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Abstract. In this work we develop an efficient and flexible Algorithms Composition Approach based on the idea of the
difference potentials method (DPM) for parabolic problems in composite and complex domains. Here, the parabolic equation
serves both as the simplified model, and as the first step towards future development of the proposed framework for more
realistic systems of materials, fluids, or chemicals with different properties in the different domains. Some examples of such
models include the ocean-atmosphere models, chemotaxis models in biology, and blood flow models. Very often, such models
are heterogeneous systems - described by different types of partial differential equations (PDEs) in different domains, and they
have to take into consideration the complex structure of the computational subdomains. The major challenge here is to design
an efficient and flexible numerical method that can capture certain properties of analytical solutions in different domains, while
handling the arbitrary geometries and complex structures of the subdomains. The Algorithms Compositions principle, as well as
the Domain Decomposition idea, is one way to overcome these difficulties while developing very efficient and accurate numerical
schemes for the problems. The Algorithms Composition Approach proposed here can handle the complex geometries of the
domains without the use of unstructured meshes, and can be employed with fast Poisson solvers. Our method combines the
simplicity of the finite difference methods on Cartesian meshes with the flexibility of the Difference Potentials method. The
developed method is very well suited for parallel computations as well, since most of the computations in each domain are
performed independently of the others.
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1. Introduction

In this work we develop an efficient and flexible Algorithms Composition Approach based on the idea of
the Difference Potentials Method (DPM) for parabolic problems in composite and complex domains.

Here, a parabolic equation (2.1) serves both as the simplified model, and as the first step towards future
development of the proposed scheme for more realistic systems of materials, fluids, or chemicals with different
properties in the different domains (or in the different parts of the domains). Some examples of such models
include the ocean-atmosphere models, chemotaxis models in biology, and blood flow models (see for example
[2, 36, 53, 10, 9, 43, 42]).

Numerical approximations and modeling of many physical, biological, and biomedical problems often deal
with heterogeneous models (described by different types of partial differential equations (PDEs) in different
domains), and/or they have to take into consideration the complex structure of the computational subdo-
mains. The major challenge here is to design an efficient and flexible numerical method that can capture
certain properties of analytical solutions in different domains/subdomains (such as positivity, different regu-
larity /smoothness of the solutions in the domains/subdomains, etc), while handling the arbitrary geometries
and complex structures of the domains. The Algorithms Compositions principle, as well as the Domain
Decomposition idea, is one way to overcome these difficulties while developing very efficient and accurate
numerical schemes for the problems. This methodology can be used within any discretization for PDEs (such
as finite differences, finite volumes, finite elements, or spectral methods). It provides great opportunities
to subdivide problems into subproblems, and to design the most suitable numerical approximation for each
of them independently. After that, one can compose the problems and algorithms together by imposing
some interface conditions. Such schemes can be used for parallel computations as well, since most of the
computations in each subdomain are performed independently of the others (see for example, [41, 51]).

There is an extensive literature that addresses problems in domains with complex geometries and interface
problems. We will briefly discuss below some established finite difference methods for such problems. For
more detailed review on the subject the reader can consult for example [25]. The immersed boundary method
(IB) was originally proposed by Peskin to model blood flow in a human heart (see for example [38, 39]).
One of the essential ideas of the IB method is to employ a discrete delta function to place/spread a singular
source to neighboring mesh points. The IB method is simple and efficient but in most cases is a low-order
(first-order) method. The higher-order (second order) version of the IB method has been recently proposed in
[19]. The IB method has been applied to many problems in computational fluid dynamics and mathematical
biology (see for example [37, 40, 12, 54]), and it has been parallelized [33].
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The immersed interface method (IIM) is designed for interface problems and problems defined on irregular
domains [23, 24, 25]. This method is a sharp interface method for PDEs that can have discontinuities in the
coefficients, the solution and its derivatives, and it can handle Dirac singularities in the source terms. The
IIM is based on Cartesian meshes with second order or fourth order (for some problems) accuracy. Standard
finite difference or some standard finite element schemes can be employed as the core discretization in IIM.
The IIM modifies these schemes near or at the interfaces/boundaries through the interface relations so that
second order/or fourth order accuracy can be achieved in the whole domain. However, some of the difficulties
with ITM schemes are the requirement for the explicit knowledge of the jump conditions at the interfaces and
boundaries for the development of IIM (in order to derive the correction terms for the schemes at the mesh
points near the interface), and that the parallelization of IIM is not a trivial task due to global coupling of
the solutions in the subdomains. The IIM is used for many problems such as Stefan problems, incompressible
Stokes and Navier-Stokes flow problems, etc, (see for example [25]). The other sharp interface method is
the ghost fluid method (GFM). This method was originally proposed for the accurate approximation of the
boundary conditions for hyperbolic systems [13], and was later developed in [26] (the convergence was proved
in [27]) for the elliptic interface problems. The GFM is based on a Cartesian grid finite-difference method.
Similar to IIM, the main idea of GFM [26] is to incorporate the jump conditions into the finite difference
scheme. However, the idea of GFM is to decompose the flux jump in dimension by dimension fashion which
may decrease the accuracy of the method in some cases. The main advantages of GFM are its second-order
accuracy, simplicity, and ease of implementation. Some shortcomings of GFM are that fast Poisson solvers
cannot be employed with the method, since the coefficients of the finite difference discretization are modified
at the mesh points near the boundaries; the GFM may produce only a first-order accurate solution for more
general boundary conditions (for example for mixed boundary conditions). The GFM has been applied
to several problems including the simulation of incompressible flame, incompressible multiphase flows, etc,
and it has been applied to complex domain problems with Dirichlet boundary conditions (see for example
[35, 20, 15]). Let us comment that in [15], the ghost values across the interface were defined using dimension
by dimension extrapolation, and the overall second order accuracy was achieved for the complex domain
problems with Dirichlet boundary conditions (instead of explicit information about the jump conditions
across the interface). Also, based on the ideas from [15], a fourth-order scheme has been developed in [14]
for Dirichlet boundary conditions on domains with complex geometry.

Let us now mention the method based on the integral equations approach. In [30], the fast and high-order
methods were developed for solving Laplace’s and biharmonic equations on complex domains with smooth
boundaries in 2D. The idea of the method proposed in [30] is to combine integral equations based on the
single and double layer theory with finite difference method to solve a Laplace’s equation on a complex
domain. In this method the domain is embedded in a computationally simple region (auxiliary domain)
where a fast Poisson solver can be used on a uniform mesh. The right-hand side of the original equation
is modified appropriately in the auxiliary domain using the information about the values of the extended
solution at the mesh points near (inside and outside) the original continuous boundary (at the irregular
mesh points). The approximations to the unknown values of the extended solution at these irregular mesh
points are constructed through Taylor expansion and the solution of the Fredholm integral equation of the
second kind. Finally, the approximation of the solution in the original region is obtained by the use of the
fast Poisson solver in the simple auxiliary domain. Based on these ideas, the method introduced in [30]
avoids the common difficulty with the solution of the integral boundary equations (for example problems
near the original boundary). This approach has been parallelized in [29, 17]. The method can be accelerated
if coupled with a fast multipole method [32]. The possibility of extension to elliptic problems with variable
coefficients is mentioned in [31]. Note that, in general, the methods based on integral equations approaches
are very efficient for homogeneous source terms and for the specific type of boundary conditions (see also
discussion below on Difference Potentials Method and Boundary Element Method).

Similar to the method in [30], the idea of our method here and in [50, 48] is to first introduce a compu-
tationally simple auxiliary domains. After that, the original domains/subdomains are embedded into simple
auxiliary domains (and the auxiliary domains are discretized using Cartesian meshes). However, compared to
the integral approach in [30], we construct discrete Boundary Equations with projections (discrete generalized
Calderon’s boundary equations with projections) to obtain the values of the solutions at the points near the
continuous boundaries of the original domains (at the points of the discrete grid boundaries which approxi-
mate the continuous boundaries from the inside and outside of the domains). Using the obtained values of
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the solutions at the discrete grid boundaries, the approximation to the solutions in each domain/subdomain
is constructed through the discrete generalized Green’s formulas. The main complexity of our approach
reduces to the several solutions of simple auxiliary problems on structured Cartesian grids, and similar to
[30] the solutions of these auxiliary problems can be combined with fast Poisson solvers. Like method in [30],
and IIM and GFM, our method (and in general, methods based on Difference Potentials Method [49, 34])
preserve the underlying accuracy of the schemes being used for the space discretization of the continuous
PDEs in each domain/subdomain (here, and in [50, 48] we considered second-order finite difference scheme
for the space approximation). But compared to [30], and to IIM and GFM, our approach is not restricted
by the type of the boundary or interface conditions (as long as the continuous problems are well-posed). Let
us mention that the accuracy of our approach is confirmed by several numerical experiments in the current
paper (see Section 5) and in papers [50, 48]. The reader can consult [49] for the theoretical convergence
study of the methods based on Difference Potentials.

In this work, we will consider the heat equation (2.5) in a composite domain with curvilinear smooth
boundaries in 2D (even though, the proposed framework is general and can be extended in the future to
the arbitrary 1D, 2D and 3D domains). We will further develop, as well as numerically test the Algorithms
Composition Scheme proposed originally in [50, 48] for linear elliptic problems. The Algorithms Composition
Approach developed in this paper is an accurate, simple, and robust scheme of algorithms composition for the
numerical approximations of the boundary value problems in composite and complex domains. The proposed
method can handle complex geometries without the use of unstructured meshes (with the consideration of
only regular Cartesian grids), and can be employed with fast Poisson solvers. Our method combines the
simplicity of the finite difference methods on Cartesian meshes with the flexibility of the Difference Potentials
method [49].

