NONLINEAR INHOMOGENEOUS FOKKER-PLANCK MODELS:
ENERGETIC-VARIATIONAL STRUCTURES AND LONG TIME BEHAVIOR
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ABsTRACT. Inspired by the modeling of grain growth in polycrystalline materials, we consider a nonlinear
Fokker-Plank model, with inhomogeneous diffusion and with variable mobility parameters. We develop
large time asymptotic analysis of such nonstandard models by reformulating and extending the classical
entropy method, under the assumption of periodic boundary condition. In addition, illustrative numerical
tests are presented to highlight the essential points of the current analytical results and to motivate future
analysis.

1. INTRODUCTION

Fokker-Planck type models are widely used as a robust tool to describe the macroscopic behavior
of the systems that involve various fluctuations [50, 29, 20, [17, 15, [19} 33]], among many others.
In our previous work we derived Fokker-Planck type systems as a part of grain growth models
in polycrystalline materials, e.g. [S, 9, 4, 22]. In this paper, we focus on those inhomogeneous
fluctuations which play essential roles in the modeling of the observations of the physical experiments
of these complex processes.

Most technologically useful materials are polycrystalline microstructures composed of a myriad
of small monocrystalline grains separated by grain boundaries. The energetics and dynamics of the
grain boundaries provide the multiscale properties of such materials. Classical models of Mullins and
Herring for the evolution of the grain boundaries in polycrystalline materials are based on the motion
by mean curvature as the local evolution law [32, 45 46]]. Over the years, this idea has motivated
extensive relevant mathematical analysis of the motion by mean curvature, e.g. [18}, 21, 27, [10], and
the study of the curvature flow on networks [36} 41,42, 40,35, 13]]. Furthermore, almost all previous
work required the assumption of the specific equilibrium force balance condition at the triple junctions
points (triple junctions are where three grain boundaries meet), e.g. [14, 36]].

Grain growth can be viewed as a complex multiscale process involving dynamics of grain boundaries,
triple junctions and the dynamics of lattice misorientations (difference in the orientation between two
neighboring grains that share the grain boundary). Recently, there are some studies that consider
interactions among grain boundaries and triple junctions, e.g., [54, 53, 7,155,156} [12]. In [25}24], by
employing the energetic-variational approach, we have developed a new model for the evolution of
the 2D grain-boundary network with finite mobility of the triple junctions and with dynamic lattice
misorientations. Under the assumption of no curvature effect, we established a local well-posedness
result, as well as large time asymptotic behavior for the model. Our results included obtaining explicit
energy decay rate for the system in terms of mobility of the triple junction and the misorientation
parameter. Further, we conducted extensive numerical experiments for the 2D grain boundary network
in order to further understand/illustrate the effect of relaxation time scales, e.g. of the curvature of
grain boundaries, mobility of triple junctions, and dynamics of misorientations on how the grain
boundary system decays energy and coarsens with time [24, [8]. Some relevant experimental results
of the grain growth in thin films have also been presented and discussed in [47, 8]
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Note, the mathematical analysis in [25}24] was done under assumption of no critical events/no dis-
appearance events, e.g., grain disappearance, facet/grain boundary disappearance, facet interchange,
splitting of unstable junctions (however, numerical simulations were performed with critical events).
Therefore, we began to extend our models to incorporate the effect of critical events and we pro-
posed a Fokker-Plank type approach [22] (which is also a further extension of the earlier work on a
simplified 1D critical event model in [6, 15, 9, 4]). Moreover, in [22] we have established the long
time asymptotics of the corresponding Fokker-Planck solutions, namely the joint probability density
function of misorientations and triple junctions, and closely related the marginal probability density of
misorientations. Moreover, for an equilibrium configuration of a boundary network, we have derived
explicit local algebraic relations, a generalized Herring Condition formula, as well as novel relation
that connects grain boundary energy density with the geometry of the grain boundaries that share a
triple junction.

Here we will consider a class of nonlinear Fokker-Planck equations. As discussed above, such mod-
els appear as a part of our studies of non-isothermal thermodynamics [44, 11, 52]] with applications to
macroscopic models for grain boundary dynamics in polycrystalline materials [22, 23]. Fokker-Plank
equations can be viewed as generalized diffusion models in the framework of the energetic-variational
approach [30, 26]. Such systems are determined by the kinematic transport of the probability density
function, the free energy functional and the dissipation (entropy production), [3,/51]. The conventional
mathematical analysis of the Fokker-Planck models is usually developed for the simplified cases only.
In particular, this is especially true for the well-known entropy methods developed for the asymptotic
analysis of such equations, e.g. [2| 34, 43| 16]]. The classical entropy methods rely on the specific
algebraic structures of the system, and seem to have limited applications.

We will consider two nonstandard generalized Fokker-Planck models, one with the inhomogeneous
diffusion and constant mobility parameters, and the other one with both inhomogeneous diffusion
and variable mobility parameters. Therefore, to develop large time asymptotic analysis for such
systems, we first reformulate the conventional entropy method in terms of the velocity field of the
probability density function (rather than using entropy method directly in terms of the probability
density function). This key idea allows us to extend the entropy method to Fokker-Planck models
(including nonlinear models) with variable coefficients under assumption of the periodic boundary
conditions.

The paper is organized as follows. In Sections [[.I{I.2] we formulate the nonlinear Fokker-Planck
model with the inhomogeneous diffusion and variable mobility parameters, introduce notations and
review important results for such model. In Section[2] we first illustrate large time asymptotic analysis
for the Fokker-Planck model via the idea of the entropy method in terms of the velocity field of the
solution under the assumption of the constant diffusion and mobility parameters (hence, the Fokker-
Planck system becomes a linear model). In Sections [34] we extend the analysis to the Fokker-Planck
model with the inhomogeneous diffusion and constant mobility parameters, and to the Fokker-Planck
model with the inhomogeneous diffusion and variable mobility parameters, respectively. Some
conclusions and numerical tests to illustrate essential points of the analytical results are given in
Section

1.1. Model formulation and notations. In this paper, we consider the following Fokker-Planck
model subject to the periodic boundary condition on a domain Q = [0, 1)* c R"

of | _f

— —div

(1.1) ot n(x,1)

V(D(x)log f + ¢(x))| =0, xeQ, >0,

f(x0) = folx), xeQ.
Here D = D(x) : Q — R, n = n(x,1) : QX [0, 0) — R are given positive periodic functions on Q and
¢ = ¢(x) : Q — R is a given periodic function on Q. The periodic boundary condition for f means,

(1.2) V! f(xn1.t) = V! fxp, 1),
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for xp1 = (X1, %2, « oy Xk—1 Ly Xkt 1y -+ o5 Xn)s Xp2 = (X1, %25+« oy Xk=1, 0, X415 - - o, X)) € 0Q, ¢ > 0 and
[ =0,1,2,.... Inother words, f can be smoothly extended to a function on the entire space R" with the
condition f(x,7) = f(x+ej,t)forx e R",t >0and j = 1,2,...,n, wheree; = (0,...,1,...,0), with
the 1 in the jth place. Note that, the periodic boundary condition for the function f(x, ) is equivalent
to the condition that f(x, ¢) is the function on the n-dimensional torus for # > 0. The periodic function
is defined in the same way. The meaning of the periodic boundary condition for the Fokker-Planck
equation can be seen in [48, §4.1].
Let us introduce u, a velocity vector, namely,

1
(1.3) u=- V(D(x)log f + ¢(x)).
n(x,t)
Then, the system (I.1]) becomes,
d
—f+le(fu):0, _XGQ, t>0,

(1.4) ot
f(X, 0) = fO(x)9 x € Q.

The form of the first equation in (1.4]) will make it possible to extend entropy methods to nonlinear
Fokker-Planck model with inhomogeneous temperature parameter D(x). Next, using (1.4) together
with integration by parts and with the periodic boundary condition, it is easy to obtain that,

d _[of , _ . 3
(1.5) E[)fdx-/g Fr dx—/lev(fu)dx—O.

Therefore, if fj is a probability density function on €2, we have,

(1.6) /fm:/ﬁM:L
Q Q

Let F be a free energy defined by,

1.7 FIfli= [ (DG flog f = 1)+ fo(x) dx.
Hence, we can establish the energy law for (1.4).

Proposition 1.1. Let f be a solution of the periodic boundary value problem (1.4), u be the velocity
vector defined in (1.3), and let F be a free energy defined in (1.7). Then, fort > 0,

dF
G0 = - [ xuoluPs dv
t Q
Proof. Take a time-derivative on the left-hand side of (1.7)), then apply integration by parts and use
the form (I.4)) together with the periodic boundary condition, one derives,

(1.8)

LAVE /Q (D) log f + ¢(x) f; dx
(1.9) - /Q (D(x)log f + $(x)) div( fu) dx
= '/QV(D(x) log f + ¢(x)) - uf dx.

Recalling relation, —n(x, f)u = V (D(x)log f + ¢(x)), we have,

/ V(D(x)log f + $(x)) - uf dx = - / 7l f dx.
Q Q

thus, we obtain (|1.8)). O



Hereafter, we define the right-hand side of (I.8]) as —Dyg;s[ f](¢). One can observe from the energy
law (L.§), that an equilibrium state 4 for the model (1.4) satisfies u = 0. Here, we derive the explicit
representation of the equilibrium solution for the Fokker-Planck model (I.4)).

Proposition 1.2. The equilibrium state f°4 for the system (1.4) is given by,

-C
(1.10) £o9(x) = exp (—%) :
where C| is a constant, which satisfies,
¢(x) - Cy B
(111) ‘/QCXP (—W) dx = 1.

Proof. We have from the energy law (1.§) that,

0= Gr1r =~ [ V(DG tog £+ 43P
hence, V(D(x)log 1 + ¢(x)) = 0. Thus, there is a constant C; such that,
(1.12) D(x)log f*1 + ¢(x) = C1,
and, hence, we obtain (I.10). O
Now, let us define the scaled function p by taking the ratio of f and f° (I.10),
(1.13) o= %, or  f(x,1) = p(x,t)f(x,1) = p(x,1)exp (—%) .

Using the relation (1.12)), we have,

D(x)log f + ¢(x) = D(x)log p + D(x)log f*1 + ¢(x) = D(x)log p + Cy,
hence, the velocity u becomes,
1
(1.14) u=- V (D(x)logp).
n(x, 1)

In this paper, we show exponential convergence to the equilibrium state via energy law,

e in case of the homogeneous D and the constant mobility 7 in Section 2}
e in case of the inhomogeneous D = D(x) and the constant mobility 7 in Section
e in case of the inhomogeneous D = D(x) and the variable mobility 7 = 7(x, ) in Section [4]

For the homogeneous D and the constant mobility 7, we can reformulate classical entropy dissipation
methods and show the exponential decay of the global solution of (T.I)) in the L' space, provided the
logarithmic Sobolev inequality. In Appendix [A] we reformulate the entropy dissipation method in
terms of the velocity u.

Remark 1.3. Finally we note that, when the coefficients and the solution f are sufficiently smooth
functions, the classical approach to study model (I.1) is to rewrite it in the non-divergence form,

(1.15) %—{—Lf+N(f):0,
where,
(1.16)

_ D(x) D(x) 1 1 Ap(x)  Vr(x,t)- Vo(x)
Lf= n(x,1) Af+ (V (ﬂ(x, t)) - n(x,1) VD(x) + n(x, t)ng(x)) VI (n(x, r) - m2(x, 1) /
is a linear part and,

_ 1 Vr(x,t) - VD(x) 1
(1.17) N(f) = _ﬂ(x,t) log fVD(x)-Vf + 20 flog f — ﬂ(x,t)AD(x)flng
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is a nonlinear part of (I.I). However, due to specific form of the nonlinearity in (I.17), the existing
entropy methods will fail if one applies them to the non-divergence form (I.15)-(1.17) instead.

In this paper, we are studying the asymptotic behavior for the classical solutions for these nonlinear
Fokker-Planck systems. The solutions we define below will be smooth enough so that all the derivatives

and integrations evolved in the equations and the estimates will make sense in the usual sense (see
(23,137, 139]).

Definition 1.4. A periodic function in space f = f(x,?) is a classical solution of the problem (L.1)
in Q x [0, T), subject to the periodic boundary condition, if f € C>'(Q x (0,T)) N C°(Q x [0, T)),
f(x,t) > 0 for (x,7) € Q x [0, T), and satisfies equation (I.1]) in a classical sense.

In the next subsection, we show local existence of a classical solution and the maximum principle
for (1.1)) subject to the periodic boundary condition.

1.2. Local existence and a priori estimates. Here we briefly explain local existence of a solution of
(I.1). To state the result, we give assumptions for the coefficients and the initial data.

First, we assume the strong positivity for the coefficients 7(x, ) and D(x), namely, there are constants
C,, C3 > O such that for x € Q and ¢ > 0,

(1.18) n(x,t) > Co, D(x) > Cs.

Next, we assume the Holder regularity for 0 < @ < 1: coefficients 7(x, 1), D(x), ¢(x) and initial datum
fo satisfy,

(1.19) 7€ Ca M PQx[0,T), DeCHNQ), ¢eCRUQ), feCHAQ),

per per per
where
CE¥(Q) := {g € C*'(Q) : ¢ is a periodic function on Q},

per
Cg;“’(lm)/z((l x [0,7)) := {g € CHU+I/2(Q x [0,T)) : (- 1) is a periodic function on Q for 7 > 0}.
To state the following existence theorem, we also use a periodic function space,
C;;“’HQ/Z(Q x [0,7)) := {g € CP**H2(Q % [0,T)) : g(-, 1) is a periodic function on Q for ¢ > 0}.

