(µ1, µ2)

∣∣∣∣ W 2
c (µ1, µ2) =

∫
Ω×Ω

c(x, y)dγ

}
.

2.4. Trace inequality. In this subsection, we derive a trace inequality with ε.
This will be used later in the proof of Lemma 4.2 to estimate an entropy-type
boundary integral in terms of the Fisher information.

Lemma 2.1 (A trace inequality with ε). Let Ω ⊂ Rd be a bounded Lipschitz
domain, 2 ≤ q < 2 + 2/d, and ε > 0. There is C depending only on d, Ω, q, and ε
so that, for any u ∈ H1(Ω):

(2.4) ∥u∥qLq(∂Ω) ≤ ε ∥∇u∥2L2(Ω) ∥u∥
2−q
L2(Ω) + C ∥u∥qL2(Ω) .

Proof. The Gagliardo-Nirenberg interpolation inequality in a bounded domain says
that

(2.5) ∥u∥Lq(Ω) ≤ C
(
∥∇u∥θL2(Ω) ∥u∥

1−θ
L2(Ω) + ∥u∥L2(Ω)

)
,

where θ = d
(

1
2 − 1

q

)
, and C depends only on q and Ω. We would like to take the

q-th power of the both sides of (2.5), followed by an application of the elementary
inequality (|a|+ |b|)q ≤ 2q−1(|a|q + |b|q), where q ≥ 1. Then, we also would like to
apply Young’s inequality with the exponents r = 2

qθ and s = 2
2−qθ . To this aim,

we should make sure that r > 1. Actually, thanks to the expression of θ, r > 1 is
equivalent to q < 2 + 4/d, and we have this by the hypothesis of the lemma. As a
result,

∥u∥qLq(Ω) ≤ C
(
∥∇u∥θL2(Ω) ∥u∥

1−θ
L2(Ω) + ∥u∥L2(Ω)

)q
≤ C

(
∥∇u∥qθL2(Ω) ∥u∥

q(1−θ)
L2(Ω) + ∥u∥qL2(Ω)

)
≤ C

(
ε ∥∇u∥2L2(Ω) + C(ε) ∥u∥

2q(1−θ)
2−qθ

L2(Ω) + ∥u∥qL2(Ω)

)
,(2.6)

where C(ε) = (εr)−s/rs−1. Next, similar to the proof of [38, Thm. 4.2], we introduce

the auxiliary function v as a solution of ∆v = |∂Ω|
|Ω| in Ω with ∂v

∂ν = 1 on ∂Ω. Assume

that ∥u∥L2(Ω) = 1. Then, by applying integration by parts to
∫
Ω
|u|q ∆vdx, and

using the PDE that v solves, we can estimate∫
∂Ω

|u|q dS =
|∂Ω|
|Ω|

∫
Ω

|u|q dx+ q

∫
Ω

(sgnu) |u|q−1 ∇u · ∇vdx

≤ C

(∫
Ω

|u|q dx+

(∫
Ω

|u|2(q−1)
dx

)1/2(∫
Ω

|∇u|2 dx
)1/2

)
≤ ε

3
∥∇u∥2L2(Ω) + C

(
∥u∥qLq(Ω) + ∥u∥2(q−1)

L2(q−1)(Ω)

)
(2.6)

≤ ε ∥∇u∥2L2(Ω) + C.
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In the last inequality, we have also applied (2.6) with q′ := 2(q − 1) and θ′ :=
d( 12 −

1
q′ ). Since q < 2+2/d, we have q′ < 2+4/d so, this application is valid. The

non-L2-normalized case, (2.4), follows from scaling. □

2.5. Aubin-Lions lemma. In this subsection, we recall a generalized version of
Aubin-Lions lemma from Dreher and Jüngel [21], which will be used in Corollary
5.2 to obtain compactness of the piecewise constant interpolation associated with
(JKOnFP). Before we state the result of [21], we introduce some notation.

For any h > 0, define the time shift operator as (Shg)(x, t) := g(x, t− h), t ≥ h.
Let T < ∞ be a time horizon. For any N ∈ Z≥1, let τ := T/N be a time step
size. For a given sequence of functions {uτk}Nk=0, define the piecewise constant
interpolation uτ as uτ (t) := uτk if t ∈ ((k − 1)τ, kτ ], where k = 1, . . . , N .

Lemma 2.2 (Aubin-Lions [21, Thm. 1]). Let X, B, and Y be Banach spaces such
that

X
compact

↪−−−−−−−→ B
continuous
↪−−−−−−−→ Y.

Let 1 ≤ p < ∞, and {uτ}τ>0 be a family of piecewise constant interpolations such
that

∥uτ∥Lp(0,T ;X) + τ−1 ∥uτ − Sτuτ∥L1(τ,T ;Y ) ≤ C,

where C does not depend on τ . Then, {uτ}τ>0 is relatively compact in Lp(0, T ;B).

The main advantage of this version of the Aubin-Lions Lemma is that it avoids
the check that

∥∥uτ − Shuτ
∥∥
L1(h,T ;Y )

→ 0 uniformly in τ > 0 as h → 0, which is a

requirement of the Simon’s classical result [52, Thm. 3].
As mentioned in [21, p. 3074], the following identity holds

(2.7) τ−1 ∥uτ − Sτuτ∥L1(τ,T ;Y ) =

N−1∑
k=1

∥∥uτk+1 − uτk
∥∥
Y
.

In the proof of Corollary 5.2, with some particular choice of Y , we will estimate
the right hand side of (2.7) in terms of a Wasserstein distance in a natural way.

2.6. Uniform integrability. In this subsection, we first recall the definition of
uniform integrability. Then, we state a useful and well-known criterion implying
uniform integrability.

Let (X,µ) be a measure space. A family of functions G ⊂ L1(µ) on X is called
uniformly integrable if [12, Def. 4.5.1]

lim
a→∞

sup
g∈G

∫
{|g|>a}

|g| dµ = 0.

It is convenient to use the following criterion to establish the uniform integrabil-
ity.

Theorem 2.3 (de la Vallée Poussin’s criterion [12, Thm. 4.5.9]). Let µ be a finite
positive measure. Also, let Φ : [0,∞) → [0,∞) be an increasing function which

satisfies the superlinearity property lims→∞
Φ(s)
s = ∞. If a family of functions

G ⊂ L1(µ) defined on X satisfy the condition

sup
g∈G

∫
X

Φ(|g|)dµ <∞,

then G is uniformly integrable.
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2.7. Logarithmic Sobolev and Csiszár-Kullback-Pinsker inequalities. In
this subsection, we state a logarithmic Sobolev inequality and a Csiszár-Kullback-
Pinsker inequality. These will be used in the study of long-time behavior of smooth
solutions of (nFP) in Section 8.

The logarithmic Sobolev inequality in a bounded domain follows from the stan-
dard Sobolev and Poincaré inequalities. The following version can be proved by a
small variation of the argument in [20].

Lemma 2.4 (Version of the Logarithmic Sobolev inequality from [20, Lem. 1]).
Let Ω ⊂ Rd be a bounded C1-domain, and dβ be a measure on Ω with c dx ≤ dβ ≤
c−1 dx for some c ≤ 1. Then, for all g ∈ H1(Ω), the following inequality holds

(2.8)

∫
Ω

g2 log(g2)dβ − log

(∫
Ω

g2dβ

)(∫
Ω

g2dβ

)
≤ C

∫
Ω

|∇g|2 dβ,

where C depends on d, Ω, and c.

Lastly, we state the Csiszár-Kullback-Pinsker inequality, which will be used in
Corollary 8.12. For an elementary proof, we refer to the online note of Cañizo [13].

Lemma 2.5 (Version of the Csiszár-Kullback-Pinsker inequality from [13, Thm.
1]). Let g ≥ 0, h > 0 such that ∥g∥L1(Ω) = ∥h∥L1(Ω) = 1, and φ(s) := s(log s−1)+1.

Then, the following inequality holds

(2.9) ∥g − h∥2L1(Ω) ≤ 2

∫
Ω

φ
( g
h

)
hdx.

3. JKO scheme

In this section we will introduce the JKO scheme associated with the free energy
(FE) and the dissipation relation (DR), and then study some of its fundamental
properties. Particularly, in Lemma 3.2, we derive the optimality condition of our
JKO scheme, which involves a nonlinear entropy-type term stemming from the
inhomogeneity of the absolute temperature coefficient D(x).

3.1. Some general facts. As usual in gradient systems the mobility π appears
in the distance as follows. We define the quadratic-type cost function cπ(x, y) :=

π(y) |x− y|2, and then introduce the following Wasserstein quasi distance

(3.1) W 2
π (µ1, µ2) := inf

γ∈Γ(µ1,µ2)

{∫
Ω×Ω

π(y) |x− y|2 dγ
}
.

