Functional Analysis 1-9-06
The Hahn — Banach Theorem :
Extensions of Linear Forms and Separation of Convex Sets

Let E be a vector space over R and F' C E be a subspace. A function f : F' — R is linear if
flaz +By) = af (x) + Bf(y) Vo, €Rand V z,y € F.

Theorem 1 (Hahn-Banach Theorem, Analytical Formulation) Let E be a vector space and
p: E — R be such that

1. p is positively homogeneous, i.e., p(Ax) = Ap(x) VA >0, V2 € E.
2. p is subadditive, i.e., p(x +y) < p(x) +p(y) V z,y € E.

Let G C E be a subspace and g;G — R be a linear function such that g(x) < p(z) V z € G.
Then there exists f : E — R, a linear function, such that f(z) = g(z) ¥V « € G. Moreover,
f(z) <p(x) Ve E.

Proof : The proof uses Zorn’s lemma:
Lemma 1 Fvery nonempty, ordered, inductive set admits a maximal element.

Recall that an inductive set is one such that every totally ordered subset has at least an upper
bound. A subset @ of a set P is totally ordered if a,b € @ implies a < b or b < a. An element
a € P is an upper bound for Q if z < a for all z € (). An element m € P is a maximal element if
r € P and m < z implies m = .

Let us define a set
P={h:D(h) — R: D(h) is a subspace of E, h(x) =g(z) if z € G,

D(h) D G, h(z) <p(x)V x € D(h), his linear} .
First note that P # (), since g € P. We define an order relation on P by

hi1 <hy & D(hl) - D(hg) and hQ(IL') = hl(x) Ve D(hl)

Next, we show that P is inductive. Let Q = {h; : i € I} be a totally ordered subset of P. Let

D(n) = | D(hi),

icl

and define h : D(h) — R by h(z) = h;(x) if x € D(h;) (it is left as an exercise to prove that h
is well-defined by using the fact that @ is totally ordered). Also, h € P and h is an extension of
every h; € Q. Thus h is an upper bound for Q). Zorn’s lemma then implies that there exists f € P
that is a maximal element of P. We claim that this f is the one required by the conclusion of the
theorem. It remains only to show that D(f) = E. Note that D(f) C E. By contradiction, assume
that there exists g € E — D(f). We define h : D(h) — R, where D(h) = D(f) + Rz := {a + txg :
z € D(f), t € R}, by h(x + txo) = f(z) + at, with « to be chosen later such that h € P.
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In the last installment, we showed that there is a maximal element of the set P by Zorn’s Lemma.
To show that this f is the one required by the statement of the Hahn-Banach theorem, we needed
only to show that D(f) = E. To this end, we assumed that there was xg € E — D(f) and defined a
function h on D(f) + Rxg by h(x + txg) = f(x) + ta, where a € R is to be chosen later. Note that
f < h in the order defined previously. If we can show that h € P, then we will have a contradiction
with the maximality of f. Thus, we need to show that h < p on D(h), i.e. that

h(t+xo) = f(z) +ta < p(x +txg) Vo € D(f), VE€R (1)
First, we claim that (1) holds if we can choose a such that

{f(x)+a<p(x+x0)V$€D(f) (2)
f(z) —a < p(x —x0) V 2 € D(f)

The proof goes as follows: If ¢ = 0, then (1) holds. If ¢ > 0, then

p(x + txg) :p<t (1334—3:0)) =1p (1%—&-9&0) Zt(f <1x> +a> = f(x) + ta.

If t < 0, we use the same argument with ¢ replaced by —¢. This establishes the first claim. Next,
we claim that there exists o € R such that (2) holds. To see this, let z,y € D(f). Then

f@)+fly) = flz+y) <plx+y) =ply —z0+2+20) <Py — 70) + (= + 70).
This implies that
f(y) —ply — x0) < p(x +x0) — f(2) ¥V y,2 € D(f),

SO

yesgl()f){f(y) —ply — o)} < meigff){p(x +z0) — f(2)}.

Thus any « € R such that

yesgr()f){f(y) —ply—z0)} <a< xeigff){p(w +x0) — f(2)}

will do.

Recall than if F is a normed vector space and if f : £ — R is linear, then f is also continuous if
there exists C' > 0 such that
(@) <ClzllpVx ek

We define
E'={f:E —R: fis linear, continuous}.
e el
x
£z = sup{|f(z)| : # € E,[|z[|p <1} = sup.cp
220 ||z
=inf{C >0:|f(z)| < C|z|VzeE}
is a norm on E’.
Remark : In general, the sup in the definition of || - ||g/ is not attained. It is always attained in

reflexive spaces. R.C. James proved that if the sup is attained for all f € E’, then the space E
must be reflexive.



Corollary 1 Let E be a normed vector space, and G C E a subspace. If g € G', then there exists
f € E such that ||f||gr = ||g|lgs and f extends g.

Proof : Define p : E — R by p(x) = ||g]|a’||z||g. Then p is positive homogeneous and subadditive.
We then apply the Hahn-Banach theorem with these choices of G, g, and p to find that there exists
f: E — R that is a linear extension of g such that

f@) <lgllerllzllg Ve k.
Thus f € E’, and since
Ifller < llgller = sup |g(z)| = sup [f(x)] < |f]er,
zeG zeG
llzlla<1 lzle<1
we also have that || f||z = ||g]l¢-

Corollary 2 Let E be a normed vector space, and let zg € E. Then there exists fo € E’ such that
1foller = llzollz and fo(zo) = llzollZ-

Proof : Define G = Rz and define g : G — R by g(txg) = t||lzo||%, t € R. Applying the first
corollary, we find that there exists fo € E’ such that fy extends f and || fol|z = ||g]l¢’. Thus

|g(tx0)| . |t‘||$0||125‘ _ ” H

foller = llgllar = sup - a
[l foll lgll ver || f2ollE rer |t|[|zoll £
t£0 t#£0

Also, fy extends g, so f(txg) = g(txzo), and consequently, if ¢ = 1, we have f(zo) — g(zo) =
[lzoll%-

The duality map between a normed vector space and its dual is defined by

E>zw— {feE: f(z)=|lzlE, [Ifle = lele)

Remark : In general, the fj in the second corollary is not unique, so the duality map is multivalued.
The functional fy is unique if E is strictly convex: = # y and ||z||g = ||y|lg = 1 imply that
Itz + (1 —t)y|lp <1 for all t € (0,1).
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Corollary 3 For every x € E, we have
[z = sup [{f,z)| = max |(f,z)].
fer’ feE!
IF<1 <1
Proof : Choose x € E. Then
(L) < Ifllllzll = sup [(f,2)| < =

fEE’
IflI<1
Conversely, there exists fo € E’ such that || fo| = ||z|| and (f,z) = ||z||?>. We define a new functional
fi: E—Rby
<f1,y> _ <f03y> vy cE.

]



Then clearly f; € E' and

<f0,$>
(fr,z) = = ||z|.
[[]]
Thus we have that
1Al = sup Wl _ [l
ver Iyl ]| ’
y7#0

and then
sup{|[(f,z)| : f € E', [[f|| <1} = (f1,2) = ||z|.

This gives us the result.
The Geometric Versions of the Hahn — Banach Theorem
Separtaion of Convex Sets

Throughout what follows, E is a normed vector space with norm ||-|| g (the subscript will be omitted
unless it is unclear which norm is being used).

Definition 1 Let o € R and f : E — R be a linear (not necessarily continuous) functional, f # 0.
An (affine) hyperplane of equation [f = o] is a set of the form
[fia]={z € E: f(z) = a}.
Proposition 1 A hyperplane [f = a] is closed if and only if f is continuous.
The proof of this proposition can be found in the homework for the course, or in Brezis.

Definition 2 Let A, B C E. We say that the hyperplane of equation [f = ] separates A and B if
fle)<aVzeaand f(r) >aVzeB.

Definition 3 Let A, B C E. We say that the hyperplane of equation [f = o] strictly separates A
and B if there ezists € > 0 such that f(z) <a—eVax € Aand f(x) >a+eVxeB.

Figure 1: Sets A and B separated by a hyperplane.

Theorem 2 (Hahn-Banach, first geometric version) Let A, B C E be two nonempty, dis-
joint, and conver sets. Assume that A is open. Then there exists a closed hyperplane that separates
A and B.



Proof : The proof is based on two lemmas:

Lemma 2 If C' C FE is open, convex, 0 € C, then for every x € C, we define
. 1
p(x):mf{oz>0:x€C}.
Q@

Then

1. p(z)=Ap(x) VA >0 andV z € E.

2. p(x+y) <plx)+ply) Vayeck.

3. 3 M >0 such that 0 < p(z) < M||z|| V= € E.
4. C={x e E:p(x)<1}.

Lemma 3 Let C C E be nonempty, open, and convex. Let xg € E\C. Then there exists f € E’
such that f(z) < f(zo) for all x € C. In particular, the hyperplane [f = f(xo)] separates {x¢} and
C.

We postpone the proofs of the lemmas until the end of the proof of the theorem.

First, define
C=A-B={x—y:x€A, ye B}.

Then C is convex. Let ¢ € [0,1] and 1,22 € A, y1,y2 € B. We have
t(l‘l - yl) + (1 — f,)(l‘Q — yg) =tz + (1 - t)l‘g — [tyl + (1 — t)yg} cA-B=C.

Also, C is open. We may express C' as

c=4-B=JA- ).

yeB

We claim that A — {y} is open for each y € B. Let g € A — {y}. Then zy+y € A. Since A is
open, there exists r > 0 such that B(xo + y,r) C A. We want to show that B(xg,r) C A — {y}, so
we let 2 € B(xg,r). We have that

1z +y) = (o + )| = [lz = xol| <1,

so z +y € B(zg + y,r) C A, which gives us that z € A — {y}. This implies that C' is open. It is
easy to show that 0 ¢ C. If 0 were in C, then there exists x € A and y € B such that 0 = x — y,
so x = y, but this is a contradiction with the fact that A and B are disjoint. Lastly, we note that
C # (. This is trivial from the definition of C' and the fact that A, B # (.

Now we may apply (3) for C = A — B and xo = 0. This gives us that there exists f € E’ such
that f(z) < f(0) = 0 for every z € C. Also, each z € C may be written as  — y for some z € A
and y € B. By the linearity of f, we then have that f(z) < f(y) for every x € A and y € B. This
shows that

sup f(z) < ;Q,fg ).

If we choose « such that

sup f(z) < a < inf f(y),
z€A yeb



then f(z) < a < f(y) for all z € A and y € B. This tells us that the hyperplane [f = o] separates
A and B. Since f is continuous, [f = o] is closed.
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Proof of Lemma 1 : 1. We defined the function

1
p()\ac):inf{a>0::UEC}7
«
and we want to show that
. 1 . 1
1nf{a>0:a)\a:€C}:)\1nf{a>O:xEC}.
o

Choose a > 0 such that a='Azx € C. Then a = AM(aA™ 1), and (aX~!)~ 1z € C. Thus
ade{B3>0:81zeC}

= aA>inf{>0:8"'xecC}
= a=MNaA\"H) > \inf{#>0: 7'z € C}
= infla>0:a']Az € C} > \inf{3>0:3 'z C}.

Let 3 > 0 be such that 371z € C. Then 3 = A"1(3)). Since 371z € C, we have that (8\) "' \x € C
and

pre{a>0:a e C}.
This in turn gives us that

BA>inf{a>0:a 'z eC}

1
= ﬂzxinf{a>0:a_1)\x€(7}

1
= inf{>0:8trecC}> Xinf{a >0:a Az eC}.
This completes the proof of part 1.

2. We have that
p(z+y) =inf{la>0:a (z+y) € C}.

Let a > 0 be such that o'z € C, and let 3 > 0 be such that 3~ 'y € C. We seek « such that
v < a+ B such that y~!(z + y) € C, so we look for ¢ such that

Y Mz 4y)=ta e+ (1-t) .
This implies that

ta ' =~y"land (1 -t)g~ =~71

Thus
t=1-p7"" = oy ' =1-p7" = (a+f)y =1 = y=a+p.