The next proposition guarantees the existence of a local classical solution as defined in the Definition
[I.4]for (L.I)), subject to the periodic boundary condition.

Proposition 1.5. Let the coefficients n(x,t), ¢(x), D(x), and a positive probability density function

Jfo(x) satisfy the strong positivity (1.18) and the Holder regularity (1.19) for 0 < a < 1. Then, there
exists a time interval T > 0 and a classical solution f = f(x,t) of (I.1) on Q X [0, T) with the Holder

regularity f € CS;Q’HQ/Z(Q x [0,T)).

Here we briefly sketch the proof of Proposition [I.5] First, we introduce the change of variable

o(x, 1) = f(x, 1)/ f°(x). Note that from (I.12), V(D(x)f®I(x) + ¢(x)) = 0 hence the equation (I.T)),
becomes,

(1.20) F(x)p; = div (f )

pV (D(x)log p)) :
n(x,t)
In order to explore the underlying structure of the equation, we introduce new auxiliary variable,
h(x,t) = D(x)log p(x, t). By direct calculation, we have,

o h
=L h, Vo=pv|—1/].
pt D(x) 1> p p ( X)

Hence, equation (I.20) becomes,

_ D(x) D(x) _ ( f°Ux) D(x) h
(1.21) hy = G t)Ah + feq(x)v (ﬂ(x’ Z)) -Vh+ e t)V (D(x)) . Vh.
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To proceed, we further introduce another auxiliary variable &(x, t) as h(x, t) = h(x,0) + &£(x, t). Using

the Schauder estimates for a linearized problem, we can make a contraction mapping on the closed

set of ngr“ 14920 % [0,T)). Detailed argument for the proof of Proposition [1.5| (under the natural

boundary condition), see [23]].
Since we consider the periodic boundary condition, we can furthermore show the following maxi-
mum principle, which gives the boundedness of the classical solutions f for the equation (I.1)).

Proposition 1.6. Let the coefficients n(x,t), ¢(x), D(x), and a positive probability density function
fo(x) satisfy the strong positivity and the Holder regularity for 0 < a < 1. Assume
n(x, 1), ¢(x), D(x), and fy(x) are bounded functions, and there is a positive constant C4 > 0, such that
fo(x) = Cy for x € Q. Let f be a classical solution of (1.1)). Then,

(1.22)
exp (m min (D(y) log ffgq((yy)))) Sx) < f(x, 1) < exp (T max (D(y) log ]ﬁ)q((yy)))) F(x),
for x € Q, t > 0. In particular, there are positive constants Cs, Cg > 0 such that,
(1.23) Cs < f(x.t) < GCe
Jorx € Q, t > 0.
Proof. First, note that using the auxiliary variable
(1.24) o(x,1) = j:ij( 3 h(x, 1) = D(x)log p(x, 1),

the function 4 is a classical solution of (I.21]), the right hand side of which only includes the Laplacian
and the gradient terms of 4.
We show that for x € Q and ¢ > 0,

(1.25) min A(y,0) < h(x,t) < max h(y, 0).
yeQ yeQ

The idea of the proof follows the argument of the proof of the maximum principle for the linear
parabolic equation (see for instance, [28, Theorem 8 in §7.1], [49, Section 1 in Chapter 3]). Here we
give a complete proof.

Write h®(x,t) = h(x,t) — &t for & > 0. Then, h¥ = h; — &, Vh® = Vh, and Ah® = Ah, hence by
(I.21), we have,

(1.26) he +

- m(x, 1) fea(x)  \m(x,1) m(x,1)  \ D(x)
Let (xo, ) € Q X (0, 00) be a point, such that maxy neqax[o,) 2°(x, 1) = h®(x0, ). Note that 1y > 0,
hence at (xo, 7p), h% > 0, Vh® = 0, and Ah® < 0. Thus, using (1.26) and positivity of D(x) and p(x, ),
at (xo, o),

_ D(x)

—a(x, 1)
which is a contradiction. Therefore #p = 0 and max(, eqx[0,c0) A°(X, 1) = max,ecq h®(y,0). By the
definition of 4%, we have max(y ;)cx(0,c0) 1°(X, 1) = max,co h(y, 0). Let ¢ — 0 to find,

- PW e, PO g (feq(x)) cvne + 20 g (hg - ‘9’) VRS

0<ht+ AR® <0,

hx,t h(y,0
B 101 = i 150

Hence, we obtain A(x,t) < max,ecq h(y,0) for x € Q and t > 0. Proof of h(x,t) > minyeq h(y, 0)
follows similar idea.
Since,

fx1)
fealx)’

Jo(y)

(1.27) h(x,t) = D(x)log p(x,t) = D(x)log Fea(y)

we obtain (1.22)) from (1.23)) and (1.27).

h(y,0) = D(y)log
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Since D(x), n(x,t), fo(x) satisfy the strong positivity and D(x), n(x,t), ¢(x), fo(x) are bounded,
the right-hand side and the left-hand side of (1.22)) are bounded below and above by positive numbers
Cs, Ce > 0 respectively, thus, the result (1.23)) is deduced. o

Throughout this paper, we assume that coefficients 7(x, 1), ¢(x), D(x) and a positive probability
density function fy(x) satisfy the strong positivity and the Holder regularity forO0 < a < 1.
Further, we assume that there is a positive constant C4 > 0 such that fy(x) > C4 for x € Q. Then, by
the following proposition, we obtain the uniform lower bounds of F[f](z) fort > 0.

Proposition 1.7. Let f be a solution of (L.1). Then, there is a positive constant C7 > 0, such that,
(1.28) F[f1(t) = -,
fJort > 0.

Proof. By the triangle inequality, we have,

/D(x)f(logf— 1)dx > —/D(x)f|logf— 1| dx
(1.29) @ @

> ~IDlimayllog £ = imastowy [ .
Using f¢(x) > = fllll=q), and (1.6), we obtain,

(1.30) Ff1(t) 2 = (IDll~@llog f = lz=@xo.co) + 19llL=@) -
By the maximum principle (1.23)), log f — 1 is uniformly bounded on Q X [0, o). Therefore, (I.28)) is
deduced by choosing C; = ||D||z~q)ll1og f — 1{|z=@x[0,00)) + |@llL>(0)- O

1.3. Notation. Here we define some useful notations in this paper. For a vector field, u = (u%);, we
write,

oul ou' ou'
ox dx ox
Vu = @), = =
ou' ou" . ou"
0x1 x> RS

and the transpose of Vu is denoted by ' Vu = (uik)k,l. We denote the Frobenius norm of Vu by |Vu|,
namely |Vu| = tr(" VuVu). For the two vectors u = (u¥); and v = (v');, we write,

wol wlv? oo uly”
k1 wrol ur? o uB

(1.31) UV =WUuv) = . .
Wl u'v? up"

2. HOMOGENEOUS DIFFUSION CASE

In this section, we consider the case of homogeneous diffusion and a constant mobility, namely D
is a positive constant and 7 = 1. We study the following periodic boundary value problem,

%+div(fu):0, xeQ, t>0,

@1 u=-V(Dlogf+(x). xeQ 10,
F(x,0) = folx) req.

The equation (2.1) is the linear Fokker-Planck equation. The entropy dissipation method is among
the powerful tool (for instance, see [2, 34, 43, 16]) for the study of long-time asymptotic behavior of

solutions to (2.1). Here, we present a new take on the entropy dissipation method with a help of the
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velocity vector u, (2.1). Such approach makes it possible to extend entropy dissipation method to the
nonlinear problem (I.1).

Under the assumption of the constant coefficients D > 0 and m = 1, the free energy F and the
energy law (I.8) take the form,

2.2) FIf] = /Q (Df(log f — 1) + f(x) dx,

and

dF

dr

where Dyis[ f](¢) is the dissipation rate of the free energy F|[f].
Let us first state the main result of this section,

2.3) 1) = - /Q w2 dx = —Das[F1(0)

Theorem 2.1. Let ¢ = ¢(x) be a periodic function, and let fy = fo(x) be a periodic probability
density function which satisfies both the finite conditions that F|[fy] < oo and Dg;s| fo] < oo. Let f be
a solution of [2.1)) subject to the periodic boundary condition. Let u be defined as in 2.1)). Assume,
that there is a positive constant A > 0, such that V2¢ > Al, where I is the identity matrix. Then, we
obtain that,

(2.4) / lu|?f dx < e—U’/ |V (Dlog fo + ¢(x)) | fo dx.
Q Q

In particular, we have that,
dF
(2.5) E[f](z):—/|u|2fdx—>o ast — .
Q

In order to establish statement of Theorem [2.1] first, we need to obtain additional results as
in Lemmas 2.22.8] Using (2.3) and the Fubini theorem, we start by showing that we can take
subsequence such that ‘fl—’?[ f] converges to 0,.

. : . . oo
Lemma 2.2. Let f be a solution of (2.1). Then, there is an increasing sequence {t; ey such that
tj — oo and,

dF

(2.6) E[f](tj) — 0, Jj — oo.

Proof. Integrate (2.3) with respect to ¢, we have that,

@.7) FLA10) + /O ( /Q Iulzfdx) dr = FLfol.

Since F[f](¢t) = —C7 by Proposition we obtain the uniform bound,

/t (/ |u|2fdx) dr < F[fo] + Co,
0 Q

for t > 0. Hence, there is an increasing sequence {z; };‘; | such that 7; — oo, and

-0
l=l‘j

Jj — oo.

)

(2.8) / ulf dx
Q

Next, using (2.3)), we obtain that %[f](tj) — 0asj — oo. m|

Henceforth we compute the second derivative of F and represent it in terms of u. To do this, we
first give a relation between V f and u. By direct calculation of the velocity u, we have the following

result.
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Lemma 2.3. Let u be defined by (2.1). Then,

(2.9) fu=-DVf— fVp(x),
and
(2.10) pu = —-DVp,

where p is defined in (1.13).

Next, let us take a second derivative of the free energy F and we have that,

d°F . d 5 _ )
(2.11) W[f]_a(—/gw fdx)——Z/Qu-u,fdx—/le f; dx.

Thus, we need to compute the time derivative of u.

Lemma 2.4. Let u be defined as in (2.1). Then,
D

2.12) u = —=vp, - 2u.
P 2

Proof. Take a time-derivative of u, then we obtain that,

D D
(2.13) u, = -V (D&) = —ZVp, + 2Vp.
P p p

Using (2.10) in (2.13)), we derive (2.12). o

Next, we rewrite the second derivative of F (2.11)) in terms of p; and f;, instead of u;,.

Lemma 2.5. Let f be a solution of (2.1)) and let u be defined as in 2.1)). Then,

d*F . )
(2.14) [f](t):Z/Du-Vp,f qu+/|u| f; dx,
Q Q

ar?
where [ is given by (1.10).
Proof. Using (2.11) together with (2.12), we obtain that,
d*F )
[F16)=-2 [ w-ufdx— [ |ul”fidx
Q Q

dt?
_ f 2 S 2
=2 | Du-Vo,—dx+2 [ |u|"pr=dx— [ |ul|”f;dx.
Q P Q P Q

Since f = pf® and p, 4 = f;, we obtain the desired result (2.14). m|

Now, let us reformulate the right-hand side of (2.14) in a form which is convenient for the use of
entropy method.

Lemma 2.6. Let f be a solution of (2.1) and let u be defined by (2.1). Then,
(2.15) /|u|2ﬁdx:/u-V|u|2fdx.
Q Q

Proof. Using the system (2.1]) and integration by parts together with the periodic boundary condition,

we arrive at,
/|u|2ﬁdx:—/|u|2div(fu)dx:/u-V|u|2fdx.
Q Q Q

Lemma 2.7. Let f be a solution of (2.1)), and let u be defined by (2.1)). Then,
(2.16) Df9p, = —fu + fV (|u|2 + (- Vo(x)) — Ddiv u) ,
where {4 is given by (1.10).
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Proof. Since f°4 is independent of 7, we have due to (2.1)) that,

(2.17) Df%p, = Df, = -Ddiv(fu) = -Du - Vf — Df divu.
Using (2.9) in (2.17)), we obtain that,
(2.18) Dfeqp,:Df,:f(|u|2+u~V¢(x)—Ddivu).

Next, take a gradient of (2.18)) and obtain using (2.18), that,

Dp/ V4 + DV, = (|u|2 fu-Ve(x) - Ddivu) Vf+fV (|u|2 +u - V(x) - Ddivu)

(2.19)
_ DTf’Vf + 19 (luf + - Vo(x) - Ddiva) .

Now, taking a gradient of (I.12) with D(x) = D, we have,

(2.20) %V 94+ Vp(x) = 0.

Thus, using (2.20) and (2.9) in (2.19), we have that,
-0 fVP(x)+ Df9Vp, = —fiu — f;Vp(x) + fV (|u|2 +u - Vo(x) — Ddiv u) .
Since p, f¢1 = f;, we obtain the result (2.16)). o

Now we are in a position to compute fQ Du - Vp, f*4 dx, which is the first term of the right hand

side of (2.14).