By using the upper and lower bounds of the mobility π from Assumption (A3), we
have the following equivalence:

(3.2) C low
π W 2(µ1, µ2) ≤W 2

π (µ1, µ2) ≤ Cup
π W 2(µ1, µ2).

Here,W (µ1, µ2) is the standard 2-Wasserstein distance equipped with the quadratic

cost function cq(x, y) := |x− y|2.
Having the Wasserstein distance (3.1), we can introduce the JKO scheme asso-

ciated with (FE) and (DR) as follows. Let τ > 0 be a given time step size, and
fτ0 := f0. Then, for a given fτk we recursively define fτk+1 as the minimizer of

(JKOnFP) fτk+1 ∈ argminf

{
W 2

π (f, f
τ
k )

2τ
+ F [f ]

}
.
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Before we establish the existence and uniqueness of minimizers of (JKOnFP),
we need to record the lower bound of the free energy (FE). Using the elementary
inequality s(log s− 1) ≥ −1 and f being a probability measure on Ω, we have the
following lower bound on the entropic part of (FE)∫

Ω

D(x)f(log f − 1)dx ≥ −
∫
Ω

D(x)dx ≥ −∥D∥L∞(Ω) |Ω| ,

as well as ∫
Ω

ϕ(x)fdx ≥ −∥ϕ∥L∞(Ω)

∫
Ω

fdx = −∥ϕ∥L∞(Ω),

which lead to the following uniform lower bound on the free energy (FE)

(3.3) F [f ] ≥ −∥D∥L∞(Ω) |Ω| − ∥ϕ∥L∞(Ω).

Our first result is on the existence and uniqueness of minimizers of (JKOnFP).

Lemma 3.1 (Existence and uniqueness). At each step k ≥ 1, there exists a unique
minimizer of (JKOnFP) over P(Ω).

Proof. The proof is similar to the given for [49, Thm. 8.5]. With Assumption
(A1), Ω is a compact set, which implies P

(
Ω
)
is compact under the Wasserstein

quasi distance (3.1). By Assumption (A3), D(x) > 0 holds for every x ∈ Ω. So,
for every x ∈ Ω, the map f 7→ D(x)f(log f − 1) + ϕ(x)f is strictly convex in f .
Hence, the free energy F [f ] is strictly convex in f . Also, by Assumption (A3),
D(x) is continuous. By (3.3), we also have F [f ] ≥ −CΩ,ϕ,D. Thus, F [f ] is lower
semi-continuous with respect to (3.1), and the direct method gives the existence
of a minimizer. Since F [f0| < ∞ by Assumption (A2), minimizer does not assign
a mass to Lebesgue measure zero sets on ∂Ω. So, minimizer belongs to P(Ω).
Uniqueness of the minimizer follows from the strict convexity of F . □

3.2. Optimality condition. In the next lemma, we derive an optimality condition
(or Euler-Lagrange equation) for (JKOnFP), which will be used in Theorem 6.2 to
prove existence of a weak solution of (nFP).

Lemma 3.2 (Optimality condition). Let fτk be the minimizer of (JKOnFP), and

γ ∈ Γopt
cπ (fτk , f

τ
k−1). For any vector field ξ ∈ C∞

c (Ω;Rd) tangent to ∂Ω, i.e., ξ ·ν = 0
holds for any outward normal vector ν on ∂Ω, we have the following optimality
condition

1

τ

∫
Ω×Ω

π(y)ξ(x) · (x− y)dγ =

∫
Ω

∇ · ξ(x)D(x)fτk dx

−
∫
Ω

ξ(x) · ∇D(x)fτk (log f
τ
k − 1)dx

−
∫
Ω

ξ(x) · ∇ϕ(x)fτk dx.

(3.4)

Proof. The proof is almost the same as given for [30, Lem. 3.3.3]. Since our
free energy (FE) is different with regard to containing an inhomogeneous absolute
temperature coefficient D(x), we include the derivation of the optimality condition
to highlight the emergence of the nonlinear entropy-type contribution in (3.4).

Let γ ∈ Γopt
cπ (fτk , f

τ
k−1) be an optimal coupling with respect to the cost function

cπ, and consider the flow of ξ by d
dtΦ(t, x) = ξ(Φ(t, x)) with Φ(0, x) = x. Then
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define the ε-variation of γ as γε := (Φ(ε, ·)× Id)# γ, where ε ∈ R. By push-

forwarding γε through the first and second coordinate projections (see Notation
(N3)), we have

(3.5) (p1)#γε = Φ(ε, ·)#fτk =: fε and (p2)#γε = fτk−1.

Also, by Taylor expansion

(3.6) Φ(ε, x) = x+ εξ(x) + o(ε).

Then, we can use the above construction to estimate

W 2
π (fε, f

τ
k−1) ≤

∫
Ω×Ω

π(y) |x− y|2 dγε

=

∫
Ω×Ω

π(y) |Φ(ε, x)− y|2 dγ

(3.6)
=

∫
Ω×Ω

π(y) |x− y|2 dγ + 2ε

∫
Ω×Ω

π(y)ξ(x) · (x− y)dγ + o(ε)

=W 2
π (f

τ
k , f

τ
k−1) + 2ε

∫
Ω×Ω

π(y)ξ(x) · (x− y)dγ + o(ε),(3.7)

where we have used the optimality of γ with respect to the cost function cπ in the
last equality. We will make use of (3.7) in a moment.

Since ξ is tangent to ∂Ω, the flow Φ(t) : Ω → Ω defines a diffeomorphism. So,
by change of variables, we have fτk (x) = fε(Φ(ε, x)) det(∇Φ(ε, x)). Now, for fε in
(3.5), we can look at the entropic part of the free energy (FE), which is given by∫

Ω

D(y)fε(y)(log fε(y)− 1)dy

(3.5)
=

∫
Ω

D(Φ(ε, x))fτk (log fε(Φ(ε, x))− 1)dx

=

∫
Ω

D(Φ(ε, x))fτk

(
log

(
fτk

det(∇Φ(ε, x))

)
− 1

)
dx

=

∫
Ω

D(Φ(ε, x))fτk (log f
τ
k − 1)dx

−
∫
Ω

D(Φ(ε, x))fτk log(det(∇Φ(ε, x)))dx

=: F1 + F2.

Substituting the Taylor expansion of Φ(ε, x) into D(Φ(ε, x)) and then performing
a Taylor expansion on the resulting function, we obtain

(3.8) D(Φ(ε, x))
(3.6)
= D(x+ εξ(x) + o(ε)) = D(x) + εξ(x) · ∇D(x) + o(ε).

Now, we can use (3.8) to further expand the integrals F1 and F2. For F1, we get

(3.9) F1 =

∫
Ω

D(x)fτk (log f
τ
k − 1)dx+ ε

∫
Ω

ξ(x) · ∇D(x)fτk (log f
τ
k − 1)dx+ o(ε).

For F2, we additionally use the identity det(∇Φ(ε, x)) = 1+ ε∇ · ξ(x) + o(ε) to get

(3.10) F2 = −ε
∫
Ω

∇ · ξ(x)D(x)fτk dx+ o(ε).
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In a similar fashion, for the potential energy part of (FE), we can write

F3 :=

∫
Ω

ϕ(y)fε(y)dy
(3.5),(3.6)

=

∫
Ω

ϕ(x)fτk dx+ ε

∫
Ω

ξ(x) · ∇ϕ(x)fτk dx+ o(ε).

(3.11)

Observe that fτk is minimizer of (JKOnFP) so, it is possible to estimate

W 2
π (f

τ
k , f

τ
k−1)/2τ + F [fτk ] ≤ W 2

π (fε, f
τ
k−1)/2τ + F [fε]

(3.7)

≤ W 2
π (f

τ
k , f

τ
k−1)/2τ + ε/τ

∫
Ω×Ω

π(y)ξ(x) · (x− y)dγ

+ F [fε] + o(ε).

CancelingW 2
π/2τ terms from both sides of the previous estimate, as well as plugging

(3.9), (3.10), and (3.11) in F [fε] = F1 + F2 + F3, we get

0 ≤ ε/τ

∫
Ω×Ω

π(y)ξ(x) · (x− y)dγ + ε

∫
Ω

ξ(x) · ∇D(x)fτk (log f
τ
k − 1)dx

− ε

∫
Ω

∇ · ξ(x)D(x)fτk dx+ ε

∫
Ω

ξ(x) · ∇ϕ(x)fτk dx+ o(ε).