Difference Potentials Method (DPM) can be understood as the discrete version of the method of gen-
eralized Calderon’s potentials and Calderon’s boundary equations with projections in the theory of PDEs.
The DPM on its own, or in combination with other numerical methods, is an efficient tool for the numer-
ical solution of the interior and exterior boundary value problems in arbitrary domains (see for example,
[49, 46, 28, 47, 52, 34, 50, 48, 10, 9]). Viktor S. Ryaben’kii originally introduced DPM in his Doctor of
Science thesis (Habilitation thesis) in 1969. The DPM allows one to reduce uniquely solvable and well-posed
boundary value problems into pseudo-differential boundary equations. In some respect, the difference po-
tentials method (DPM) is related in spirit to the boundary element method (BEM). The idea of the BEM
(see for example [1, 8]) is to reduce the boundary value problem to Fredholm-type integral equations with
respect to equivalent boundary sources, and these equations are discretized accordingly. One shortcoming
of the BEM is the full structure of the resulting systems/matrices (as opposed to the sparse nature of the
systems/matrices produced by the finite differences (FD), or finite element methods (FEM)). Recent progress
on fast multipole methods considerably accelerated solutions of such full systems [18]. However, the most
serious drawback of BEM methods is the requirement for the explicit knowledge of the fundamental solution
of given differential operators. This can impose several restrictions on the practical applications of BEM
methods. The essence of the DPM is to transform uniquely solvable and well-posed boundary value problems
into so-called pseudo-differential boundary equations that do not employ a fundamental solution. Hence,
on one hand, the DPM enjoys geometric flexibility of the BEM. On the other hand, it can be applied to a
wider class of problems than the BEM, and it can have several advantages over the BEM. We will make a
few comments about this below:

Main features and advantages of the DPM (see also Section 2 in this paper and [49, 34] for more detailed
discussion):

(i) The original PDEs (without imposed boundary conditions) are reduced to an equivalent generalized
Calderon’s boundary equations with projections. These equations are supplemented by the given boundary
conditions. Compared to BEM, DPM does not employ Fredholm equations of the first or second kind;

(ii) The derived Calderon’s problem can be discretized on structured Cartesian grids. Discrete inverse
operators which are introduced in the DPM for the approximation of the Calderon’s potentials and pro-
jections do not contain any singularities or convolutions. These inverse operators can be obtained using
fast numerical calculations as the solution of the simple and computationally efficient auxiliary problems
[49, 34, 50, 48, 10, 9];

(iii) DPM can treat arbitrary smooth boundaries of the domains, and the boundaries do not need to
align/conform with the grid - this does not produce any loss of accuracy. The DPM provides flexibility to
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handle general boundary conditions in an efficient and universal way, and the method always produces a
well-posed discrete version of the problem (if the original continuous boundary value problem is well-posed)
[49, 34, 3]. Note that well posedness for BEM may not be a trivial task for problems with general boundary
conditions;

(iv) DPM gives flexibility to construct high-order schemes on regular Cartesian grids for problems with
complex geometries [49, 34, 3]. Some of the advantages of numerical methods on Cartesian grids are that
the grid generation for these schemes is trivial, the design of the high-order numerical methods that satisfy
certain stability properties are usually much more straightforward on regular structured grids, and the nu-
merical methods on Cartesian meshes are more robust than those of body-fitted grids;

(v) DPM can approximate both variable coefficients and constant coefficients problems: the main steps in
the construction of the Calderon’s potentials and projections for variable coefficients and constant coefficients
stay essentially the same [49, 34, 50, 48, 10, 9].

The developed Algorithms Composition Framework combines the above advantages of the DPM and offers
novel flexibility to the DPM (for a more detailed discussion, see Sections 3 - 6 in this paper, as well as
[50, 48]):

(i) the Algorithms Composition Framework is well-suited for heterogenous problems and complex interface
problems, as well as for the development of the adaptive schemes and domain decomposition approaches;
(ii) our method provides the flexibility to consider a non-difference approximation of the general boundary
and interface (/or matching) conditions, which automatically takes into account the smoothness of the solu-
tion. Such self-tuning is impossible, for example in the difference or finite-element approximations of these
conditions;

(iii) the proposed framework can be further developed for the efficient computation of the solutions in arbi-
trary domains with arbitrary boundaries and interfaces;

(iv) the numerical schemes, as well as meshes can be chosen totally independently for each subdomain/
domain; the boundaries of the subdomains and interfaces do not need to conform/align with the grids;

(v) the main complexity of the developed algorithm reduces to the several solutions of simple auxiliary
problems on structured Cartesian grids;

(vi) the proposed approach is general and can be developed as a high-order method (both in time and space:
higher than first order in time and higher than second order in space). For example, by considering high-
order methods such as high-order finite difference, finite element, or spectral methods for the construction
of the discrete parts of generalized Calderon’s potentials, as well as for the approximations of the particular
solutions to the inhomogeneous equations;

(vii) since the schemes for constructing the solutions in each domain/subdomain are independent of each
other, our approach is very well suited for parallel computations;

(viii) the proposed method is not restricted to 2D and can be applied to variable coefficients problems. The
method can be generalized to the equations not necessarily of the elliptic/parabolic type as well.

The paper is organized as follows. First, in Section 2 we give some preliminaries that will be helpful for
the introduction of the proposed algorithm. Then, we introduce the idea of DPM for the parabolic equation
in the single domain, and we make an overview of the important properties of the DPM for the model under
consideration in Section 2.1. In Section 3, we develop the Algorithms Composition Scheme for the parabolic
model in a composite domain using the flexibility of the DPM. In Section 4, we state the main steps of the
proposed algorithm. Finally, we illustrate the flexibility and performance of the proposed scheme in several
numerical experiments in Section 5. Some concluding remarks are given in Section 6, and some technical
details about the algorithm are provided in Appendix Section 7.

2. Preliminaries

In this section, we will introduce some preliminaries that will be helpful for the discussions in the following
sections. We are concerned in this paper with the parabolic initial and boundary value problem (IVP) in
some bounded domain Q C Q° C R?, and its neighborhood Q° over the time interval [0, 7.

%—I—Lu:qian (0,7), (2.1)
l(u) =1 on 9Q x (0,T), (2.2)
Ult=0 = ug in €. (2.3)
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Fig. 2.1: Ezample (a sketch) of the original domain Q and auziliary domain Q°

Here, q(x1,wa,t) is the sufficiently regular source function in the domain Q0 (function ¢ is originally given
Q, and extended to the larger domain Q°), and L is the second order linear symmetric elliptic differential
operator

0 ou
Lu:=— —(ag;(x)=—) + apu, 2.4
k,j=1
where coefficients ay and ag; are assumed to be sufficiently smooth functions in Q°, ay;(x) = a;k(x),
(k,j) = 1,2 for almost every x := (z1,72) := (7,y) € Q. Moreover, there exists a constant ag > 0 such

that Zi,j:l aij (x)€x€; > apl€)? for each £ € R?, and for almost every x € QY. The classical example of the
above parabolic problem (2.1) is the heat equation

— —Au=gq. (2.5)

To simplify the presentation of the ideas, we will be concerned below with the heat equation (2.5) subject
to (2.2) - (2.3). However, let us mention that the same idea can be extended in a straightforward way to a
general parabolic equation (2.1).

Next, at the given time ¢, we denote by v the Cauchy data of an arbitrary continuous piecewise smooth
function v(x,y,t) defined on I' and in some of its neighborhoods:

vp = (v 81}‘ ) (2.6)

r’ onlr
Here, % is the inward (with respect to Q) normal derivative to I, and T' := 9 is a piecewise smooth
boundary of €.

Now, in order to introduce our ideas, let us consider model problem (2.5) in its time-discrete form.
Towards this end, we subdivide time interval [0,T] into N; time steps and denote by t* := iAt, At > 0.
Setting m := é and considering the Backward Euler method, we obtain below the following time discrete
reformulation of the parabolic equation (2.5) in some domain Q°

Let us introduce

Lagu™) = Au'™ —mu', (2,y) € Q°, (2.7)

where La,; denotes the linear elliptic operator applied to u*?!.

We also denote the right-hand side as:
Xt = _qi+1 - muiv (xvy) € QO> (28)

where ¢'T1 1= q(x,y,t'1).



Then the semi-discrete formulation of the model (2.5) is stated as follows:
Find some u'™t := u**(z,y) ~ u(x,y,t*!) such that

Ladu™) = G4, (2,y) €, (2.9)

Remark: For each ¢ this is a time-independent elliptic problem.

Let us now introduce the auxiliary problem. For the purposes of the discussion below, we will suppress
for now the explicit dependence on the time level i. We place the original domain (2 in the auxiliary domain
QY c R%: QO c Q° Next, we will formulate a discrete in time and continuous in space Auziliary Problem
(AP):

DEFINITION 2.1. For any given sufficiently reqular right-hand side Gaz, find F' such that,

Lat[F] = Gap,  (2,y) € Q°, (2.10)
F=0, (v,y)¢coN, (2.11

where La; is the same linear elliptic operator as in (2.9) and is applied here to F. Since the auxiliary

domain QU can be arbitrary, we can choose it to be a square. The above (AP) Dirichlet problem is uniquely
solvable.
Remark: This is a continuous in space Dirichlet problem for each fixed time level.

Let us now construct a potential with a density vp. Define the vector function

vr = (6°(s), 6" (5)), (2.12)

where ¢Y(s) and ¢'(s) are two piecewise smooth continuous functions on || that are s—periodic with a
period of |T'|, s is the arc length along |T|, and |T'| is the length of the boundary. Here, the arc length is
chosen as a parameter only for definiteness.