Lemma 2.8. Let f be a solution of (2.1)) and let u be given as in (2.1)). Then,

(2.21) 2/ Du -Vp,fdx = 2/((V2¢(x))u u)f dx — /Q u-Viu|*fdx+ 2/QD|Vu|2fdx.
Here, 4 is(czieﬁned as in (1.10). "

Proof. First, we use and obtain,

2/ Du -Vp, f“dx
Q

:—2/|u|2f,dx+2/u-V|u|2fdx+2/u-V(u-V¢(x))fdx—2/Du-Vdivufdx.
Q Q Q Q

Using (2.13), the first and the second terms of the right hand side of the above relation are canceled,
hence,

(2.22) 2/Du~vpthde:2/u-V(u-V¢(x))fdx—2/Du-Vdivufdx.
Q Q Q

Next, we compute # - V(u - Vp(x)). We denote u = (u');. Then, by direct calculations, we obtain,

u- V- Vo) = ) ul (g (1)

k,l
(2.23) = > bt + Y kil g ()
k,l k,l

= (V2o(x))u - u) + Z u];lulquk(x).

k.l
Since Vu = —V?(D log p) is symmetric,
1
(2.24) Wk ul = Z ul ol = 5(|u|2)xk,

[ l
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hence we obtain,

1
(225) u- V(- Vo(x) = (Vg()u - u) + SV(jul’) - Vo(x).
Next, we compute u - V div u. By direct calculations, we have that,
(2.26) w-Vdivu = Z Wk )y, = Z(u )y — Z ul uk.
k.l

Since Vu is symmetric, we can use (2.24) and,
(2.27) Z ul uk = Z uk = |Vaul?,
to obtain from (2.26)) that,

1
(2.28) u-Vdivu = 5oﬁv(V|u|2)— |Vul|?.
Employing (2.25)) and (2.28)) in (2.22)), we derive that,

(2.29) 2 / Du - Vp, 4 dx
Q

_ 2 . 2y . B : 2 2
—2/9((V o(x))u u)fdx+/QV(|u|) Vo(x)f dx /QDdlv(V|u| )fa’x+2/QD|Vu| f dx.

Next, we calculate the third term of the right-hand side of (2.29). Applying integration by parts
together with the periodic boundary condition, we have,

—/DdiV(Vlulz)fdx:/DV|u|2-Vfdx.
Q Q

Using (2.9) in the above relation, we have,
(2.30) —/ Ddiv(V|u|®)f dx = - / u-Viu|*fdx - / Viul? - Vé(x)f dx.
Q Q Q

Finally, using (2.30)) in (2.29)), we obtain the desired result (2.21)). m|

Now, combining results (2.14), (2.13) and (2.21)) from above lemmas, we are in position to obtain
the following energy law, .

Proposition 2.9. Let f be a solution of (2.1) and let u be defined in (2.1)). Then,

2
(2.31) d F flo) =2 /((V2¢(x))u u)fa’x+2/D|Vu| f dx.

From (2.3), as in Lemma L we only know that there is a subsequence {tJ}°° | such that df [f1(t))
converges to 0. Now, using (2.31), we show full convergence of %[ f] to 0.
Proof of Theorem First, from (2.31)) and (Z.3)), by the convexity assumption, V2¢(x) > A, we get,
d2F
(2.32) U (t)>2/1/|u| fdx >0,

hence 4£ [ f](¢) is monotone increasing with respect tot > O Thus, from (2.6), it follows that df [f](®)
converges to 0 as t — oo. Furthermore, from (2.32)) and (2.3) we have,

d
E(—/Q|u|2fdx) 22/1/9|u|2fdx,

%de[ f1(t) <€ =2ADgi[ f1(2).
11
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Hence, we can apply the Gronwall’s inequality. Thus, we have D[ f]1(f) < e 2 Dgis[ £1(0), and
obtain the result (2.4). o

Remark 2.10. Note, in Theorem [2.1, we obtained the exponential decay of Dgis[ f](¢), but we do
not know long-time asymptotic behavior of F[f](t) or f(¢) itself. On the other hand, using the
logarithmic Sobolev inequality, we may show stronger convergence results, such as F[ f](1) — F[f9]
exponentially, and exponential convergence of f to £° in the L' space, as t — co. When Q = R”,
the logarithmic Sobolev inequality holds, and we may proceed with the entropy dissipation method to
obtain the energy convergence. We will discuss it in Appendix.

In this section, we demonstrated the entropy method for the linear Fokker-Planck equation in terms of
the velocity u. Using this approach, we will extend the entropy method to the nonlinear Fokker-Planck
equation in the next section.

3. INHOMOGENEOUS DIFFUSION CASE

In this section, we consider the following evolution equation with inhomogeneous diffusion and a
constant mobility, namely D is a positive bounded function and 7 = 1 in a bounded domain in the
Euclidean space of n-dimension, subject to the periodic boundary condition,

%+div(fu):0, xeQ, >0,

3.1) u=-V(Dlogf+o(x), xeQ >0,
f(x,0) = folx), xeQ.

Without loss of generality, we take Q = [0, 1)* ¢ R". We first consider the strictly positive periodic
function D = D(x) with the lower bound, C3 > 0 such that,

(3.2) D(x) > G,

for x € Q.
The free energy F and the basic energy law (I.8) take the following specific forms,

(3.3) FIf] = /Q (D) f(log f — 1)+ f(x)) dx.

and

dF

dr
Here, first, we present the following Sobolev-type inequality and the interpolation estimate, based

on the uniform bounds of the solution of the above system.

(3.4) 1) = - /Q wlf dx =: —DaslF1().

Lemma 3.1. Let f be a solution of the equation (3.1). Then, there is a suitable positive constant
Cg > 0, such that for any t > 0, and for any periodic vector field v on €,

(3.5) (/ |v|P"fdx)'F < Gy (/ |Vv|2fdx)7,
Q Q

where the exponent p* satisfies - = % — L forn =3, and arbitrary 2 < p* < oo forn = 1,2.
p n
In particular, with this Sobolev-type inequality (3.5) and the Holder inequality, we have for 2 <
p < p* that,

P
2

o -5 1-£
» P p P D 2 P
(3.6) /lel fdxs(/QIvI fdx) (/Qfdjcz) <l (/Q|Vv| fdx) (/Qfdx) .



Proof. Let us justify the above Sobolev inequality. The exponent p* is the so-called Sobolev exponent.
The above Sobolev inequality holds when f is strictly positive and bounded uniformly on Q X [0, o0),
namely, there are positive constants Co, C19 > 0, such that Co < f(x,7) < Cjp for x € Qand ¢ > 0,
see Section[I.I] Proposition[I.6] To see this, we use the classical Sobolev inequality (see, for instance

(L), 1 1
(/ |v|”*dx)p* sCH(/ |Vv|2dx)2.
Q Q

Thus, using Cy < f(x,1) < Cjo, we have,

1 L
(/ |v|P*fdx)p scm(/|v|P*dx)'
Q Q

| 1
. o CpC 2
< CoCrq (/ |[Vol|? dx)l < -l (/ |Vv|2fdx) ;
Q Co Q

The Theorem [3.2]below is the extension of the results in Section 2] Theorem 2.1 when D is constant
(that is, ||[VD||z~q) = 0), to the case of the inhomogeneous D(x). In particular, when ||[VD||~(q) is
sufficiently small, and under some additional assumptions on the initial condition, one can establish
that the dissipation functional Dy;s[ £](¢) in the basic energy law (3.4) will also exponentially converges
toOast — oo.

CioCiy

so we can take Cg = o

O

Theorem 3.2. Assumen = 1,2,3. Let ¢ = ¢(x) and D = D(x) be periodic functions, and let fy = fo(x)
be a periodic probability density function. Let f be a solution of (3.1)) subject to the periodic boundary
condition. Let u be defined as in (3.1). Assume, that there is a positive constant A > 0, such that
V2¢ > Al, where I is the identity matrix. Then, there are constants Cio, C13, C14 > 0 such that, if

(37) VDl < Co [ IVDW)og fo+ 6P fod < Ca
then, we obtain fort > 0,
(3.8) / lu|?f dx < Ciae™.
In particular, we have that, "
dF

(3.9) Z[f](t):—/Q|u|2fdx—>o, ast — co.

Remark 3.3. Let du = f°1dx. Then, the estimate (3.8)) can also be written as,
/ up?? du < Crae™".
Q

In other words, u p% converges exponentially fast to 0 as t — oo in L>(€, du).
Due to the fact that V(D(x)log f®4(x) + ¢(x)) = 0, we can further conclude that,
(3.10)

[£) 900108+ 60 = {22 90108 7900 + 060 exponentialy st n £2(@. i
0 0

as t — oo, provided f does not become 0. In particular, this is true when f is strictly positive on
Q x [0, c0).

Remark 3.4. It is clear that in the conditions (3.7) of Theorem 3.2} the first one is for D(x), while the
second one is on the initial data of fy. Such conditions are needed in our analysis to get the asymptotic

convergence of the dissipation Dyg;s[ £](¢) in the basic energy law (3.4).
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In order to establish statement of Theorem [2.1] first, we need to obtain additional results as in
Lemmas 3.16, Note that as in the proof of Lemma we can take a subsequence {¢; };‘; , such

that ‘fl—f[ f1(¢j) vanishes as j — co. Namely,

Lemma 3.5. Let f be a solution of (3.1). Then there is an increasing sequence {t; };";1 such that
tj — oo and,
dF

(3.11) T =0, asj oo

The proof of Lemma [3.5] follows exactly the same argument as the proof of Lemma[2.2] We next
show that fi—f[ f] converges to 0 as t — oo in time 7.

Hereafter we compute the second derivative of F and represent it by u. To do this, we first establish
a relationship between V f and u. By direct calculation of the velocity u, we have the following
relation.

Lemma 3.6. Let u be defined as in (3.1). Then,

(3.12) fu=-D(x)Vf - flog fVD(x) - fVé(x),
and

(3.13) pu = —D(x)Vp — plog pVD(x),
where p is defined in (1.13).

Next, we notice again that the nonlinearity in (3.12) is the direct consequence of the inhomogeneity
of D(x). Moreover, the nonlinear part of the system in (I.17) will become, —log fVD(x) - Vf —

AD(x)f log f.
Next, again, to use the entropy method, we will take a second derivative of the free energy F,

d°F .. d 5 ~ )
W[f]—a(—/glul fdx)——2/Qu-utfdx—/Q|u| fi dx.

Next, similar to Section [2] we proceed by first computing the time derivative of u.

Lemma 3.7. Let u be defined by (3.1). Then,

(3.14) u = —le)x)th - % (u + (log p + 1)VD(x)).

Proof. We take a time-derivative of # and we have from (3.1)) that,

D D
Wy, . (;cz)p,

Using (3.13)) in (3.13)), we obtain the result (3.14). o

Note, by comparing formula in with the formula in (2.12)), one can observe that the extra
term %(log o + 1)VD(x) appears in the time derivative of u due to the effect of the inhomogeneity.

Next, similar to Section Q], we will write the second time-derivative of F in terms of p, and f;,
instead of u;.

Lemma 3.8. Let f be a solution of (3.1) and let u be given by (3.1)). Then,
2

(3.16) cfi—tf[f](t):Z/QD(x)u-Vp,fequ+/g|u|2f,dx+2/9(logp+1)u-VD(x)f,dx,

(3.15) u = -V (D(x)&) - Vo - v
p p

where 4 is given in (1.10).
14



Proof. Using the time-derivative of (3.4)) together with (3.14), we obtain that,

L /Q w-u,f dx - /Q 2, dx

arr

:Z/D(x)u-Vp,Ji dx+2/|u|2p,idx+2/(logp+1)u -VD(x)p,idx
Q Y Q Y Q Y

—/ lu|?f; dx.
Q

Since f = pf® and p, ¢4 = f;, we derive (3.16). O

Next, we compute the right-hand side of (3.16). Similar to Lemma[2.6]in Section [2 one can show
the following result using the same argument as in Lemma

Lemma 3.9. Let f be a solution of (3.1)) and let u be given by (3.1). Then,
(3.17) /|u|2ﬁdx :/u-V|u|2fdx.
Q Q

Next, we express Vp, in terms of u in order to compute the first term of the right-hand side of
@.10).
Lemma 3.10. Let f be a solution of (3.1) and let u be given as in (3.1)). Then,
D(x)f*1Vp,
= _fu— £, (1+1og p)VD(x) + fV (|u|2 +log fu - VD(x) + u - Vo(x) — D(x) div u),
where [ is given in (I.10).
Proof. Since f° is independent of 7, we have due to (3.1) that,
(3.19) D(x)f%p, = D(x)f; = —=D(x)div(fu) = -D(x)u - Vf — D(x)f div u.
Using (3.12)) in (3.19)), we obtain that,
(320)  D(x)f¥p, = D(X)f, = f (|u|2 +log fu - VD(x) + u - Vo(x) — D(x) div u) .
Next, take a gradient of (3.20)) and we obtain, by using (3.20) again that,
P fSIVD(x) + D(x)p,V 1 + D(x) f*4V o,

(3.18)

- (|u|2 +log fu - VD(x) + u - Vé(x) — D(x) divu) v

(3.21) L fV (|u|2 +log fu - VD(x) + u - Vo(x) — D(x) div u)

- D(;)ffw L fV (|u|2 +log fu - VD(x) + u - Vo(x) — D(x) div u) .
Next, take a gradient of (1.12)), we have,
(3.22) %V £%4 + log 9V D(x) + V(x) = 0.