Dividing both sides of the last estimate by ε and sending ε→ 0, first for ε > 0 and
then for ε < 0, we obtain the optimality condition (3.4). □

3.3. Discrete dissipation estimates. The following discrete energy dissipation
and total square distance estimates hold since fτk+1 minimizes (JKOnFP):

(3.12) sup
k≥0

F [fτk ] ≤ F [f0], and
∑
k≥0

W 2
π (f

τ
k+1, f

τ
k )

2τ
≤ F [f0]− inf

k≥0
F [fτk ].

Note that, by Assumption (A2), we have F [f0] < ∞. Also, by (3.3), we know
F [f ] ≥ −CΩ,ϕ,D so, − infk≥0 F [f

τ
k ] ≤ CΩ,ϕ,D. Thus, the right hand sides of the

estimates in (3.12) are bounded independently from k, and τ .
We also have the following optimality equation associated with (JKOnFP).

Lemma 3.3 (Optimality equation). At any step k ≥ 1, for the Kantorovich poten-
tial φk from fτk to fτk−1, we have

(3.13) D(x) log fτk + ϕ(x) +
φk

τ
= Ck a.e.

Here, Ck is a constant but may change at each step k.

Proof. The idea of the proof is similar to the proof given for [49, Prop. 8.7]. In our
case, we have δF

δf [f
τ
k ] = D log fτk + ϕ. □

Taking the gradient of the both sides in the optimality equation (3.13), we have

(3.14) |∇φk|2 = τ2 |∇(D(x) log fτk + ϕ(x))|2 .

Note that φk is the Kantorovich potential from fτk to fτk−1, on the other hand, ϕ is
the grain boundary energy density as appear in (nFP). Also, denote by Tk to be
the optimal map from fτk to fτk−1. Define the dissipation integral as follows

(3.15) Diss(f) :=

∫
Ω

f |∇(D(x) log f + ϕ(x))|2 dx.
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Now, we can express the Wasserstein distance between fτk and fτk−1 in terms of
the dissipation as

W 2
π (f

τ
k , f

τ
k−1) =

1

4

∫
Ω

fτk
π(Tk(x))

|∇φk|2 dx

(3.14)
=

τ2

4

∫
Ω

fτk
π(Tk(x))

|∇(D(x) log fτk + ϕ(x))|2 dx

(A3),(3.15)

≥ τ2

4Cup
π

Diss(fτk ).(3.16)

Our goal in Section 4 will be about the bounding the dissipation integral Diss(fτk )
from below in terms of the Fisher information. This will help in Section 5 to get
a strong compactness result for the nonlinear entropy-type term in (3.4), as the
distance W 2

π (f
τ
k , f

τ
k−1) is already bounded from above thanks to (3.12).

Lastly, we relate the standard entropy to our free energy (FE) via the following
functional estimate.

Lemma 3.4 (Relation between the entropy and free energy). For any measurable
function f on Ω which satisfies f ≥ 0 and ∥f∥L1(Ω) = 1, we have

(3.17)

∫
Ω

f log fdx ≤
∥∥D−1

∥∥
L∞(Ω)

(
F [f ] + ∥D∥L∞(Ω) |Ω|+ ∥ϕ∥L∞(Ω)

)
+ 1.

Proof. Observe that f(log f − 1) + 1 ≥ 0, and D(x) > 0 by Assumption (A3). So,
we can estimate∫

Ω

(f(log f − 1) + 1)dx

≤
∥∥D−1

∥∥
L∞(Ω)

(∫
Ω

D(x)(f(log f − 1) + 1)dx+

∫
Ω

(ϕ+ ∥ϕ∥L∞(Ω))fdx

)
≤
∥∥D−1

∥∥
L∞(Ω)

(
F [f ] + ∥D∥L∞(Ω) |Ω|+ ∥ϕ∥L∞(Ω)

)
,

which implies (3.17) after a re-arrangement. □

For any minimizer fτk of (JKOnFP), from the discrete energy dissipation estimate
(3.12), we have F [fτk ] ≤ F [f0]. Using this in (3.17), we get the following uniform
upper bound for the family of entropy densities

(3.18)

∫
Ω

fτk log fτk dx ≤
∥∥D−1

∥∥
L∞(Ω)

(
F [f0] + ∥D∥L∞(Ω) |Ω|+ ∥ϕ∥L∞(Ω)

)
+ 1.

4. Fisher-type spacetime regularity

In this section, we will obtain Fisher-type spacetime regularity for the piecewise
constant interpolation fτ associated with (JKOnFP). To be more precise, we will
establish L2

tH
1
x-regularity of

√
fτ . As we have seen, the optimality condition (3.4)

contains a non-trivial entropy-type nonlinear term. To be able to pass the time
discretization limit, in this nonlinear term, we must show strong convergence of
the family of entropy densities. The regularity estimates obtained in Corollary 4.2
below will imply the desired strong convergence result in Section 5.

First, in Lemma 4.1 below, we prove a Fisher-type functional estimate. This
estimate relates the Fisher information to our dissipation relation (DR). Also, it is
independent of minimizers of (JKOnFP), or solutions of (nFP).
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After that, in Corollary 4.2 below, we use our Fisher-type functional estimate
(4.3) in the dissipation inequality (3.16), and obtain the L2

tH
1
x-regularity of

√
fτ .

Lemma 4.1 (Fisher-type functional estimate). Let f be a measurable function on
Ω satisfying

(4.1) f ≥ 0, and ∥f∥L1(Ω) = 1.

Define the entropy and dissipation integrals as

(4.2) Ent(f) :=

∫
Ω

f log f dx, and Diss(f) :=

∫
Ω

f |∇(D(x) log f + ϕ(x))|2 dx,

where D and ϕ satisfy Assumption (A3). Then, we have the following estimate

(4.3)
∥∥∥√f∥∥∥2

H1(Ω)
≤ C(Diss(f) + Ent(f) + 1).

Here, C depends on d, Ω, C2-norm and lower bound CD of D, and C1-norm of ϕ.

Proof. Expanding the square term inside the dissipation integral Diss(f) in (4.2),
we get the following decomposition:

Diss(f) =

∫
Ω

(D(x))2
|∇f |2

f
dx+

∫
Ω

2D(x)∇D(x) log f · ∇fdx

+

∫
Ω

2(∇D(x) · ∇ϕ(x))f log fdx+

∫
Ω

2D(x)∇ϕ(x) · ∇fdx

+

∫
Ω

|∇ϕ(x)|2 fdx+

∫
Ω

|∇D(x)|2 f(log f)2dx

=: I1 + I2 + I3 + I4 + I5 + I6.(4.4)

Observe that I5, I6 ≥ 0, as f ≥ 0 by (4.1), and these integrals do not contain

an information about the H1(Ω)-regularity. Define I = I[f ] :=
∫
Ω

|∇f |2
f dx as the

Fisher information. So, with the lower bound CD of D in Assumption (A3), we
reduce (4.4) to

(4.5) Diss(f) ≥ C2
DI + I2 + I3 + I4.

We aim to estimate the remaining integrals {Ij}4j=2 in terms of the Fisher informa-
tion I. More precisely, for some C > 0, we will show that

(4.6) |I2|+ |I3|+ |I4| ≤
3

4
C2

DI + C(Ent(f) + 1).

Then, we can plug (4.6) into (4.5) to get Diss(f) ≥ C2
D

4 I − C(Ent(f) + 1), which
will complete the proof.
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Estimation of I2: In order to estimate the integral I2, first, we integrate by parts
to get the following decomposition:

I2 =

∫
Ω

∇(D(x)2) log f · ∇fdx

= −
∫
Ω

f∇ ·
(
∇(D(x)2) log f

)
dx+

∫
∂Ω

f log f∇(D(x)2) · νdS

= −
∫
Ω

f log f∆(D(x)2)dx−
∫
Ω

∇f · ∇(D(x)2)dx

+

∫
∂Ω

f log f∇(D(x)2) · νdS

=: I2,1 + I2,2 + I2,3.

We will estimate each integral separately.
For the integral I2,1, we can estimate

|I2,1| =
∣∣∣∣∫

Ω

f log f∆(D(x)2)dx

∣∣∣∣
≤
∥∥∆(D2)

∥∥
L∞(Ω)

∫
Ω

|f log f | dx

(4.2)

≤
∥∥∆(D2)

∥∥
L∞(Ω)

(Ent(f) + 2 |Ω|),(4.7)

where for the last inequality we also used that
∫
Ω
(f log f)−dx ≤ |Ω|.

For the integral I2,2, if we multiply and divide its integrand by CD

√
f , then by

Young’s inequality, we can estimate

|I2,2| =
∣∣∣∣∫

Ω

∇f · ∇(D(x)2)dx

∣∣∣∣
≤ C−2

D

∫
Ω

∣∣∇(D(x)2)
∣∣2 fdx+

C2
D

4

∫
Ω

|∇f |2

f
dx

(4.1)

≤ C−2
D

∥∥∇(D2)
∥∥2
L∞(Ω)

+
C2

D

4
I.(4.8)

For the boundary integral I2,3, first, we let u :=
√
f , then for any 2 < q, we have

the following elementary inequality

(4.9) |f log f | = 2u2 |log u| ≤ C(q)uq + 1.