Therefore, we have that

(a+8) (z+y) =

(o ') + (1 S ) (B'y) eC.

«a
a+p a+p

We then calculate that
a+pB>inf{y>0:y(z+y) €C}
= infla>0:a s e Cy+inf{B3>0:8"'ycC}>plx+y)
= p(x) +p(y) > p(z+y).

3. We know that 0 € C' and C is open, so there exists > 0 such that B(0,r) C C, so for every
x € E, we have that

1 -1
<||:17|> z=r——eB0,r) €C.
r [l
This gives us that
1
;||a:H c{a>0:a 'z ecC}
1 . »
= ;||a:|\ >inf{a>0:a "z € C}

1
= 0 < p(x) < M||z||, where M = —.
T

4. If x € C, there exists € > 0 such that x + ex € C. This gives us that

(1+ezeC = ((141-e)>1x60’

S0
1 1
me{a>0:oﬁ1x60} = 1>1—+62p(x) = ze{ze FE:px) <1}
Now choose = € E such that p(z) < 1. This implies that
infla >0:a 'z eC} <1,

so there exists 3 such that inf{a > 0 : a7z € C} < B3 < land B~'x € C. We then have
that

z=p(B""z)+(1-p)-0C.
Proof of Lemma 2 : Without loss of generality, assume that 0 € C (if not, we translate). Let
p(z) =inf{a>0:a 'z € C}, G=Ruz,
and define g : G — R by g(tzg) = t. We show that g(txzo) < p(tzg). If t < 0, then

p(tzo) = inf{a > 0:a txg € C} = tp(xo) >t = g(txo).



If t = 0, then g(0zo) = ¢(0) and p(0xo) = p(0) and p(0 + 0) < p(0) + p(0), so p(0) > 0 = g(0). If
t < 0, then

p(tzg) = inf{a >0:a 'tz € C} >0,
and p(tzg) =t < 0. We have then that g : G — R is linear, G C E is a subspace, and g(z) < p(z)
for every € G. By the Hahn-Banach theorem (analytical version), there exists a linear functional
f such that f extends g and f(z) < p(z) for every x € E. Also, since f(z) < p(z) < M|z|, f

is continuous. We have that f(zg) = g(xo) = 1, and p(x) < 1 for every x € C. This means that
f(x) <plx) <1= f(xg) for all z € C.

Theorem 3 (Hahn-Banach Theorem, second geometric version) Suppose A, B C E are nonempty,
convez, and disjoint. Assume in addition that A is closed and B is compact. Then there exists a
closed hyperplane strictly separating A and B.
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Theorem 4 (Hahn-Banach Theorem, second geometric version) Let E be a normed vector
space, and let A, B # 0 be two disjoint, convex sets. Assume that A is closed and B is compact.
Then the sets A and B can be strictly separated by a closed hyperplane.

Proof : Define
A. = A+ B(0,¢) and B. = B + B(0,¢).

Then A, B, # 0, A and B, are both open, and A. and B, are both compact. The convexity
follows since if 6 € [0,1] and z,y € A + B(0,¢), then we can write

x=a+z, wherea € A, z € B(0,¢), y=b+1t, wherebe A, t € B(0,¢).
Then
bxr+(1—-0)y=0a+(1—-0)b+0z+(1—-0)te A+ B(0,¢),

by the convexity of A and the ball. It still remains to show that A. N B, = @ for ¢ sufficiently small.
If not, then there exists a sequence {e,} such that ¢, — 0 and corresponding sequences {a,,} and
{bn} such that a,, + 6, = by, + t,,, with 6,,,t, € B(0,€,). This implies that

lan — bull = |0n — tall < 260 — O.

Since B is compact, (up to a subsequence) we have that there exists b € B such that b, — b. This
gives us that
llan = bll < llan = bl + [|bn — bl < 26, 4 [br, — b]| — 0.

We now have that a, — b, and A is closed, so b € A, which implies that AN B # (), which is a
contradiction.

We are now able to apply the first geometric version of the Hahn-Banach theorem. There exists a
hyperplane [f = a] which separates A, and B, for € sufficiently small, so

flz+ex)<a< fly+ex)Vexe A ye B, z< B(0,1).

This gives us that
f(@) +ef(2) < a < f(y) +€f(2),



so f(z) < a —€f(z), and if we pass to the supremum over z € B(0,1), then we find that f(z) <
a — €||f]|. Similarly, we have that f(y) > a — ef(z), and this is true for all z € B(0,1). If we
interchange z and —z, then this becomes f(y) > a + e¢f(z). Again we pass to the supremum over
z € B(0,1) to find that f(y) > a + €||f||. These inequalities hold for all z € A, y € B, and
0 < e < 1, so we have that [f = o] separates A and B strictly.

Corollary 4 Let F be a subspace of a normed vector space E such that F # E. Then there exists
feE, f#£0 such that (f,z) =0 for allxz € F.

This is useful in proving density results. We simply show that if f € E’ is such that f =0 on F,
then f =0 on E as well.

Proof : let xg E_E\F We would like to apply the second geometric version of the Hahn-Banach
theorem to A = F', B = {z}. The set A is convex since F is a subspace. Then there exists a closed
hyperplane [f = ] which separates F' and {x} strictly. In other words,

flx) <a< f(xg) VaeF.

Let « € F be arbitrary, and let A € R. Then Af(z) = f(Ax) < «, and this is true for all real A, so
we must have that f(z) =0.

Remark : 1. In general, two convex, nonempty, disjoint sets cannot be separated (without addi-
tional assumptions)

2. One can construct examples of sets A and B that are convex, nonempty, disjoint, and both
closed so that A and B cannot be separated by a closed hyperplane (compactnes of B in the second
version is essential).

3. If dim(F) < oo, then one can always separate any two nonempty, disjoint, convex subsets of
E.

4. The first geometric version of the Hahn-Banach theorem generalizes to topological spaces. The
second version generalizes to locally convex spaces.

Definition 4 A point x in a subset K of a normed vector space E is an extremal point of K if
x=txg+ (1 —t)x;

te(0,1) = x9=1x1=2.
Tg,x1 € K

Theorem 5 (Krein-Milman) If K is a convez, compact subset of a normed vector space E, then
K coincides with the closed convex hull of its extremal points.
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Lemma 4 (Baire’s Lemma) Let X be a complete metric space, and consider a sequence {X,}
of closed sets such that int(X,) # 0 for each n € N. Then

int <G X,L> = 0.

i=1



Proof : Let O,, = X\ X,,, which is open for each n € N. We have then that

0,=X\X,= |J F= [] XwW=x\ [J V=X\int(X,)=X.
FOX\Xn VCX\(X\Xn) VCXn
F closed Vv open V opéen

Thus, O, is dense in X. Similarly,

int (U Xn> =X\ (X\ U Xn> = X\[(X\X,) = X\[] On.

n=1 n=1

We want to show that

Jo._x
n=1

i.e., that the intersection of the O, is dense in X. Let

G= ﬁ O,
n=1

We want to show that w NG # ) for each nonempty, open w C X. Let w be such a set. Then there
exists xg € w, and there exists rg > 0 such that B(zg,79) C w.

Step 1: Since O; is open and dense in X, there exists x; € B(xg,79) N O;. Since this set is open as
well, there exists 1 > 0 such that

B(z1,71) C (B(2g,70) UO1) and 0 < ry < %0.

Step 2: Now choose xo € B(x1,71) N Oz. There exists ro > 0 such that
B(JCQ,T‘Q) C B(Jil,?"l) N 02, and 0 < ry < %

Inductively, we can construct a sequence {z,} of points and radii {r,} such that

- T T
B(pt1,7n+1) C B(xn, ) NOpt1 and 0 < rppq < ?n << 2n3_1.

We claim that {x,} is a Cauchy sequence. To see this, note that

d(xn-i-py xn) S d(xn—i-pa xn—&-p—l) +---+ d(l‘n-‘rla xn) S Tn-l—p—l +---F Tn

-1
To 7"0_7’0 1 1 P To
<2n+p—1+.”2n2n<1+2+.”+<2> ><2n_1—>0asn—>oo.

Now, since X is a complete metric space, {x,} is convergent, so there exists an element [ € X
such that z,, — | as n — co. By construction, we have that z,,1, € B(zy, ), so when we pass to
the limit, we have that [ € B(z,,r,). We know that B(z,,r,) C O, Nw, sol € O, for each n.
Also,

le((On=G—lewnG.
n=1

This completes the proof.
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Corollary 5 Let X be a complete metric space, and let {X,} be a sequence of closed sets such that

[j X, =X
n=1

Then there exists ng € N such that int(X,,) # 0.

Proof : If we assume that int(X,,) = 0 for every n € N, then
(oo}
int (U Xn> = 0.
n=1

nt(X) = |J V2 X\{xo},

vcx
vV open

This implies that int(X) = @. But

and this set is open (unless X has only one point, in which cast the result is trivial).

Notation : We denote by
L(E,F){T : E — F :T is linear and continuous},

endowed with the norm
1T ze,ry = sup || Tx|.

jafi<1
We also write L(E) = L(E, E).

Theorem 6 (Banach-Steinhaus Theorem/Principle of Uniform Boundedness) Let E and
F be Bancach spaces, and let {T;}ier C L(E, F). Assume that

sup | Tiz|| < oo Vx € E. (3)
iel

Then sup;e; ||Ti]| < oo, i.e., there exists C > 0 such that ||T;z|| < C|lz|| for every x € E and for
every i € I. We simply take C = sup;¢; ||T3|-

Proof : For each n € N, define
Xp={x e E:||Tiz| <nViel}.
Since T; € L(E, F), X,, is closed for each n. Then (3) implies that

oo

() X. =E,

n=1

and the corollary to Baire’s Theorem tells us that there exists ng € N such that int(X,,) # 0.
Thus, there exist zg and r > 0 such that B(zg,r) C X,,. In turn, this gives us that |T;z| < ng
for each i € I and for each = € B(zg,r). We can rewrite this as

1
|Ti(xo + r2)|| = |Tizo + rTiz < ng = || Tiz| < ;(no + || Tizol]) Vie I, V z € B(0,1)

11



by the reverse triangle inequality. When we pass to the supremum over z, we find that
1 )
IT3ll < (o + [[Tizol]) Vi € 1.
Next, we pass to the supremum over ¢ € I to find that

sup [| T3] <
il

S|

(no + sup | Tizol|) < oo.
iel

Corollary 6 If E and F are Banach spaces and {T,,} C L(E,F) is such that for each x € E
T,x — =Tz, then
L sup || T, < oo,
neN
2. T € L(E,F),
3. ||T|| < liminf || T,]].
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Corollary 7 Let {T,} C L(E,F). Suppose that there exists | € F such that T,z — 1 as n — o0
for each x € E. DefineT : E— F by Tx =1. Then

1. $up,yen I Tl < ox,
2. TeL(EF),

3. ||T|| < liminf, o [|[Tn].

Proof : 1. The Banach-Steinhaus theorem tells us that

sup ||| < oo = sup ||T,|| < 0.
neN

2. There exists C' > 0 such that [|T,,z| < CJz| for every € E and for every n € N. If we let
n — oo in this inequality, we find that ||Tz| < C|z|| for every x € E, so T is continuous. The
computation

T(ax+ fy) = lim Ty(axw+ By) = lim oT,(z) + lim GT,(y) = oT(z) + FT(y)

shows that T is linear.
3. Since T}, € L(E, F), we have that | T,x| < ||Tn||||=||. This gives us that
liminf ||T, 2| < lminf || T, |||z = ||[Tz| < lminf ||T,[|z].
We then have that
IT|| = sup ||Tz| < liminf ||T,||||z| < liminf ||T,].
TEE n—oo n—oo
llzll<1

Corollary 8 Let G be a Banach space, and B C G. Assume that f(B) = {(f,b) : b € B} is
bounded for every f € G’ (weakly bounded). Then B is bounded in G, i.e., there exists C > 0 such
that ||b|| < C for every b € B.
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Proof : We apply the Banach-Steinhaus theorem with E =G, F=R, I = B,and T, : G’ — R
defined by Ty,(f) = (f,b). Then

sup || Ty f|| = sup |(f, )| < o0,
beB beB

so there exists C' > 0 such that || T, f]| < C||f]| for every f € G’ and for every b € B. Then
(DI <CIfIV feCG, VbeB.