Thus, using (3.12) and (3.22) in (3.21), we arrive at,
pefIVD(x) = pr f¥log fAVD(x) = p, fEIV$(x) + D(x) IV p;
= _fu - filog fYD(x) - V(x) + [V (|u|2 +log fu - VD(x) + u - Vo(x) — D(x) div u) .
Since p; f®1 = f;, we obtain the desired result (3.18). o

Now, we are in a position to compute the first term of the right hand side of (3.16).
15



Lemma 3.11. Let f be a solution of (3.1)) and let u be given as in (3.1)). Then,
(3.23)

2/QD(x)u -Vp,fequ:Z/Q((qub(x))u~u)fdx—/gu~V|u|2fdx+2/QD(x)|Vu|2fdx
—2/(1 + log p)u -VD(x)f,dx+2/ u-V(log fu-VD(x)) f dx
Q Q

- /Q(logf — D)V|u)? - VD(x)f dx — Z/Qu - VD(x)div uf dx,
where f4 is given in (I.10).
Proof. First, we use (3.18) and obtain,
2/QD(x)u - Vo, fMdx
= —2/Q |u|2ftdx—2/9(1 +log p)u - VD(x)ftdx+2/Qu Vu|*f dx

+2/u-V(logfu-VD(x))fdx+2/u-V(u-V¢(x))fdx—2/u-V(D(x)divu)fdx.
Q Q Q

Using (3.17), the first and the third terms of the right-hand side of the above relation are canceled,
hence,

2 -V, f¢d

/QD(x)u o fdx

(3.24) = —2/(1 +log p)u - VD(x)f; dx + 2/ u-V(logfu-VD(x)) f dx
Q Q

+2/Qu‘V(u-V¢(x))fdx—2/Qu~V(D(x)divu)fdx.

Since Vu = —V(D(x)log p) is symmetric, we can proceed with the same computations as in (2.23),
(2.24)) in the proof of Lemma [2.§]in Section [2] hence we obtain that,

1
(3.25) u-V(u-Ve(x) = (Vo(x)u - u) + §V|u|2 - V(x).
Next, we compute u - V(D(x) div u). By the direct calculations, we have that,
(3.26) u-V(D(x)divu) =u - VD(x)divu + D(x)u - V(div u).

Since Vu is symmetric, we can proceed again with the same computations as in (2.26), (2.27) in the
proof of Lemma [2.8]in Section 2 hence, we obtain from (3.26) that,

D
(3.27) w- V(D) diva) = u - VD(x) diva + 22
Using (3.23) and (3.27) in (3.24)), we have,

2/ D(x)u - Vo, [ dx
Q

div(V|u|?) = D(x)|Vul>.

= —2/(1 + log p)u -VD(x)f,dx+2/ u-V(logfu-VD(x)) f dx
(3.28) Q Q

+2/Q((V2¢(x))u-u)fa’x+/QV|u|2-V¢(x)fdx
—/D(x)div(V|u|2)fdx+2/D(x)|Vu|2fdx—2/u-VD(x)divufdx.
Q Q Q
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Next, we calculate the fifth term of the right-hand side of (3.28)). Applying integration by parts
together with the periodic boundary condition, we arrive at,

—/D(x)div(Vlulz)fdx:/D(x)Vlulz-Vfdx+/Vlulz-VD(x)fdx.
Q Q Q

Using (3.12)) in the first term of the right-hand side of the above relation, we have,

—/D(x)div(V|u|2)fdx:—/u-V|u|2fdx—/V|u|2-V¢(x)fdx

(3.29) @ Q Q

—/(logf— D)V|u)? - VD(x)f dx.
Q

Finally employing (3.29) in (3.28), we obtain the result (3.23). o
Lemma 3.12. Let u be given by (3.1). Then,

/ u-V(logfu-VD(x)) f dx
Q

(log £)* (u - VD(x))* f dx

_ 1 2 )
(3.30) _,/QD(x)|u| log f (u VD(x))fdx+/D()

1 .
+ ‘/Q D) log f (u - VD(x)) (u - Vo(x)) f dx — ‘/Qlogf(u - VD(x))div u f dx.

Proof. Applying integration by parts to the left hand side of (3.30)) together with the periodic boundary
condition (3.1]), we obtain that,

(3.31) / u-V(ogfu-VD(x)) fdx=—- / log f (u - VD(x))div(fu)dx.

Q Q
Using (3.12)), we have that,

div(fu)=u - Vf+fdivu
1
= ———[ul*f - log f(u - VD(x))f - (u-Vé(x))f + fdiva.
D( ) D( ) D(x)
Combining (3.31) and (3.32), we obtain the desired relation (3.30). o
Now combining (3.16), (3.17), (3.23), and (3.30)), we obtain the following energy law.

Proposition 3.13. Let f be a solution of (3.1)) and let u be given as in (3.1). Then,

(3.33)
sz

(3.32)

) =2 / (V2o(x))u - u)f dx +2 / D(x)|Vu|*f dx
- /(logf — DV|u|?> - VD(x)f dx - 2/(1 +log flu - VD(x)divu f dx
Q Q

+2'/9sz)lu|210gf(u.VD(x))fdx+2/ (log £ (u - VD(x))? f dx

D(x)

+ 2/ D:x) log f (u - VD(x)) (u - Vp(x)) f dx.

Below, we will derive the condition that is sufficient to obtain a differential inequality for 4 d - Note,

the fifth term of the right-hand side of (3.33) involves |u|*, which is higher order than the term 4

dre
Thus, we will handle such term using the following Sobolev inequality.
17



Lemma 3.14. Assume n = 1,2, 3, let fy be a probability density function, and let f be a solution of

(3.1). Then,

(3.34) /lvl fdx<—/|Vv| fdx + — & (/|v| fdx) ,

for any vector field v.

Proof. Leta, B > 0, such that @+ = 1, and let the exponent, p > 1. Then, by the Holder’s inequality,

(3.35) /|v|3fdx§ (/ |v|3apfdx)'_’(/|v|3ﬂp’fdx)'7,
Q Q Q

where p’ is the Holder’s conjugate, namely, 117 + 1% = 1. Next, we assume a constraint, 3ap = p*, in
order to apply the Sobolev inequality (3.5) in (3.35) and

(3.36) /lvl fdx<Cp7 (/ |Vv|2fdx)2_p(/ |,,|3ﬁp'fdx)'7
Q Q

Next, we assume another constraint, 38p” = 2 and % < 1. Then, the Young’s inequality implies,
(3.37)

(/ Vol fdx) (/ |v|3ﬁ”fdx)%S%/QIVvlzde(l )(/ ol fa’x)p] 1_”)_1,

hence, we obtain using (3.36) that,

1 -1

3 zp’ 2 £ P 2 AT
(3.38) wPfax<cy 2 [ vorax+cy (1-Z)( [ jolPfdx
Q 2p Jo 2p) \Ja

Now, we examine the constraints. First, 3ap = p*, 38p’ = 2, a + B = 1, and the properties of p’,
p* imply that,

)

1 3 3¢ 3
(3.39) B i ¢

thus, @ = ¢. Next, % < 1 and 3ap = p* imply a < % Therefore, we can choose «, S, p such that
(3.34) is true if n < 3. Note that if n = 1,2 we can take p* = 6, the same as in the case n = 3. Taking
@ = =4 and p = 4 in (3:38), the inequality (3:34) is deduced. o

Using the Sobolev inequality, we obtain the following energy estimate.

Proposition 3.15. Assume n = 1,2,3, let f be a solution of (3.1)), and let u be given as in (3.1).
Suppose, that there exists a positive constant A > 0, such that V*¢ > AI, where I is the identity matrix.
Then, there is a constant Cyp > 0 such that, if

(3.40) IVD|=@) < Ci2,

then, we have,

2
(3.41) dF (t)>/l/|u| fdx - 2G (/|u| fdx) .



Proof. We estimate the integrands of the 3rd, 4th, 5th, and 7th terms of (3.33). Using the Cauchy-
Schwarz inequality and relation D(x)V(log D(x)) = VD(x), for any positive constants &1, &, > 0, we
have that,

(3.42)
|(log f = )V|u|* - VD(x)f| < 2D(x)(| log f| + 1)lu||Vu||V(log D(x))| f

< 2%D(X)(I log | + 1)?|Vu|?|V(og D(x))|* f + 2&1D(x)|u|’f,

(3.43)
[2(1 + log f)u - VD(x)divu f| < 2D(x)(|log f| + 1)|u||Vu||V(log D(x))|f

1
= Z—QD(x)(I log f| + 1)*|Vu|*|V(log D(x))[* f + 2&2D(x)|ul* f,

and
(3.44) ‘ ) log f (u - VD(x)) (u - V$(x)) f| < 2|log f]|V(log D(x))||Ve(x)|lul*f.
Thus, using the above inequalities in (3.33)), we arrive at the estimate for ‘in[ fl@),
(3.45)
d°F

ﬁ[f](t) >2 /Q (V2¢(x) — (&1 + &)D(x)I — | log f||V(log D(x))||V¢(x)|D)u - u)f dx

+ 2/ (1 1 (i + i) (|1og f| + 1)2|V(logD(x))|2) D(x)|Vu|*f dx
Q 4\e1 &

1

2 2
D) (log f)* (u - VD(x))" f dx.

1 ) .
+2[)D(x)|u| log f (u VD(x))fdx+2/Q

Next, using (3.34) and D(x)/C3 > 1, we have that,

1 2
‘2/Q D(x)lul log f (u - VD(x)) f dx

< 2]l 1og flli=oxioeell¥ 1og Dllz=(o /Q ul’ f dx
3
i :
< S 1og fll eIV 10g Dleviay [ VP ds
(3.46) C% 3
+ 2 10g fllz-(@etoeon IV 0g Dl ( /Q ul2f dx)

3
2

3
S 10 fle@xio 1V 10g Dllioay | DEITul's d
3 Q

IA

CE 3
+ 78||10g Fllz=@x0,00) IV 10g D|| =) (/Q |u|f dx) .
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Therefore, from (3.46) and (3.43)), we obtain that,
sz[
dr?

f10) 2 2/9((V2¢(X) — (&1 + £2)D(x)I — |log f[V(log D(x))||[Ve¢(x)|Du - u) f dx

1/(1 1
+ 2/ (1 — - (— + —) (|1og f| + 1)*|V(log D(x))|2) D(x)|Vu|*f dx
o) 4\eg ¢
(3.47) 3
3C8 2
— 225 |l log Flli=axioeenl|V 10g Dlliec / D)Vl dx
2C; Q

CS% :
- 7”10gf||L°°(Q><[0,oo))||Vlog D= (/Q lu|*f dx) .

By the maximum principle Proposition [[.6] there is a positive constant Cjs which depends only
on fy, f°4, and D, such that |log f(x,t)| < Cis for x € Qand t > 0. If [|[VD||;~@q) < Cj2, then
|Vlog D(x,t)| < Cy2/Cs, hence we have that,

C C
(3:48) (&1 +£)D(x) + | log f]|V(log D(x))||V(x)| < (&1 + £2)|| Dl o) + —t>

IVollL=()

and

3

(1 1 5 , 3Cg
(349) |- i (Ilog f]+ 1)7|V(log D(x))| +—||logfllmxOm»IIVlongle(m

1 ( 1 1 ) CL(Cis + 1) s 3C87C12C15
— 4 C? 4c:

Thus, first take small €1, &» > 0, and next take C;» > O such that,

&2

&

(3.50) (e1+ &2)D(x) + |log f||V(log D(x))||Vé(x)| < >
and

1(1 1 3Cg
350 5 (3 2] (1o 1+ V21908 DOV + T 108l 1V ToE Dl < 1.

3

Note that, 4C || log fll=(x[0,00)) IV 10g Dl|r~(q) < 1, hence we obtain that,

Cy 2p )L 26 2p )
(3.52) _7”10gf||L°°(Q><[O,oo))||V10g D1~ A lu|”fdx]| > 3\, lu|”fdx| .
Employing (3.50), (3.51)) and (3.52) in the estimate (3.47), the desired energy bound (3.41) is deduced.

O

The energy estimate (3.41)) becomes,

3

Next, to proceed with a proof of the result in Theorem [3.2] below we first provide a helpful version
of the Gronwall’s inequality.

2
(3.53) CUN0 = 10+ 2C3( [f]())

Lemma 3.16. Let ¢,d,p > 0 be positive constants, such that p > 1. Let g : [0,00) — R be a
non-negative function which satisfies the following differential inequality,

d
(3.54) d—g —cg +dgP.
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If

(3.55) g«»<<(d) ,
then, we obtain fort > 0,

(3.56) g(t) < (g(O)-I’+1 - g)_”j e,
Proof. First, multiply both sides of (3.34)) by e/, then we have that,
(3.57) %(e”g) < de‘'gP = d(e g)Pe P,

Set G := e“"g. Then, G‘p% < de=<P=D! hence fort > 0,

a9 (60" -0 ) < /ode " I)TdT_c(pd_ (1-er) < c(pd— D

Thus, straightforward computation shows that,

__L

p-1

(3.59) G(1) < (G(O)"’“ - g)

Since G(0) = ¢(0), we obtain the estimate (3.56). m|

Finally, we are in position to conclude the proof of our main Theorem [3.2]in this Section, similar to
the presented homogeneous case in Theorem[2.1]in Section

Proof of Theorem[3.2] From the differential inequality (3.41]), we have that,

(3.60) dt(/|u|fdx)< /l/lulfdx+ (/l |fdx) .

Using Lemma , the Gronwall-type inequality, there is a constant Cy3 > 0, such that, if /Q lu|? f dx|i=o <
C13, that is, /Q |V(D(x)log fo + ¢(x))|> fo dx < Cj3, we obtain the desired result (3.8). O

Remark 3.17. In comparison with the homogeneous case in Section [2} it is not known how to
use the weighted L? space for the inhomogeneous problem (3.1). The difficulty here arises from
the nonlinearity (I.17). We also do not know the logarithmic Sobolev inequality related to the
inhomogeneous problem (3.1)), and it is not known of how to establish the full convergence of the free

energy like was done in (A.7)) and (A.9).