Let v(x,y) = vgo be an arbitrary sufficiently smooth function on Q° that satisfies condition (2.11) on
99°: v|gqe = 0. Assume that its Cauchy data vr is defined as in (2.6) and is equal to the vector function
vr in (2.12). Then, we can recall the following definition of the potential Porvr below [48, 49].

DEFINITION 2.2. A Potential uq := Pqorvr defined on Q with density vr is equal on € to the solution of
(AP, Def. 2.1), with the right hand-side Ga; defined as follows:

._ 0, (:C,y) €,
e B (249)

It can be shown that at each time level the above potential ug := Porvr is well-defined: it depends only on

Cauchy data (2.12), but is independent of the choice of a particular function v(z,y) satisfying (2.11) on 9Q°
whose Cauchy data coincides with (2.12). For a more detailed discussion on the potentials with projectors,
see [48, 49].

Remark: The potential ug := Porvr can be viewed as the modification [45] of the Calderon potential
[4]. However, in comparison to the Calderon potential, the potential Porvr admits a finite-dimensional
constructive approximation by Difference Potentials [49, 10, 9], as will be illustrated below in Section 2.1.

2.1. Scheme Based on the Difference Potentials

We will develop our Algorithms Composition Approach based on the idea of the Difference Potentials
Method (DPM) [49, 48, 50, 10, 9]. Difference Potentials Method (DPM) can be viewed as the method of
building and computing the discrete parts of the modified Calderon’s potentials (see for example, [49, 28,
47, 52, 50, 48, 10, 9] and Introduction Section 1).

We will present in this Section the necessary preliminaries and some overview of the numerical scheme
based on the difference potentials for the single arbitrary domain 2 € R%. This discussion will be important
for the development of our approach for the composite/complex domain € € R?, which we will present in
Sections 3 - 5.

At this point, let us assume that we consider (2.5) in some domain ) - an arbitrary bounded domain
in R? with the boundary 9. First, let us introduce some preliminary notations and definitions that will
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Fig. 2.2: Example (a sketch) of the auziliary domain Q, original domain €; the example of some points
(xj,yx) in the set y: the points which are outside Q are from 7., the points which are inside Q are from
Yin € M

be used in this section. Denote Ilgrvr as the extension operator of function v from set/domain R to the
set/domain S, wg as the restriction operator to the set/domain S, wg := mgw as the restriction of function
w to the set/domain S, and xg as the characteristic function of the set S.

Next, we introduce here the auxiliary fully discrete problem. Let us place the original domain 2 in
the auxiliary domain Q° C R2. The choice of the domain Q2° should be convenient for the computations,
so we will choose it to be a square, and we will introduce a Cartesian mesh for Q°, with points r; =
jAx, gy = kAy  (k,7 = 0,+£1,...). Let us assume for simplicity that Az = Ay := h. Let us also define
a five-point stencil N, with its center placed at (x;,yx) to be the set of the following points: Njj :=
{(@5,9x), (@21, k), (25, Y1) }-

In addition, we also introduce point sets M := M™ := (z;,yx) € Q - the sets of all the points (z;,yx) that
belong to the interior of the original domain . We now define N := N* := {; , Njx|(z;, yx) € M}- the
set of all points covered by five-point stencils when center point (z;,yx) of the stencil goes through all the
points of the set M. Note that the points in the set N will be both inside and outside of the original domain
Q.

Now, let us introduce the grid boundaries Ve, := Vex = N\M is the exterior grid boundary layer for domain
Q. yin = {(zj,y6)|(xj,yx) € M : Nj, ¢ M} is the interior grid boundary layer for domain © (in other
words, this is the set of all the nodes (z;,y) in M for which stencil Nj j, is not the subset of M: N j contains
nodes outside of M, but the center point (z;,ys) of the stencil N, belongs to M). Define 7 := ez U Vin -
a narrow set of nodes that surrounds the continuous boundary 0, Figure 2.2.

Next, we construct the auxiliary set M* by completing the set N to a rectangle, and adding one extra layer
of grid points to each side of the rectangle, hence N C M. Also, as before, define N' := {U; x N; x|(z, yx) €
M1}, and finally, let us introduce v := N1\ M1

We can now introduce the space approximation of (2.9) and consider the fully discrete version of equation
(2.5). Therefore, the computed quantity will be the point values u; 1 (t) = u(x;, yg,t). We denote by u;k
the computed w; x (t'): u; :~ u; k() at the discrete time level t* := iAt, with time step At. Additionally,
we denote by Aj; ) the discrete Laplacian obtained using second order central difference formulas for the z
and y variables, and by

Lagp[u™ = Ajpu'™t — mué}l, (zj,y) € Q. (2.14)
Finally, we denote by g%,
g“ = g;,‘,k = — ;j,;l — frn,u;,’k7 (215)
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where, as before, q;'.zl = q(wj, y, t'T) is the value of the source function g(x;, yy,t) at t*1.

Thus, the fully discrete finite-difference based version of the parabolic equation (2.5) is:
Find some ! such that it satisfies

Laenlu™']:= g%, (zj,y) € Q°. (2.16)

Again, as in the “Preliminaries” in Section 2, we will suppress for now the explicit dependence on the
time level ¢ for the clarity of the discussion. Based on a central finite difference approximation (2.16), we will
now formulate the fully discrete analog of the auxiliary problem (AP), Def. 2.1 in Section 2 - the Discrete
Auziliary Problem (DAP):

DEFINITION 2.3. For the given grid function g, find the solution of the scheme f such that:

Laenlfl =9, (zj,uyr) € My, (2.17)
f = 07 (xja yk) € 717 (218)

where, as before in (2.14), Lagn[f] = Ajxf —mf;r. We note that the ((DAP), Def. 2.3) is well defined for

any right hand side g - it has a unique solution f defined on the set N'.
Also, it should be noted that the solution of ((DAP), Def. 2.3) can be efficiently computed using the Fast
Fourier Transform (FFT) with the appropriate choice of the auxiliary set M®.

We now introduce a linear space V, of all the grid functions v., defined on ~, similar to [48, 10, 9, 49].
We will extend by zero the value of v, to other points of the grid N 1. Let us now recall that,

DEFINITION 2.4. A Difference Potential [48, 10, 9, 49] with the given density v, € V,, is the grid function
u := Py,v, defined on the set N, which coincides (on the set N ) with the solution of ((DAP), Def. 2.3)
when the right hand-side is defined as follows:

0, (xj,yx) €M,
= 2.19
J { Latnlvy]s  (x4,yx) € MM\M. (2.19)

The Difference Potential can be viewed as the discrete analog of the modified potential of Calderon’s type,

or as the discrete analog of the space-continuous potential, Def. 2.2 in Section 2 (similar to Def. 2.4, the
definition of Difference Potential can be extended by considering the set M\ M as the “interior” set, and
set M as the “exterior” one, [49]). Here, Py, denotes the operator that constructs the difference potential
u = P n4vy from the given density v, € V,. The operator Py, is the linear operator of density v-, and it can
be easily constructed (see for example [10, 9, 49]). Again, for our problem, Lasn[vy] = Aj vy — m(vy)j k-
As in the space-continuous case, (Def. 2.2, Section 2), the concept of the difference potential is well-defined
at each time level due to the following statement:
THEOREM 2.5. The difference potential P n,v., depends only on v, € V,,, but is independent of the choice of
the function v defined on Nt (satisfying condition (2.18) on ' :v =0, (zj,yx) € ¥'), and coinciding with
Uy on y: vy =Tryv=v,.
Let us recall the proof for the reader’s convenience (for the general proof and discussion, see [49, 50, 48]).
Proof: Let us define the sets N := N, Q™ := QN\Q, M~ := (z;,y,) € @7, and N~ := {U; . Ny k(25 yx) €
M~}. Recall that, 7+ denotes the restriction operator to the set N := N7, IIn1,v, is the arbitrary
extension vy to N 1 and x - is the characteristic function of set M.
Let us notice now that the difference potential, Def. 2.4, can be represented in the following operator
form:

u=Py+yvy = 7TN+L£17h[XM*LAt,h[U'V”a

where v, is extended by zero outside of set v to N \v. Now, let us represent the arbitrary function z defined
on N1, such that: z = IIn14v, as the sum of the three terms

Z = XNI\N+Z T XNI\N-Z + V.
8



Notice that, for the first term x a7~ Lat,n[xn1\n+2] = Lagn[Xn1\n+2], and for the second term
X~ Lasn[xni\n-2] = 0. From this we obtain that

TN+ Ly nXar-Laenlxnnwv+2l] = v+ Lay p[Lacnxvw+2l] = 0.

Hence, the only remaining contribution to the potential w is the contribution from the third term :

u=Pyiyvy = 77N+L£%,h[XM*LAt,h[UWH~

O
Next, let us recall [10, 9, 49] and define another operator P, : V,, — V,, as the trace (or restriction) of
the Difference Potentials Py~ v, on the grid boundary v: Pyv, := Tr Py vy = Pyyvy|,. We now state an
important theorem for the further development of our scheme (see for example [49, 48].) The details of the
general proof can be found in [49]:
THEOREM 2.6. At each time level t't1, density vy € V, is the trace of some solution
u:=uy € N : vy =Tr,uny = uy to the homogeneous equation

Laeplu] =0, (zj,y0) € M (2.20)
if and only if we have
Q vy i=vy —Pyu, =0, (zj,y) € 7. (2.21)

Moreover, the solution un defined on the set N can be reconstructed from its boundary value vy using the
formula u := P n~yvsy.
Remark: It can be shown that P, is the projector, hence V,, = ImP., @& Ker P,.

