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Coarse grid inversion

Large scale geophysical features can be reconstructed on coarse grid
inversion step.

Low frequency approximation of Maxwell’s equations:

Inverse problem: Given measured values of the fields v, = Muy
due to the applied currents fi, find the properties of the medium o (x)
so that

Fk(O') = ML(O')_lfk = Vi

Ill-posedness: Even with infinitely many data, o0 = F~!(v) does
not depend continuously on the measurements.

Regularization: Formulate a regularized problem using a stabi-
lization functional:

min 3 || Fj.(o) — vl | + aJ (o)
k

Non-smoothing and edge-detecting regularization:

1. Total variation penalization:
J(o) = /Q Vo|dz

2. Level set method
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Figure 1: Example of regularization with different stabilization functionals: Distri-
bution of the density for the fault model (top) and results of reconstruction using
H, regularization functional together with the observed and predicted data (mid-
dle). Density function reconstructed using total variation stabilization funcional
is shown in bottom figure. (H.Bertete-Aguirre, E.Cherkaev, M.Oristaglio, 2002)



Only averaged properties are recovered in coarse grid
inversion -

Can we extract microstructural information ?

Microscale inversion problem



Model with spherical inclusions

Real Image X-ray Projection Data

Frocd 01073

Figure 2: Computed Tomography gives an example of direct reconstruction of the
structure of the medium from averaged measurements. CT uses large number of
averaged values to reconstruct the structure. Density of the model with random
spherical inclusions reconstructed using CT (E.Cherkaev, A.Khan, A.Tripp).



Random Density Model

True Image Density of the Real Medium

Figure 3: Density of a random medium reconstructed using CT (E.Cherkaev,
A.Khan, A.Tripp). 2D or 3D imaging techniques can be used to reconstruct
the structure and then estimate the volume fraction of one of the components,
specific surface area, or fractal dimension. To estimate thermal conductivity of
the structure reconstructed in CT is a large computational problem.



Alternative characterization of the microstructure

that allows easily evaluate other effective properties of
the medium -

for instance, thermal conductivity or permeability.



Identification of the microstructure of a
two-component mixture

The complex permittivity of a mixture of materials €; and € is a
stationary random field € ; if yx is the characteristic function

x(@) = {

I, z in component 1,
0, otherwise ,

e(x) = erx(x) + €1 — x()).

E and D are stationary random electric and displacement fields,
D(x) = e(z)E(x),

V-D=0, VxE=0, <E>=¢

The effective complex permittivity tensor €* relates average displace-
ment and average electric fields:

<D>=€< FE >.

Problem:

Given knowledge of ¢*, characterize the function y .

Effective thermal conductivity ¢* is modeled analogously: ¢;, ¢ = 1, 2,
is the thermal conductivity of the i-th material, the effective thermal
conductivity tensor c* is a coefficient of proportionality between the
averaged (applied) temperature gradient and the averaged heat flux.
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Both problems are related by the same y:

V-(ax+e(l-x)Ve=0, € =(V9)

V-(ax+el—-x)VT=0 " ={VT)

Suppose that ¢ can be measured

How to find the other effective property c* 7

We consider isotropic mixtures and focus on one diagonal coefficient
€' =€ and ¢* = ¢,

Similarly, we could consider

e the diffusion coefficient
with the concentration gradient and mass flux

e hydraulic conductivity
with pressure gradient and fluid velocity

e magnetic permeability of the medium
with the magnetic field and magnetic induction
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Analytic integral representation for the effective
complex permittivity

D. Bergman, periodic composites, G. Milton
K. Golden & G. Papanicolaou, random medium

F(s), analytic off [0, 1] in the s—plane, has the integral representation:

the positive measure p is the spectral measure of
the self-adjoint operator Iy , where

[=V(-A)"'V.

Used in estimates for microstructural parameters:
R. McPhedran, D. McKenzie, & G. Milton

R. McPhedran & G. Milton; G. Milton & D. Eyre
E. Cherkaev & K. Golden; E. Cherkaev & A. Tripp
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Spectral representation for the electric field in a model
problem

Let a model medium be a random mixture of two materials with
properties 1 and h : o(x) = hx(x) + (1 — x(z)). Then

V-(hx+1—-x)E=0
V- xE=s5V- E| §=——-

Let V¢ be a perturbation of the constant field ey, £ = e + V¢ .
Then,

(Vé+ex) + éw—A)—lv (Vb +er) = ex

Let '=V(=A)"Y(V:). Then E =s(sI+Tx) e,

The spectral resolution of Iy with the projection valued measure @),
results in the representation

S

E(s)= [ dQ(2) ex

S—Z
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Spectral representation for two effective properties

Using this representation for £Z we obtain the spectral representation
for F(s)=1—0"(s)=1—((hx+1—x)E, e)

1{xdQ(z) e, er)

S —Z

F(s)=(x(sI+Tx) e ex) :/0

Introduce a function p corresponding to the spectral measure @),

F)= L () = (xdQer. e

1 is a positive function of bounded variation, can be associated with

the geometric structural function of the mixture

*

Effective properties ¢ and c¢* of the same two-
component stationary random medium are related
through the spectral representation with the same spec-
tral measure pu:

; 1 dp(2) 1
€<S):€2_€2/08_Z7 821—61/62
1 dp(z) / 1

’ 321—01/62

If the function y is known from the measurements of €*, evaluation of
the effective thermal conductivity ¢* reduces to simple calculation.
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Uniqueness of reconstruction of the spectral measure

Uniqueness Th. The measure i can be uniquely reconstructed if
the function F'(s) is known on an arc C in the plane of the complex
variable s.

Remark: From analytic dependence of €, = €;(w) and €3 = €3(w)
on frequency w, follows that measurements of €*(w) in an interval of
frequency: w € (wi, ws) provide the required values of the function
F(s).