Remark 3.18. Here, we want to note about the space dimension #. In this and the following section,
since D is not constant and we use the Sobolev inequality for the general vector valued function u,
(namely, did not use the fact that u is constituted of the solution f), we can only treat the dimensions
n = 1,2,3. While, for the dimensions n > 4, the bound (3.34)) does not hold for general vector-valued
function u, since @ = g will be greater than % in the proof of Lemma in that case. The case
n = 4 is critical, since a = %, while the case n > 5 is supercritical, since @ > % If we can obtain
additional regularity estimates for f, such as uniform bounds for V f, we might be able to treat the
higher dimensional case, n > 4, which is ongoing work.

The next section extends the entropy method to the nonlinear Fokker-Planck model. A key idea is
to demonstrate the entropy method in terms of the velocity field # (the entropy method will not work

if applied directly to the solution f of the model).
21



4. INHOMOGENEOUS DIFFUSION CASE WITH VARIABLE MOBILITY

Finally, in this section, we will consider the following general evolution equation with both inho-
mogeneous diffusion and a variable mobility, that is, D = D(x) and © = n(x, t) being both positive
and bounded in a bounded domain in the Euclidean space of n-dimension, subject to the periodic
boundary condition,

Z—{+div(fu):0, xeQ, t>0,
“.1) =— ! V(D(x)log f + ¢(x)), xeQ, >0,
n(x,t)
f(-x» O) = fb(X), x € Q.

Again, without loss of generality, we take Q = [0, 1)" c R". The strictly positive periodic functions
n(x, t) and D(x) are bounded from below with the constants, C, C3 > 0,

4.2) n(x,t) > Cy, D(x)>Cs

forany x € Qand ¢ > 0.
The free energy F and the basic energy law (1.8)) still take similar form in this case, namely,

@3 FIfli= [ (DG)flog £ = 1)+ fo() dx.
and
@4 G0 == [ xxolulf dx = Dl 1),

As in the case of the constant mobility, Section [3] we first notice the following Sobolev inequality,
with weight being the solution of the above general system (&.1).

Lemma 4.1. Let f be a solution of the model (A.1). For a suitable positive constant Cig > 0, such
that for any t > 0 and for any periodic vector field v on Q,

(4.5) (/|v|ﬁ"fdx)1F scm(/ |Vv|2fdx)§,
Q Q

where the exponent p* satisfies I% = % - %for n =3, and arbitrary 2 < p* < oo forn =1,2.
In particular, with this Sobolev-type inequality (4.5) and the Holder inequality, we have for 2 <

p < p* that,
5 1=k
scf6(/|w|2fdx) (/fdx) .
Q Q

-5

(4.6) /Q|v|pfdxs(/lelp*fdx)l%(/gfdx)

The proof of Lemma.T|follows exactly the same argument as the proof of Lemma[3.1]in Section[3]

The main Theorem [4.2] of this section is the extension of the results in Section [3] Theorem [3.2]
when 7 was constant, (in particular, || V|| = x[0,.00)) = 177 ||=@x[0,00)) = 0), to the case of the variable
mobility 7(x, t). To be more specific, when ||VD||;~(q) and || V||~ @x[0,«)) are sufficiently small, and
under some additional assumptions on the initial condition, one can establish the exponential decay
of the dissipation functional Dg;s[ f](¢) using the basic energy law (@.4)).

Theorem 4.2. Consider Q being the unit box in the Euclidean space of n-dimension with n = 1,2, 3.

Assume, that there is a positive constant 1 > 0, such that V>¢ > AI, where I is the identity matrix.

Moreover, let ¢ = ¢(x), D = D(x) and n = nt(x,t) be periodic functions which satisfy (1.18)), and let

fo = fo(x) be a periodic probability density function. Consider a solution f of subject to the
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periodic boundary condition, and vector field u which is defined in &.1). Then, there are positive
constants Cy7, C13, Cr9, Cao, C21 > 0, and A > 0 such that, if for x € Q and t > 0,

4.7 IVD||r=@) < Ci7,  IV7llzo@xqo,0)) < Cis,  mi(x, 1) = —=Cio,
and
1
@) [ A0l 0P S dx = [ VD) log fo + S fod < Ca
Q o 7(x,0)
then, the following estimate holds true, that is, for t > 0,
(4.9) / 7(x, Ouf dx < Coe™.
Q

In particular, we have that,

dF

(4.10) n

[£1() = —/ﬂ(x, Dlul?f dx — 0, ast — co.
Q
With respect to the result in Theorem (4.2} we first remark that there is a subsequence {z; };‘;1 such
that the following lemma is true.

Lemma 4.3. Let f be a solution of @.1). Then there is an increasing sequence {t; i1 such that

tj — o and

dF .
(4.11) E[f](tj) — 0, Jj — oo,

The proof of Lemma.3|follows exactly the same argument as the proof of Lemma[2.2]in Section[2]

In order to establish statement of Theorem first, we need to obtain additional results as in
Lemmas and Proposition below. Hence, we proceed to show that ‘2—’;[ f1 converges to 0
ast — ooin time . Hereafter we compute the second time derivative of F, and in particular, we utilize
the special structure of the velocity field u. To do this, we first establish the following relationships
between V f and u by direct calculation of the velocity u.

Lemma 4.4. Let u be defined by @.1). Then,

(4.12) n(x,0) fu = -D(x)Vf - flog fVD(x) — fV(x),
and

(4.13) n(x,t)pu = —D(x)Vp — plog pVD(x),
where p is defined in (I.13)).

Remark 4.5. Recall, that the nonlinearity in (4.12) is from the inhomogeneity of D(x) and it takes the
following form (1.17) in the model,

1 Vr(x,t)- VD(x)
n(x, 1) n2(x,t) (x,t)

We proceed again with the entropy method and we take the second in-time derivative of the free
energy F,

N(f)=- log fVD(x)-Vf +

flog f— AD(x)f log f.

d? d
T =5 - [ttty as)

__ . _ 2 _ 2
= Z/Qﬂ(x,t)u u;f dx /er(x,t)|u| fidx /QJT,(x,t)lul fdx.

As in Sections [2]and [3] we first compute the time derivative of the velocity u.
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Lemma 4.6. Let u be defined as in @.1). Then,
D(X)V pﬂl‘(-x’ t)+plﬂ-(-x’ t) pl(logp+ 1)
Pt — u-—
P P
Proof. We take a time-derivative of n(x, 1)u = —V(D(x)log p), and we have from (4.1) that,
D D
D)y, Da
p p
Using (@.13)) in (@.15]), we obtain the result (.14). o

By comparing formula in (4.14) with the formula in (2.12) and (3.14) in Sections [2{3] one can
observe that the extra terms %(log p + 1)VD(x) and —m,(x, t)u appear in the time derivative of u due
to the inhomogeneity of the diffusion and the variable mobility.

Again, we will reformulate u, in terms of p; and f; in the second time-derivative of F.

Lemma 4.7. Let f be a solution of {4.1)), and let u be given by (4.1). Then,

2
) = /Q ro(e Dul2f dx + /Q 7(x, 1) dx

(4.14) n(x,u; = —

VD(x).

(4.15) m(x,Hu + n(x,)u; = =V (D(x)%) = Vp - %VD(X).

T2
(4.16) di
+ 2/ D(x)u - Vo, fdx + 2/(10gp + Du - VD(x)f; dx,
Q Q
where [ is given in (1.10).
Proof. Using the time-derivative of (3.4) together with (4.14), we obtain that,

L0 = - J e otul s ds=2 [ xtx - p de =[xt opursd

(4.17) :/nt(x,t)|u|2fdx+2/D(x)u~th£dx+2/ﬂ(x,t)|u|2ptidx
Q Q P Q P

+2/Q(logp+ l)u~VD(x)pt£dx—/Q7r(x,t)|u|2ft dx.

Since f = pf® and p, [ = f;, we derive (4.16). m|

Next, we compute each term in the right-hand side of (#.16). First, for the second term of the
right-hand side of (4.16)), we obtain,

Lemma 4.8. Let f be a solution of (4.1) and let u be given by (.1)). Then,

(4.18) /Qn(x,t)|u|2ﬁ dx = /Qu - V(r(x, 1)|ul*)f dx.

Proof. Using the system (4.1]) and integration by parts, we have that,

(4.19) /Qﬂ(x, Dlul?f, dx = - /Q n(x, 0)|u)? div(fu) dx = /Q u - Vr(x,)lul®)f dx.

O
Next, we express Vp; in terms of u in order to compute the first term of the right-hand side of
@.16).
Lemma 4.9. Let f be a solution of (4.1) and let u be given by (@.1)). Then,
(4.20)
D(x) [V p,

= —n(x,0)fou - f; (1 +log p) VD(x) + fV (ﬂ(x, Hu|? + log fu - VD(x) + u - Vé(x) — D(x) divu),

where 4 is given in (1.10).
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Proof. Since f°4 is independent of 7, we have by (4.1) that
4.21) D(x)fp; = D(x)f; = =D(x)div(fu) = -D(x)Vf -u — D(x)f divu.
Using @.12) and (4.21)), we obtain,
422) D)%, = D(x)f. = f (n(x, Blul? +log fu - VD(x) + u - Vé(x) — D(x) divu) .
Next, take a gradient of (4.22)), and we obtain using (4.22) that,
prfIVD(x) + D(x)p,V f1 + D(x) f*1V p,

= (n(x, Dul? +log fu - VD(x) + u - V(x) — D(x) div u) Vf

(#423) + £V (G Dl + log fu - VD(x) + u - V(x) - D(x) divu

- @Vf +fV (n(x, | +log fu - VD(x) + u - Vo(x) — D(x) div u) .
Now, taking a gradient of (I.12), we have,
(4.24) D) G rea 4 1og £9YD(x) + Vo) = 0.

fea
Thus, using (4.12)) and (4.24) in (4.23)), we have,
pifSIVD(x) = p, [ og fAIVD(x) — p: f4IV p(x) + D(x) f*IV p,

(4.25) = —n(x,1) fiu — filog fVD(x) — fiV(x)
+ fV (n(x, Dul? +log fu - VD(x) + u - Vé(x) — D(x) div u) .
Since p, f¢1 = f;, we obtain (4.20). m|

Note, using (4.20) in the 3rd term of the right-hand side of (4.16)), we have,

Z/QD(x)u-Vp,fequ:—2./Qn(x,t)ft|u|2dx—2/9f,(l+10gp)u-VD(x)dx
(4.26) +2/fu V(r(x, t)|u|?) dx +2/fu -V(log fu - VD(x))dx
Q Q

+2/qu-V(u-V(;S(x))dx—Z/qu-V(D(x)divu)dx.

Unlike Section[2]or[3] the velocity field # do not have a scalar potential in general. This yields that Vu
is not symmetric any more so the relations (2.24), (2.23)), (2.27) and (2.28)) do not hold. To overcome
this difficulty, we give the following commutator relation between Vu and its transpose ’ Vu.

Lemma 4.10. Let u be defined by (.1)). Then,

(4.27) Vu-TVu =

! (Vra(x,t) @ u —u ® Vr(x,1)).
n(x, 1)

Proof. We denote u = (uX);. Since n(x,t)u¥ = —(D(x)log p),, for k = 1,2,...,n, by taking a
derivative with respect to x;, we have,

(4.28) 7y, (x, NDu* + n(x, t)u)]ﬁl = —(D(x)1og p)x,x,-

Thus,

(4.29) n(x, t)ul;l — n(x, t)uik = -1y, (x, Nk + Ty (X, Nul = (Vr(x,t) @ u —u ® Vr(x, il
hence this yields (4.27)). O

Next, we compute u - V(u - V¢(x)) and u - V(D(x) div u) in equations (4.26)). Note that, we cannot

use (2.24) and (2.27)) anymore, we employ instead. We first calculate, u - V(u - Vg(x)).
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Lemma 4.11. Let u be defined by @.1). Then, we obtain,

w-V(w-Vo(x)) = (Vo(x)u - u) + %Vlul2 -Vo(x)
(4.30)

n(x,1)
Proof. We denote u = (u¥);. Then,

u-V(u - Vo(x)) = Z ik (1! @, (),
4.31) - Z Wkl g, (x) + Z Wil ¢, (x)

= ((V2¢(x))u u)+ ((Vu)u - V(x)).
Using (@.27)), we proceed,

(Vu)u - Vo(x) = (" Va)u - Vo(x)) + (Vu = "Vu)u - Vé(x))
(4.32)

1
— (T .
= ("Vau - Vo0 +

Since,

43 (VT = Dl 6o =5 D)) = 5Tl V)

k.l

and

+ ;((Vﬂ(x, 1) - VO)|ul® = (u - Vr(x, 1)(u - V(x))).

(Va(x,t) @ u —u @ Vra(x,t))u - Vo(x)).

4.34) (Va(x,t)@u —u @ Vr(x,t))u - Vo(x)) = (Vr(x,t) - V(f)(x))|u|2 —(u - Va(x,t))(u - Vo(x)),

we obtain (4.30) by using (4.31), (4.32)), (4.33) and (4.34).

In order to consider u - V(D(x) div u) in (4.26)), we next reformulate u - V div u.

Lemma 4.12. Let u be defined by (.1). Then, we obtain,

1
u-Vdiva = 5div(V|u|2) — |Vul?