Thus, Theorem 2.6 implies that the problem of finding a unique solution to (2.20) subject to the appro-
priate approximation of the boundary conditions on 92 denoted by I(u) = v, in other words the problem:

LAt,h[u] =0, (2.22)
() = b, (2.23)

is equivalent to the problem of finding the unique density function v, = ., from the system of the Boundary
FEquations:

Q- vy =0, (2.24)
[(Pqvy) = 9. (2.25)

After that, at each time level the solution uy to (2.22)-(2.23) is reconstructed from uy = Py~ v,.
Remark: Let us note that the equation (2.24) can be viewed as the generalized Poincaré-Steklov interface

equation.

From the above discussion and, in particular, from Theorem 2.6 and from (2.24) - (2.25), the next result
follows:
PROPOSITION 2.7. At each time level t*11, the approximation uy to the solution u of the (IVP) problem
(2.5), (2.2) - (2.3) in domain Q0 can be obtained as

unN = PNV’U’Y +un, (226)
(v +7) = o, (2.27)

where iy is the approximation of any particular solution to the inhomogeneous equation (2.5) in Q, at

the given time level t*t!. vy = P N~V is the difference potential in Q at the same time level t*+!, with
a density v, that satisfies equation (2.24): Q vy, = 0. Equation (2.27) denotes the approximation of the
boundary condition {(u) = % on 9, and the representation of the boundary conditions in the form (2.27)
can be viewed as the consequence of the equality (2.26) and (2.24) (projected on the continuous boundary).
Finally, define iy := Tr,uy.



Remark: Let us mention that in (2.26), we can consider any particular solution: Let @y be some solution

to Lagnlun] = g%, (z;,yr) € M. We extend the solution arbitrarily to N', and we will apply operator La¢,p
to the extended solution @y:. Hence, we will get the right-hand side of the equation Ly p[tn1] = g, which
coincides on M with g*. For example, we can construct the particular solution uy as follows:

DEFINITION 2.8. Define, 4 to be the solution f of the auxiliary problem (DAP, Def. 2.3) with the right
hand-side defined as

_ g% (xjuk) €M,
a { g*,  (zj,yx) € MN\M (2.28)

where g% is given in (2.15) and §* is some extension of g* to M'\M. Set @iy := mnu. This point will be
discussed in more details in Section 5.

Remark:  Finally, let us comment briefly about the accuracy in space of the approximation uy =
Py, vy + 2y in (2.26)-(2.27), to the solution u of (2.5), (2.2) - (2.3). One would expect that the solution
uy will converge to the continuous solution v in the discrete Holder norm of order g + € (with the arbitrary
0 < € < 1), with the rate O(h?~¢) as h — 0. Here, p is the order of the accuracy of the approximation
of the continuous differential operator La; by the discrete operator Lag, (we assume that the boundary
condition (2.2) is approximated by (2.27) with the same or a higher order than p). Hence, for the central
finite difference scheme that is discussed here, we will expect the O(h?) rate in the maximum norm in space.
For a more detailed and general discussion, and the proof of the accuracy of the (DPM) method, the reader
can consult [49, 34].

Remark: Let us emphasize that one could develop any other numerical approzimation in space (such as

high-order finite difference, finite-volume, finite element, or spectral methods) for (2.1) within the presented
framework of the potentials and of the difference potentials. But for our goals in this paper, we will consider
the second order finite-difference approximation for the model equation (2.5).

3. Algorithms Composition Approach based on the Difference Potentials Method

We will now develop, as well as numerically test the Algorithms Composition Approach for a parabolic
model under consideration (2.5), (2.2) - (2.3).

We start the introduction of the scheme and the illustration of the ideas by considering the system (2.5),
(2.2) - (2.3) (or formulation (2.9) in its time-discrete form) in some composite domain Q. Q is an arbitrary
bounded domain in R? with the boundary 952, and such that it consists of two disjoint subdomains §; and
Do Q=0 UQy, T = Q; NQy, with piecewise smooth boundaries I'; := 9Q; UT and T'y := 9Q UT (see
Figure 3.1). We would like to also emphasize that the two subdomains are considered here only for the

32

~

r

Fig. 3.1: Sketch of domain €2 with boundary 02, two subdomains 1, 25, and the interface I.

simplicity of the presentation. The discussed idea can be extended in a straightforward way to multiple
subdomains or composite domains.
Our goal at each time level ¢+ is to find an approximations to u'*! in domain :

i+1
ui+1 — u7§2£17 (.13, y) € Qla
Q UQ2 ,(.’L’,y) S Q27
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where ugpl (here p = 1,2) are the solutions to (2.9) in each subdomain ,,:

LAt[uéztl] =GNy, (z,y) €Qp, and (p=1,2). (3.2)

Solution ugrl is subject to the appropriate boundary conditions on the boundary OS2 of the original domain

ugt) =9, (3.3)

and to the interface conditions on the interface boundary I'; which we will select to be the following:
i+1 i+1

4 . = el

l uz-i—l’ uz+1 — U/QL UQZ ) (xﬂ y) ) 34

r(ug, g, ) Vug™ np = BVug "t -np,  (z,y) €T. (3-4)

Here, nr is a unit outward normal vector to the interface boundary I' (with respect to Q1). To develop our
idea, we will consider the difference potentials scheme (2.26) - (2.27) from Section 2.1 (which uses Backward
Euler in time and central finite difference space discretization) as the fully discrete approximation of (2.5),
(2.2) - (2.3) in each subdomain €, and we will build an algorithm for the approximation of ué{rl in (3.1)
based on the algorithms composition idea. As before, we will remove below the explicit dependence on time
for the clarity of the presentation.

First, as we have done in (Section 2.1) for the single domain 2, we will introduce auxiliary difference
problems for each subdomain €, (p = 1, 2): we will place each of the original subdomains €, in the auxiliary
domains Qg C R2,(p =1,2). As before, the choice of each domain Qg should be convenient for computations,
and the choice of these auxiliary domains do not need to depend on each other. Again, for each subdomain,
we will proceed in a similar way as we did in (Section 2.1). For each Qg we will introduce, for example, a
Cartesian mesh (again the choice of the meshes for the auxiliary problems in each subdomain can be totally
independent. The choice for each subdomain is based on the considerations of the efficiency and simplicity
of the resulting discrete problems.) After that, all the definitions, notations, and properties introduced in
(Section 2.1) extends to each subdomain €2, in a direct and straightforward way: we will use index p, (p = 1, 2)
to distinguish each subdomain.

The cornerstone of our approach is the following proposition, which is a consequence of Proposition 2.7
in Section 2.1 for a single domain.

PROPOSITION 3.1. At each time level t**1, the fully discrete approzimation un, to the solutionuq,, (p=1,2)
in (3.2) - (3.4) is obtained as

UN, = PNp’YpU’Yp + ’L_LNP, (35)
I(vr, +1ur,,vr, +ur,) = ¥, (3.6)
ZF(VFI +ur,, vr, + ﬁFQ) = ¢7 (37)

where 1y, is the approximation of the particular solution to the inhomogeneous equation (2.5) in each
subdomain Q, at the given time level ¢, Py , v, is the difference potential with a density v,, in each
domain ©, at the same time level '*1. Expressions in (3.6)-(3.7) denote the approximations of the boundary
and interface conditions, respectively, on the continuous boundaries 9§21, 9, and interface boundary I" (in
other words on the boundaries I'y and I'z). Denote ., = Tr, ty. The construction of (3.6)-(3.7) will be
discussed in more detail in Section 3.2. Density/trace v,, in the equation (3.5) ranges over the solution of
the Boundary Equation on each discrete grid boundary set v,:

Q%v% =v,, — Py,v,, =0, (3.8)

see (2.24) in Section 2.1. However, there are multiple solutions (v.,,v,,) to (3.8), and as before, the unique
pair of the densities/traces v,, € V,, and v,, € V,, will satisfy the above Boundary Equation (3.8), as well
as the boundary and interface conditions (3.6) - (3.7).

3.1. System of Boundary Equations: Weak Formulation
At each time level, the unique pair of the densities/traces (vy,,vy,) = (T, vn,, T74,VN,) € V4, x V, of
the approximation (3.5)-(3.7) is the unique solution to the Boundary Equation (3.8), subject to the boundary
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and interface conditions (3.6) - (3.7). There are different ways to solve (3.8) subject to (3.6) - (3.7). One
possibility is to directly consider the original formulation (3.8) and employ finite difference approximation
of the boundary and interface conditions (3.6) - (3.7) (see for example [10, 49] for more details on this
approach). However, to avoid the difficulties associated with the finite difference approximations of (3.6)
- (3.7) in arbitrary domains, we will take advantage of the weak formulation of (3.8) and the spectral
approximation of the Cauchy data.

To define a weak formulation, let us first introduce the discrete norm for the space of grid functions
vy, € V,,. Similar to [48], we will consider the following norm:

oy I, = R[Sl 40 TraY

Here, the sum is extended over all v := (v1,15) € 7, for the first term in (3.9), over all v := (v1, 1) that,
together with (11 + 1,12) belong to v, in the second term of (3.9), and over all v := (11, 12) that, together
with (v1, 2 + 1) belong to v, in the third term of (3.9). « is a nonnegative coefficient which will be defined
in the numerical experiments.