This gives us that
6] = sup |(f,b)| <CVbe B.

fea’
llFl<t

Corollary 9 Let G be a Banach space, and let B' C G', the dual space of G. If B'(x) = {{f,x) :
f € B’} is bounded for every x € B (B’ is weakly star bounded), then B’ is bounded.

Proof : This is similar to the previous corollary. We let Ty : G — R, where T¢(g) = (f,g), and
I=PB,FE=G, and F =R. We then have that

sup ||Ty f[| = sup [{f,g)| < oo,
feB’ feB’

so the Banach-Steinhaus theorem implies that there exists C' > 0 such that ||T¢|| < C||g|| for every
f € B and for every g € G. If f € B’, then

If1l = sup [{f,9)] = sup [[Ty]| <C.

geG geG
llgll<1 lgll<1

Theorem 7 (Open Mapping Theorem, S. Banach) Let E and F be Banach spaces, and let
T € L(E,F), with T surjective. Then there exists C > 0 such that T(Bg(0,1)) D Bp(0,C).

Remark : The statement T'(Bg(0,1)) D Bp(0,C) implies that T' maps open sets to open sets. Let
U C E be open. We want to show that T(U) is open in F. Let yo € T(U). Then yo = T'(z) for
some xg € U. Since U is open, there exists 7 > 0 such that B(zg,r) = z¢ + B(0,r) C U. We then
have that

T(B(xg,7)) = T(xo + B(0,7)) = T(x0) + T(B(0,7)) = yo + T(B(0,1)).
The statement in the Theorem then gives that
T(B(0,r)) D rB(0,C) = B(0,rC).

Thus,
B(y(), TC) C T(B(an T))

Proof of Open Mapping Theorem : Step 1: There exists C' > 0 such that T(B(0,1)) > B(0,2C).

Let
X, =nT(B(0,1)),

13



which is a closed set for each n. We claim that

Let y € F. Then y = Tz for some « € E. We have then that

T = 2|7 (x) & (=] + VTTBO 1)) = Xyjaypn,

]|

where the square brackets denote the integer part of a real number. Now Baire’s Theorem implies
that there exists ng such that intX,,, # 0. Thus, there exists yo € T(B(0,1)) and C > 0 such that
B(y0,4C) C T(B(0,1)). Then we also have that

yo + B(0,4C) ¢ T(B(0,1)) and — yo € T(B(0, 1))

by the linearity of 7' and the symmetry of the unit ball. Thus,

—yo +yo + B(0,4C) € T(B(0,1)) + T(B(0,1)) C 2T(B(0, 1)),

since T'(B(0,1)) is convex. This is true since if a,b € T(B(0,1)) and 6 € [0, 1], then a = Tz and
b= Ty for some z,y € B(0,1). Then

fa+ (1 —0)b =0Tz + (1—0)Ty =T(6x + (1 — 0)y) € T(B(0,1)),

since B(0,1) is convex. Since this holds in 7'(B(0,1)), we may pass to the limit and conclude that
it also holds in T'(B(0,1)). This gives us that

B(0,4C) c 2T(B(0,1)) = B(0,2C) c T(B(0,1)).
Functional Analysis 1-30-06

Recall that we are working on the proof of the Open Mapping theorem, and last time we showed
that there exists C' > 0 such that

T(B(0,1)) > B(0,20). (4)

We want to show that if y € F' with |ly|| < C, then there exists € Bg(0, 1) such that y = Tx. Let
y € Bp(0,C) C T(B(0,1/2)). The inclusion is true by the linearity of T' and the symmetry of the
ball, along with (4). Then there exists z; € E such that ||z1]| < 1/2 and ||y — Tz1]| < C/2. This
implies that y — TZ; € B(0,C/2) C T(B(0,1/4)). This, in turn, implies that there exists zo € F
such that ||zo]| < 1/2% and ||y — Tz1 — T'2s|| < C/22. Inductively, we can find a sequence {z,} C F
such that

1 C
l2ll < g5 and fly = (T2 + -+ T2,)] < o, me N,
Define ©,, = z1 + - - - + 2z,,. We claim that {x,} is Cauchy. This is verified by the calculation

1 1

[Zn1p = Tnll = lzn4p + -+ 2ntall < anp—i_i—i_'”—i_

_— — .
onip 1 il 0asn— o0

for fixed p. Since F is a Banach space, there exists x € FE such that x,, — x. We also have
that

ol = lim |z, | < lim (f[z0] + [[22]] + -+ ]z +n]) <1
n—oo n—oo
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and .
ly =Tzl = lim ||y —Tz,| < lim — = y=Tuz.
n—oo n—oo 21
Corollary 10 Suppose that E and F are Banach spaces, that T € L(E, F), and that T is bijective.
Then the inverse operator T~ is continuous.

Proof : The proof uses a scaling argument. We claim that if | Tz| p < C, then ||z||g < 1 (here the
C' is the one guaranteed by the Open Mapping theorem). Indeed, if

z=Tx € B(0,C) Cc T(B(0,1)),

then there exists 2’ € B(0,1) such that Tz = T'z’. But since T is one-to-one, we must then have
x =x'. Take A € R. Then
IT(2)|r <C = || <1,

and therefore
ATzl <C = [Nz <1,

C 1
A <= = [\ <.
[T [l
Since this is true for all A real, we have that
C 1 1 1
< = ATz = [T < Syl Vy e R
1Tz = =] ~ C c

Corollary 11 Suppose that (E,| - ||1) and (E,| - ||2) are both Banach spaces. Assume that there
exists C' > 0 such that ||x||2 < ||z||1 for every & € E. Then there exists C' > 0 such that

]y < Cllzll2 ¥V z € E.

Note that Cq||z||2 < ||z]]1 < Ca|z||2 tells us that the norms are equivalent.

Proof : We take T = id, where id : F — F is defined by id(x) = . Since id € L(E, F) (since
lz]l2 < |lz|l1) and it is bijective, We immediately have that the inverse of the identity operator is
continuous as well, which is the desired result.

Theorem 8 (Closed Graph Theorem) Suppose that E and F are Banach spaces and that T :
E — F is linear. Then G = {(z,Tx):x € E} is closed if and only if T is continuous.

Proof : Define || - ||2 to be the usual norm which makes E a Banach space, and define ||z||; =
lzll2 + || Tx| F. It can easily be verified that || - ||; is also a norm on E, and that ||z||2 < ||z||; for
every ¢ € E. We claim that (E, || - ||1) is a Banach space. Let {z,} be such that

|zn — Tmll2 + [|Tan — Tm||r — 0 as m,n — oo.

This tells us that each term must go to zero separately. Thus {z,} converges to some z € FE
and {Tx,} converges to some y € F, since both are Bancach spaces when endowed with these
norms. We also know that (x,y) € G(T') since the graph is closed. This implies that y = Tz, and
therefore

lzn — 2|1 = ||#n — x||2 + [|T2n — Tx||Fp — 0 as n — oo,
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so (E,| - |l1) is a Banach space. The previous corollary tells us that there exists C’ > 0 such that
lz]| < C'||z||]2, and therefore,

ITz]r < llzll2 + I T] 7 < C'|lz]2,

so T is continuous. The converse is trivial.
Functional Analysis 2-3-06

Theorem 9 Suppose that A : D(A) C E — F is a linear operator between two Banach spaces E
and F, and D(A) is closed. Then A* is a closed operator.

Proof : Let {u,} C D(A*) be such that u,, — u, and suppose that A*u,, — f in E’. We want to
show that
ue{DA*)={ue F :(u, Av) < C|v|}
{ f=A%u '

Since u, — uw and A*u, — f, we have that (A*u,,v)p g — (f,v)E g, and (u,, Av)p p —
(u, Av) pr p, for every v € D(A). Thus

[(u, Av)| = [(f,0)| < [ Fl[][]l-

If we take || f|| to be the C in the definition of D(A*), then u € D(A*). Also, since (f,v) = (A*u,v)
for every v € D(A) and since D(A) = E, we have that

(fyvy = (A*u,v) Vv € E.
Thus f = A*u.

Proposition 2 Suppose that A : D(A) C E — F is linear. Let X = Ex F, G = G(A4), and
L =E x{0}. Then

1. N(A) x {0} =GN L.

2. Ex R(A)=G+L.

3. {0} x N(A*) =G+ nL*.
4. R(A)xF'=G*+ +L*.

Proposition 3 Suppose A : D(A) C E — F is a closed operator, and that D(A) is dense in E.
Then

(i) N(A) = R(A*)*.

(i) N(A*) = R(A)*.
(iii) N(A)+ D R(A*).
(iv) N(A*)* = R(A).

Proof of (i) : If we can show that

N(A) x {0} =GNL= (G + LY = (R(A*) x F)* = R(A*) x {0},
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then we have shown that N(A) = R(A*)t. We must verify G N L = (G+ + L*Y)*, and that
(R(A*) x F')+ = R(A*)* x {0}. First, to see that GNL C (G+ + L)+, take (z,9) € GN L and
fi+ fo € G+ + L*. We then have that (fi + fo, (z,y)) = (fi. (z,9)) + (f2. (z,9)) = 0+0 = 0.
Next, to see that (G+ + L)t € G N L, we note that G+ C G+ + L+, which then implies that
(GH)+ o (G+ + L), But we also have that (G+)+ = G = G since A is a closed operator, so
(G- + LYt ca.

In order to verify that (R(A*) x F')* = R(A*) x {0}, note that (up a bijective mapping) we may
write (E x F) = E' x F'. Suppose that (z,y) € (R(A*) x F')X. Then ((u,v), (z,y)) = 0 for all
(u,v) € R(A*) x F. In particular, if we fix v, then we see that (u,z) = 0 for all u € R(A*), so x €
R(A*)*. Also, if we fix u, then (v,y) = 0 for all v € F’, so v = 0 (by the corollary to the analytical
version of the Hahn-Banach theorem). This shows that (R(A*) x F')* C R(A*)* x {0}. To see
the other inclusion, let x € R(A*)1. Then if (u,v) € R(A*) x F’, we have that {(u,v), (z,0)) = 0,
so R(A*)* x {0} C (R(A*) x F")*.
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Theorem 10 (Characterization of Bounded Operators) Let E and F be Banach spaces, and
suppose that A: D(A) C E — F is a closed linear operator and D(A) = E. Then the following are
equivalent:

(i) A is bounded,

(ii) D(A) = E (closed graph theorem),
(1ii) A* is bounded,

(iv) D(A*) = F'.

Weak Topologies

Throughout the following, E will be a Banach space, f € E’, and ¢y : E — R is defined by
pr(x) = (f,z).

Definition 5 The weak topology o(FE, E") is the finest (the most economical; having the least open
sets) on E for which all the maps {¢}rer are continuous.

Proposition 4 The weak topology o(E, E') is separated (T2).

Proof: : Let z1,20 € E with 1 # x3. We use the Hahn-Banach theorem, second geometric
version, with A = {z1} and B = {z2}. Then there exists f € E’ and a € R such that

(fix) <a<(f ).

We need to find disjoint open sets O; and Oy in o(FE, E’) such that € O; and x5 € Oy. We
take

O ={z:(f,x)<a}l= <pj71((—oo,oz))
and
Oy ={z:{(f,z) >a}= @}1((04,00)).