(|u|?Vr(x,1) — (u - Va(x,1))u)

+ di !
(4.35) v (1)

(V(1u?)) - Va(x, 1)) +

1
C 2n(x, 1) n(x,1)

Proof. Again, we denote u = (1*);. Then,

u-Vdivu = Z k(uil)xk

(4.36) _Z(uku )XI_Z k 1

.l
= dlv((Vu)u) —tr((Vu)?).
Using (#.27)), we proceed,
div((Va)u) = div((' Vu)u) + div(Vu = TVu)u)
(4.37)

= div((" Va)u) + div (ﬂ'(i, 1)

26
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and

tr(Vu)?) = tt(' VuVu) + tr(Vu — TVu)Vu)

(4.38)
= |Vu|> + tr

! (Va(x,t)@u —u ® Vr(x,t))Vu | .
n(x,t)

Since,
(4.39)

"Vu)u = %V(|u|2), (Vr(x,t) @ w)u = |u|*Vr(x, 1), (u @ Vr(x,0))u = (u - Vr(x,t)u,
and

(4.40) tr((Vr(x,t) @ u)Vu) = %(V(lulz) - Vr(x,t)), tr((u @ Vr(x,t))Vu) = (Vu)u - Vr(x,t)),

we obtain (4.35)), by using (@.36), (¢.37), (4.38), (4.39), and (@.40).

Now, we are in a position to compute the first term of the right hand side of (4.16).
Lemma 4.13. Let f be a solution of @.1) and let u be given by @.1). Then,

(4.41)
Z/QD(x)u-Vp,fequ:2/9((V2¢(x))u-u)fdx—/gn(x,t)u-Vlulzfdx+2'/QD(x)|Vu|2fdx

—2/(1+10gp)u-VD(x)ﬁdx+2/u-V(logfu-VD(x))fdx
Q Q

—/(logf—1)V|u|2‘VD(x)fdx—2/u-VD(x)divufdx
Q Q

1 2
—2/9(10gf— l)ﬂ(x, t)|u| Vr(x,t)- VD(x)f dx

1
n(x,t)

+2 /Q(logf -1) (u - Va(x,t))(u - VD(x))f dx

" / DU (91u) - V(e 1)1 d
Q

m(x,t)

_2 / D)« uyu - V(. 0) f .
Q

m(x, 1)

where f is given by (1.10).
Proof. First, we use (4.20) and obtain,

2 [ D -V fd

[ Do vpurtas
= —2/Q7r(x, Dul?f, dx — 2/9(1 +log p)u - VD(x)f; dx + 2/9 u - Vr(x,0ul?)f dx
+2/ u-V(og fu-VD(x)) f dx +2/ u-Viu-Vo(x)) f dx —2/ u-V(D(x)divu)f dx.
Q Q Q
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Using (@.18), the first and the third terms of the right-hand side of the above relation are canceled,
hence,

2| D -V, fd
[ peou T ax
(4.42) =2 / (1 + log p)u - VD(x) £, dx +2 / u -V (log fu - VD(x)) f dx
Q Q
+2/ u-Viu-Vo(x))f dx —2/ u-V(D(x)divu)f dx.
Q Q
Using @.30) and (.35) in (@.42)), we have that,

Z/D(x)u -V, fSdx
Q

= —2/(1 + log p)u - VD(x)f,dx+2/ u-V(og fu-VD(x)) f dx
Q Q
+2/Q((V2¢(x))u~u)fdx+/QV|u|2-V¢(x)fdx
1 ) 1
+2/Qﬂ(x,t)(Vﬂ(x,t)-V¢(x))|u| fdx—2‘/9ﬂ(x’t)

—/D(x)div(V|u|2)fdx+2/D(x)|Vu|2fdx
Q Q

(u - Vax,t)(u - Vo(x))f dx
(4.43)

-2 /Q D(x)div(ﬂ (i’ t)(|u|2V7r(x, 1) — (u - Vr(x, t))u)) fdx
DX G1u) - Va0 f dx -2 /Q 7533)

Q 7T(X, t)

—2/ u-VD(x)divu f dx.
Q

(Vu)u - Vr(x,t))f dx

To calculate the 7th term of the right-hand side of (#.43), we apply integration by parts together
with the periodic boundary condition, and, thus obtain,

—/D(x)diV(Vlulz)fdx:/D(x)V|u|2-Vfdx+/V|u|2-VD(x)fdx.
Q Q Q

Using @.12)) in the above relation, we have that,

—/D(x)diV(V|u|2)fdx:—/ﬂ(x,t)u-V|u|2fdx—/V|u|2-V¢(x)fdx
(4.44) Q Q Q

—/(logf— D)V|u)? - VD(x)f dx.
Q

Next, we compute the 9th term of the right-hand side of (#.43)). Applying integration by parts
together with (@.1)) and the periodic boundary condition, we have that,

-2 /Q D(x)div(ﬂ (i’ t)(|u|2V7r(x,t)—(u-V7r(x, t))u)) fdx

:2/QD(x)(7r(i’ t)(luleﬂ(x,t)—(u-Vﬂ(x, t))u)) -V fdx

+2 / ( ! (|u|2V7r(x,t)—(u-Vn(x,t))u))-VD(x)fdx.
Q

n(x, 1)
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Using (@.12)), we obtain,

1
m(x,t)

D(x) (u*Vr(x, 1) — (u - Va(x,t)u)| - Vf

1

= WP (A0 - VD) log f = = luP (Va(x.1) - Vo)

1 1
e t)(u -Va(x,t))(u - VD(x))f log f + D)

Hence, we have,

+

(u - Vr(x,0)(u - Vé(x))f.

-2 /Q D(x) div (ﬂ(i’ t)(|u|2V7r(x, t)—(u-Vn(x, t))u)) fdx
1 1
= Z/Q g (w - Valx,t)(u - Vo(x))f dx — 2/

Q JT(X, t)

|u*(Vr(x, 1) - Vo(x) f dx

(4.45) 1
- Z/Q(logf - 1)n<x’ 5 lu|?Vr(x,1) - VD(x)f dx
+ 2/9(10gf - l)ﬂ()lc’ D (u-Vr(x,t))(u-VD(x))f dx.
Using (4.44)) and (@.45)) in (4.43)), we obtain the desired result (#.41). m|

Next, we further compute in (.41)),

Lemma 4.14. Let u be given by (4.1). Then,

/ u-V(log fu-VD(x)) f dx
Q

1

2 2
By loe /7 (u - VD)’ £ dx

_ 7T()C, t) 2 .
(4.46) —/Q ) lu|“log f (u VD(x))fa’er/Q

1 .
’ ./s; D(x) log f(u - VD(x)) (u - Vé(x)) f dx — /Qlogf(u - VD(x))divuf dx.

Proof. Applying the integration by parts to the left hand side of (4.46) together with the periodic
boundary condition (4.1)), we obtain that,

(4.47) /Qu -V(log fu - VD(x)) f dx = —/Qlogf(u -VD(x))div(fu) dx.

Using direct computation together with (4.12)), we have,

div(fu)=u-Vf+ fdivu

(448) _ 7T(x, t) ) 1 1 |
=~ I~ iy o8 S VDS — s - VOGS + f divu.
Combining and (@#48)), we arrive at (#.46). _

Now, combining (4.16), @.18), (.41), and (@.46)), we obtain the following energy law.
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Proposition 4.15. Let f be a solution of @.1), and let u be given as in @.1). Then,

(4.49)

sz 1) = / (V) - u)f dx +2 / D)|Vul>f dx

- /(logf — D)V|ul*- VD(x)f dx —2/(1 +log f)u - VD(x)divu f dx
Q Q

n(x, t)l 2
D( )

+ 2/Q D) log f(u - VD(x))(u - Vo(x)) f dx

(log £)* (u - VD(x))* f dx

10gf(u-VD(x))fdx+2/D( )

2 2.
+/Q7rt(x,t)|u| fdx+/9|u| u - Va0 dx

- 2/(10gf -1) lu|*Vr(x,t)- VD(x)f dx
Q

1
(x, 1)

+ 2/Q(logf - l)ﬂ(i ) (u - Vra(x,t))(u-VD(x))f dx
D(x) > D(x)
+/Q7r(x,t)((vlu| ) Va(x,t)fdx -2 T

Proof. Since n(x,t)V|u|> = V(n(x,t)|u|?) — |u|*Vn(x, 1), the second term of the right-hand side of

(4.41) becomes,
- / n(x, 0w - V|u|*fdx = —/ u - Vr(x,)lul®)f dx + / lu|?u - Vr(x,t)f dx.
Q Q Q
Using this relation we obtain (4.49). o

We are searching for a sufficient condition to obtain a differential inequality for <~ dF . The 5th and the

9th terms of the right-hand side of (#.49) involve |u|?, the order which is higher than 2. Thus, we will
handle such terms using the Sobolev inequality below. As in the proof of Lemma [3.14]in Section 3]
we have following Sobolev inequality for any periodic vector field v.

Lemma 4.16. Letn = 1,2,3. Let fy be a probability density function, and let f be a solution of (4.1).
Then,

(4.50) /lvl fdx < 16/|Vv| fdx+—8 (/ v fdx) ,

for any periodic vector field v.
Using the Sobolev inequality, we obtain the following energy estimate.

Proposition 4.17. Assume n = 1,2,3, let f be a solution of (4.1)), and let u be given as in (@.1).
Suppose, that there exists a positive constant A > 0, such that V>¢ > AI, where I is the identity matrix.
Then, there are constants, Cy7, C13 > 0, such that if,

(4.51) IVD||r=@) < Ci7,  IV7llz=@x(o,0)) < Cis,  mi(x, 1) = —Cio,
then, we have that,
d’F 2 2C; 3
(4.52) —2[f](t) > —/7‘[()6 Dlul?fdx - — (/ m(x, t)|ul fa’x) .
dt [17 | L (x[0,00)) 3C3 \Ja
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Proof. We proceed with calculations of the integrands of the 3rd, 4th, 5th, 7th, 8th, 9th, 10th, 11st,
12nd, and 13rd terms of (4.49). As in the proof of the Proposition [3.13]in Section [3] for any positive
constants &3, &4 > 0, we have that,

(4.53) |(log f = )V|u]*- VD(x)f| < Z—;D(m log f| + 1)*|Vu|*|V(log D(x))|*f + 2e3D(x)|ul*f,

(4.54) [2(1+log fHu-VD(x)divu f| < —22 D(x)(|1og f|+1)*|Vu|*|V(log D(x))|* f +2e4D(x)|u|? f,
4
and

< 2|log f1|V(log D())I|VS(x)||u| £

(4.55) ‘ log f (u - VD(x)) (u - Vé(x)) f

D(x)

We further estimate the 10th, 11th, 12th and 13th terms of the right-hand side of (4.49)) using the
Cauchy-Schwarz inequality,

'2(log f-1) ! lu|*Vr(x,t)- VD(x)f
m(x, 1)
(4.56) = 2|D(x)(log £ — 1)|u*V(log n(x, 1)) - V(log D(x))f]
< 2D(x)(|log f] + D)|V(log 7(x, 0)||V(log D(x)l |2,
'2(logf - l)ﬂ(i t)(u -Vr(x,t)(u - VD(x))f‘
(4.57) = 2|D(x)(log f — 1)(u - V(log x(x, £)))(u - V(log D(x)))f]
< 2D(x)(|log f| + )|V (log n(x, )|V (log D(x))||u[>f,
D(x)
‘m (V1) Yt 0) | < 2D(0)|Valja| [V (og n(x, 0)] f
(4.58)
< D 92 V(tog n(x )1 f + 265D(0lul .
5
and
' &«Vu)u Va(x, 1) f| < 2D(x)|Va|[u||V(log x(x, 1))| f
(4.59)

< %?Wuﬁwaogn(x, DS +265D(0)|ulf,

where, €5 and g¢ > 0 are positive constants.
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Thus, using all inequalities above in (4.49), we arrive at the estimate for d—F[ 1),

(4.60)
d*F
dt?

> 2 /Q ((V2¢(x)u cu) + m(x, )|u|? - ((,s3 + &4 + &5 + 86)D(x)

[£1()

+2D(x)(|log f| + D)|V(log n(x, 1))[|V(log D(x))| + |log f1|V(log D(x))| |V¢(X)|) |u Iz)f dx

+ 2/(1 ! (i + i) (|1og f| + 1)*|V(log D(x))|?
Q €1

4
1 (i + —) |V(log 7(x, t))|2)D(x)|Vu| fdx
4 &5
n(x, 1), o ' 2
2/ Dlx )| ul“log f (u VD(x))fdx+2/D( )(logf) (u - VD(x))* f dx

+ / lu)?u - Vr(x, 1) f dx.
Q

Next, using @.50), D(x)/C5 > 1, and n(x,1)/C, > 1, we compute,

n(x,t), » .
‘2/ S log - VD() £ ds

< 2|[1og fllz=@x[0,00) ||l L2 (@x[0,00) |V 10g Dlle(g)/Qllle dx

3
2

3C
6
< 7219 log ety Il einey 1V 02 Dl /Q Vulf dx

(4.61) C% 3
71”logf”L“’(Qx[Ooo))”ﬂ”L‘”(Qx 0,001V 10g D||z=(q) (/ |u| fdx)

3
2

3C
< _2836 || IOg f”L‘X’(QX[O,oo))||7T||L00(QX[O’OO))||Vlog D”LO"(Q) '/Q D(x)|Vu|2f dx
3

C? 3
+ 2—C12||10g Fllz=@x0,00) 17l Lo(@x[0,00)) |V 10g Dl () (/Q m(x, 0)|ul*f dx) .
2

Next, again using (4.50)) and D(x)/Cs > 1, we estimate,

/ lu|?u - Vr(x,t)f dx
Q

< [V llooxioc) /Q ul’f dx
(4.62) 3C%6 C%6 3
1 1
< T||V7T||L°o(gx[o,oo))/g|Vu|2f dx + T||V7T||L°°(Qx[o,oo)) (/Q ) f dx)

3 3

2 2 3
3C 2 Clo 2
< 1C ||V7T||L°°(Q><[Ooo)) D(x)|Vu| fdx+ 4_C§,||V7T”L°°(Q><[0,oo)) Qﬂ(x, Dlul”fdx| .
3



Therefore, using (.60), (4.61)), and (4.62)), we obtain that,

(4.63)
d*F
dr?