Remark: The norm (3.9) is the discrete analog of the continuous norm for the Cauchy data vr, € Vr:

UV1+1,V2 — Uy

2} (p=1,2). (3.9)

Vyy,va+1 — Uy
h

v, = [ (8 + | 2 )]s 5.10)

Let us introduce vr, € Vpp as a finite dimensional approximation of the continuous Cauchy data vr, € Vr,:
vr, :~ vr,, and Vr, as the finite dimensional subspace of Vi . The details on the construction of the

approximation vr, will be presented in Section 3.2. Finally, let us also introduce
DEFINITION 3.2. Let IL,,p, be the operator that, to every vr, = (v3(s),v)(s)) from the space of continuous
Cauchy data Vr,, assigns v.,, from the space of the discrete densities V., (p = 1,2):

’Ufyp = H’YprVFW (311)
Moreover, we have from Def. 3.2 that for vp, € Vr‘p, we can define v,, € V,, to be:
”l~}.yp = H'prp{’Fp (312)

The exact form of the operator I, r, will be given in (3.22) - (3.23) in Section 3.2 as well.
Therefore, the weak formulation of the Boundary Equations (3.8) subject to (3.6)-(3.7) is formulated as
follows:

DEFINITION 3.3. R R
At each time level, find (Vr,,Vr,) = (4r,,Ur,) € Vi, X V1, that minimizes the functional

2
11(¥r, +r,, ¥r, +ar,) = ¢34+ |ll0(¥r, +ar,, ¥r, +ar,) = 6lF + > 11Q, o, ¥r, 7, . (3:13)
p=1

where || - ||¢ is the Hilbert norm, Vr,, and Vi, are finite dimensional subspaces of Vi, and Vi, respectively,
and (ur,,ur,) are the finite dimensional approximations of (ur,,ur,) (it is a pair of the Cauchy Data of
the particular solution (@, ,%xy,)). This finite dimensional approximation is discussed in Section 3.2.

Therefore, at each time level, the unique pair of the densities/traces (v, ,v,,) € V4, x V,, of the approx-
imation (3.5)-(3.7) to the solution (3.1) of (2.5), ( 2.2)-( 2.3) in the composite domain (2 is obtained as the
approximation:

(U’Yl ’ U’Yz) ~ (1771 ’ 672) = (H’Yl I ‘71—‘1 ) H’Y2F2 ‘71—‘2)' (314)

3.2. System of Boundary Equations: Discretization of the Cauchy Data
As before, we will assume that the solution is given at a fixed time level and we will suppress the explicit
dependence on time for the clarity of the presentation.

12



AN

Fig. 3.2: Ezample (a sketch) of the geometry with the curve boundary Q; point (x5, y;) is in the set ye, € M,
dj« k« 15 the distance from this point to the boundary of the domain €, and s;~ y~ is the corresponding arc
length.

1. As we already showed in Sections 3 - 3.1, at each time level, the problem of finding the approximation
to the unique solution wug := (ugq,,uqn,) of the model (2.5), (2.2) - (2.3) in composite domain
Q = O U Qs reduces to the problem of finding the unique pair of the densities/traces (v, ,v,) =
(Uyy s Uyy) € Vo, x Vo, (3.14). This pair of the densities/traces satisfies the generalized Poincaré-
Steklov interface equations (3.8), as well as the boundary and interface conditions (3.6) - (3.7).

2. After that, the approximation of the solution (uq,,uq,) of (2.5), ( 2.2)-( 2.3) in  is reconstructed
from the approximated densities (0,,7,,) € V4, X V,, using the pair of difference potentials
(P Ny~y1 Oy s PNy Uy, ), S€E equation (3.5).

In order to solve for the unknown densities/traces in Step 1 above, we will consider a weak formulation
Def. 3.3, Section 3.1, and we will employ a spectral approach for the approximation (3.14) of (v,,,v,,) as
elaborated below.

Consider a set of basis functions on the curve boundaries I'; and I's:

$1(8), ..y p2(s), and ¢1(s), ..., P7(s) (3.15)

where s is the arc length and L is the total number of the basis functions. We will consider here the
same basis functions on all parts of the boundaries, although in general, the basis functions can be selected
differently for the different parts of the boundaries. In general, this choice will depend on the smoothness of
the boundary of the domains and on the smoothness of the solution.

Next, we will assume that for every sufficiently smooth single-valued periodic function f(s) defined on the
boundaries I'; and I's, the sequence

L L
ceim min [1(5) = 3wt +1£(5) = 3 ubdi (o) )ds (3.16)
=1 =1

Uper Upe

tends to zero with increasing £: limey, =0 as £ — oo. }
Therefore, we will employ the following approximation to construct finite-dimensional vr, € Vr,:

L L
‘N,Fp = (;ugé(b@a;u;lﬂ(bz)’ (317)

that discretize the elements vr, € Vr, from the space of continuous Cauchy Data on the boundary Ty,
13



p=12:

vr, = (12(s), uh(s)), (3.18)
and we have
{/Fp o vr,- (319)

In (3.17), ¢¢ = (¢, 0) is the set of basis functions for the first component of the Cauchy data v°(s), and
% = (0, ¢5) is the set of basis functions for the second component of the Cauchy data v'(s), £ =1,...L. In
our numerical experiments, we will consider the same set of basis functions for both components ¢, = ¢;.
The coefficients (ugg, uzlw) with p=1,2 and ¢ = 1,...L, are the unknown expansion coefficients that need to

be determined.
To obtain the approximation of the discrete densities/traces v,,, (p = 1,2) at the points (2, yx) € vp, We

will consider the following Taylor expansion:
Uy, = UN, (%5, Yk) |y, = vS(sj,k) + dj,kvzl;(sj,k) + O(d?,k)' (3.20)

Here, s, 1 is the value of the arc length s at the point where the continuous boundary I';, intersects the normal
constructed from the point (z;,yx) € v, to I',. The parameter d; x. is the shortest distance from (z;, yx) € v,

to the intersection point s of the normal with I'y. d; is taken with the plus sign if (z;,yx) € €y, and
with a minus sign if (x;,yr) ¢ §p, see Figure 3.2. Thus, we have

Uy, R vg(sj’k) + dj,kv;(sjyk). (3.21)

Let us recall the operator IL, p,, Def. 3.2, Section 3.1 that assigns v.,, (p = 1,2) to every vp, = (v(s),v)(s))
from the space of continuous Cauchy data. We will construct such an operator II, r, according to the above
Taylor formula (3.21), hence:

U’Yp ~ H'YprVF;ﬂ (322)

Il r,vr, = vg(sj,k) + dj’kv;(sj’k). (3.23)

For example, if vp, = (v9(s),0), then we have that IL, r vr, = v9(s;x). Similarly, if vp, = (0,0,(s)),

then the action of the operator Il,,r, is given as IL, r,vr, = dj,kv;(sj’k). Thus, we have the following
finite-dimensional approximation for the discrete density v,, € V, :

L
v, ~ By, = 0,90, = > (up(I, 1, @) + up (1,0, 7)), (p=1,2) (3.24)
=1

where ¥, is as defined previously in (3.12), Section 3.1.

It follows that the approximation of the density/trace v,, is the function of the unknown coefficients Uge
and uzl)g which need to be determined. Once the expansion coefficients ugg and u}De are obtained, the density
Uy, R Vy, = Us, is reconstructed using formula (3.24).

3.3. System of Boundary Equations: Discrete Variational Formulation

As we showed in Section 3, densities/traces (v,,,v,,) range over the solutions of the Boundary Equation
(3.8) on each discrete grid boundary set (y1,72). Therefore, using the above approximation (3.24) for v, in
the system of Boundary Equations (3.8), we will obtain the system of linear equations with |y,| equations

0. ()0 0 1._ (1 1.
for 2£ unknowns w,, 1= (up1, - Uy ), Uy 1= (Upps ey Uy )

BJu) 4+ Byu, =0, (p=1,2). (3.25)

Here, |v,| is the total number of points in the set v, (p = 1,2) and (u?,,u!,), (u9,,ud,) are the unknown
P P 10> U1p 20> Ugg

expansion coefficients of (Vr,,vr,) (3.19). Matrices B) and B} are defined as B) := (bY;,..., b)) and

le, = (bzl)17 e bzl) ). Here, columns bge and bzl,g are |7,| dimensional vectors whose components are computed

as the values at the points of the set |y,| of the grid functions @, [IL, r,¢,] and Q. [IL, r,¢;], respectively.
For more a detailed discussion on the computation of these matrices please see Appendix Section 7.
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Notice that the linear system (3.25) will be the overdetermined linear system since we have to have
|7p| > L for the accurate resolution of the density v,,. Finally, let us define

Golr,) = 1@y, [Tyr, ¥r )1, = 1B + Blubll?, . (0=1,2) (3.26)

Therefore, at each time level 1 we have the following discrete variational formulation of (3.13):

DEFINITION 3.4. Find the unique weak solution pair (Vr,,vr,) € ‘71"1 X VFQ for which the constants (u?,,
ui,) and (ud,, ul,) with £ =1,..., L minimize the functional:

2
11(¥r, +1r,, Vo, +0r,) = Yl§ + [[Io(Fr, + G, 1, + 0r,) = 6l5 + Y Gp(¥r,). (3.27)
p=1

Here, ur, is equal to up, := (Zle u, e, Zle ﬁzl,egbz), and the coefficients (a0, @},) are obtained using

the values of the particular solution #y, at the points of the set +,, in other words using u,, ~ Il r, ﬁrp.
The values ., are known values since the particular solution iy, is constructed as the solution of the
simple auxiliary problem ((DAP, Def. 2.3), Section 2.1) (for more details see the Remark and Def. 2.8 after
Proposition 2.7 in Section 2.1, as well as discussion in Section 5). Formulation (3.27) is the well-known
least-square problem.