Note that, by (4.1), ∥u∥L2(Ω) = ∥f∥1/2L1(Ω) = 1. If we additionally restrict q to the

interval 2 < q < 2 + 2/d, then we can use the trace inequality in Lemma 2.1 with
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ε = C2
D(1 + 2

∥∥∇(D2)
∥∥
L∞(∂Ω)

C(q))−1 to estimate

|I2,3| =
∣∣∣∣∫

∂Ω

f log f∇(D(x)2) · νdS
∣∣∣∣

≤ 2
∥∥∇(D2)

∥∥
L∞(∂Ω)

∫
∂Ω

u2 |log u| dS

(4.9)

≤ 2
∥∥∇(D2)

∥∥
L∞(∂Ω)

∫
∂Ω

(C(q)uq + 1)dS

(2.4)

≤ C2
D ∥∇u∥2L2(Ω) + C

= C2
D

∥∥∥∇√f∥∥∥2
L2(Ω)

+ C

=
C2

D

4
I + C.(4.10)

Thus, combining the estimates (4.7), (4.8), and (4.10), for the integral I2, we
obtain

(4.11) |I2| ≤
C2

D

2
I + C(Ent(f) + 1)

Estimation of I3: This is very similar to the estimation of I2,1:

|I3| =
∣∣∣∣∫

Ω

2(∇D(x) · ∇ϕ(x))f log fdx
∣∣∣∣

≤ 2∥∇D · ∇ϕ∥L∞(Ω)

∫
Ω

|f log f | dx

(4.2)

≤ 2∥∇D · ∇ϕ∥L∞(Ω)(Ent(f) + 2 |Ω|).(4.12)

Estimation of I4: Similar to the estimation of I2,2, if we multiply and divide its
integrand by CD

√
f , then by Young’s inequality, we get

|I4| =
∣∣∣∣∫

Ω

2D(x)∇ϕ(x) · ∇fdx
∣∣∣∣

≤ 4C−2
D

∫
Ω

(D(x))2 |∇ϕ(x)|2 fdx+
C2

D

4

∫
Ω

|∇f |2

f
dx

(4.1)

≤ 4C−2
D ∥D∥2L∞(Ω)∥∇ϕ∥

2
L∞(Ω) +

C2
D

4
I.(4.13)

Adding (4.11), (4.12), and (4.13) together, for some C > 0, we conclude that

(4.14) |I2|+ |I3|+ |I4| ≤
3

4
C2

DI + C(Ent(f) + 1).

From (4.1), we have
∥∥√f∥∥2

L2(Ω)
= ∥f∥L1(Ω) = 1. Using this and plugging (4.14) in

(4.5), we arrive to (4.3). □

Next, we introduce the piecewise constant interpolation, which will help to work
at the continuous level. Let τ > 0 be a given time step, and fτk be the minimizer of
(JKOnFP). Then, we define the piecewise constant interpolation f

τ : [0,∞) → P(Ω)
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by

(4.15) fτ (t) :=

{
f0 for t = 0,

fτk for t ∈ ((k − 1)τ, kτ ], k ∈ Z≥1

as a curve of probability measures.
As a corollary of the Fisher-type functional estimate (4.3) and the dissipation

inequality (3.16), we prove the following regularity of the piecewise constant inter-
polation fτ .

Corollary 4.2 (Fisher-type spacetime regularity). For any T < ∞, the piecewise
constant interpolation fτ satisfies the following estimate

(4.16)
∥∥∥√fτ∥∥∥2

L2(0,T ;H1(Ω))
≤ C(1 + T ).

Furthermore, by Sobolev embedding, we additionally have

(4.17)
∥∥∥√fτ∥∥∥2

L2(0,T ;Lp(Ω))
≤ C(1 + T ).

Here, if d > 2, p is any 2 ≤ p ≤ 2d
d−2 . Otherwise, it can be chosen 2 ≤ p < ∞. In

the estimates above, C depends on d, Ω, p, f0, C
2-norm and lower bound CD of

D, C1-norm of ϕ, and Cup
π in Assumption (A3), but not on τ , and T .

Proof. We know that fτk ≥ 0, and ∥fτk ∥L1(Ω) = 1. Moreover, thanks to (3.18), we

have Ent(fτk ) =
∫
Ω
fτk log fτk dx ≤ C. Now, using Lemma 4.1, we can estimate

τ

N−1∑
k=0

∥∥∥√fτk ∥∥∥2
H1(Ω)

(4.3)

≤ τC

N−1∑
k=0

(Diss(fτk ) + Ent(fτk ) + 1)

(3.16),(3.18)

≤ C

N−1∑
k=0

(
W 2

π (f
τ
k , f

τ
k−1)

2τ
+ τ

)
(3.12)

≤ C(1 + T ),(4.18)

where we have also used
∑N−1

k=0 τ = Nτ ≤ T in the second line. Thanks to definition
of the piecewise constant interpolation fτ , (4.18) implies (4.16). As we mentioned
in the hypothesis of the corollary, by applying Sobolev embedding in space, (4.16)
also implies (4.17). □

5. Compactness

In this section we post-process the regularity estimates derived from the energy
dissipation inequality in order to show appropriate pre-compactness of the piecewise
constant interpolation fτ as τ → 0.

Corollary 5.1 (First order spacetime regularity). For any T < ∞, the piecewise
constant interpolation fτ satisfies the following estimate

(5.1) ∥fτ∥L1(0,T ;W 1,1(Ω)) ≤ C(1 + T ),

where C as described in Corollary 4.2.
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Proof. Young’s inequality allows us to estimate the L1-norm of ∇fτk in terms of
the Fisher information and total mass of fτk , i.e.,

(5.2)

∫
Ω

|∇fτk | dx ≤
∫
Ω

fτk dx+
1

4

∫
Ω

|∇fτk |
2

fτk
dx =

∥∥∥√fτk ∥∥∥2
H1(Ω)

.

Having that, we can estimate

∥fτ∥L1(0,T ;W 1,1(Ω)) = τ

N−1∑
k=0

(∫
Ω

fτk dx+

∫
Ω

|∇fτk | dx
)

(5.2)

≤ 2τ

N−1∑
k=0

∥∥∥√fτk ∥∥∥2
H1(Ω)

(4.18)

≤ C(1 + T ),

which is (5.1). □

Corollary 5.1 makes the application of the Aubin-Lions Lemma 2.2 more appar-
ent, and we obtain the following compactness result.

Corollary 5.2 (Compactness). For any T < ∞, and 1 ≤ q < d
d−1 (in d = 1,

1 ≤ q <∞), the family {fτ}τ>0 is relatively compact in L1(0, T ;Lq(Ω)).

Proof. First, we choose X = W 1,1(Ω), B = Lq(Ω), and Y = C1(Ω)′. Then, we
have the embeddings

(5.3) W 1,1(Ω)
compact

↪−−−−−−−→ Lq(Ω)
continuous
↪−−−−−−−→ C1(Ω)′.

The first embedding is compact by Rellich–Kondrachov theorem. Also, the second
embedding is continuous since, for any ψ ∈ C1(Ω) and g ∈ Lq(Ω), by Hölder’s
inequality, we have∣∣∣∣∫

Ω

ψgdx

∣∣∣∣ ≤ ∥ψ∥Lq/(q−1)(Ω) ∥g∥Lq(Ω) ≤ |Ω|(q−1)/q ∥ψ∥C1(Ω) ∥g∥Lq(Ω) .

Second, for the family {fτ}τ>0, we should check the validity of the norm estimate

(5.4) ∥fτ∥L1(0,T ;W 1,1(Ω)) + τ−1 ∥fτ − Sτfτ∥L1(τ,T ;C1(Ω)′) ≤ C ′,

where C ′ does not depend on τ . From Corollary 5.1, we already know that
∥fτ∥L1(0,T ;W 1,1(Ω)) ≤ C(1 + T ) so, let us bound the dual norm of the discrete

time derivative of fτ . Let γ ∈ Γopt
cπ (fτk+1, f

τ
k ) be an optimal coupling with respect

to the cost function cπ. Then, for any ψ ∈ C1(Ω) with ∥ψ∥C1(Ω) ≤ 1, we have∣∣∣∣∫
Ω

ψ(x)(fτk+1 − fτk )dx

∣∣∣∣ = ∣∣∣∣∫
Ω×Ω

(ψ(x)− ψ(y))dγ

∣∣∣∣
≤ C(Ω)

∫
Ω×Ω

|x− y| dγ

C-S
≤ C(Ω)

(∫
Ω×Ω

|x− y|2 dγ
)1/2

(3.2)

≤ C(Ω)(C low
π )−1/2Wπ(f

τ
k+1, f

τ
k ),(5.5)
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where we have used the Cauchy-Schwarz inequality and γ(Ω× Ω) = 1 in the third
line. Next, taking the supremum over all such ψ in (5.5), we get

(5.6)
∥∥fτk+1 − fτk

∥∥
C1(Ω)′

≤ CWπ(f
τ
k+1, f

τ
k ).

