
Math 5270 – Transformational Geometry

June 24, 2013

1 Overview

We’re used to the Euclidean approach to developing geometry: axiomatic approach and
sometimes that of straight edge and compass constructions. There are other ways to develop
geometry that seem somewhat neglected, and we’ll try to touch upon those.

Geometry can be developed by studying groups of transformations and structures that
are invariant under those transformations – this is known as Klein’s Erlangen Program. In
essence, we’re interested in understanding structures with given symmetries. We’ll consider
groups of transformations that preserve:

• distances, angles and areas

• parallelism

• collinearity and cross ratio

• linear combinations

We will try to see what these different transformations afford us.

We will explore transformations as they appear in K-12 curriculum. We will then use
linear algebra to assist us, and note that many of the cumbersome arguments can be replaced
by fairly straightforward calculations. We’ll touch upon projective geometry as well as note
that Euclidean isn’t the only geometry out there.
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2 Monday agenda

1. Introductions to the course and each other

2. Symmetries of quadrilaterals

• Open your geogebra, hide the axes and the grid and construct each type of quadri-
lateral: generic, kite, rhombus, parallelogram, rectangle and square. Added chal-
lenge is not to use the actual tools available, but to use Euclidean constructions
to construct each quadrilateral so that it remains that type regardless of how we
manipulate its vertices or sides.

• For each of these quadrailaterals, the goal is to identify all if its symmetries.

(a) Construct an arbitrary line, and reflect the figures over it.1 After you have
reflected the figures over the line, you can move the line around, and see what
reflection symmetries you can find.

(b) Create a new point and a slider2 for an angle, then rotate the figures about
the point by the angle, using the transformation menu. Again, see if you can
find symmetries by making the figure coincide with its rotation.

(c) Translate your quadrilaterals by an arbitrary vector. Can you find transla-
tional symmetries?

• For each symmetry that you found, construct the line/point of symmetry directly
from the original figure, and reflect/rotate the figure about that line/point. If
you’ve constructed it correctly, the image should stay on top of the original figure
no matter how you move it. This will give you a precise way to specify the
line/point of symmetry by saying how to construct it.

• Finally, start with a line or point of symmetry and a point or segment of a figure,
reflecting/rotating it about the point or line, and seeing how much of the figure
is determined. What happens if you require two or more symmetries?

• Discussion

Note that we’ve needed no coordinates for this exercise.

3. Euclid and Hilbert’s approach vs. coordinate approach

4. Coordinate plane

Question 2.1. Describe how we build a coordinate plane.

The problem here seems to be that this plane is unlike Euclid’s plane! We have a
favored point and favored lines...

Question 2.2. List three transformations of the plane in your notes.

1To do this, go to the transformation menu, select the transformation you want, then follow directions.
2See p.24 in Introduction to Geogebra
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5. We can use coordinates to describe transformations of the plane. For each of the given
transformations, describe their effect on points of the plane, coordinate axes, and char-
acteristics they leave invariant. To pre-emptively strike: Yes, I know. I should have
two sets of parentheses. But why bother?

Try to make predictions about what will happen before you ”graph” these.

f(x, y) = (x3, y3) g(x, y) = (2x, 3y)
h(x, y) = ( 3

√
x, ey) i(x, y) = (cos x, sin x)

j(x, y) = (−x, x+ 3) l(x, y) = (x3 − x, y)
m(x, y) = (3y, x+ 2) n(x, y) = (x+ 2, y − 3)
p(x, y) = (0.6x− 0.8y, 0.8x+ 0.6y) q(x, y) = (−0.6x+ 0.8y, 0.8x+ 0.6y)

6. Lines, distances and angles

• Lines

One of the most important consequences of the parallel axiom is the
Thales theorem and hence the proportionality of similar triangles. When
coordinates are introduced, this allows us to define the property of straight
lines known as slope.

We show how to arrive at the equation of a line using Thales theorem. The Thales
theorem. A line drawn parallel to one side of a triangle cuts the other two sides
proportionally.

– Thales

– Slope

– Equations

Descartes viewed equations of lines as information deduced from Euclid’s axioms.
But we could do it in the opposite direction! Use equations to define lines (ga
sp!) and then you can deduce some of Euclid’s axioms, eg:

– there is a unique line through any two distinct points,

– for any line � and point P outside �, there is a unique line through P not
meeting �.

• Distances: Pythagora tells us what it ought to be: or defiine it then Pythagora
comes for free....

• Angles: tricky business... Hello, trigonometry.

7. Drama Club: Going round in circles

8. Problem set #1.
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