The series expansion of F'(s) reduces the problem to
the Hausdorff moment problem.
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What microstructures are distinguishable?

S—equivalence of structures

Microstructures equivalent from the point of view of the spectral mea-
sure

Definition. Given two structures with the effective prop-
erties €*! and €*2 and the permittivity of the pure materials
€1 and €9 we define their microstructures as S—different, if
there exist a pair of materials with the properties €; € C,
j =1, 2, such that €*1(€}, &) # €*2(é1, €). Otherwise, these
two structures are S—equivalent.

S —equivalent structures correspond to the same spectral function pu.

If the function F'(s) is known on an arc C in the complex s—plane, the
geometries of different mixtures are distinguishable by the
effective measurements up to the S—equivalence of the struc-
tures.
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Reduction to the inverse potential problem

Function F(s) admits a representation as a complex potential of the
measure [

F(s) = % [In|s— 2| du(z), 0/0s=(0/dzx —1i d/dy)

The problem of reconstruction of the measure p is equivalent to the
inverse potential problem,

—Au = ¢7 Supp(¢) - Qa

where 1 is the density of the mass distribution in €2,
and the function u is given by the Newtonian potential with

du(z) =1dz, ze€.
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The problem is extremely ill-posed

Singular values of the operator A (bottom figure)
discretized along the curve C (top figure).
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Regularized problem

Au(s) = f(s) Higls) = o ['In|s— 2l du(s),  seC

A is completely continuous operator,
the inverse A~! is not continuous —

The inverse problem is ill-posed.

Solve minimization problem:

lAp — F| — min

[ll-posedness:  Solution does not continuously depend on the data.
Only a perturbed function F° is known: ||F — F°|| < 6

Construct a regularization algorithm:
Minimize the functional over a subset of functions which satisfy
J(pn) < B, for some scalar § > 0.

Constrained minimization problem:

i Ay — F°
T 1A = F7

A particular choice of J significantly determines the solution.
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Unconstrained minimization problem

Solution of the constrained minimization problem

min  ||Ay — F?°
p J(p)<p |An |

occurs on the boundary of the constrained region where J(u) = .
Can reformulate it as an unconstrained minimization problem.

Equivalent formulation with the Tikhonov parametric functional
F(u, F°) (o is a regularization parameter):

F(u, F°) = | Ap — PP + o (n)

Unconstrained minimization problem:

Fe <,u,F5> — ;Erelb\r/lt
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Stabilization functionals

(1). Quadratic stabilization functional

min {[An— F; + al|Lullz},

Advantage: Linear Euler equation resulting in efficiency of the
numerical schemes:

— (A*"A+aL*L) " A*F°.
Disadvantage:  Smoothness of the solution.

(2). The total variation functional

Jtv /0 |d,lL

For an absolutely continuous function p with the derivative ¥(2),
corresponding to the mass density in the potential problem,

Jio (1t /0 W (2 dz—/o (2)| dz

Advantage:  Does not impose smoothness on the solution.
This permits recovering more blocky and contrast structures.

Disadvantage:  Non-quadratic minimization problem

20
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Figure 4: The values of Im (F'(s)) for different s used in numerical example

Numerical example: Frequency dependent medium

Ellipsoid of volume v with a dielectric constant e; embedded in much
larger homogeneous host with a dielectric constant es.

€1 — €9
€2 + n(e; — €)

€ =e+v/Ve

V is the total volume of the condenser,
n depolarization factor, n = 1/3 for spheres.

e* diverges when €; = —(1 —n)es/n

1
1-h

which gives a pole at s, = n =

1
3



Discretized problem

(A(s) = o Shnfs—zlp,  seC

dp =3 'y, p = pl(@ioa, ) = pla) — (i)

The minimization problem

|Km — F||* + aJ (m) — min

meR"

where we introduce a vector m = (u!, i, ..., u™)?

F' is the data vector at s1, $9,...5n5 on the curve C,

and K = {ay;} is a matrix with complex entries

0
aki:%1n|s—zi| , SkEC
5=S},
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Figure 5: Reconstruction of a point mass 0.5 d;/3 concentrated at z = 1/3. The numerical
algorithm is based on the /?>-norm stabilization functional introduced to constrain the set of
solutions. Shown are solutions corresponding to different values of regularization parameter
a. Solution becomes unstable when « is too small (bottom figure).
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Figure 6: Reconstruction of the measure p using the total variation stabilization functional.
The true solution is a point mass 0.14;/3 .
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Figure 7: Imaginary part of the function F'. Calculated values are shown by dots, the line
indicates the measured data.
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Figure: Calculated function du: Reconstruction using non-negativity con-
straint (E.Cherkaev, P.C.Hansen, and A.C.Berglund).

Constrained Regularization

Non-negatively constrained minimization problem:

/1;2%11 {HA,u — F(SHz + « HL,qu} subject to  dp > 0

Active set constraint algorithm is applied
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Solution with non—negativity constraints
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Figure 8: Three-pole model reconstructed using non-negativity constraint. (E.Cherkaev,
P.C.Hansen, and A.C.Berglund)
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Conclusions

Multiscale electromagnetic imaging ties together properties of the
medium on two different scales:

Complex permittivity found on the coarse scale imaging step is used
for microscale inversion which recovers information about the fine
structure of the random medium.

Information about the microstructure is contained in the spectral mea-
sure 1 in the Stieltjes integral representation of the effective complex
permittivity of the medium.

The problem of reconstruction of the spectral measure has unique
solution, provided the effective permittivity of the medium is available
in a continuous range of frequency of the applied field.

The reconstructed spectral function g can be used to estimate geo-
metric parameters of the microstructure as well as to evaluate other
transport properties of the same medium.
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