Proposition 5 Let xg € E. The family V = {z : |[{(f,x —x0)| <€, i € I}, with f € E',i €1, a
finite set, and € > 0 forms a basis for xy in the weak topology o(E, E').
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Proof : We have that
Tg € V= ﬂ (,0;11((<f7,7.'170> — €, <fi7x0> + 6))7

iel
and V is open in o(F,E’). Let U be an open set in ¢(E, E’) which contains xy. From the way
o(E, E") was constructed (details were omitted), U contains a set of the form

iel
with I a finite set and O; a neighborhood of (f;, zo). Choose ¢ > 0 small enough such that
((fi,xo0) — €, {fi,x0) +€) CO; Viel

This implies that the corresponding V is a subset of W, so xg € V C W C U.
Proposition 6 Suppose that E is a Banach space, {x,} C E. Then
(i) n =z & (fan) = (o) fEE,
(ii) xpy = = x, — 2.
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Theorem 11 Suppose that E is a Banach space. Then the following are true:
(i) zp, — x weakly in E if and only if (f,z,) — (f,x) for all f € E'.
(i) x,, — x strongly in E implies that x,, — = weakly in E.

(1) x,, — x weakly in E implies that {x,} is bounded and

liminf ||z,| > |||
n—oo

() If fr — [ strongly in E' and x, = x weakly in E, then (fn,z,) — (f,x).

Proof : (i)(=) Since f € E’, f is continuous with respect to the weak topology o(F, E’). Thus
x, — x implies that (f, z,) — (f,x).

(<) Let U be a weak neighborhood of z in o(E, E'). Without loss of generality, we may assume
that
U= {y erL: ‘<f1,y—$>| <E€L€E I}7

where I is a finite set and f; € E’ for all ¢ € I. Since (f;, x,) — {(fi, x) for each i € I, we have that
for each ¢ € I there exists N; € N such that |(f;,z, —x)| < € for each n > N;. Let N = max;ecr N;.
Then z,, € U for every n > N, which implies that z,, — x weakly.

(ii) Since x,, — z strongly in F, we have that
[(fran) = {f,2)] = [(f, 20 — )] < || fllllon — 2] — 0.

(iii) Recall one of the corollaries of the Banach-Steinhaus theorem:
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If BC F and f(B) = {(f,z) : « € B} is bounded for every f € E’, then {z,} is bounded in FE,
i.e., there exists C' > 0 such that ||z, || < C for all n.

Here we take B = {z,}. Since (f,z,) — (f,x) for every f € E’, we have that f(B) is bounded for
every f € E’. Thus {z,} is bounded in E. Also, we have that

limin |(f. 2,)| < liminf £ [lea] = ()] < ||£] timinf 2.
We then pass to the supremum over f € E’ with || f|| <1 to find that

|z|| < liminf ||z,]|.
n—oo

(iv) We have that

[(frxn) = ()| < [{Fnsn) = (Fran)| + [(Fran) = (f2)| <A fo = Flllznll + [(f; 20) = (F,2)]-

The first term goes to zero by the convergence f, — f strongly in E’, and the fact that {z,}
is bounded since it converges weakly. The second term goes to zero by the definition of weak
convergence.

Proposition 7 Let E be a Banach space with dim(E) = n < oco. Then a set is open in the strong
topology of E if and only if it is open in o(E,E"). In particular, in finite dimensional spaces, weak
convergence is equivalent to strong convergence.

Proof : It is trivial that if a set is weakly open, then it is also strongly open. Conversely, let U be
open in the strong topology, and let zp € U. We want to find f;, i = 1,2,...,n and € > 0 such
that

V:{l'gEZ |<fi,.’£71'0>| <6,i€[} cU.

There exists r > 0 such that B(zo,7) C U. Let f; € E’ be such that (f,z) = x;, where © =
(x1,2,...,2,). Take e = r/nC, where C is such that

[zlle < Cllzfly ¥V = € E,

which is possible since all norms on F are equivalent. Then we have that

n n
|z = zoll2 <z —wolls = Y |2 — wos| < CY_|{fix — wo| < Cne =1
=1

j=1
Thus V C B(zo,r) C U.

Remark : If dim(F) = oo, then one can always find sets which are open (closed) in the strong
topology, but are not open (closed) in the weak topology.

Example : Suppose that F is a Banach space and dim(E) = co. Then if S = {z € E : ||z|| = 1},
S is not closed in the weak topology o(E, E’). In fact, the weak closure of S is

—o(EB,E’

S7EE) _tre B2 <11
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Example : Let F be a Banach space with dim(E) = oco. Then the open unit ball
Bp(0.1) = {z € B : 2] <1}
is not open in the weak topology. In fact,
int,(p,p(Be(0,1)) = 0.
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Example : Let FE be a Banach space with dim(E) = oo. Then

S={ze€eFE:|z| =1}

is not weakly closed. In fact, we have

<o (B,E)

S ={zeE:|z| <1}
Let zg € E be such that ||zg|| < 1. We want to show that xg € 575 Consider a neighborhood
V of g in o(E, E’). We'll show that V' NS # @. Without loss of generality, we may assume
that

V={zeE:|{fi,x)|<e t €I},
where I is a finite set (of n elements, say) and f; € E’ for all i. We claim that there exists
yo € E\{0} such that (f;,yo) = 0 for every ¢ € I. If this were not so, then the map ¢ : E — R"”
defined by

e(2) = ((f1,2), (f2.2); -5 (fn, 2))

is injective, which in turn implies that dim(E) < n, which is a contradiction. Now define g : [0, 00) —
[0,00) by g(t) = ||zo + tyo||. Then g is continuous, g(0) = ||zo|| < 1, and lim; o g(t) = co. The
intermediate value theorem tells us that there exists ¢y € [0, 00) such that g(to) = 1, so zo+toyo € S

and g + toyo € V as well. This shows that {z € e: ||z| <1} C 57" It remains to show that
{z € E:||z|| <1} is weakly closed. The following lemma contains this result:

Lemma 5 Let C be a convex set in EE. Then C is strongly closed if and only if C' is weakly closed.
Proof : (<) Easy.

(=) Let C be a strongly closed, convex subset of E. We want to show that E\C is open in
o(E,E'). Let ¢y € E\C. The Hahn-Banach theorem, second geometric version, tells us that there
exists f € F' and « € R such that

(f,mo) <a<{f,y)VyeC.

Let V ={z € E: (f,z) < a}, which is open in o(E,E’), and 2o € V C E\C, so E\C is open in
o(E,E").

Note : Included in the proof of the example above is the fact that every open set in the weak
topology contains an entire line.

Example : The set U = {z € E : ||z|| < 1} is not open in o(E, E') if dim(E) = co. Indeed,
int,(g,g)(U) = 0. This follows from the note above.
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Proposition 8 IfI: E — RU{co} is convex and lower semi-continuous (for every a € R, the set
{z € E: I(z) < a} is closed, in particular, u, — u strongly implies I(u) < liminf,, o I(u,)), then
I is weakly lower semi-contiunuous ({x € E : I(x) < a} is closed in o(E, E") for every o € R).

Proof : Let a € R and consider the set {x € E : I(x) < a}. This set is convex and strongly closed,
which implies that it is weakly closed. This implies that I is weakly lower semi-continuous.

Recall that we proved before that |u|| < liminf, o ||u,| whenever u,, — u weakly in E. A simpler
proof is to use the previous proposition and take I(u) = ||u||, which is convex and continuous.

Functional Analysis 2-17-06

Theorem 12 Let E and F be Banach spaces, and let T € L(E,F). Then T is also continuous
from (E,o(E,E")) to (F,o(F,F")) and conversely.

Proof : Let us consider T : (E,0(E,E")) — (F,o(F,F")). Let U be o(F, F')-open. We want to
show that T71(U) is o(E, E')-open. We may write

U= U ﬂ 07, (0),

arb. i€l

where the O; are open intervals in R, I is a finite set, and f; € F’ for all i, by the construction of
o(F,F"). We then have that

) - 7 (U N mm) _UNT 09 = U (e o 7)1(©))

arb. i€l arbiel arb. i€l

Also, we have that
(pr, 0 T)(x) = @5, (T(x)) = (fi, Tx)p F,

and ¢y, oT : F — R is linear and continuous, since

(s 0 T @) < I flllT ] < (AT -

Thus, the set (o, o T)71(0;) is in the subbasis for o(E, E’), and therefore T~1(U) is open in
o(E,E"). Conversely, if T : (E,0(E,E")) — (F,o(F,F’)) is continuous and linear, then G(T) is
o(E,E") x o(F, F")-closed, which implies that it is strongly closed. This implies that T is strongly
continuous.

The Weak « Topology on E’

If F is a Banach space, then E’ is its dual, and E” = (E’)" is the bidual, which is endowed with
the norm

1€llzr = sup (€, f)I-

£l <1

Define J : E — E" by (Jz, fYg gr = (f,z)p g for every x € E and f € E’. This is the cannonical
mapping from F to its bidual. The mapping J is also a linear isometry, since

[ Jaellgr = sup [(Ja, f)l = sup [{f,2)| = [|z[l&,
1115 <1 1115 <1

by a corollary to the Hahn-Banach theorem.
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Remark : J is not surjective in general. If J happens to be surjective, then E is said to be a
reflexive space.

The Banach space E’ comes with the strong topology, which it inherits from its norm, and a weak
topology o(E’, E"). We can define another topology on E’ as follows. For z € E, counsider the
family of mappings ¢, : E/ — R defined by ¢, (f) = (f,2)g g. Then the weak* topology on E’,
denoted o(F’, F) is the topology which has the smallest number of open sets among all topologies
that make the mappings {¢; }zcr continuous.

Remark : We have that £ C E” in the sense of the canonical mapping. Also, the weak™ topology
has fewer open (closed) sets than the weak topology. Also note that A weak™® open in E’ implies A
weakly open in F, which implies A strongly open.

Remark : Less and less open sets implies more and more compact sets.

Theorem 13 (Banach-Alaouglu) The unit ball Bg(0,1) = {f € E' : ||fllg < 1} is weakly*
compact.
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Notation : If f, converges to f in the weak* topology o(E’, E), then we write f,, — f.
Proposition 9 The weak* topology o(E', E) is separated.

Proposition 10 Let fo € E'. A basic system of neighborhoods for fy in the weak™* topology is given
by the sets

(Fe B |(f - foxd <e i€},
where I is a finite set, x; € E for each i, and € > 0.
Proposition 11 (i) f, = f implies (fn,z) — (f,x) for each x € E.
(i) fn — f strongly implies f, — f weakly in o(E', E"), which implies f, — f weakly* in o(E', E).
(iii) fn = f weakly* implies that {f,} is bounded in E' and ||f||g < liminf, o || fol 5
(i) If fo = f weakly* in E' and x,, — x strongly in E, then (fn,x,) — (f,z).
Remark : If dim(FE) < oo, then o(E',E) =o(E',E") = (E', || - || &’)-
Theorem 14 (Banach-Alaouglu) The closed unit ball

Bp/(0,1)={feE:|If| <1}

s weakly® compact.

Proof : Let
Y =RF = {w:w=(wy)rep, ws ER.},

endowed with the product topology (the topology with the smallest number of open sets among
all those that make all maps ¥ 3 w — w, € R (z € E) continuous). Define ® : £/ — Y by
O(f) = ((f,2))zecr. We claim that ® is a homeomorphism onto ®(E’), where E’ is considered with
the weak topology and Y has the product topology (proof to come soon (hopefully)). Secondly, we
claim that

(I)(EE/(O, 1) =K
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={weY |w|<||z| Ve €E, weyy =ws+wy, wWrg =y Va,y€E, A€R}
If f € Bg(0,1), then ®(f) = ((f,7))zer. This implies that

()l < [ F Il < ]

Also, we have that

O(f)aty = (frz+y) = (frx) + (f,y) = 2(f)e + (f)y

and
S(f)ra = (f, Ax) = M[, 2) = A®(f)a-

On the other hand, if w € K, we define f € E' by (f,x) = w,. It is clear that f defined in this way
is continuous and || f|] < 1. We then note that

K= (H[—II%IL%II]) N (o €Y twopy —wo —w, =0} | N

zel z2€E
yelE

ﬂ{wEY:wM—)\wsz}
zeE

AER

We can think of this as the intersection of three sets, the first of which is compact by Aleksandrov’s
theorem, and the last two are closed by the continuity of the component mappings in the product
topology. Since the intersection of a compact set with a closed set is compact, we have that K is
compact. Then we simply note that

Br(0,1) = 7 1(K).
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Reflexive Spaces

We define the mapping J : E — E' by (Jz, f)gr g = (f,x)r/ g. This mapping is an isometry,
injective, and linear.