Consequently, with the help of Cauchy-Schwarz inequality, we estimate

τ−1 ∥fτ − Sτfτ∥L1(τ,T ;C1(Ω)′)

(2.7)
=

N−1∑
k=1

∥∥fτk+1 − fτk
∥∥
C1(Ω)′

(5.6),C-S

≤ C

(
N−1∑
k=1

W 2
π (f

τ
k+1, f

τ
k )

τ

)1/2(N−1∑
k=1

τ

)1/2

(3.12)

≤ CT 1/2,(5.7)

where we have also used
∑N−1

k=1 τ ≤ T in the last inequality. Also, it is important to
note that C is independent of τ . As a result, adding (5.1) and (5.7) together gives
(5.4). Thus, having (5.3) and (5.4) at hand, for any T < ∞, Aubin-Lions Lemma
2.2 shows the relative compactness of the family {fτ}τ>0 in L1(0, T ;Lq(Ω)). □

For the family of entropy densities {fτ log fτ}τ>0, we aim to get L1-uniform
integrability, which will help in Corollary 5.5 to obtain a strong convergence result.

In Corollary 4.2, we have proved a L1
tL

p/2
x estimate of the fτ . However, the standard

de la Vallée Poussin criterion in Theorem 2.3 is in terms of Lr
t,x integrability. We

can achieve this norm bound as well by interpolating with the mass conservation.
The next lemma about this.

Lemma 5.3 (Additional time integrability). For any T < ∞, the piecewise con-
stant interpolation fτ satisfies the following estimate

(5.8) ∥fτ∥1+
α

1+α

L
1+ α

1+α (Ω×[0,T ])
≤ C(1 + T ),

where C as in Corollary 4.2. Here, if d > 2, α = 2
d−2 . If d ≤ 2, we can choose

arbitrary α ∈ [1,∞).

Proof. Look at first d > 2, and consider (4.17) with the Sobolev exponent 2∗ := 2d
d−2 :

(5.9) ∥fτ∥
L1(0,T ;L

2∗
2 (Ω))

=
∥∥∥√fτ∥∥∥2

L2(0,T ;L2∗ (Ω))
≤ C(1 + T ).

Therefore, for almost every t ∈ [0, T ], fτ ∈ L
2∗
2 (Ω). In this case, 2∗

2 = d
d−2 =

1 + 2
d−2 =: 1 + α. Choose, r = 1 + α

1+α = 1+2α
1+α , r1 = 1, r2 = 1 + α, and

θ = α
1+2α . These quantities satisfy the relation 1

r = θ
r1

+ 1−θ
r2

, which shows that the
interpolation theorem in space applies so, we have

(5.10) ∥fτ∥
L

1+ α
1+α (Ω)

≤ ∥fτ∥θL1(Ω) ∥f
τ∥1−θ

L1+α(Ω) .

Observe that, (1− θ)r = 1. So, by taking the r = 1 + α
1+α power of the both sides

of (5.10), we get

(5.11) ∥fτ∥1+
α

1+α

L
1+ α

1+α (Ω)
≤ ∥fτ∥(1+

α
1+α )θ

L1(Ω) ∥fτ∥L1+α(Ω) .
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Thanks to conservation of mass, we have ∥fτ∥L1(Ω) = 1. Using this and integrating

(5.11) on [0, T ], we obtain∫ T

0

∥fτ∥1+
α

1+α

L
1+ α

1+α (Ω)
dt ≤

∫ T

0

∥fτ∥L1+α(Ω) dt = ∥fτ∥
L1(0,T ;L

2∗
2 (Ω))

(5.9)

≤ C(1 + T ),

which is (5.8). If d ≤ 2, we can choose arbitrary α ∈ [1,∞). □

As a consequence of the additional time integrability achieved in Lemma 5.3, via
de la Vallée Poussin’s criterion in Theorem 2.3, we obtain the following uniform
integrability result.

Corollary 5.4 (Uniform integrability). For any T < ∞, the family of entropy
densities {fτ log fτ}τ>0 is L1-uniformly integrable on Ω× [0, T ].

Proof. For any l > 1, the function Φ(s) := sl defined on [0,∞) is increasing and
superlinear. Moreover, if we additionally restrict l to 1 < l < 1 + α

1+α = r, where
α as described in Lemma 5.3, then the following elementary inequality holds:

(5.12) |s log s|l ≤ C(l)|s|r + 1.

Now, we can estimate

sup
τ>0

∫ T

0

∫
Ω

Φ(|fτ log fτ |)dxdt = sup
τ>0

∫ T

0

∫
Ω

|fτ log fτ |l dxdt

(5.12)

≤ sup
τ>0

∫ T

0

∫
Ω

(C(l) |fτ |r + 1)dxdt

(5.8)

≤ C(1 + T ),(5.13)

where C does not depend on τ , and T . Owing to (5.13), de la Vallée Poussin’s
criterion in Theorem 2.3 applies so, we conclude that the family of entropy densities
{fτ log fτ}τ>0 is L1-uniformly integrable on Ω× [0, T ]. □

Next, we combine the compactness and uniform integrability results from Corol-
laries 5.2 and 5.4 to establish the strong convergence result stated below.

Corollary 5.5 (Strong convergence). For any T <∞, and sequence of time steps
{τk}k≥1 such that τk → 0 as k → ∞, up to a (not relabeled) subsequence, we have
the following convergence results

fτk → f strongly in L1(Ω× [0, T ]),

and

fτk log fτk → f log f strongly in L1(Ω× [0, T ]).

Proof. The first assertion follows from the compactness result in Corollary 5.2.
For the second assertion, we know that fτk → f strongly in L1(Ω×[0, T ]) implies,

up to a (not relabeled) subsequence, fτk → f pointwise a.e. Since s 7→ s log s
is continuous on [0,∞), we get fτk log fτk → f log f pointwise a.e. Also, from
Corollary 5.4, the family {fτk log fτk}k≥1 is L1-uniformly integrable. Combining
this with the pointwise a.e. convergence, by Vitali’s Convergence Theorem, we get
fτk log fτk → f log f strongly in L1(Ω× [0, T ]). □
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6. Existence of weak solutions

Our next step in this section will be about proving that the piecewise constant
interpolation fτ associated with (JKOnFP) converges to a weak solution of (nFP)
in an appropriate sense. To achieve this goal, in the next definition, we introduce
our notion of weak solution.

Definition 6.1 (Weak solution). Let f0 be an initial data which satisfies Assump-
tion (A2). The function f ∈ L1

loc(Ω × [0,∞)) is called a weak solution of (nFP)
if

0 = −ψ(0)
∫
Ω

ζ(x)f0(x)dx−
∫ ∞

0

∫
Ω

∂tψ(t)ζ(x)f(x, t)dxdt

−
∫ ∞

0

∫
Ω

ψ(t)
1

π(x)
∇ζ(x) · ∇D(x)f(x, t)(1− log f(x, t))dxdt

−
∫ ∞

0

∫
Ω

ψ(t)∇ ·
(
∇ζ(x)
π(x)

)
f(x, t)dxdt

+

∫ ∞

0

∫
Ω

ψ(t)
∇ζ(x)
π(x)

· ∇ϕ(x)f(x, t)dxdt

holds for all ψ ∈ C∞
c ([0,∞)) and ζ ∈ H1(Ω).

Finally, we can state and prove our main existence result.

Theorem 6.2 (Existence of a weak solution). There exists a weak solution f ∈
L1
loc(Ω× [0,∞)) of (nFP) in the sense of Definition 6.1.