>2 / ((V2¢(x)u cu) + m(x, t)|ul? - ((83 + &4 + &5 + £6)D(x)
Q

(1)

—2D(x)(|log f| + D|V(log 7(x, 1))[|V(log D(x))| — [log f1|V(log D(X))IIW(X)I) Iulz)f dx

1(1 1
+ 2/9(1 -2 (8—1 + 8—2) (|1og f| + 1)*|V(log D(x))|?

1 (i . i) V(log (. r>>|2)D<x>|Vu|2f dx
4\es &6

3
CE
B 2C136||logf||L°°(QX[0,oo))||7T||L°0(Qx[0,oo))||VlogDIILoo(Q)/QD(x)|Vu|2fdx

3
2

32, )
- IVl @ioe [ DOOIVHPS dx

3
2

3
-3 C3 18l 1og /2= @xtoeopllTll=@xioeoplIV 1og Dlloy ( /Q x(x,0)|ul’ f dx)

3
2

3
16 Ve (/ﬂ(x,t)lulzfdx) |
4C3 (Qx[ ) o

Due to the maximum principle, Proposition[I.6] there is a positive constant C», > 0 which depends
only on fy, f°4, and D, such that, |log f(x,t)] < Cy for x € Q and t > 0. If we further assume
that, [|[VD||z=@) < C17, [IV7|lL=@x[0.00)) < C1g and m;(x, 1) > —Cyo, then |V 1og D(x, )| < C7/C3 and
|Vlogn(x,t)| < Ci3/C>. Hence, we have the following estimate,

—m(x, 1) + (&3 + €4 + &5 + £6)D(x)
+2D(x)(|log f| + 1)|V(log 7 (x, 1))|[V(log D(x))[ + [1og f]|V(log D(x))|[Vé(x)]

(4.64)
2C17C Ci:C
< Cio+ (3 + &4 + &5 + 29l D= + = 5 (Con + DlIDlocy + =5 = 1980
and
1(1 1 1(1 1
7l e (log f1+ 1*|V(log D(x)|* + 5 | — + — | [V(log n(x, 1))
4\ g 4 \es &g
3 3
3C}, Cis
(4.65) + 2| 1og fllz=@xio.con 17Tl o (@x10.0op IV 10g Dllzo() + =2 V7]l Lo@xfo.00))
4Cs 8C;
1(1 1 CiL 1({1 1\Ci 3C2 C17C22 3C2 C1g
<=-|1—+—|(C +12J+—(—+—)—18+— o w)) T .
4(81 )( ) R P c 42 |7 ]|z @x[0,00)) 3G,
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Therefore, first take small positive constants, €3, £4, €5 and g¢. Next, take sufficiently small positive
constants, Cy7, Cig and Cj9, such that,

(4.66) —m(x,t)+ (&3 + &4+ &5+ &6)D(xX)

|~

+2D(x)(|log f| + D|V(log 7(x, 1))[|V(log D(x))| + [log f1|V(log D(x))[[Ve(x)| <

and

(4.67) ! (— + —) (|1og f| + 1)*|V(log D(x)))* + 1 (i + l) |V(log 7(x, 1))
4 4 &5 &6

3 3
2

|| log f || z=@x[0,00) 17 Il L= @x[0,00) | V 10g D12 @) + ==~ ||V7T||L°°(Q>< [0.00)) < 1.

8C

3 3

3
Note that, 4C 2l 1og fll=@xio.con 17l = @xio,00) V108 Do) + g2 IVAllL=@x[0.0)) < 1, thus we
have the estimate,

3

C? 3
4.68) - 2—C163|| log f || z=@x[0,00) 17| L= (@x[0,00)) [V 10g D||L2(2) (/Q m(x, 1) u)f dx)

2
3

Ci 3 2C3 3
169l @axioes) ( / n(x,r>|u|2fdx) > ——( / n(x,r>|u|2fdx) .
4C Q Q

Note that, (x, 1)/||7|| L= (x[0,00)) < 1 hence

1
/lul fdx > —/n(x,t)|u|2fdx.
177 || o= (@x[0,00))

Comblnmg the estimates (4.66), (4.67), (4.68)), and (4.63)), we obtain the desired bound (4.52)) on

Therefore, the energy estimate (4.52)) takes the form,

d*’F bl dF 2C; (dF
(4.69) S (

— A0 = - A1)+ =3 3C L1 ))

7]l Lo (x[0,00)) At

Finally, we are in the position to show the main result of this Section, Theorem §.2]

Proof of Theorem From the differential inequality (4.69) and (4.4)), we obtain that,

3
(4.70) %(/Qn(x,t)lulzfdx) < —A/Qn(x,muﬁfdﬁ%(/Qn(x,z)|u|2fdx) .

7]l 2 (x[0,00)) ;

Utilizing the same argument as in the proof of the Theorem [3.2] using similar version of the Gronwall’s
inequality as in the Section[3] we can show that there exists positive constants Cg, C2; > 0, such that,
if fQ a(x, H)|ul? f dx|—g < Cro, namely, /Q mW(D(x) log fo + ¢(x))|*fo dx < C, then, we derive
(4.9), that is, for r > 0,

/ﬂ(x, Dul>f dx < Cre™,
Q

where 1 = A/ 7| L (@x[0,00))- -
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5. CoNcLUSION AND NUMERICAL INSIGHTS

In this work, we studied several nonlinear Fokker-Planck type equations with inhomogeneous
diffusion and with variable mobility parameters. These systems appear as a part of grain growth
modeling in polycrystalline materials. Such models satisfy energy laws and exhibit special energetic
variational structures as described in the previous sections.

Followed our earlier work on the local existence and uniqueness of the solution of the Fokker-Planck
system in [23]], here, we investigated the large time asymptotic analysis, as well as numerical simula-
tions of these nonstandard Fokker-Planck systems. In particular, we reformulated and generalized the
classical entropy method to the nonlinear Fokker-Planck systems with inhomogeneous diffusion and
with variable mobility parameters (note, the classical entropy method has been previously developed
only for the study of the homogeneous linear Fokker-Planck equations). Due to the limitations of the
existing analytical techniques, our theory has been derived under assumption of the convex potential
and the periodic boundary conditions. However, our numerical tests presented below seem to indicate
that the developed theoretical results could be extended to a more general class of models, in particular,
to systems with the non-convex potential and with no-flux boundary conditions. In addition, the global
existence of solutions under various physically relevant boundary conditions was not addressed yet.
These important points will be part of our future research and will require the design of very different
analytical methods. We will also further extend the study of such Fokker-Planck equations to the
systems in higher dimensions than those studied in the current paper. This is especially relevant to the
modeling of the evolution of the grain boundary network that undergoes disappearance/critical events,
e.g. [22,18].

As we discussed, in this paper, we seek to show exponential decay of the free energy (I.7). However,
because of the nonlinearity, in the inhomogeneous diffusion D case, we have only shown the weaker
result of ‘é—f[ f1(t) = =Dyis[ f1(¢) converges to 0 exponentially, as opposed to the stronger conclusions
of exponential convergence of free energy F|[ ] (or the solution f itself) such as in Appendix[A]for the
linear Cauchy problem, (see the discussion in Remark [3.3] for example). We also restrict analysis to
the periodic boundary condition. However, in applications it is also common to consider the natural,
no-flux boundary condition. We would like to show that, numerically, we indeed observe exponential
decay of the free energy, even in the more general case of inhomogeneous diffusion D, as well as
variable mobility 7, as in Section 4§l Moreover, there is no significant difference in the exponential
decay rates of the free energy, when the periodic boundary condition is changed to the no-flux boundary
condition, numerically. We also note that in the numerical experiments we can impose much more
relaxed conditions in the parameters than those in our main Theorem 4.2] while observing stronger,
more robust conclusions of the exponential decay than shown in the current theorems.

The numerical experiments are set up as follows. Consider the domain Q = [-1, 1]"inn=1, 2, 3
space dimensions. We use a uniform grid on Q of size N in each space dimension, and a uniform time
grid of size N; (with a total of Ny = N X N; grid points). We use a first-order accurate finite-volume
scheme in space, with upwind numerical fluxes and discrete gradients; the time discretization is done
using backward Euler method. In the numerical results, the free energy is measured discretely
using the cell-average values from the scheme.

To be consistent with the theoretical assumptions, we set the parameters to be smooth, bounded,
and periodic in space. In n = 1 dimension, set the potential to be,

1 k,m
5.1 C 1y L2
(5.1) #(x) 780" —-x
2
Note that ¢”(x) = @ cos k,mx, so (5.1 is in general not convex on [—1, 1], and in particular

does not satisfy the strict convexity condition of Theorems [2.1] [3.2]and 4.2] For example, we choose
k, = 2, and the potential (5.1) is plotted in Figure I} top left. We will present here numerical results
for non-convex potentials, since we do not observe numerically any dependence on the convexity of ¢

(we also conducted numerical tests with the convex potential ¢, and obtained a very similar results to
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the results presented below). Define a parameter y as,

1
(5.2) ﬂxﬂzﬂ+aﬁnﬂﬂ+§mﬂmx
and set the mobility
1
(5.3) n(x, t) = —,
y(x, 1)

as plotted in Figure |1} top right. Note that is smooth and bounded, strongly positive, and both 7
and 7, are bounded. In particular, the mobility (5.3) satisfies the conditions of Propositions [I.5] and
[I.6] In the homogeneous case set the diffusion coefficient D = 1, whereas in the inhomogeneous case
we consider,

1 1
(5.4) D(x)=Di(x)=1- > sin 27rx = 1(3 + cos 4mx),

as plotted in Figure [I] bottom left. The function (5.4) is smooth and bounded, strongly positive, and
D’ is also bounded. In particular, satisfies the conditions of Propositions and Note that
D; (5.4) only contains a single mode of frequency. Thus, for a more general and interesting results,
we further consider a positive, smooth, even, periodic function,

M
(5.5) D(x) =Dy(x)=1+ Z Ay(cos mTﬂx + 1),

m=1

where A,, > 0 is the coefficient of each mode of frequency. For instance, if we select M = N/2 = 100,
where N = 200 is the size of the grid in space, and the coefficients A,, = 0.01 form =1, ---, M,
then the function D is plotted in Figure [T} bottom right. Note that the resulting D), is much more
oscillatory, and its gradient D’ is generally not bounded by some given constant; that is, the initial
condition of Theorem [3.2] or .2] is generally not satisfied. Finally, for simplicity, set the Gaussian
initial condition

(5.6) J(x 0) = folx) =

2

e_z)(?, o? =0.01.

2no?

Note that fy is very close to 0 near the boundaries, and does not satisfy the strong positivity condition
of Proposition [1.6] and in turn that of Lemmas [3.TJand .| Also, since (5.6) is defined independent
of the parameters ¢, 7 and D, Dg;s[ fo] is generally not bounded by some given constant; that is, the
condition in (3.7) or (4.7) of Theorem [3.2]or 4.2]is generally not satisfied.

In higher n = 2, 3 dimensions, the parameters ¢, y, fy are set to be the “tensor-products” in x of
their respective one-dimensional counterparts. In n = 2 dimensions, take the potential,

1 , kym 1, kym
(5.7) o(x, y) =(1 + - 1; x)(1+ = sm p —y),
and, in particular, we choose kj, = 1, ky 2; and the m0b111ty n(x, y, t) = 1/y(x, y, t), where,
1
(5.8) y(x, y, 1) = (1 + cos® mx)(1 + cos> 2my)(1 + > sin 10¢).
Similarly, in n = 3 dimensions,
1 L,k I k” 1 2
(5.9 o(x, y, 2) =1+ 1 sin’ I; x)(1 + [; y)(1+ = 1 sin’ %z),

and in particular we choose k;, = 1, k” 2, kj, =3;and n(x, y, z, 1) = 1/y(x, y, z, 1), where,

1
(5.10) y(x, y, z, 1) = (1 + cos® x)(1 + cos? 2my)(1 + cos? 3mz)(1 + > sin 10¢).
36



We extend the single-mode inhomogeneous diffusion coefficient D; (5.4) in the same way. In two
dimensions, consider the separable,

1 1
(5.11) Di(x, y)=(1 - 3 sin” 7x)(1 — 3 sin” 37y),
and similarly in three dimensions,
1 1 1
(5.12) Di(x, y, z) = (1 - 3 sin? rx)(1 — > sin? 37y)(1 — 3 sin 477).