Definition 6 A Banach space E is reflexive if J(E) = E”.

Remark : The elements of E” will be identified (via J) with elements of E when E is reflex-
ive.

Remark : The use of J in the definition is important. There exist non-reflexive spaces E for which
one can construct a surjective isometry between F and E” (example given by R.C. James in the
1950’s).

Theorem 15 (Characterization of Reflexive Spaces, Kakutani) E is reflexive if and only if
Bg(0,1) is weakly compact.
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Proof : (=) First we claim that J(Bg(0,1)) = Bg~(0,1). To see this, suppose that xo € Bg(0,1).
Then
[Tzl = sup  [(Jao, /)l = sup  [(f,w0)| = [lzollm < 1.
feE’ feE’
£l <1 £l <1

Conversely, if ||£||p < 1 and E is reflexive, then there exists z¢ such that Jrg = . Then the
same calculation as above shows that |zg|| < 1. Next we claim that J=! : (E”,0(E",E")) —
(E,o(E, E")) is continuous. If so, then Bg(0,1) is the image of the (weakly*) compact set Bg.(0,1)
through a continuous mapping, so Bg(0, 1) is compact in o(E, E’).

0= U m Sﬂﬁl(oi%

arbiel

In order to prove the claim, let

where the O; are open sets in R, 7 : E — R is defined by ¢¢(z) = (f,z), and I is a finite set. We
then have that

(I7)7(0) = (77~ (U N so;wi)) ~UNT (50

arbiel arbiel

= U m(Wfi o J )T (0y).

arbiel
We calculate that

(7,0 &) = 9, (JTIE) = (fi, J7HE) = (J(ITHE), fi) = (&, fi)-

This is of the form ¢,, and the preimages of open sets under these mappings form the subbasis for
the weak™ topology. Thus each of the sets above are open in the weak* topology.

The proof of the converse is omitted (see text).

Proposition 12 Suppose that E is a reflexive Banach space, and let M be a closed subspace of E.
Then M is also reflexive.

Proof : We have that
EM(OJ) ={zeM:||z|g <1} = EE(O, 1)N M.

We have that Bg(0,1) is weakly compact and M is strongly closed and convex, so it is also weakly
closed. Thus their intersection is weakly compact by Kakutani. (Here we are using the restricted
topology on M.)

Corollary 12 A Banach space E is reflexive if and only if E' is reflexive.

Proof : (=) If E is reflexive, then o(E', E)" =" o(E',E"). Since Bg/(0,1) is weak* compact,
it is also weakly compact, and therefore E’ is reflexive. The details of the converse are left as an
exercise.
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Lemma 6 Suppose that E is a reflexive Banach space and that A C E is closed, bounded, and
convex. Then A is o(E, E")-compact.
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Proof : Since A is closed and convex, it is o(E, E") closed. Since A is bounded, there exists n € N
such that A C Bg(0,n), which is compact in the topology o(E, E’). Since A is a closed subset of
a compact set, it is also o(E, E’)-compact.

Theorem 16 Let E be a reflexive Banach space, and suppose that A C E is nonempty, closed,
and convez. Let p : A — RU{oo} be proper (¢ Z 00), lower semi-continuous, convez, and coercive
(lim)z—oo @(x) = 00). Then ¢ attains a minimum.

Proof : Let a € A be such that ¢(a) < co. Define

A={zeA:px)<pla)}#0.

Then A is convex, closed, and bounded (by coercivity of ). The previous lemma then implies
that A is weakly compact. Also, ¢ is weakly lower semi-continuous, since it is strongly lower
semicontinuous and convex. Thus there exists 2o € A such that ¢(zo) < @(x) for every z € A. Let
z € A\A. Then ¢(z0) < p(a) < ().

Separable Spaces

Definition 7 Let (E,d) be a metric space. We say that E is separable if there exists D C E that
1s both countable and dense in E.

Proposition 13 Let E be a Banach space. Then E’ separable implies that E is separable.
Remark : The converse is false. For example, take E = L().

Proof : Let {f,} C E' be dense in E’. Recall that the norm in E’ is defined by

anHE’ = sup <fn7x>’
lz)|<1

so there exists z,, € E with ||x,| <1 such that

1
S fnll < (s zn) < I fnll.

Define
Ly = {Z ¢iri ¢ €Q, me N} = span{{x, }).

i=1

Note that Lg is countable. We claim that Lg is dense in E. To see this, define

m
L:{ani:mER, mEN}.

i=1

Then Lg is dense in L. We want to show that L is dense in F, so we show that if f € E’ and
(f,z) = 0 for every = € L, then f = 0. Without loss of generality, we may assume that f, — f. Let
€ > 0 and choose N large enough so that ||f — f,]| < € for n > N. We then calculate that

Sl < Uns) = U = Frad + (s 20) < = Fllnll < 1o = S < e

Now let € — 0.

25



Corollary 13 A Banach space E is reflexive and separable if and only if E' is reflexive and sepa-
rable.

Proof : (<) Follows from above.

(=) We have that E” = J(E), and J is a bijective isometry. Thus if E is reflexive and separable,
then E” is reflexive and separable, and thus E’ is by the above proposition.

Theorem 17 Let E be a separable Banach space. Then Bp(0,1) with the weak* topology is metriz-
able. Conversely, if E is a Banach space such that Bg/(0,1) in the weak* topology is metrizable,
then E is separable.

Corollary 14 Suppose E is a separable Banach space and {f,} C E' is bounded. Then there exists
a subsequence {fn, } and f € E' such that f,, — f weakly*.

Theorem 18 (Eberlein-Smulian) Let E be a reflexive Banach space. Then the restriction of the
weak topology o(E, E') on Bg(0,1) is metrizable. Conversely, if E is a Banach space such that the
restriction of o(E,E") to Bg(0,1) is metrizable, then E is reflezive.

Corollary 15 If E is a reflexive Banach space and {x,} C E is bounded, then there exists a
subsequence {x,, } and an element x € E such that z,, — x weakly.
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The LP Spaces
Let © C RN be open.
Definition 8 We define

L'(Q) = {f :Q — R f is measurable, / |f(z)] dx < oo},
Q

with the norm

£z @) :/Qlf(x)| dz.

We also recall the following results:

Theorem 19 (The Monotone Convergence Theorem, Beppo-Levi) Suppose that {f,} C
LY(Q) and that f, < fni1 a.e. in Q, and that

sup/ |fn] dz < 0.
Q

neN
Then fn(z) — f(x) for a.e. x € Q. Moreover, f € L'(Q) and || fn — fllpq) — 0 as n — oco.

Theorem 20 (Lebesgue Dominated Convergence Theorem) Suppose {f,} C L'(Q), and
assume that

(i) fn(z) — f(z) for a.e. x €Q
(ii) There exists g € L1 () such that |fn(x)| < g(x) for a.e. z € Q and every n.
Then f € LY(Q) and || fn — fllLi) — 0.
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Theorem 21 (Fatou’s Lemma) Suppose that {f,} C L'(Q), f, > 0 a.e. in Q for each n, and
that

sup/ fn dx < oc.
Q

neN
Let
flz) = lirr_l)inf fn(x).
Then f € LY(Q) and
/ f(x) doe <liminf [ f,(z) dz.
Q

n—oo Q

Theorem 22 Let
C. () = {continuous f : @ — R : 3 K compact s.t. f =0 on Q\K}.

We have that C.(Q) is dense in L*(Q) (v f € LIQ) and V € > 0, 3 f1 € C.(Q) such that || f —
f1||L1(Q) < 6).

In what follows, let Q; € RN and Q5 € R™2 be open, and let F : Q; xQs — R be measurable.
Theorem 23 (Tonelli) If

/|F(x,y)|dy<ooand/ (/ F(x,y)|dy> dx < oo,
QQ Q1 QZ

then I € L1<Ql X QQ)
Theorem 24 (Fubini) Let F € L*(Q1 x Q3). Then

(i) F(x,-) € L'(Q2) and
[ (] e an) o <o

/ |F(z,y)| de dy < co.
Qo J O

(ii) F(-,y) € L*(91) and

Moreover,

/91 (/QQF(Ly) dy) d:z:/QQ (/Q F(z,y) dI) dy/QIXQZ F(z,y) dxdy.

Definition 9 For 1 < p < oo we define

LP(Q) = {measurable f : Q — R : |f|P € L*(Q)},

£l o) = (/Q |f(x)[P dx)i.
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For p =00, we define
L>(Q) = {measurable f : Q@ —>R:3C >0 st |f(z)] <C for a.e. x €Q},
with the norm
esssupo f = || fll o) = inf{C > 0:[f(z)] < C for a.e. x € Q}.

Proposition 14 If f € L>(Q), then |f(x)| < || fllL=() for a.e. v € Q.
Proof : Let C,, be such that

1
1fllzo ) < Cn < | fllzee () + - (5)

and |f(z)| < O, for every x € Q\E,,, with LY (E,,) = 0 for every n. Let
E=|]JE..
neN

Then L(E) = 0. If we let n — oo in (5), then

Lf(@)] < [[fllpe(o) Vo e Q\E.
Theorem 25 (Fischer-Riesz) For 1 < p < oo, (LP(Q),]| - ||1»()) is a Banach space.

Remark : The proof uses Holder’s inequality: for 1 < p < oo, define p’, the conjugate exponent of
psuch that 1/p4+1/p' =1 (0’ =1, 1’ = 00). Then

[ 156l do < W lerieyllal oy
Proposition 15 Let {f,} C LP(Q) be such that || fn— f||zr(o) — 0. Then there exists a subsequence
{fn.} C{fn} and there exists g € LP(Q) such that
fr, — g(x) for a.e. x € Q,
| fri (@) < g(x) for a.e. © € Q and for every n € N.

Remark : f, — f in LP(2) does not in general imply that f,(z) — f(x) for a.e. € Q for the
whole sequence.

The Study of LP(Q2) forl < p < oo
Theorem 26 LP(Q) is reflexive for 1 < p < 0.

Proof : Step 1: Suppose that 2 < p < co. We’ll show first in this case that LP(Q) is a uniformly
convex Banach space.

Definition 10 A Banch space E is uniformly convex if for every e > 0 there exists 6 > 0 such that
2,y € E with 2], |yl <1 and ||z — y]| >  imply

Tty

|<1-6
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If e >0and f,g € LP(Q) with ||f|lzr), ll9llr@@ < 1 and |[f — gllzr() > € then we employ
Clarkson’s inequality:

If f,g e LP(Q) and 2 < p < oo, then

f+g|” H f=g|" 1
A 52 =5 (11 + gl )
H 2 Lr(Q) 2 LP(Q) 2 Lr L
In our case, we have
‘f-%g ' <1-(5)
2 Lr(Q) 2
so we take .
0 =min<q — (1 — <E>p>;
= ; 5
Then we have that
N
Hf+9 <(1- ()" _>Hf+9 c1-5
2 Lr(Q) 2 2 Lr(Q)
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Theorem 27 LP(Q) is reflexive for 1 < p < co.

Proof : Step 1: We want to show first that LP(Q) is reflexive if p > 2. Last time we showed that
for p > 2, L?(Q)) is uniformly convex. (E is uniformly convex if for every € > 0 there exists § > 0
such that z,y € E with ||z|, ||y|| < 1 and ||z — y|| > € implies that ||(z +y)/2| <1 -6.)