Proof. Let γ ∈ Γopt
cπ (fτk , f

τ
k−1) be an optimal coupling with respect to the cost

function cπ. Then, we estimate

(6.1)∣∣∣∣ ∫
Ω

(fτk − fτk−1)ζ(x)dx−
∫
Ω×Ω

π(y)

π(x)
∇ζ(x) · (x− y)dγ

∣∣∣∣
=

∣∣∣∣ ∫
Ω×Ω

(
ζ(x)− ζ(y)−∇ζ(x) · (x− y)−

(
π(y)

π(x)
− 1

)
∇ζ(x) · (x− y)

)
dγ

∣∣∣∣
Taylor

≤ CΩ

2

∥∥∇2ζ
∥∥
L∞(Ω)

∫
Ω×Ω

|x− y|2 dγ + ∥∇ζ∥L∞(Ω)

∫
Ω×Ω

∣∣∣∣π(y)π(x)
− 1

∣∣∣∣ |x− y| dγ

≤ CΩ

2

∥∥∇2ζ
∥∥
L∞(Ω)

∫
Ω×Ω

|x− y|2 dγ + CΩ,π∥∇ζ∥L∞(Ω)

∫
Ω×Ω

|x− y|2 dγ

(3.2)

≤ CΩ,π,ζW
2
π (f

τ
k , f

τ
k−1),

where we have used
∣∣∣π(y)π(x) − 1

∣∣∣ ≤ C |x− y| in the second inequality. This holds since

Ω is connected and π is C1 and bounded from below on the closure of Ω.
Now, for any test function ζ ∈ C∞

c (Ω) such that ∂νζ = 0 on ∂Ω, we choose

ξ(x) := ∇ζ(x)
π(x) . In this case ξ is tangent to ∂Ω so, we can use ξ in the optimality

condition (3.4). Note that, since this type of test functions are dense in H1(Ω), see
[11, Thm. 1.4], we can conclude the weak solution condition for all ζ ∈ H1(Ω).

Then, after multiplying both sides of (6.1) by τ−1, we can plug (3.4) with ξ in
the resulting estimate to obtain
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(6.2)∣∣∣∣ ∫
Ω

fτk − fτk−1

τ
ζ(x)dx−

∫
Ω

∇ ·
(
∇ζ(x)
π(x)

)
D(x)fτk dx+

∫
Ω

∇ζ(x)
π(x)

· ∇ϕ(x)fτk dx

−
∫
Ω

1

π(x)
∇D(x) · ∇ζ(x)fτk (1− log fτk )dx

∣∣∣∣ ≤ C
1

τ
W 2

π (f
τ
k , f

τ
k−1).

Next, for any ψ ∈ C∞
c ([0,∞)), we multiply both sides of (6.2) by τψ((k − 1)τ).

Then, by summing the resulting estimate from k = 1 to k = ∞, and invoking a
FTC argument similar to the one given for the heat equation in the proof of [30,
Thm. 3.3.4], we obtain the following∣∣∣∣− ψ(0)

∫
Ω

ζ(x)f0(x)dx−
∫ ∞

0

∫
Ω

∂tψ(t)ζ(x)f
τ (x, t)dxdt

−
∫ ∞

0

∫
Ω

ψ(t)
1

π(x)
∇ζ(x) · ∇D(x)fτ (x, t)(1− log fτ (x, t))dxdt

−
∫ ∞

0

∫
Ω

ψ(t)∇ ·
(
∇ζ(x)
π(x)

)
fτ (x, t)dxdt

+

∫ ∞

0

∫
Ω

ψ(t)
∇ζ(x)
π(x)

· ∇ϕ(x)fτ (x, t)dxdt
∣∣∣∣ ≤ Cτ.

Now, thanks to the strong convergence result from Corollary 5.5, we can pass to
the limit as τ → 0 in the previous estimate and conclude that

0 = −ψ(0)
∫
Ω

ζ(x)f0(x)dx−
∫ ∞

0

∫
Ω

∂tψ(t)ζ(x)f(x, t)dxdt

−
∫ ∞

0

∫
Ω

ψ(t)
1

π(x)
∇ζ(x) · ∇D(x)f(x, t)(1− log f(x, t))dxdt

−
∫ ∞

0

∫
Ω

ψ(t)∇ ·
(
∇ζ(x)
π(x)

)
f(x, t)dxdt

+

∫ ∞

0

∫
Ω

ψ(t)
∇ζ(x)
π(x)

· ∇ϕ(x)f(x, t)dxdt.

So, we see that f is a weak solution of (nFP) in the sense of Definition 6.1. □

7. Discrete maximum principle

In this section, we obtain a discrete maximum principle on the minimizers of
(JKOnFP), the arguments are inspired by work of Tudorascu [54]. In [54], the
author proves a discrete maximum principle on the JKO solutions ρτk of the heat
equation. Since our scheme (JKOnFP) is nonlinear due to inhomogeneous absolute
temperature coefficient D(x) and contains potential term ϕ(x), we prove a discrete
maximum principle on the quantity D(x) log fτk +ϕ(x), rather than fτk . This is the
natural quantity to look for a maximum principle since it is the analogue of the
Hopf-Cole transformation in such setting which solves a viscous Hamilton-Jacobi
equation in the continuum limit.

Denote by Pac(Ω) the set of all absolutely continuous probability measures on
Ω. Let γ ∈ Γ(fτ1 , f0) be a coupling, where fτ1 , f0 ∈ Pac(Ω). Following [54], we



22 BATUHAN BAYIR, YEKATERINA EPSHTEYN, AND WILLIAM M FELDMAN

define w0 and w1 such that they satisfy the following formulas for all ζ ∈ C0(Ω):
(7.1)∫

Ω

w0(y)ζ(y)dy :=

∫
E×(Ω\E)

ζ(y)dγ and

∫
Ω

w1(x)ζ(x)dx :=

∫
E×(Ω\E)

ζ(x)dγ.

This defines w0, w1 as elements of P(Ω) via duality. They satisfy the following
inequalities

(7.2) 0 ≤ w0 ≤ f0 and 0 ≤ w1 ≤ fτ1 .

Then, thanks to (7.2) and Radon-Nikodym theorem, the w0 and w1 are indeed
absolutely continuous, justifying (7.1).

To see (7.2), since the first marginal of γ is fτ1 and E × (Ω \ E) ⊂ Ω × Ω, it is
possible to estimate∫

Ω

w1(x)ζ(x)dx =

∫
E×(Ω\E)

ζ(x)dγ ≤
∫
Ω×Ω

ζ(x)dγ =

∫
Ω

fτ1 (x)ζ(x)dx.

Then, by arbitrariness of ζ, we get w1 ≤ fτ1 a.e. The inequality w0 ≤ f0 follows in
the same way. Lastly, the inequality 0 ≤ w0, w1 follows by choosing arbitrary ζ ≥ 0
in (7.1).

Choosing test functions that take 0 only in E and Ω \ E respectively, we have

(7.3) w0|E = 0 and w1|Ω\E = 0.

Taking ζ = 1 and using (7.3), we get the following conservation of mass property

(7.4)

∫
Ω\E

w0dx =

∫
E

w1dx = γ(E × (Ω \ E)).

For any s > 0, let fs := fτ1 −s(w1−w0). Then, we define γs such that it satisfies
the following formula for all ζ ∈ C0(Ω× Ω):

(7.5)

∫
Ω×Ω

ζ(x, y)dγs :=

∫
Ω×Ω

ζ(x, y)dγ − s

∫
E×(Ω\E)

(ζ(x, y)− ζ(y, y)) dγ.

Similar to a computation given in [55, p. 1436], we have γs ∈ Γ(fs, f0). If we choose
test functions to only depend on their first variables i.e., ζ(x, y) = ζ(x), then (7.5)
reduces to the∫

Ω×Ω

ζ(x)dγs =

∫
Ω×Ω

ζ(x)dγ − s

∫
E×(Ω\E)

(ζ(x)− ζ(y)) dγ

(7.1)
=

∫
Ω

ζ(x)fτ1 dx− s

∫
Ω

(w1(x)− w0(x))ζ(x)dx,

which shows that the first marginal of γs is fτ1 − s(w1 − w0). Likewise, choosing
ζ(x, y) = ζ(y) makes the second integral in (7.5) zero, and we get the second
marginal of γs to be f0.

Now, we can use the setup introduced above to prove the following result.

Proposition 7.1 (Discrete maximum principle). Assume that

f0 ∈ Pac(Ω), and D(x) log f0(x) + ϕ(x) ∈ L∞(Ω).

Then, any minimizer fτk+1 of (JKOnFP) satisfies the following discrete maximum
principle

(7.6)
∥∥D log fτk+1 + ϕ

∥∥
L∞(Ω)

≤ ∥D log f0 + ϕ∥L∞(Ω).
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Proof. Define K := ∥D log f0 + ϕ∥L∞(Ω) and E := {x ∈ Ω | D(x) log fτ1 + ϕ(x) >

K}. Our goal is to show that |E| = 0. Towards a contradiction assume that |E| > 0.
Now, assuming that |E| > 0, we claim that γ(E× (Ω\E)) > 0 for γ ∈ Γ(fτ1 , f0).