4. Algorithm

In this section, we will give brief summary of the important steps of the Algorithms Composition Scheme
for the model problem (2.5), (2.2) - (2.3) in the composite domain Q = Q; U Q. As it was derived in
Sections 3.1 - 3.3, our algorithm will be based on the discrete variational formulation (3.27). Let us note
a few important points of the method we developed. Firstly, the order of the operations of the proposed
framework does not increase with the choice of the numerical discretization used with it. Moreover, the
overall complexity of the method reduces to the several solutions of simple auxiliary problems on regular
Cartesian meshes (no need for the generation and storage of the unstructured meshes; no need for the design
of the schemes on the unstructured meshes). Finally, the selection of the auxiliary problems and meshes for
each domain €, is totally independent of each other, and is done based on the idea of the simplicity and
efficiency of the resulting numerical scheme.

We have the following steps at each time level:

1. Construct a discrete functional G,(vr,) = [|Byu) + Bju,

P
This functional is the weak formulation of the Boundary Equation (3.8) (note that the minimum

of Gp(vr,) gives an approximation to the Cauchy data of the general solution to the homogeneous
equation in each subdomain).
To build G(vr,):
e Select the auxiliary domain denoted here as QOGP, and place the original domain 2, into the
auxiliary domain for the computation and construction of G, (vr,), (p = 1,2). The choice of
the auxiliary domain QOG,, should be convenient for computation, so we will choose it to be a

H%,W for each domain Q,,(p = 1,2).
P

square. Select Cartesian mesh 2™» x 2" for each of the auxiliary domains Q%p, with n, being
a positive integer and (p = 1, 2).

e Recall that vr, € V]"p is the finite dimensional approximation of the continuous Cauchy data
vr, € Vr, (see formula (2.6) in Section 2, as well as (3.19) in Section 3.2), and it is constructed
using the set of the basis functions ¢y(s) for the first component of the Cauchy data, as well
as the set of the basis functions ¢} (s) for the second component of the Cauchy data (formula

. ~ L L
(3.17), Section 3.1) : Vp, := (Zezl TN i ullﬂqb}).
e Construct matrices Bg and B; for each domain. This construction reduces to the computation

of the difference potentials (or to the solution of the simple auxiliary problems).
Remark: However if time step will not change during the simulations, and if the geometry,

the grid, and the system of basis functions (3.15) will not depend on time, then it will suffice
to precompute matrices BS and B; once and to store them.
See details in Section 3.3 and in Appendix Section 7.
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2. Next, choose the new auxiliary domain denoted as Q%p and place the original domain €2, into the
auxiliary domain for the computation of the particular solution #y,,(p = 1,2). As before, the
choice of the auxiliary domain Q%p should be convenient for computation, so we will choose it to be
a square. Select Cartesian mesh 2™» x 2™7 for the auxiliary domain Q%p, where m,, is a positive
integer. Find any particular solution #y,, (p = 1,2) as the solution of the simple auxiliary problem
(see Remark and see Def. 2.8 after Proposition 2.7 in Section 2.1, as well as the discussion at the
beginning of Section 5). After that, calculate their Cauchy data on T'p, (p = 1, 2).

3. Solve the joint discrete variational problem: find Cauchy data vr, € f/pp, (p = 1,2) that minimizes
the functional (3.27), Section 3.3:

2
Hl({ffﬁ + ﬁFn{’Fz + ﬁrz) - ¢||31> + le({}rl + ﬁF17‘~’F2 + ﬁr2) - ¢||%{> + ZGP({’FP)'
p=1

Remark: Let us note that if the Dirichlet to Neumann map is well defined for the problem, then

1

one can solve the overdetermined linear system (3.25) for the unknowns uzl, = (Upy, -

of ud == (u)y, ..., ugﬁ) using the least squares method:

1 .
- Uy ) in terms

This step can be viewed as the construction of the Dirichlet to Neumann map: to each set ug assign
a set u;) that minimizes G(vr,). In this case, the general solution in each €, will be approximated
by a difference potential whose density will depend only on ug.

4. Using the obtained Cauchy data vr,, construct v, ~ IL, r vr,, Section 3.2. After that, extend the
computed densities v,, from the grid boundaries v, to the interior of each domain {2, by computing
difference potentials Py, 9., in each domain 2,.

At each time level reconstruct the desired approximation to the model (2.5), (2.2) - (2.3) in the

composite domain  using the discrete generalized Green’s formula:
UN, :PNP’YP@’YP—’—aNp’ (p:1,2)

(see Proposition 3.1 and equation (3.5) in Section 3.)
Remark: Let us emphasize the important flexibility of the algorithm to choose different auxiliary

domains Q%p and Q%p for the computations of the projection and of the particular solution. This
provides an opportunity to consider different grids and combine different discretizations if necessary.

5. Numerical Examples

In this section, we demonstrate the performance of the proposed Algorithms Composition Approach on
several test problems. In the numerical experiments below, we consider the set of the basis functions on
Tp, (p=1,2) that is defined as:

dp1(s) =1, ¢pa(s)=cos (%s), ¢p,3 = sin (%s),
Spax(s) = cos ([EN). dpanar = sin (As) 6.1

We assume that the sets ¢ = ¢* in the numerical examples below. In all of the tests, we will consider the
heat equation (2.5) in the composite domain Q = Q; U, as our model problem. Here, the heat equation
serves as a simplified model for more realistic systems of the materials, fluids, or chemicals with different
properties in different parts of the domains (for example, the ocean-atmosphere models, chemotaxis models,
or blood flow models [2, 36, 43, 42]). We consider equation (2.5) with the known analytical expressions for
the exact solutions. This allows us to study the errors in the approximate solutions that will depend on the
size of the auxiliary domains, mesh sizes, total number of the basis functions on I'y, etc.
Similar to [48], we will first define three functions

uM (z,y) := cos(z) cos(y), (5.2)
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u® (z,5) = sin(cyz) sin(cay) Ps(p/0.9), (5.3)

and

2

®) _ =0 )
u(z,y) := max (1 +4p2,0 . (5.4)
Here, the Cartesian coordinates (z,y) of points are related to their polar coordinates (r,0) as (x,y) =
(rcos(f),rsin(f)). The interface boundary T' = T’y of the domain Qs is parametrically defined in polar
coordinates (r,6) by the relation 7(0) = rr(0) = 1 + 0.22sin(kg#), where kg is the parameter. p = r/rp(0)
in (5.3) - (5.4). See Figures 5.1 - 5.4 for the examples of the domains that are used in the numerical tests
below.
The function Ps(z) is continuous: identically equal to 1 for z < 0; vanishes for > 1 and, on the interval
0 <z <1, it is a unique ninth-degree polynomial whose derivatives up to the fourth order vanish at the
endpoints of 0 <z < 1:

1,z <0,
Ps(x) :={ 1— 12625 + 42025 — 54027 + 31528 — 702°,0 < 2 < 1, (5.5)
0,z > 1.

Let us note that due to the multiplier P5(p/0.9), the function u(®) (5.3) vanishes outside of € and in a
neighborhood of I' = I'y. At the same time, u(® exhibits strong oscillations deep inside .

10
Y

Q 1

Fig. 5.1: Test Problem 1: Example of the auziliary domain Q°, domains Q1 and Qy and the boundary T of
the domain Qo; parameter kg = 0

5.1. First Example
In the first example, we will construct our test problem with the analytical solution that is given as,

_ 6_tu§21 (-T, y) = e_tu(l)) (.13, y) € Ql’
u(z,y,t) = { e tug, (r,y) = 67t(u(1) + u(z))7 (7,y) € Q, (56)

with ¢; = ¢o = 16 in the formula (5.3). Thus, the solution u(x, y,t) will exhibit strong oscillations inside the
domain €25, but none in the domain €2;. We consider four test problems, Figures 5.1 - 5.4 with ky = 0 in
the Test Problem 1, Figure 5.1; kg = 2 in the Test Problem 2, Figure 5.2; with kg = 3 in the Test Problem
3, Figure 5.3; and with kg = 5 in the Test Problem 4, Figure 5.4.

We select u(x, y,t) in (5.6) to be the exact solution for the heat equation (2.5), we set time step dt = 1.e—6
for all tests in Section 5.1, we use discrete norm (3.9) with a = 0.5, and we consider time interval [0, 0.01].
In all experiments in this Section, we will choose the auxiliary domains

O, =0, =[-2,2] x [-2,2],
17



Fig. 5.2: Test Problem 2: Example of the auziliary domain Q°, domains Q1 and Qs and the boundary T of
the domain Qs; kg = 2

Fig. 5.3: Test Problem 3: Example of the auziliary domain Q°, domains Q; and Qo and the boundary T' of
the domain Qs; kg = 3

for the construction of G1(vr,), as well as for the computation of the particular solution 4y, in €y (note
that these auxiliary domains Q%h and 2 N will coincide with the boundaries of the domain €2, see Figures
5.1 - 5.4). At the same time, we will select the auxiliary domain

Qg, =[-1.6,1.6] x [-1.6,1.6]
for the construction of the Ga(Vr,), and we will choose the auxiliary domain
Oy, = [F1.7,1.7] x [-1.7,1.7]
for the approximation of the particular solution @y, in Q2. We will use the same Cartesian meshes
271 x 2™ = 2™2 x 2™ with ny =ng =9,
for the auxiliary domains Q%l and 9%2 in the Tables 5.2 - 5.9. We will select Cartesian mesh
2M x 2™

(hence, hy :=4/2™) for the approximation of the particular solution y, in Q%Nl, as well as the Cartesian
mesh

22 x M2
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Fig. 5.4: Test Problem 4: Example of the auziliary domain Q°, domains Q1 and Qs and the boundary T of
the domain Qs; kg =5

