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RNA Structures

A single strand of RNA
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e Primary structure: sequence of bases (A,G,U,C)

@ Secondary structure: pairing of bases
@ Watson-Crick pairs: A-U, G-C (less often U-G)

o Tertiary structure: resulting 3D molecule
s Di erent tertiary structures) di erent enzymatic properties



A single strand of RNA: An example

e Primary structure:
AACCAUGUGGUACUUGAUGGCGAC
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A single strand of RNA: An example

e Primary structure:
AACCAUGUGGUACUUGAUGGCGAC
@ Secondary structure:

uu A U
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o Tertiary structure: extremely di cult to predict (probaby
NP-hard)
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RNA Structures

RNA secondary structure &snoncrossing arch diagram

@ k-noncrossing arch diagram of order
o graph on vertex sefl;:::; ng

¢ all vertices have degree 1
ip < <ig<j1< < jk
1 2 3 4 5 6 7 8 9 10 1 12 13

1 2 3 4 5 6 7 8 9 10 11 1213

@ RNA secondary structure afi bases, pseudoknot typle 2
s k-noncrossing (but nok
@ no l-archedi;i+1g

¢ \abstract" secondary structure (no primary structure)

1) arch diagram of orden



RNA Structures
Counting RNA secondary structures

e Establish bijection betweek-noncrossing arch diagrams and
certain walks inzk 1

@ Count walks via re ection principle (Weyl groups)

o Enumerate restricted walks (RNA secondary structures)
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@ Walk in Z™ of lengthn
s sequence of vectorgy; X1;:::;Xn 2 ZM s.t. jxj+1 Xjj=0or1
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Counting k-nc arch diagrams

k-noncrossing arch diagrams and walks in Weyl chamb

@ Walk in Z™ of lengthn

@ Weyl chamber
¢ subset of vectorsk = (X1;:::;Xm) 2 Z™ s.t. xg > > Xn> 0

There exists a bijection between k-noncrossing arch diatggaf
order n and walks of length n i#* ! which start and end at
a=(k 2Lk 2:::;1) and remain in the Weyl chamber.
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Counting k-nc arch diagrams

Idea of proof: Oscillating Young diagrams, RSK algorit

@ Young diagram

s collection of squares arranged in left-justi ed rows
s number of squares in each row weakly decreasing

e Oscillating Young diagrams
@ sequence of Young diagrams= o; 1;:::; n=;
s jand ji; dier by at most one square

o D\:DEPEE'EHEPEDD o

@ Young tableau

¢ lling of Young diagram with positive integers
@ numbers weakly increasing in each row
@ numbers strictly decreasing in each column

@ RSK algorithm
@ method for creating sequences of Young tableaux

+5 +2 o+ +1 +6 +3
o —[5] — (2] — [214] — [1]4] —~ [1][46] —~ [1[3[¢]
15 15 2 2|4
5 5



Counting k-nc arch diagrams

Idea of proof: The bijection

2
3
o

5 [ [ [z

(4,3,2,1)( 5321 63216421, 6421 6421),
(6,4,3,1)( 6,4,31)( 54315432, 6432,(6431),
(6,4,3,1)( 6,4,2,1)( 64,21)( 63,21),( 5321 4321)
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Counting k-nc arch diagrams

Counting walks in Weyl chamber: Weyl group

o Set n="feng[fe 1 gjj=2;:3mg
s Each 2 |, called a (simpleyoot
s HyperplaneP normalto 2 |, called awall
@ Weyl chamber region ofR™ bounded by walls

1= flg; P, = f0g
2=1(0;1);(1; 1)g P,y = H1;0)i; P, 1) = N(1;1)i

o Weyl groupBn,: generated by re ections through walls

D X E
Bn= x7'x 2—— | 2 n

B1= 25, Bo= Dy
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Counting walks in Weyl chamber: Re ection principle

wh(X;y) = #walks x! vy of lengthn
w, (x;y) = # walks x! vy of lengthn remaining in Weyl chamber

Theorem (Gessel & Zeilberger (199Proc. Am. Math. Soc.115)
If x;y 2 zk 1 are in the Weyl chamber, then

X
Wy (Xy) = sgn( Iwa( (X);Y):

2Bk 1
Theorem (Grabiner & Magyar (1993). Algebr. Comb.2)

IFx=(xg;::% 1); Y=(y1;::7:¥k 1) are in the Weyl chamber,

o xn kK 1
Wn (X1 y) m = ¢ det[IXi Yi (ZX) IXi +Yi (ZX)] ijj=1
n=0 '

P .
where ] (2x) = j1:0 X2 +i=(j!(r + j)) is hyperbolic Bessel
f_unction of 1st kind of order r.
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Counting k-nc arch diagrams

Countingk-noncrossing arch diagrams

o Set
fu(n;1) = # k-nc arch diagrams of ordem with | isolated nodes

e Witha=(k 1k 2:::;1), we have shown that

x
w, (a;a) = fi(n; 1)
1=0

x X XN
f"(n;l)ﬁ = & detfl; j(2x) I|+J(2X)]Jlj 21
n=1 1=0 '

fo(n:1) = ?Cnl;fs(n;l)z " c.iC cz,
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Countingk-noncrossing RNA secondary structures
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Counting RNA 2nd structures

Countingk-noncrossing RNA secondary structures

o Set

Sc(n;1) = # k-nc RNA structures oh bases withl isolated nodes

X
S«(n) = # k-nc RNA structures oh bases=  S(n;l)

1=0

Theorem (Jin, Qin & Reidys, 2008)

(ng1)=2
Se(n;l) = ( 1P ”bb fo(n  2b31)
b=0
bR:ZC erb
S = (1P ”bb f(n  2031)
b=0 1=0
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Counting RNA 2nd structures
Idea of proof

@ Set
Gk(n;l;j) = # k-nc arch diagrams of ordem
with | isolated nodesj 1-arches
(nx1)=2 |
Fi(x) = Ge(n; 1;)x!
@ Note j=0
(b) (ny =2
OO g " P 2

j=b
Both count (with multiplicity) all k-nc arch diagrams with
isolated nodes constructed by:
¢ specifyingb 1-arches (can be done id‘bb ways)
s lling n 2b remaining nodes witlk-nc arch diagram having
isolated nodes (can be done fp(n  2b; 1) ways)

Each of G¢(n;I;j) arch diagrams countedL times
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@ Taylor expandingry aboutx =1 gives
(D=2 £ ) (1)
b!

F (X)
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b=0
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Idea of proof

@ Taylor expandingry aboutx =1 gives
(D=2 £ ) (1)

() = Wy
b=0 ’
(ng)=2
= ”b f(n 20:1(x  1)P°
b=0

o Therefore
S(n;1) = G(n;1;0) = F(0)
(nyh=2
_ ( 1P ”bb fo(n  2b:1)
b=0

Table 1 The rst15numbers of3-noncrossindRNA structures

n 12345 6 7 8 9 10 11 12 13 14 15

S3(n) 1 1 2 5 13 36 105 321 1018 3334 11216 38635 1358386337 17695C




Counting RNA 2nd structures

The end

Thank you!
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