To see why this is the case, we proceed by contradiction again, namely assume
γ(E × (Ω \ E)) = 0 holds. In this case, we have

γ(E × Ω) = γ(E × (Ω \ E)) + γ(E × E) = γ(E × E).

Using that, it is possible to estimate∫
E

exp

(
K − ϕ(x)

D(x)

)
dx <

∫
E

fτ1 dx

= γ(E × Ω) = γ(E × E) ≤ γ(Ω× E)

=

∫
E

f0dx ≤
∫
E

exp

(
K − ϕ(x)

D(x)

)
dx,

which is a contradiction. Note that, the first strict inequality above requires |E| > 0.
So, we have established the claim γ(E × (Ω \ E)) > 0.

Now, since γ(E × (Ω \E)) > 0 and (7.4) hold, the functions w0 and w1 can not
be identically equal to 0 in Ω. This makes the perturbation fs = fτ1 − s(w1 − w0)
is nontrivial.

We haveD(x) > 0 by Assumption (A3), also s 7→ s(log s−1) is a convex function.
As a combination of these properties, we have

(7.7) D(x)fs(log fs − 1)−D(x)fτ1 (log f
τ
1 − 1) ≤ D(x)(fs − fτ1 ) log fs.

Substituting the cost function ζ = cπ = π(y)|x−y|2 in (7.5) and using the optimality
of γs for small s > 0, we record that

W 2
π (fs, f0)

2τ
+ F [fs] ≤

W 2
π (f

τ
1 , f0)

2τ
+ F [fτ1 ]

+ F [fs]− F [fτ1 ]−
s

2τ

∫
E×(Ω\E)

π(y) |x− y|2 dγ.
(7.8)

In the remainder, our goal is to show that the difference F [fs] − F [fτ1 ] is strictly
negative whenever s > 0 is sufficiently small. Recall that fs = fτ1 − s(w1 − w0) so,
we can estimate

F [fs]− F [fτ1 ]
(7.7)

≤
∫
Ω

D(x)(fs − fτ1 ) log fsdx+

∫
Ω

ϕ(x)(fs − fτ1 )dx

(7.3),(7.4)
= −s

(∫
Ω\E

(K −D(x) log(fτ1 + sw0)− ϕ(x))w0dx

+

∫
E

D(x)(log(fτ1 − sw1)− log fτ1 )w1dx

+

∫
E

(D(x) log fτ1 + ϕ(x)−K)w1dx

)
=: −s(I1 + I2 + I3),

where we have also added and subtracted the integrals
∫
Ω\E Kw0dx

(7.4)
=
∫
E
Kw1dx

and
∫
E
D(x) log fτ1 dx in the second line.

Now, we need to further estimate each integral separately. The third integral I3 is
strictly positive, since it is taken over the set E = {x ∈ Ω | D(x) log fτ1 +ϕ(x)−K >
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0}, and |E| > 0 by the contradiction hypothesis, as well as w1 is non-negative and
not identically equal to 0 in E, since (7.4) holds with γ(E × (Ω \E) > 0. So, let us
estimate the remaining integrals I1 and I2.
Estimation of I1: In the set Ω \ E, for fτ1 , we have

(7.9) fτ1 ≤ exp

(
K − ϕ

D

)
.

Also, thanks to the definition of K, the same upper bound holds for f0:

(7.10) f0 = exp

(
D log f0 + ϕ− ϕ

D

)
≤ exp

(
K − ϕ

D

)
.

Combining (7.9) and (7.10) with 0 ≤ w0 ≤ f0, for s > 0, we get

(7.11) fτ1 + sw0 ≤ exp

(
K − ϕ

D

)
(1 + s) .

Using that, we can estimate the integral I1 as

I1 =

∫
Ω\E

(K −D(x) log(fτ1 + sw0)− ϕ(x))w0dx

=

∫
Ω\E

D(x)w0 log

exp
(

K−ϕ(x)
D(x)

)
fτ1 + sw0

 dx

(7.11)

≥ − log(1 + s)

∫
Ω\E

D(x)w0dx.(7.12)

Estimation of I2: From (7.2) we know 0 ≤ w1 ≤ fτ1 and s > 0, which implies

(7.13) 1− s
w1

fτ1
≥ 1− s.

Then, we can estimate the integral I2 as

I2 =

∫
E

D(x)w1(log(f
τ
1 − sw1)− log fτ1 )dx

=

∫
E

D(x)w1 log

(
1− s

w1

fτ1

)
dx

(7.13)

≥ log(1− s)

∫
E

D(x)w1dx.(7.14)

Thus, the lower bounds (7.12) and (7.14) show that I1 + I2 → 0 as s → 0. We
also know that I3 is strictly positive. Then, for s > 0 sufficiently small, we obtain

(7.15) −s

(
I1 + I2 + I3 +

1

2τ

∫
E×(Ω\E)

π(y) |x− y|2 dγ

)
< 0.

If we plug (7.15) in (7.8), we get a contradiction with the fact that fτ1 is the
minimizer of (JKOnFP). So, |E| = 0. We can inductively repeat the argument to
obtain the general inequality for D log fτk+1 + ϕ. □
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8. Long time behavior

In the last section, we study the long-time behavior of smooth solutions of (nFP).
Recall from [24, Prop. 1.2] that the free energy (FE) minimizing equilibrium state
of (nFP) is given by

(8.1) f eq(x) := exp

(
−ϕ(x)− Ceq

D(x)

)
,

where Ceq is determined by the normalization
∫
Ω
fdx =

∫
Ω
f0dx =

∫
Ω
f eqdx = 1.

First, we show the positivity of the relative entropy F [f ] − F [f eq]. Due to
inhomogeneity in D(x), it is not possible to directly apply the Jensen’s inequality
to obtain the positivity of the relative entropy. Instead, we introduce an auxiliary
variable, and then use the structure of the transformed relative entropy to get the
desired positivity result.

Lemma 8.1 (Positivity of the relative entropy). For the free energy (FE), and the
equilibrium state (8.1), the relative entropy is positive, i.e.,

(8.2) F [f ]− F [f eq] ≥ 0.

Proof. Doing a direct computation, and introducing the auxiliary variable ρ := f
feq ,

we have

F [f ]− F [f eq] =

∫
Ω

(D(x)f log f + ϕf)dx+

∫
Ω

D(x)(f eq − f)dx− Ceq(8.3)

=

∫
Ω

D(x)

(
f

(
log

(
f

f eq

)
− 1

)
+ f eq

)
dx

=

∫
Ω

D(x) (ρ(log ρ− 1) + 1) f eqdx.

Observe that the functions D(x), ρ(log ρ− 1) + 1, and f eq that appear in the last
line are positive. So, we get F [f ]− F [f eq] ≥ 0. □

With the help of the logarithmic Sobolev inequality in Lemma 2.8, we obtain
the following decay of the relative entropy F [f ]− F [f eq], with an exponential con-
vergence rate.

Proposition 8.2 (Convergence to equilibrium). Let f be a smooth global in time
solution of (nFP) with the initial data f0 such that

(8.4) D(x) log f0(x) + ϕ(x) ∈ L∞(Ω).

Then, we have

(8.5) F [f ]− F [f eq] ≤ F [f0]e
−Ct, which implies F [f ]− F [f eq] → 0 as t→ ∞.

Here, C depends on d, Ω, f0, π, D, and ϕ.

Proof. First, the maximum principle of D log f + ϕ with (8.4) additionally implies
the following bound

(8.6) |D(x) log f(x, t) + ϕ(x)| ≤ C, for all t ≥ 0.

Defining B(t) :=
∫
Ω
D(x)(f eq(x)− f(x, t))dx− Ceq, and then using in (8.3), we

get

F [f ]− F [f eq] =

∫
Ω

(D(x)f log f + ϕf)dx+B(t).(8.7)
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The dissipation relation is given by

d

dt
(F [f ]− F [f eq]) = −

∫
Ω

f

π
|∇(D log f + ϕ)|2 dx

= −
∫
Ω

f

π
|∇(D log f + ϕ+B(t))|2 dx,(8.8)

where we have used ∇B(t) = 0 in the second line. Letting u := exp(D log f + ϕ+
B(t)), we can write (8.8) as

d

dt
(F [f ]− F [f eq]) = −

∫
Ω

f

π
|∇ log u|2 dx

= −
∫
Ω

f

π

|∇u|2

u2
dx

= −4

∫
Ω

∣∣∇√
u
∣∣2 1

π

f

u
dx.(8.9)

Next, we introduce the measure dβ := 1
π

f
udx. Since π, f , and u are bounded due

to (8.6), and Assumption (A3), we can find c ≤ 1 such that cdx ≤ dβ ≤ c−1dx. In
this case, the logarithmic Sobolev inequality in Lemma 2.4 applies with respect to
dβ, and (8.9) becomes

d

dt
(F [f ]− F [f eq])

(2.8)

≤ −C
(∫

Ω

(u log u)
f

u
dx− log

(∫
Ω

u
f

u
dx

)(∫
Ω

u
f

u
dx

))
= −C

∫
Ω

f log udx

= −C
∫
Ω

(D(x)f log f + ϕf +B(t)f)dx

= −C(F [f ]− F [f eq]),(8.10)

where we have used the equality
∫
Ω
B(t)fdx = B(t)

∫
Ω
fdx = B(t) in the last line.