(hence, hy := 3.4/2™2) for the computation of the particular solution @y, in Q9 , see Tables 5.1 - 5.9.
2

To compute the particular solution #y, in Q%N17
right-hand side g* = —¢*! — uf, (see Def. 2.8) outside of the domain Q; (in other words we make a
smooth extension to the entire auxiliary domain/square Q°, see Figures 5.1 - 5.4). Similarly, to compute the
particular solution iy, in Q2 g1 WE make smooth extension of the right-hand side g% = —¢'+! — “62 outside

of the domain €y to the auxiliary domain Q%Nz. We compute the La(Loo) (Tables 5.2 - 5.10) and Loo(Loo)
(Tables 5.1 - 5.10) errors respectively:

we make the smooth extension g € Q?‘ml \Q; of the

Nt
LQ(LOO) = (Z At(max |uialc - uéwact|)2)1/27
Pt (z:y)
and
LOO(LOO) = max (maX |uialc - uiwactD'

(i=0,....,N¢) (z,y)

Let us first make a few important remarks about the accuracy of the Algorithms Composition Framework
and validate the developed approach for problems with complex interfaces. We will select a suitable problem
and test the accuracy of the developed approach against the accuracy of the numerical method on the single
and geometrically simple domain. In the current paper we combined the proposed Algorithms Composition
Framework with second-order central finite difference scheme in space and first order Backward Euler scheme
in time: the backward-centered scheme. (However, the developed algorithms composition approach is general.
Future research will include the development of the higher-order space and time discretization within the
proposed Algorithms Composition Framework, see Conclusion Section 6 for a more detailed discussion).
Therefore, the obtained space accuracy is limited by the accuracy of the second order finite difference scheme.
Let us illustrate this point, first using theoretical estimates and then numerically. The complex interface
test problem (5.6) which we consider in this Section can be viewed as the classical solution (without complex
interface) to the heat equation (2.5) in the square domain 2 = [—2,2] x [—2,2]. Hence, the solution (5.6) to
(2.5) can be computed approximately using standard backward-centered finite difference scheme for the heat
equation on the single and simple square domain Q = [—2, 2] x [—2,2]. Thus we can test the accuracy of our
Algorithms Composition Framework against the accuracy of the “single domain computations”. Moreover,
one would expect that the accuracy of the problem (5.6) with the complex interface will be limited by the
accuracy of “single domain computations”. Let us recall as well, that the theoretical error Loo(Lo) of the
backward-centered finite difference scheme in the square domain with Dirichlet boundary conditions is given
as

omax | max [u((jh, kh),iAt) — Ul < cT(At + h?), (5.7)
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where ¢ = max{ (|| 92|~ ax o)) + |19 1 (0x0.77))/ 12, || 52 |1 (e o /2}, where w((jih, kh), iAt) is
the exact solution at the discrete points of the space and time mesh, and U ;k is the approximate solution
obtained by the standard backward-centered scheme. If we now take the smallest mesh size h =~ 0.0033
(which was used as the smallest mesh size in the problems with complex interfaces below), then by performing
rough estimates using formula (5.7) and expression for the analytical solution (5.6), we can show that the
best accuracy that can be achieved by the backward-centered finite difference scheme on the single and
geometrically simple domain = [~2,2] x [~2,2] is about O(10~%) — O(107°) (note that the second order
continuous piecewise-linear finite element method will result in an error with a similar range). Therefore,
our results in Tables 5.1 - 5.10 (as well as the results in Tables 5.11 - 5.12, and Table 5.13) below will be
limited by the second order space accuracy. We illustrate this point numerically below as well, see Table 5.1.

For the experiment in Table 5.1 we used the settings as described above except in the last two rows of the

table: 2™ x 2™ = 2™2 x 2™ with ny = ny = 10 for the auxiliary domains Q%l and Q%Q, and the time step
was set to dt = 8.e — 7 (instead of 1.e — 6) to avoid the influence of the time discretization error. Notations
in Table 5.1: “Finite Difference” stands for the “single domain computations” approach when solution to
the problem (5.6) viewed as the classical solution (without complex interface) to the heat equation (2.5)
in the square domain Q = [—2,2] x [-2,2], and backward-centered finite difference scheme on the single
and geometrically simple domain Q = [—2,2] x [-2,2] is used to approximate the solution numerically.
Mesh hg is used everywhere in the domain Q = [—2,2] x [—2, 2] for the computation in this “single domain
computations”. “Algorithms Composition Framework” in Table 5.1 is used when we consider (5.6) as the
complex interface problem. Meshes with h; and ho are used for the computations of the particular solutions
un, € and up, € Qo, respectively, in the Algorithms Composition Framework. We consider test Problem
3 with 2£ = 42 in this experiment with complex interface problem. Notation “ —,—" in Table 5.1 is used
to denote the same value as in the above row.
We see that the accuracy of our Algorithms Composition Framework for complex interface problem (5.6)
does not differ from the accuracy of the “single domain computations”. Moreover, Table 5.1 illustrates
an important flexibility of Algorithms Composition Framework - different meshes can be used in different
subdomains, and the same accuracy is achieved using a much coarser mesh (with bigger size of h) in the
regions/subdomains of the problems where solutions exhibit smaller gradients. This feature of our method is
very important for the future development of the adaptive schemes/simulations for heterogenous problems,
as well as for the parallel computations.

Next, let us continue with more accuracy tests of Algorithms Composition Framework alone using different
curves as the interfaces below (see Tables 5.2 - 5.9). We again observe a second order convergence for the
space discretization for all four test problems from Tables 5.2 - 5.9. Also, there is not much difference in the
results when we change the total number 2L of the basis functions for the approximation of the Cauchy data
from 2L = 42, Table 5.1 to 2£ = 22 and 2L = 30, Tables 5.2 - 5.9. This is explained by the low dimension
of the spaces of the Cauchy data ur (2.6) of the exact solution w.

Finally, in the last Table 5.10 in this Section, we again consider the test Problem 3 with 2£ = 22, but we
fix the mesh size m; = 7 for the construction of the particular solution %y, in the domain Q%N , and we only
vary the mesh size ms. The accuracy of the results is not affected in comparison to the results presented in
Tables 5.2-5.9 with m1 = mg (this is similar to the performance of Algorithms Composition Framework that is
illustrated in Table 5.1). Again, this is expected due to the highly oscillatory behavior of the solution (5.6) in
the subdomain €25, and hence computations of the solution in the subdomain 5 requires finer /smaller mesh
sizes. This example again illustrates the advantage of our algorithms composition approach since we have
flexibility to use different meshes in the different parts of the domain, and to solve problems independently
in each domain. This makes the numerical scheme much more computationally efficient and very suwitable
for adaptive and parallel computations.

5.2. Second Example
As the second test problem we will again consider the heat equation (2.5), but with the exact solution
given below:

100tuq, (x,y) = 100tu™), (z,y) € Q,

“%%”:{1mm%@w)]mMMU+M%,(%w€QZ 58)

We consider here ¢; = ¢y = 4 in (5.3). The function u(® is much less oscillatory now than the one in the
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“Algorithms Composition Framework” “Finite Difference”

my | ma hi ha Loo(Lso) error of u(z,y) ho Lo (L) error of u(z,y)
6 8 0.0625 | 0.0133 0.00387 0.0133 0.00388

8 8 | 0.0156 | 0.0133 0.00387 0.0133 —/—

7 9 0.0312 | 0.0066 0.00097 0.0066 0.00097

9 9 | 0.0078 | 0.0066 0.00097 0.0066 —/—

8 10 | 0.0156 | 0.0033 0.00024 0.0033 0.00024

10 | 10 | 0.0039 | 0.0033 0.00024 0.0033 —/—

TABLE 5.1. Comparison of the Loo(Loo) Errors for the “Algorithms Composition Framework” (with complez interface:
test problem 3, kg = 3, number of the basis functions 2L = 42;) and “Classical Approach” (without complex interface) as
functions of the mesh size;

Lo(Leo) error of u(z,y) | Ratio | Loo(Leo) error of u(x,y) | Ratio
7 0.00130 0.01523
8 0.00032 4.06 0.00382 3.99
9 0.00008 4.00 0.00096 3.98

TABLE 5.2. Errors as functions of the mesh size m1 = ma; number of the basis functions 2L = 22; kg = 0, Test problem 1

previous Section 5.1.

As before, we set time step dt = 1.e — 6 for all tests in Section 5.2, and we consider the same time interval
[0,0.01]. Here, for the construction of the G1(vr,), as well as for the computation of the particular solution
an, , we will choose the same auxiliary domains (as in the Section 5.1)

0, =95, =[-2,2] x [-2,2].
However, we will select the auxiliary domain
Q%, = [-1.5,1.5] x [-1.5,1.5],
for the construction of the Ga(Vr,), and we will consider the auxiliary domain
05, = [=1.6,1.6] x [~1.6,1.6],
for the computation of the particular solution %y,. We will use the Cartesian meshes
2M x 2™ =272 x 22 with n; =ny =10

for the domains Qf, and Qf,_, and we will select two different discrete norms (3.9) with a = 0.5 and a = 1.0
for the construction of the G1(vr,) and Ga(vr,). The results are reported in Table 5.11 (« = 0.5) and in
Table 5.12 (o = 1.0). As demonstrated, the results are not affected by the choice of a.. The errors that are
reported in Tables 5.11 - 5.12 are smaller than the ones in Tables 5.2 - 5.9. This is again expected due to
the less oscillatory behavior of the function u(? in (5.8), and due to the choice of the auxiliary problems.
Remark: In the numerical experiments presented in Sections 5.1 and 5.2 we observed the overall second

order convergence of the scheme in space. Let us note that according to the general theoretical results for
a second order differential operator approximated by a discrete one with a second order accuracy [44] (see
also [49]), one would need to consider Taylor expansion in (3.20) with the derivative of order 2 + 2 = 4 to
maintain a second order accuracy of the approximation of the continuous potential by a difference potential.
However, it is also established that in reality this condition can be relaxed (see for example [34] and formula
(3.20) in this paper). We believe that the choice of the norm in the variational formulation (3.13) plays an
important role for the obtained convergence of our method in the considered numerical tests.
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TABLE 5.3.