Lemma 7 (Milman-Pettis) Any uniformly convexr Banach space is reflexive.

Proof : If E is uniformly convex, we want to show that J(E) = E”. ((Jz, f) = (f,x).) Since
J is an isometry, we only need to show that J(Bg(0,1)) = Bg~(0,1). Note thtat the set on
the right hand side is strongly closed in E”. Let & € Bg(0,1) have ||¢||g» = 1. We'll show that
¢ € J(Bg(0,1)) = J(Bg(0,1)), or, for every € > 0, there exists € Bg(0, 1) such that || Jz—¢&]| < e.
Let € > 0 and let 6 > 0 be from the definition of uniform convexity of E. Let f € E’ be such that
[fllz <1 and

<&ﬁmﬂ>1—g (6)

Consider 5
v={nern-eni<g}.

This is a neighborhood of ¢ in the weak topology o(E”, E’). We need the following

Lemma 8 (Goldstine) J(Bg(0,1)) is dense in B (0,1) with respect to o(E", E')

This lemma tells us that V N J(Bg(0,1)) # 0, so there exists x € Bg(0,1) such that J(z) € V,
ie.

W@ -6 Nl<3 & e —(Enl<y & Iha—(6Nl<s. @
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We claim that ¢ € J(z) + eBgr(0,1). If not, then
¢ e E//\(J(Z) + EEEH(O, 1)) =W,
which is an open set. Also, since B~ (0,1) is weakly closed, it is also closed in o(E", E'), so W is

a weak™ neighborhood of £. Using Goldstine’s lemma again, we find that there exists & € Bg(0,1)
such that J(Z) € V. N W. The same computation as in (7) gives that

)
Combining (7) and (8) gives that
206, f) < (fia+ @)+ 5 < |la+ 2|+,

and along with (6), we have that

T+ x

>1-0.

Our choice of § implies that ||z — 2| < ¢, so ||Jz — J&| < ¢, and therefore, J& ¢ W, which is a
contradiction with Jz € V.NW.

Step 2: Now we show that LP(Q) is reflexive for 1 < p < 2. Consider T' : LP(Q) — (L¥' (Q)Y
(1/p+1/p’ =1) defined by

(Tu, ) = / f(@)ulx) de

for every u € LP(Q) and every f € LP (Q). Then |(Tu, f)| < 11l 2o el Lo (), which implies

that [|[T'ull (1)) < llullr(@). We claim that actually | Tul| 1. () = [lullzr(e). To see this, we
take
_ [ @ P Pu(@) ifu(@) A0y
folz) = { 0 otherwise - L7 (@),
since

/ |fol?" da :/ |u(z)| @~V d :/ lu(z)|P dz < oo.
Q Q Q
We calculate that

1
ol

» » -
||f0||LP/(Q) = (/ |u|p dl’) = ((/ ‘u|p de') ) = ||UH1£1,(19),
Q Q

Tufo) _ Jol@l do_ Wilipey _
ol Mollwy 1ol @

Now consider T : LP(Q) — T(LP(Q)) C (LP(Q))". Since T(LP(Q)) is a closed subspace and
1 < p <2, we have that p’ > 2, so (L? (Q))’ is reflexive, and then LP() is reflexive as well.
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s

which gives that
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Remark : If 1 < p < 2, then LP(Q) is uniformly convex (and therefore reflexive), as can be seen
by Clarkson’s second inequality:

b Hfg

LP(Q)

1

p, 1 P
— p P
< {2 (”fHLP(Q) + HQHLP(Q))]

f+yg
2

Lr(Q)

Riesz’ Representation Theorem

Theorem 28 Let1 < p < oo, and let ¢ € (LP(Q))'. Then there exists a unique element u € L¥ ()
(1/p+1/p’=1) such that

(@, e @)y Lr) = / Ju dz.
Q
Moreover, |[¢ll(Lr )y = |l q)-
Proof : Define T : L' (Q) — (L?(2))’ by

(Tu, f) = /Quf dx

for u € LP (). First, we observe that T is an isometry, i.e.

1Tl Lo (o)) = llull L o)-

The Holder inequality gives one inequality, and the method followed in the proof of reflexivity of
LP spaces gives the opposite inequality. Next, we want to show that T is surjective, or that

E = T(LF () = (L(Q))"
Since E is closed (think about Cauchy sequences), we will show that E is dense in (L?' (Q)). Let

€ (LP(2))” be such that (p, f) = 0 for every f € E. We want to show that ¢ = 0. Let J(h) = .
Then since (p,Tu) = 0 for every u € L? (2), we have that

/hu de =0V ue LP(Q) (9)
Q
Since h € LP(Q), we have that u = |h[P~2h € L¥' (Q), and therefore

/ |h|P de =0 = h=0ae zc.

Q

Theorem 29 C.(Q2) is dense in LP(Q) for 1 < p < oc.

Proof : The case p = 1 was stated before. Let 1 < p < co. We want to show that if p € (LP(Q2))’
with (@, f) = 0 for every f € C.(Q0), then ¢ = 0. According to the representation theorem proved
above, we must decide if v € L? () and

/ufdx:OerCc(Q)
Q

implies that u = 0 for a.e. x € Q)
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Lemma 9 (The Fundamental Theorem of the Calculus of Variations) Letu € L}, () (V K CC
Q, uxx € LY(Q)). If

/ufdszVfECc(Q),
Q

then u =0 for a.e. x € €.

Theorem 30 If1 < p < oo, then LP(Q) is separable.

Proof : Let ¢ > 0 and f € LP(Q). Also, let f1 € C.(2) be such that || f — fil|zr() < €. Let Q" be
open and be such that supp(f1) C Q' C Q. Let R be the family of all open cubes with vertices that
are rational numbers. Since f is uniformly continuous, there exists § > 0 such that if z,y € Q' are
such that |z —y| < 4, then |fi(z) — f1(y)| < e/(2|Q\%) Consider an arbitrary covering of supp(fi)
with cubes from R which have diameters less than §. Extract a subset R’ C R, which is a finite
subcovering of supp(f1). Let

E:{ZQZXQL i=1,2,...,m, a€N7 QZER}
i=1

We claim that there exists fo € E such that [|fi — fal|zr(q) < €. If this is the case, then we are
done. To this end, we seek fo such that

|f2(z) = fi(z)| <

€

1
]

(10)
for a.e. x € Q. This will prove the claim. Let us write R' = {Q1,...,Qm}, and

fa(z) = Z 2iXQ, (),

where the ¢; are chosen that
€

< —.
2|19 |»

¢; — max fi

i

Let f(zo) = maxg fi(z). Then if x € Q;,
€ €
Tt )
211> 2|V|r

|f2(z) = fi(z)| = [fo(x) — fi(zo)| + | f1(w0) — fr(z)] <

because of the choice of ¢; and the uniform continuity of fi.
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The Study of L!()

Recall that for 1 < p < oo, (LP(Q)) = L?' ().

Theorem 31 (The dual of L}(Q) is L>(Q)) Let ¢ € (L'(Q))". Then there exists a unique u €
L () such that

. Dy = [ (o) do ¥ f e L0,

Moreover, ¢z () = llull=()-
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Proof : Without loss of generality, assume that 0 € Q. Define w € L*(Q) by w(z) = a, if
xeQN{x e R":n < |z| <n—+ 1}, where

1
 (n+1)y|B(0,n+1) — B(0,n)]

o0
/\w|2da§§2/ o? dx
Q n—0o < {z€R™:n<Jz|<n+1}
o0

2 _oo 1 _7'('2
:§:aﬂBmm+iﬂB®mﬂ_§:6;:5§_Ea

n=0 n=0

Then

Notice that for any compact set K C €, there exists and €(K) > 0 such that w(z) > ¢(K) for a.e.
x € K. We define a function by

12(9) 3 /% (o, wfary
We claim that ¥ € (L%(Q))". To see this, note that

(O < el @y llwfllizie < el @y llwlizz @)l fll 2 @)-

This being the case, the Riesz Representation theorem tell us that there exists v € L?() such
that

WP azy.a = (ol )syar = [ of do¥ £ € 1@ (11)
Define a function u by
_ v(x)
"= @)

for a.e. x € Q. We now claim that this is the u that we desire. First, we will show that u € L>®(Q).
Let C' > |¢ll(1 () - We'll show that |u(x)) < C for a.e. x € Q. Let

A={z e Q:|u(z)| > C}.

We want to show that [A| = 0. To obtain a contradiction, assume that |[A] > 0. Consider a set
A C A such that 0 < |A] < |A]. Let f = x zsgn(u) € L?(£2). By (11), we have that

[ sentu) de = [ Julw do < el [ fofl do= olaay [ ol do
A A A A

Thus

O/mewmmW/wm
A A

/wdm;«éo,
A

and since
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we have that C' < ||¢||(£1(q)), which is a contradiction. Thus [A] = 0 and u € L*°(2) and
lul| Lo () < C. Now let C' — [|pll(z1(q))- Let g € Ce(€2), and define f = g/w. We test with f in
(11) to find that

<<P,g>(L1)’,L1 = / uwg dx = / ug dx ¥ g c CC(Q),
Q Q

w

and therefore we also have that
(o, 9y 0 = / ug dz ¥ g € L'(Q)
Q

by the density of C.(£2) and the continuity of ¢. Using the Holder inequality and passing to the sup
over all g € L'(Q) with ||g| 11(q) < 1, we find that [|¢||(1(q)) < [|ullL=(q)- All that remains is the
uniqueness claim. Assume that given ¢ € (L'(Q))’, there exist uy,us € L°°(Q2) such that

(o, 9) 1y, 0 = / urg dor = / uzg dz.
0 Q

Then
/(ul —ug)g dr =0V g€ LY(Q),
Q

and the Fundamental Theorem of the Calculus of Variations implies that uy — us = 0 for a.e.
x € Q.

Theorem 32 L'(Q) is not reflexive.

Proof : Without loss of generality, assume that 0 € Q. Let us suppose that L(€) is reflexive.
Consider

fn: 1 )’XB(O l)GLl(Q).

FIORIAE

n

Then
1

”fn”Ll(Q) = /B(O 1) W’l)’ e

Thus {f,} is bounded in L!(Q2). The Eberlein-Smulyan theorem implies that there exists a subse-
quence {f,,} and a f € L*(Q) such that f,, — f weakly in L'(Q). Our representation theorem
also tells us that

/ankgdx—>/52fgdeg€L°°(Q).

Take g € C.(Q\{0}). Then for k large, supp(g) N supp(fy,) = 0. This implies that

/fgdx:OVgGCC(Q).
Q

The Fundamental Theorem of the Calculus of Variations implies that f = 0 for a.e. € Q\{0}, so
f=0a.e. in Q. If we take g = 1, then

/ fde=lm [ falleie) =1,
Q — 00

which is a contradiction.
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The Study of L>(Q)
So far we know that L>°(2) = (L*(2))’. This gives us the following immediate results.

1. Bpee(q)(0,1) is compact with respect to the weak* topology o(L>(£2),L'(€2)) by Banach-
Alaouglu.

2. LY(Q) is separable, so if a sequence {f,} C L°(f2) is bounded, then there exists a subsequence
{fn.} and an f € L>°(Q) such that f,, — f weakly™ in L>°(Q).

3. L*°(Q) is not reflexive.

Also, L*°(Q) = (L'(Q2))" implies that (L>(Q))" = (L*(Q))"DLY(Q) strictly. In other words, the
dual of L>(Q) contains L' (£2) strictly.

Remark : There exist linear and continuous finctionals on L>(Q), say ¢ € (L*°(Q))’, for which
there is no function u € L*(Q) such that

(@, [ ooy Lo = /Quf dx ¥ f € L*(Q).