To extend the multi-mode diffusion coefficient Dy, (5.5)), consider, in two dimensions, the more
interesting non-separable function,

M, M
e mymwx mymy

(5.13) Dy (x, y) =1+ Z Z Apmym, (cos > cos > + 1),

mi=1mp=1

where A, ,, > 0 is the coefficient of each frequency. In particular, we can choose M| = N/2, M, =
N/4,and A, = 0.01 if m; < my, and O otherwise. The resulting function Dy is plotted in Figure
for (M, M) = (20, 10) for N = 40 and (M, M,) = (40, 20) for N = 80, respectively. Similarly, in
three dimensions, consider

M, M, M

— mynx nmpry msmz
(5.14) Dymoms (X, y, 2) =1+ Z Z Z A mams (COS > cos > cos > + 1),

I’l’l1=1 m2:1 m3:1

where Ay mym; = 0. In particular, for N = 20, we can choose M| = N/2 =10, M, = N/2 -2 =8
M3z =4, and Ay imym; = 0.01 if m; > my > m3, and O otherwise.

The numerical decays of free energy are presented in Figure 3] Figure [5|and Figure[7] for one, two,
and three dimensions, respectively. We can draw several important observations from the numerical
results:

e For both the homogeneous D = 1 (linear) and the inhomogeneous D(x) (nonlinear) cases, the
free energy decays exponentially with either periodic or no-flux boundary condition, until the
numerical results hit round-off errors.

e We can observe some discrepancy in the exponential decay rates of the free energy between
periodic and no-flux boundary conditions, but this is due to numerical errors, as seen to be
greatly reduced when the mesh is refined (for example, from Figure {] to Figure [ in two
dimensions, and from Figure E] to Figure|/|in three dimensions).

o As with the theoretical results, the exponential decay of the free energy is observed in all tested
space dimensions n = 1, 2, 3.

e The numerical results do not seem to rely on the restricted conditions on the parameters as
given in the main Theorems[2.1] [3.2]and .2} such as the convexity of the potential ¢, the strong
positivity of the initial condition fj, and the restricted bound on the gradient of the diffusion
coefficient VD.

e In particular, we compare the homogeneous diffusion coefficient D = 1, the single-mode Dy,
and the multi-mode Dj;. The numerical free energy decays exponentially fast regardless of
how oscillatory D is. We observe that the free energy decays slower in the Dy case than D = 1,
while much faster in the D), case (as expected due to the magnitude of D in each case).

ApPPENDIX A. THE CAUCHY PROBLEM FOR LINEAR HOMOGENEOUS FOKKER-PLANCK EQUATION

In this appendix, as noticed in Remark [2.10] we will reformulate the entropy dissipation method
[34] for the Cauchy problem of the linear homogeneous Fokker-Planck equation in the framework of

the general diffusion, in particular, the velocity field u.
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FiGure 1. Periodic parameters in one dimension on Q = [—1, 1]. Top left: potential
¢(x) (G.I) with k, = 2. Top right: mobility n(x, r) §.3), r € [0, 0.5]. Bottom:
inhomogeneous diffusion coefficient D(x); left: single-mode D;(x) (5.4)); right: multi-
mode Dy(x) (5.3) with M = 100 modes of oscillation, and A,, = 0.01.
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Ficure 2. Multi-mode inhomogeneous diffusion coefficient Dy, s, (x, y) (53.13)), with
(M1, M>) modes of oscillation, and A, ;m, = 1072 if m; < my, and 0 otherwise. Left:
(M, M>) = (20, 10); right: (M1, M) = (40, 20).

Here, we consider the following problem,

%—{+div(fu):0, xeR", >0,

(A.D u =-V(Dlog f + ¢(x)), xeR", >0,
f(x’ O) = ﬁ)(X), 38 X € Rn’
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Ficure 3. Exponential decay of free energy (FE), in one dimension, comparing no-
flux (red) against periodic (black) boundary condition. Top: inhomogeneous D(x);
left: single-mode D, (Figure [T} bottom left); right: multi-mode Dy, (5.3)), with
M = N/2 =100, A, = 0.01 (Figure [I} bottom right). Bottom left: homogeneous

D = 1. Bottom right: direct comparison of the exponential decay rates. (Nt =~
200 % 50.)

where D > 0 is a positive constant and ¢ = ¢(x) is a smooth function on R”. The free energy F and
the energy law (A.1) take the form,

(A2) FIFYi= [ (Dftog f = 1)+ fol) d,
and

d
(A3 TU0O == [ WPy dri=-Dasl 10

Following the same argument from Section [2} as stated in Proposition [2.9] and Theorem we can
obtain the following assertion.

Proposition A.1. Let f be a solution of (A.1)) and let u be defined in (A.1)). Then,
d*F
dr?
Proposition A.2. Let ¢ = ¢(x) be a function on R", and let fo = fo(x) be a probability density function

on R", satisfying F| fy] < 0o and Dg;s| fo] < oo, where F and Dg;s| fo] are defined by (A.2) and (A.3).

Let f be a solution of (A.l). Let u be defined as in (A.l). Assume further that there is a positive
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Ficure 4. Exponential decay of free energy (FE), in two dimensions, comparing no-
flux (red) against periodic (black) boundary condition. Top: inhomogeneous D(X);

left: single-mode D; (5.11); right: multi-mode Dy, p, with (M, M) =
(20, 10), Apm, = 0.01 if m; < my, and O otherwise (Figure [2} left). Bottom left:
homogeneous D = 1. Bottom right: direct comparison of the exponential decay rates.
(Niot = 407 x 10.)

constant A > 0, such that V>¢ > A, where I is the identity matrix. Then, the following is true,

(A.5) lu|?f dx < e—”f/ |V (Dlog fo + ¢(x)) |> fo dx.
Rn Rn

In particular, we have that,

(A.6) d—F[f](t):—/ lu)? f dx — 0, ast — oo,
dl Rn

Again as we note in Remark [2.10] from this proposition [A.2] we can obtain the exponential decay
of ‘fl—f[ f1(t) =: —=Dgis[ f](¢), but not necessarily the long-time asymptotic behavior of the free energy

F[f](t) or the solution f(¢). The next theorem gives a stronger convergence result, namely,
exponential convergence of f to £°4 in the L! space as t — co.

Theorem A.3. Let ¢ = ¢(x) be a function on R", and fy = fo(x) be a probability density function on
R™. Assume that f is a solution of (A.1), u is defined as in (A.1), and there is a positive constant

A > 0, such that, V2¢) > Al, where I is the identity matrix. Further, assume that F|fy] < co and

Dyis[ fo] < oo, where F and Dyg;s| fo| are defined by (A.2) and (A.3). Then, any smooth solution of

(A1) converges exponentially fast to the equilibrium state, that is, there is a positive constant Cy3 > 0

which depends only on D, F| %] and F| fo] such that,

(A7) Ilf - feq”Ll(R") < C23€_/U, t>0.
0

4
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Ficure 5. Exponential decay of free energy (FE), in two dimensions, comparing no-
flux (red) against periodic (black) boundary condition. Top: inhomogeneous D(X);
left: single-mode D; (5.11); right: multi-mode Dy, p, with (M, M) =
(40, 20), Apym, = 0.01 if m; < my, and O otherwise (Figure [2| right). Bottom left:

homogeneous D = 1. Bottom right: direct comparison of the exponential decay rates.
(Niot ~ 807 x 20.)

Key ideas to show Theorem [A.3] are two inequalities. One is the Gross logarithmic Sobolev

inequality [31]. The logarithmic Sobolev inequality and (A.6) deduce the convergence of F[f](t)
to F[f®] as t — oo. Using V?¢ > Al and Proposition e can show that the relative entropy
convergences exponentially fast, F[f](¢) converges exponentially to F[ f°1], as t — oo. The other key
inequality is the classical Csiszar-Kullback-Pinsker inequality [34] which connects L' convergence of
f to 1 and the relative entropy convergence. Thus, we obtain the exponential convergence of f in
L' spaces.

Now, we show that F[f](z) converges to F[f®] as t — oco. The following Gross logarithmic
Sobolev inequality,

2
(A.8) /9210g L _Nau<2 | Vgl au
Ry Jon 9% du Ry

helps to show that the relative entropy F[f](t) — F[f®1] — 0 as t — oo, where du = f*1dx and
g € H'(dp), (see [31]).

Lemma A.4. Assume, that there is a positive constant A > 0 such that V>¢ > Al, where I is the
identity matirx. Let f be a solution of (A.l). Then,

(A.9) Ff1@) — F[f*], ast — oo.
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Ficure 6. Exponential decay of free energy (FE), in three dimensions, comparing
no-flux (red) against periodic (black) boundary condition. Top: inhomogeneous
D(x); left: single-mode (5.12); right: multi-mode (5.14) with (M, M, M3) =
(5, 3, 4), Apymyms = 0.04 if m; > my > m3, and O otherwise. Bottom left: ho-
mogeneous D = 1. Bottom right: direct comparison of the exponential decay rates.
(Niot ~ 10° X 5.)

Proof. From (A.3), F[f](¢) is monotone decreasing, so we can give the estimate of F[f](r) — F[f].
By direct calculation of F[f](r) — F[f®] together with D log /1 + ¢ = Cy, (1.10), we obtain that,

FIPNO = FLF™) = [ (Dflog f =Dy + £+ D™ = Cif ) dx.
Using ¢ = C; — Dlog f*4 and ./R" fdx = ./R" f4dx =1, we have that,
(A10 FLAO = FLF = [ D(flog f = flog ) d.
Recall that p = £/ and,
FIAI0 - L) =D [ plogprds,
Since slog s is a convex function on s > 0, we can apply the Jensen’s inequality [38] and (I.6)) to have,

/ plogpf*dx > (/ pfequ) log (/ pfequ) > 0,
Rn Rn, RVL

hence f[f](¢) — F[f4] > 0.
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(10, 8, 4), Apmymym; = 0.01 if m; > mp > m3, and O otherwise. Bottom left: ho-

(Niot ~ 20° % 10.)

mogeneous D = 1. Bottom right: direct comparison of the exponential decay rates

(A.11)

(A.12)

and

Hence, we have,

(A.13)

Put g = +/p to (A.8), where p = f/f4. Since fRnpd,u = fR,, fdx =1, we have

/ plogpfequSZ/ IV/p|? 9 dx
Rn

lul*f =

4

1|Vpl?

IVpl|?
IV(Dlog p)*f = D*——

1 1 2
IVp|* £ = ‘Ep 2Vp‘ =

fe
Je

)

1|Vp|?

4p2f

2 req _
D [ 1vp =55 [ s

R" .
Using plog pf®1 = flog f — flog £, (A.10), and (A.11)), we obtain that

PO - FLr <20 [ 195 a.
Rn
By direct calculation of |u|>f and IVy/p |> £°4, we obtain

1

el

Combining (A.12)), (A.13), and (A.6]), we have F[f](t) — F[f%] ast — oo.
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Note that, in the proof of Lemmal[A.4] we obtain due to (A.I0) that,

(A.14) F[f1(t) - F[f*] = /Rn D(flog f - flog f*) dx.
We next derive exponential decay of the relative entropy F[f](z) — F[f1].

Lemma A.S. Assume, that there is a positive constant A > 0 such that V2¢ > Al, where I is the
identity matirx and F[ fy] < 0. Let f be a solution of (A.1). Then, we obtain fort > 0,

(A.15) (FLF1(@0) = FLf*9) < e >"(Ffo] - FLf*9).
Proof. First, from (A3) and (A.4), due to the convexity assumption V2¢(x) > A, we have that,
d*F
SEL0 = 20 [ P rdr = 221710
Integrating on [z, s], we obtain,
dF
= 16) - —[f](t) > 2A(F[f1@) = FLf1(s)).
Taking s — oo together with (A:6), (A.9), and £ F[£°] = 0, we arrive at,
d
(A.16) - FLA®) - F[f]) < 22A(F[f1(t) = F[f9)).
Using the Gronwall’s inequality in (A.16) and F[ fy] < oo, we obtain the result (A.13). m|

Next, we state the classical Csiszar-Kullback-Pinsker inequality, in order to combine L! norm and
the relative entropy F[f](t) — F[f].

Proposition A.6 (Classical Csiszar-Kullback-Pinsker inequality [34]). Let Q C R" be a domain, let
f,g € LYQ) satisfy f >0, g > 0, and/Qfdx = /dix = 1. Then,

(A1) 17 =010y <2 [ (Flog £ = Flogg) dx.
Using the classical Csiszar-Kullback-Pinsker inequality, we show Theorem
Proof of Theorem[A.3] Combining (A.14) and (A.T5)), we have that,

(1) [ (flogs = flog £ dx = SO = P < PG - FLFDe

Combining (A.18) and the classical Csiszar-Kullback-Pinsker inequality (A.17)), we have,

LF = 27 oy < (F[fo]—F[feq])e‘”’,

Hence, we obtain (A.7)) by selecting Cp3 = \/ %(F [fo]l = F[fe9)). ]

Remark A.7. The strict convexity for ¢ is essential for the entropy dissipation method. On the other
hand, if ¢ is not strictly convex, we can proceed to study the long-time asymptotic behavior in the
weighted L2 space L2(Q, ¢%/P dx) [2,122]]. Using the result of the asymptotics in the weighted L space,
we may show Lemma [A.4] and Lemma [A.5] without using the Gross logarithmic Sobolev inequality.
Furthermore, it is known that the logarithmic Sobolev inequality can be deduced from the differential
inequality (A.T6)) of the relative entropy [34]], Thus, there is a close relationship among the long-time
asymptotics in the weighted L? space, the logarithmic Sobolev inequality, the differential inequality

(A.16) and the exponential decay for the relative entropy (A.15).
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