TABLE 5.4.

TABLE 5.5.

TABLE 5.6.

TABLE 5.7.

TABLE 5.8.

TABLE 5.9.

Lo(Leo) error of u(z,y) | Ratio | Loo(Leo) error of u(x,y) | Ratio
7 0.00130 0.01523
8 0.00032 4.06 0.00382 3.99
9 0.00008 4.00 0.00096 3.98

Errors as functions of the mesh size m1 = ma; number of the basis functions 2L = 30; kg = 0,

Lo(Loo) error of u(z,y) | Ratio | Loo(Leo) error of u(x,y) | Ratio
7 0.00131 0.01534
8 0.00033 3.97 0.00389 3.94
9 0.00008 4.13 0.00097 4.01

Errors as functions of the mesh size m1 = ma; number of the basis functions 2L = 22; kg = 2,

Lo(Leo) error of u(z,y) | Ratio | Loo(Leo) error of u(x,y) | Ratio
7 0.00131 0.01534
8 0.00033 3.97 0.00389 3.94
9 0.00008 4.13 0.00097 4.01

Errors as functions of the mesh size m1 = ma; number of the basis functions 2L = 30; kg = 2,

Lo(Lso) error of u(x,y) | Ratio | Leo(Lso) error of u(x,y) | Ratio
7 0.00131 0.01540
8 0.00033 3.97 0.00387 3.98
9 0.00008 4.13 0.00097 3.99

Errors as functions of the mesh size m1 = ma; number of the basis functions 2L = 22; kg = 3,

L2(Leo) error of u(z,y) | Ratio | Loo(Leo) error of u(x,y) | Ratio
7 0.00131 0.01540
8 0.00033 3.97 0.00387 3.98
9 0.00008 4.13 0.00097 3.99

Errors as functions of the mesh size m1 = ma; number of the basis functions 2L = 30; kg = 3,

Ls(Lso) error of u(x,y) | Ratio | Leo(Lso) error of u(x,y) | Ratio
7 0.00138 0.01588
8 0.00035 3.94 0.00398 3.99
9 0.00009 3.89 0.0010 3.98

Errors as functions of the mesh size m1 = ma; number of the basis functions 2L = 22; kg = 5,

Lo(Leo) error of u(z,y) | Ratio | Loo(Leo) error of u(x,y) | Ratio
7 0.00138 0.01588
8 0.00035 3.94 0.00398 3.99
9 0.00009 3.89 0.0010 3.98

Errors as functions of the mesh size mi1 = ma; number of the basis functions 2L = 30; kg = 5,
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Lo(Loo) error of u(z,y) | Ratio | Leo(Leo) error of u(x,y) | Ratio
7 0.00131 0.01540
8 0.00033 3.97 0.00387 3.98
9 0.00008 4.13 0.00097 3.99

TABLE 5.10. Errors as functions of the mesh size ma; m1 = 7 is fixed. number of the basis functions 2L = 22; kg = 3,
Test problem 3

Lo(Leo) error of u(z,y) | Ratio | Loo(Leo) error of u(x,y) | Ratio
8 0.00001 0.00020
9 2.5e — 6 4.0 0.00005 4.0

TABLE 5.11. Errors as functions of the mesh size m1 = ma; number of the basis functions 2L = 22; kg = 3, a = 0.5, Test
problem 3

5.3. Third Example
As the third test problem we will again consider the heat equation (2.5), but with the exact solution
given below:

_ eituQ1 (.’E, y) = eitu(l)a (xuy) S Qh
u(w,y.1) = { e tug, (z,y) = e Hu® +u® +1.5uB)),  (2,9) € Q. (5.9)

We consider here ¢; = ¢o = 1 in (5.3). This test problem (5.9) is more challenging since 3(s) # 1 in the
interface conditions (3.4) and it will be calculated as

B(s) = 8;21 (%)71 (5.10)

As before, we set time step dt = 1.e —6 for the test in Section 5.3, and we consider the same time interval
[0,0.01]. Here, for the construction of the G1(Vr,), as well as for the computation of the particular solution
upy, we will choose the same auxiliary domains (as in the Sections 5.1 - 5.2)

0, =04, = [-2,2] x [-2,2].
Also, for the construction of the G3(vr,) we will select the auxiliary domain

Qg, =[-1.6,1.6] x [-1.6,1.6],
and for the computation of the particular solution @y, we will consider the auxiliary domain

0o _

Qay, = [-1.7,1.7] x [-1.7,1.7].

For the domains Q¢ and Qf,_, we will use the Cartesian meshes
2™ x 2™ = 2M2 % 22 with ny = ny = 10,

and we will select the discrete norm (3.9) with o = 0.5 for the construction of the G1(vr, ) and G2(Vr,). The
results are reported in Table 5.13. For this test problem (5.9) we observe that the convergence of our scheme
drops. This could be explained by the jump in the normal derivative of the solution (5.9) at the interface,
by the accuracy limitations of the considered second order finite difference space discretization (used away
from the interface), by the choice of the extension operator (formula (3.23)) , as well as by the first order
time discretization scheme used in this paper within the algorithms composition framework. As the part of
the future research, this result will be improved by considering different time and space discretization within
the developed approach, as well as different choices of the extension operators.
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Lo(Loo) error of u(z,y) | Ratio | Leo(Leo) error of u(x,y) | Ratio
8 0.00001 0.00020
9 2.5e — 6 4.0 0.00005 4.0

TABLE 5.12. Errors as functions of the mesh size m1 = ma; number of the basis functions 2L = 22; kg = 3, a = 1.0, Test
problem 3

Lo(Leo) error of u(z,y) | Ratio | Loo(Leo) error of u(x,y) | Ratio
7 3.3e —5 0.00051
8 8.3e — 6 3.97 0.00013 3.92
9 3.1e —6 2.68 4.2e -5 3.10

TABLE 5.13. Errors as functions of the mesh size m1 = ma; number of the basis functions 2L = 22; kg =0, a = 0.5, Test
problem 1

6. Concluding Remarks

In this work, we developed an efficient and flexible Algorithms Composition Framework based on the idea
of the difference potentials method (DPM) for parabolic problems in composite domains. We illustrated
the accuracy, efficiency, and flexibility of our method with several numerical examples. Here, the parabolic
equation served as the simplified model, and the first step towards future development of the proposed scheme
for more realistic models of materials, fluids, or chemicals with different properties in different domains.

In this work we considered and tested our approach only on the geometries with smooth curvilinear
boundaries. In the future, we plan to extend the proposed method to problems in domains with arbitrary
smooth boundaries and with boundaries with corners. In this respect, the choice of the different basis
functions (3.15) for different parts of the boundaries, as well as the question of the efficient linear solvers for
the scheme (3.13) will be investigated with the goal of designing even more efficient and accurate methods.

Other future investigations will include the extension and further development of the proposed scheme to
problems in physics and biology (see for example [10, 9, 53, 43, 42], [2, 5, 6, 21]), as well as the development
of the space discretization based on the high-order finite difference (see for example [34]), finite-volume (see
for example [22], [7, 10, 9]), finite element methods (see for example [11]), and spectral methods [16] within
the proposed algorithms composition framework. Higher-order time discretization schemes will be studied
as well.
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7. Appendix: Matrix Computation for System of Boundary Equations As we discussed in

Section 3.3 using the approximation (3.24) for v, in the system of Boundary Equations (3.8), we obtain
0 ._

the system of linear equations (3.25) with |v,| equations for 2£ unknowns uj) := (upy,...,ud.), u, :=
(Upis s Upp):
0,,0 1.1 _ —
Byu, + B,u, =0, (p=1,2).
Once again, here, |7, is the total number of points in the set v, (p = 1,2) and (ul,, ul,), (u3,, ul,) are the
unknown expansion coefficients of (Vr,,¥r,) (3.19). Matrices By and B}, are defined as By := (b, ..., b )

and B} := (b}, ...,;b} ). Columns b), and b}, of these matrices are |v,| dimensional vectors. The compo-

nents of the vectors are computed as the values at the points of the set |,| of the grid functions Q. [I1,,r, ¢¢]
and Q. [IL,,r,¢;], respectively. These values of the grid functions

Qv [Ly,r, @) =1Ly r, 00 — P, [y, 1, ]

and

Qv [y, r, 071 =1y, 0, 0] — Py, [1Ly,r, 67]

are known and obtained by constructing 2L difference potentials: let us recall that the difference potential
uy, =P N, Uvp (Def. 2.4, Section 2.1) can be easily constructed in general. The operator P N, is the linear
operator of the density v, . Here, the difference potential

Py, [y, r, ¢, or Py [ r,¢7]

is constructed by solving the simple auxiliary problem ((DAP), Def. 2.3), with the right-hand side given in
(2.19), where density v, is set to:

U'Yp = H'Yprqu*? fOI' (‘T.%yk?) S ’YP7 (71)
or to
vy, =11y v, &7, for (z;,yr) € vp, (7.2)

with fixed ¢* that takes the values from 1 to £. Let us note that for the detailed discussion on the general
construction of the difference potential, one may refer to [49, 10].
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