Proof : Assume without loss of generality that 0 € Q. Define g € (C.(Q)) by wo(f) = f(0).
Then [oo(f)] < [[fllz=). Since C.(€2) is a subspace of L>(£2), we may apply the Hahn-Banach
theorem to extend ¢g to ¢ € (L>=(2))’. Then

(@ [y ,peo = f(0) V f € Ce(R).
Let us assume that there exists u € L*(£2) such that

(@, Loy, L = /QUf dz ¥V f € L*(Q).

For any f € C.(2\{0}) (extended to C.(Q) by f(0) =0), we have

/Q uf de = (g, f) ey 1 = F(0) = 0.

This implies that © = 0 for a.e. € Q by the Fundamental Theorem of the Calculus of Variations,
s0 ¢ =0 on L>®(). Since ¢ = g on C.(2), we must have that f(0) =0 for all f € C.(Q), which
is an obvious contradiction.

Theorem 33 L*(RQ) is not separable.
The proof of the theorem will follow from this lemma:

Lemma 10 Let E be a Banach space. Assume that there exists a sequence {O;}icr of subsets of
E such that

(i) O; # 0 and is open for everyi € I.
(i) O;NO; =0 if i # 5.
(iti) I is not countable.

Then E is not separable.
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Proof : (of lemma) Assume to the contrary that there is a sequence {u, }neny C E that is dense in
E. Then assumption (i) implies that for each 4, there exists n(i) such that u,;) € O;. Consider
the mapping

I>i—n(i)eN.

This map is injective because the O; are disjoint. This implies that card(N) < card([), which is a
contradiction.

Pf (of theorem) For each a € Q, take r, < dist(a,R"\Q), and take uqs = XB(a,r,)- Define O, =
B~ (tq,1/2). Then the O, are open, nonempty, and {a € Q} is uncountable. We claim that if
a # b, then O, N Oy = (. If not, let a # b be such that f € O, N Op. Then ||f — ugl| () < 1/2
and || f — up|| oo () < 1/2. Thus the triangle inequality implies that |[u, — up||L=0) < 1. On the
other hand, we have that

1 ifx € Bla,ry)\B(b,7p)
(U —up)(x) = —1 ifx € B(b,ry)\B(a,r4)
0 elsewhere

This implies that B(a,r,) = B(b, 7).

In conclusion, we have the following table.

Space ‘ Reflexive ‘ Separable ‘ Dual
L'(Q) No Yes L>(Q)

LP(Q) 1 <p< oo Yes Yes LP () 1/p+1/p =1
L>(Q) No No Contains L'(Q) strictly.

Functional Analysis 3-22-06
Convolution and Mollification

Theorem 34 Let @ = RY, and let 1 < p < co. Then if f € LY(RY) and g € LP(RY), for a.e.
z € RN, the map

r— f(r—y)g(y)

is measurable, and if the convolution product is given by
(Fea)a@) = [ fe—v)atu) dv.

then f x g € LP(RY). Moreover, ||f * gllee@yy < 1fllo @y gl e @y -
Proof : Case 1: p = co. We have that

flz—y)g(y) dy‘ S/ |f(z —y)llg(y)| dy
RN RN

<lallimqas) [ @] dy = lalmam L)

Thus
I * gl oo vy < Mgl poe @y 11 L1y
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Case 2: p=1. Set F(x,y) = f(z — y)g(y). Then

/RN|F(°””7?/)W$=/ [f(z = )llg(y)] de = |g(y I/ 2)| dz < oo.

This implies that
/ / |F(m,y)|dmdy=/ |/ z)| dzdy < oo,
RN JRN

so we may apply Fubini’s theorem to compute that

Lo L penlayae= [ [ (Pl dedy < sl e,

and therefore,
1 * gl ey = / / 9] dyde < ||l @ 9l 2 .

Case 3: We now take 1 < p < oo. In this case we have that |g|P € L*(RY) and |f| € LY(RY).
From case 2, we see that for a.e. z € RY, the mapping [y — |f(z — y)||g(y)|P] is integrable.

Therefore,
1
/

v~ |f@ =) lg(v)l] € LPRY) and [y — |f(z — )] € L” (RY),

and then Holder’s inequality implies that
[y = 1@ = )7 [f@—v)|7lg@)] € L'RY) = [y~ [f(z—y)llgw)]] € L' (RY),

For a.e. z € RY, we have that
I(f*g)(w)lé/ If(w—y)\lg(y)ldy:/ 1@ = )7 |f(z = y)|*g(y)| dy
RN RN

N 1
<If =) Lo @ 1 (& = )17 gl e )

1

- { IR dy}”l' { [5Gl dy} U7 s L0115 L9 ()

Thus, .
(% @) < NI gy (F] 5 [917) (@)

The second factor here is integrable by case 2. Again we calculate that

e O 1 o L P A 4 vy P S

and taking the pth root of both sides, we obtain
1 1
I.f *QHLP(]RN) < ”fHZI(RN)”f”zl(RN)HgHLP(RN) = ||f||L1(RN)||g||LP(]RN)-

If f is a continuous function, then supp(f) is the compliment of the largest open set on which f
vanishes, or supp(f) = {z € Q: f(x) # 0}.
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Definition 11 Let f : Q — R be measurable, and let {w;};c; be the family of all open sets such
that f =0 a.e inw; (1 €1). Let
w = U Wi,

i€l
which is open, and f =0 a.e. inw. We call supp(f) = Q\w.

Proof that f = 0 a.e. in w: For each n € N, define K,, = {z € w : dist(z, RV \w) > % and |z| < n}.

Then
w = U K,.
neN
Since for each n, the set K,, is compact, and
Kn C U Wi,
i€l

for each n € N, there exists a finite set Iy C I such that

K, C U Wi.

iel,

If we also define
J=J I,

neN

then
w = U Wi,
ieJ

so f=0a.e. in Q.
Functional Analysis 3-24-06
Recall that last time we gave the definition of support for measurable functions.

Remark: 1. If f1, fo : Q@ — R are measurable and f; = fo for a.e. x € Q, then supp(f;) =
supp(f2). In particular, we can talk about supp(f) for f € LP(Q) without referring to a particular
representation of f.

2. If f:Q — R is continuous, then supp(f) = {x : f(x) # 0}.
Proposition 16 If f € LY(RY) and g € LP(RY), and if 1 < p < oo, supp(f*g) C supp(f) + supp(g).
Proof : We have that

(f*g)() = / F(z — y)aly) dy = / f(x — y)a(y) dy.
RN (supp(g9))n({z}—supp(f))

If = ¢ supp(f) + supp(g), then (supp(g)) N ({x} — supp(f)) = 0, so (f * g)(x) = 0 for ae.
r € RM\supp(f) + supp(g). In particular this is true if z € int(R¥\supp(f) + supp(g)) =
R\ (supp(f) + supp(g)). The equality here follows from DeMorgan’s law:

RMNA=RY\ (| F= [J RM\F= [J V=int®R"\A).

FDA FDA vVcrRN\A
F closed F closed Vv open
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Thus there exists ig € I such that w;, = RV \(supp(f) + supp(g)), where the w; (i € I) are those
open sets in the definition of supp(f * g). We now have that

supp(f * g) = RN\ <U wz-) = [RM\w;) € RM\w;, = supp(f) + supp(g).

i€l i€l

Mollifiers

Definition 12 A sequence {p,} C C(RY) is called a mollifying sequence if
(i) supp(pn) C B(0, 1),

(ii) pp >0 in RY,

(iii)

/ pn dy =1
RN

Remark : Such objects do exist. For example, take

B

0 elsewhere

for all n.

and let
1

=—— 2Np(na).
pul®) = fRN p(x) dx p(nz)

Lemma 11 Let f € C(RN). Then p, * f — f uniformly on compact subsets of RV,

Proof : Let K cC RY be compact. Then f| i 1s uniformly continuous, so for every € > 0, there
exists 0 > 0 such that |f(z —y) — f(x)| < € whenever z € K and y € b(0,6). We want to show
that

sup |(pn * f)(z) = f(x)] — 0 as n — oo.
reK

We calculate that
(o @)= 1= [ fa =)ot = 10

=| [ = ont ay= [ s o

< /Bm,; =)= S dy<e [ pody=c

B(0,5
if n is chosen large enough so that 6 > 1/n. Thus, for every compact set K and for every e > 0,
there exists N(K, ¢) such that
sup |(pn x f)(z) — f(z)] <e

zeK
for every n > N(K,¢).
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Theorem 35 let f € LP(RY) and 1 < p < co. Then (p, * f) — f strongly in LP(RY).

Proof : let ¢ > 0. Since C.(RY) is dense in LP(RY), there exists f; € C.(RY) such that ||f —
fillLr e~y < €. By the previous lemma, p,, * f — f1 uniformly on compact subsets of RY. We want
to show that

/ pn % f1 = ful? da — 0.
RN

In order to show this, we seek to replace RY with a compact set K. Thus, we check that supp(p,, * f1)
is compact. We have that

supp(pn * f1) C supp(pn) + supp(f1)
C supp(pn) + supp(f1) € B(0,1) + supp(f1) € B(0, M)
for some M large enough. We then have that supp(p, * f1 — f1)B(0.M), and therefore

/ lon * f1 — f1|P dz — 0.

B(0,M)
Now we use the triangle inequality to compute that
”Pn *f*fHLP(RN) = Hpn xf—pnxfitpnxfi—fi+fi— f||LP(RN)

<o * (f = f)llee@yy + llon * f1 = fille@yy + 11f1 = fllLe@yy — 0.
Theorem 36 Let p € [1,00). Then C°(Q) is dense in LP(Q).
Proof : Let f € LP(Q2), and let f —1 € C.(Q) be such that for given € > 0, [|f = fi|lLr0) < €

Define (@)
3 ] filz) mQ
hi(@) = { 0 elsewhere
Then p,, * fl — fl strongly in LP(RN). Define u,, = p, * f1|Q Then

supp(un) C supp(pn) + supp(f1) C supp(pn) + supp(f1).

The first set in this chain of inclusion is closed, and the last is compact, so we conclude that u,, has
compact support. We now have that |u, — fil|z»@) — 0, so

lwn — fllzr) < lun — fillze) + 11 = fllze),

which implies that

limsup ||ty — f|lzr0) <€
n—oo

We now let € decrease to zero.

Functional Analysis 3-27-06
Weak Compactness in LP(Q2), 1 <p < oo

Recall that if 1 < p < oo, then LP(f2) is reflexive, so Eberlein-Smulijan applies, and if {u,}
is bounded in LP(f2), then there exists a subsequence {u,,} C {u,} and u € LP(Q) such that
— y weakly in LP(Q) (i.e. {un} is weakly relatively compact in LP(Q2)). If p = oo, then {u,}

Unp,,
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bounded in L*° () implies that there exists a subsequence {u,, } C {u,} and u € L>(£2) such that
Up, — u weakly* in L>°(Q). If p = 1, then we have no such thing. There are two reasons. First,
L'(Q) is not reflexive, and second, L'(Q2) is not the dual of any separable Banach space. So how

do we fix this? One answer is to immerse L'(§2) into the larger space M () of Radon measures.
Recall that (C.(Q)) = M(Q). Define T : L*(2) — M () by

(Tf,p) = /Qf(x)w(x) dzx.

Then
1Tflse = swp [(Tho)l= sw | [ fioda| <[ flosco
PeC:(Q) peCc(Q) Q
[lelloo <1 lplloo <1

In fact, the supremum is attained, so ||T'f||ar() = [|fllz1(q), and therefore T is an isometry. Thus,
via T, L*() can be identified with a subspace of M (), and if {u,} is bounded in L'(f2), then

there exists a subsequence {u,, } C {u,} and p € M(Q) such that u,, — p in o(M(Q),C.()),
ie.

[t do = (o) vV o € ).