Then, invoking Grönwall’s inequality in (8.10), we get

(8.11) F [f ]− F [f eq] ≤ F [f0]e
−Ct.

Since F [f ]− F [f eq] ≥ 0 by (8.2), (8.11) implies F [f ]− F [f eq] → 0 as t→ ∞. □

Lastly, we get the following L1-convergence result.

Corollary 8.3 (Convergence to equilibrium in L1). Let f as in Proposition 8.2.
Then, we have

(8.12) ∥f − f eq∥2L1(Ω) ≤ 2
∥∥D−1

∥∥
L∞(Ω)

F [f0]e
−Ct,

where C as in Proposition 8.2.

Proof. We know f, f eq > 0 with ∥f∥L1(Ω) = ∥f eq∥L1(Ω) = 1. So, using the Csiszár-

Kullback-Pinsker inequality in Lemma 2.5 with the auxiliary variable ρ = f
feq , we
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can estimate

∥f − f eq∥2L1(Ω)

(2.9)

≤ 2

∫
Ω

(ρ(log ρ− 1) + 1)f eqdx

≤ 2
∥∥D−1

∥∥
L∞(Ω)

∫
Ω

D(x) (ρ(log ρ− 1) + 1) f eqdx

(8.3)
= 2

∥∥D−1
∥∥
L∞(Ω)

(F [f ]− F [f eq])

(8.5)

≤ 2
∥∥D−1

∥∥
L∞(Ω)

F [f0]e
−Ct,

which is (8.12). Note that, the second inequality is valid as we have D(x) > 0,
ρ(log ρ− 1) + 1 ≥ 0, and f eq > 0. □

Appendix A. Failure of displacement convexity

First, we recall the notion of λ-displacement convexity, which can be used for
contraction properties [17, 40] and existence proofs [1, Sec. 11.2.1]. Then, we in-
vestigate the λ-displacement convexity of the entropy-type part of our free energy
(FE), which is given by E[ρ] :=

∫
Ω
D(x)ρ(log ρ− 1)dx.

Let µ0, µ1 ∈ Pac
2 (X), and T(x) is an optimal transport map from µ0 to µ1. Define

Ts(x) := x + s(T(x) − x), where s ∈ [0, 1]. Then, the displacement interpolation
of µ0 and µ1 is defined by µs := (Ts)#µ0. Also, recall that, a functional E :
Pac
2 (X) → R such that s 7→ E[µs] is twice differentiable called λ-displacement

convex if d2

ds2E[µs] ≥ λW 2
2 (µ0, µ1) holds for all s ∈ [0, 1].

Mathematically one might imagine that convexity or concavity assumptions on
D(x) might relate to λ-displacement convexity. However, as we will show via two
examples, neither convexity nor concavity can guarantee this. We do not consider
such assumptions on the inhomogeneous absolute temperature coefficient D(x) to
be physically natural, but it is worth considering for mathematical reasons.

In both of our examples, we work on a bounded interval Ω ⊂ R.

Convex D(x) example. We choose D(x) = 1 + x2, which is convex and satisfies
Assumption (A3). Let δ ∈ (0, 1), and ρ0 := (1− δ)1[−1,0) + δ1[0,1]. Also, introduce
the optimal transport map, and its associated flow as

T(x) = x1[−1,0) + (x+ 1)1[0,1], and Ts(x) = x1[−1,0) + (x+ s)1[0,1].

Since ∂xTs(x) = 1, we have ρs ◦ Ts = ρ0/∂xTs = ρ0. Then, we can write the
entropy-type part of our free energy (FE) as

E[ρs] =

∫
[−1,1]

D(Ts(x))ρ0(log ρ0 − 1)dx

=

∫
[0,1]

D(x+ s)δ(log δ − 1)dx+

∫
[−1,0)

D(x)(1− δ)(log(1− δ)− 1)dx.

Using ∂ssD(x+ s) = 2 and the optimal transport map T, we obtain the identities

d2

ds2
E[ρs] = 2δ(log δ − 1), and W 2

2 (ρ0, ρ1) =

∫
[−1,1]

|x− T(x)|2 ρ0dx = δ.

In this case, for λ-displacement convexity of E, we should have

(A.1)
d2

ds2
E[ρs] ≥ λW 2

2 (ρ0, ρ1) =⇒ 2(log δ − 1) ≥ λ.
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But, for any fixed λ ∈ R we can always choose a sufficiently small δ such that
2(log δ − 1) < λ, which contradicts with (A.1).

Concave D(x) example. We choose D(x) = 5 − x2, which is concave and satis-
fies Assumption (A3). Let δ ∈ (0, 1), and η(x) := 1

δ1[0,δ](x). Then, define the
probability measures

ρ0 := η(x), and ρ1 := η(x− 1) on [0, 2].

As these measures just shift of each other by factor of 1, the optimal transport map
from ρ0 to ρ1, its associated flow, and the displacement interpolation are given by

T(x) = x+ 1, Ts(x) = x+ s, and ρs = (Ts)#ρ0 = η(x− s).

Plugging ρs in the entropy-type part of our free energy (FE), we have

E[ρs] =
1

δ

(
log

1

δ
− 1

)∫ s+δ

s

(
5− x2

)
dx =

(
1− log

1

δ

)(
s2 + δs+

δ2

3
− 5

)
.

Doing a direct computation, we get the identities

d2

ds2
E[ρs] = 2(log δ + 1), and W 2

2 (ρ0, ρ1) =

∫
[0,2]

|x− T(x)|2ρ0dx = 1.

For λ-displacement convexity of E, we should have

(A.2)
d2

ds2
E[ρs] ≥ λW 2

2 (ρ0, ρ1) =⇒ 2(log δ + 1) ≥ λ.

Similar to the previous example, for any fixed λ ∈ R we can always choose a
sufficiently small δ such that 2(log δ + 1) < λ, which contradicts with (A.2).
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[2] V. Barbu and M. Röckner, Nonlinear Fokker-Planck Flows and Their Probabilistic Coun-

terparts, Lecture Notes in Mathematics, Springer Nature Switzerland, 2024, https://doi.

org/10.1007/978-3-031-61734-8.
[3] P. Bardsley, K. Barmak, E. Eggeling, Y. Epshteyn, D. Kinderlehrer, and S. Ta’asan,

Towards a gradient flow for microstructure, Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl.,

28 (2017), pp. 777–805, https://doi.org/10.4171/RLM/785.
[4] K. Barmak, A. Dunca, Y. Epshteyn, C. Liu, and M. Mizuno, Grain growth and the effect

of different time scales, in Research in mathematics of materials science, Cham: Springer,

2022, pp. 33–58, https://doi.org/10.1007/978-3-031-04496-0_2.
[5] K. Barmak, E. Eggeling, M. Emelianenko, Y. Epshteyn, D. Kinderlehrer, R. Sharp,

and S. Ta’asan, Critical events, entropy, and the grain boundary character distribution,

Phys. Rev. B, 83 (2011), p. 134117, https://doi.org/10.1103/PhysRevB.83.134117.
[6] K. Barmak, E. Eggeling, M. Emelianenko, Y. Epshteyn, D. Kinderlehrer, R. Sharp,

and S. Ta’asan, An entropy based theory of the grain boundary character distribution, Dis-
crete Contin. Dyn. Syst., 30 (2011), pp. 427–454, https://doi.org/10.3934/dcds.2011.30.

427.

https://doi.org/10.1007/978-3-7643-8722-8
https://doi.org/10.1007/978-3-031-61734-8
https://doi.org/10.1007/978-3-031-61734-8
https://doi.org/10.4171/RLM/785
https://doi.org/10.1007/978-3-031-04496-0_2
https://doi.org/10.1103/PhysRevB.83.134117
https://doi.org/10.3934/dcds.2011.30.427
https://doi.org/10.3934/dcds.2011.30.427


JKO FOR NONLINEAR FOKKER-PLANCK 29

[7] K. Barmak, J. M. Rickman, and M. J. Patrick, Advances in experimental stud-

ies of grain growth in thin films, JOM, (2024), pp. 1–15, https://doi.org/10.1007/

s11837-024-06475-9.
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