This is often called convergence in the sense of measures. We can also write the line above out

as
/unkcp dxﬂ/cpdu.
Q Q
Weak Compactness in L ()

Theorem 37 (Dunford-Pettis) Let {u,} C L'(Q) be a bounded sequence. Then the following
are equivalent:

(i) {un} is weakly relatively compact
(i) {un} is equiintegrable (v € >0 36 > 0 s.t. sup, ey [, [un| dz < eV A e B(Q) if |A] <6).

Theorem 38 (De la Valleé-Poussin) Let {u,} C L'(Q) be bounded. Then {u,} is equiinte-
grable if and only if there exists © : [0,00) — [0,00) such that

o)

— 00 ast — oo

sup/ |O(uy)| dx < 0o
n Jo

(i.e. {O(un)} is bounded in L'(Q)).

Theorem 39 (Vitali’s Convergence Theorem) A sequence u, — u weakly in LP(Q) with 1 <
p < oo if and only if

(i) un, — u in measure (V € >0 [{x € Q: Ju,(x) —u(z)| > €}| = 0 as n — o).

(1) {|un|P} is equiintegrable.
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Theorem 40 (Chacon’s Biting Lemma) let {u,} be bounded in L*()). Then there exists a
subsequence {uy, } C {un}, u € LY(Q), and a family of open subsets {E;}ien such that E; D Ejiq
and |E;| < 1/i so that u,, — w in LY(Q\E;) for alli € I.

The sets F; in the previous theorem are called bites, and this convergence is called biting conver-
gence. A good reference on convergence in L'(f2) is Giaquinta, Modica, and Soucek.

Functional Analysis 3-28-06
Hilbert Spaces
Definition 13 Let H be a vector space. A mapping (+,-) : H x H — R is a scalar product if
(i) (-,-) is bilinear,
(i) (-,-) is symmetric ((u,v) = (v,u) V u,v € H)
(i) (-,-) is positive ((u,u) >0V u € H and (u,u) =0 iff u=0).

Recall that we have the Cauchy-Schwartz inequality |(u, )| < \/(u,w)+/(v,v) for all u,v € H. This
follows from the fact that (v — tv,u — tv) > 0 for all t € R.

Proposition 17 The mapping |- |: H — R defined by |u| = v/(u,u) is a norm on H.

With the notation of the norm, the Cauchy-Schwartz inequality becomes |(u,v)| < |ul|v| for every
u,v € H.

Remark : It is not difficult to show that the parallelogram identity

2
U —v
2

u-+v 2
2

1
= §(|u\2 + |v\2) VuveH (12)

holds in any inner product space. In fact, we have that

Theorem 41 (Freschet-Von Neumann-Jordan) If (E,|-|) is a Banach space such that (12)
holds, then there exists a scalar product on E such that |u| = \/(u,u)g.

Definition 14 Let H be a vector space on which we have defined a scalar product (-,-) and the
associated norm |- |. If (H,|-|) is a Banach space, then it is called a Hilbert space.

Theorem 42 Any Hilbert space is uniformly convex (Vv e > 03§ > 0 st u,v € H, |ul,|v] <
1, lu—v|>€e = [(u+v)/2|<1-=46).

Proof : let € > 0 be given, and let |u|,|v] < 1 with |[u — v| > e. Then the parallelogram law gives
that

2 2 2
u+v 1, 5 9 uU—v €
= Z _ <1-— —
T = S ) - || <=
so we take § =1 — /1 —€2/4. Then
u+v
<1-6.

Corollary 16 Any Hilbert space is reflexive.
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Proof : Use the Milman-Pettis theorem and the previous theorem.

Example : Take L?(Q) = H with
(u,v)12(0) = / u(z)v(z) dx
Q

as the scalar product. This gives us that L?(2) is a Hilbert space for the associated norm.

Remark : A sequence u,, — u weakly in L?(€) if and only if

/unv da:—>/uv dz ¥V v e L*(Q),
Q Q

or, in other words, (un,v)r2(q) — (4,v)r2(q). This is how we’ll check for weak convergence in any
Hilbert space.

Theorem 43 (The Projection Theorem) Let H be a Hilbert Space, and K C H be closed con-
vex and nonempty. Then for every f € H, there exists a unique u € K such that

|f —ul = min|f -], (13)
Moreover, u is characterized by

(f—u,v—u)<0VwveK. (14)

Terminology : We write u = Pk f, the projection of f onto K.

Proof : Define ¢ : K — R by ¢(v) = |f — v|. Then ¢ is continuous and coercive (p(v) — oo as
|v] = o0). By a previous theorem, there exists u € K such that ¢(u) = ming ¢. Thus we have
established existence.

”(13)=(14)” Let w € K be arbitrary. Then (1 — t)u + tw € K for all ¢t € [0,1]. This gives us
that
|f =l < |f = [0 = u+ tw]? = [(f —u) — tw — )]
= |f —ul* + *|lw — ul® — 2t(f — u,w —u),
0 .
(f —u,w—u) < §|w —ul?.
Now let t — 0, and recall that w was arbitrary.

”(14)=(13)” Let u be such that (14) holds. Let v € K. Then
|f—u|2—|f—v\2=(f—u,f—u)—(f—v,f—v):(f—u,v—u+f—v)—(f—u—|—u—v,f—v)

=(f-wv—uw+(f—uf—v)—(f—u,f—v)+(f—v,v—u)
=(f-uv—uw+(f-utu—v,v—u)=2(f —u,v—u)—|v—u®<0.
Thus |f —u|? — |f — v|?> <0 for every v € K, so u satisfies (13).
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As for the uniqueness, assume that there exists u; = Pk f and us = Pk f. Then

= (f—u,ug —u1) <0
(f —ug,u1 —ug) <07

Adding these gives us that |u; — us|? < 0, so we conclude that u; = us.
Functional Analysis 3-29-06

Corollary 17 Under the same assumptions as in the projection theorem, we have that

|Pr f1 — Px fa| < |f1 — fal

for all f1,fo € H.

Proof : Let us write u; = Pk fi1 and us = Pgfs. Then by the projection theorem, we have
that
(fi—up,v—wuy) <0and (fo —ug,v—uz) <0VwveEK.

In particular, we have that
(f1 —up,us —uy) <0 and (fy —ug,u; —u2) <0,
and adding these inequalities gives us that
(fi—ur— fotug,upg —u1) <0 = |uy —ual* < (fi — fo,ur — u2) < |f1 — follur — ug

= |ug —u1| <|[f1 — fal.

Corollary 18 If M is a closed subspace of H, then for every f € H, the element Py f is charac-
terized by (f —wu,v) =0 for allv € M. Moreover, Py : H — M is linear.

Proof : The projection theorem tells us that (f —u,v —u) < 0 for all v € M, where u = Py f. Let
v € M and t € R. Then tv € M, so

(f—utv—u) <0VveM, teR. (15)

Assume that there exists vg € M such that (f — u,v9) # 0. We consider separate cases. If
(f —u,vp) < 0, then (15) implies that (f — u,tvg —u) <0 for all t € R, so

(f — U u)

(.f —u, UO)

Now take t — —oo to get a contradiction. The other case is handled similarly. See page 81 of Rudin
for a proof of the linearity.

t2>

The Dual of a Hilbert Space
Theorem 44 Let H be a Hilbert space. For every p € H', there exists a unique u € H such that

<907 U>H’,H = (uv U)'

Moreover, ||| = |u|. Thus, we may identify H' with H.
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Remark : Note that u,, — u weakly in H if and only if (uy,,v) — (u,v) for every v € H.
Proof : Define T : H — H' by (T'f,v) = (f,v). Then T is linear, and

ITfllm = sup (T'f,v)| = sup |(f,v)| < sup |f| = |f].

vEH vEH vEH
lv|<1 lv|<1 lv|<1

We can actually attain this bound if we take v = f/|f|. It remains to show that T is surjective, i.e.
that T'(H) = H'. Note that T(H) is a closed subspace of H’, since H is reflexive. Thus we claim

that T(H) = H'. Let f € H"” be such that

(F,fy=0VY feT(H) (16)
Since H is reflexive, we may think of F' as being an element of H. Thus (16) implies that

(Tu,F) =0V u € H,

and therefore,
(u, F)=0Yu € H.

Thus F' = 0, which completes the proof.
Definition 15 Let a: H x H — R be bilinear.

(i) The mapping a is said to be continuous if there exists C > 0 such that |a(u,v)| < Clullv| for
every u,v € H.

(ii) The mapping a is said to be coercive if there exists a > 0 such that |a(u,u)| > alu|? for every
ue H.

Theorem 45 (Stampaccia) Let a be bilinear continuous and coercive, and let K C H be nonempty,
closed and convex. Then for every ¢ € H', there exists a unique u € K such that

a(u,v—u) > (p,v—u) Vv e K. (17)

Moreover, if a is symmetric, then u is characterized by

{ u€e K
%a(u7u) - <90a u> = minUEK {%CL(U,U) - <<)07U>}
Remark : (??) is a typical variational inequality. See the book by Kinderlehrer and Stampaccia
(SIAM Classics) for more information.
Functional Analysis 3-31-06

Theorem 46 (Stampaccia’s Theorem) Suppose that H is a Hilbert Space and that K C H is
nonempty, conver, and closed. Let a : H x H — R be a bilinear, continuous, and coercive form.
Then for every ¢ € H', there exists a unique u € K such that

a(u,v—u) > (p,v —u) Yv € K. (18)
If a is symmetric, then the solution u to (18) is characterized by

Sl ) — (o, u) = min {;a(v, v) = (o, v>} :

veK
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Proof : By the Riesz-Freschet representation theorem, there exists a uniquef € H such that
(p,v) = (f,v) for all v € H. Also, for every v € H, the map v — a(u,v) is in H', so there exists
Au € H such that a(u,v) = (Au,v) for every v € H. The mapping A : H — H is a linear and
continuous operator, since

|Au|? = (Au, Au) = |a(u, Au)| < Clu||Aul
and
(A(au + pw),v) = alau + pw,v) = aa(u,v) + Pa(w,v) = (cAu + SAw, v)
= (A(ou+ fw) — aAu — fAw,v) =0V v € H.

We also have that
(Au,u) = a(u,u) > alul* Y u € H.

Now (18) is equivalent to
(Au,v —u) > (fv—u) & (f —Au,v—u)<0VwveK.
Take p > 0 to be determined later. If
(pf —pAu+u—u,v—u)<0VwveEK, (19)

then we will be done. We want to show that for p small enough, there exists u € K such that (19)
holds. To accomplish that, we show that for some p small enough, there exists a unique u € K
such that

Pr(pf — pAu+ u) = u. (20)
Define S : H — K by Sv = Pk (pf — pAv + v). We seek to show that S has a unique fixed point.
Recall

Theorem 47 (Banach Fixed Point Theorem) Let (X,d) be a metric space. If S : X — X is
a strict contraction (d(Svi,Sve) < Cd(vi,ve) for all vi,v9 € X with C € (0,1)), then S has a
unique fized point.

We then calculate that
|Svy — Sws|? = | Pk (pf — pAvy +v1) — Pr(pf — pAvy + vo)|* < |p(Avy — Avy) + vy — va]?
= p?|Avy — Avi|* = 2p(A(vy — v1),v9 — v1) + |u1 — vo|?
< PPC? vy — v1 2 = 2palv — 2 — v1)? + |v1 — va|? = |v1 — v 2(1 — p(2a — pC?)).

Thus, we choose 0 < p < 2a/C? so that S is a strict contraction. Now we apply the fixed point
theorem to find that S has a unique fixed point u, so (20) holds. Next, assume that a is symmetric.
Then a(-,-) defines a new scalar product on H and a new associated norm +/a(-,-) on H, which
is equivalent to the original norm by the continuity and coercivity of a. If ¢ € H’, there exists a
unique g € H such that (p,v) = a(g,v) for every v € H. The first part of the theorem now implies

that
a(u,v —u) > a(g,v—u) = alg—u,v—u) <0VwveK.

Thus u = Pxg with respect to the a scalar product. The projection theorem now tells us that u is
characterized by

alg —u,g —u) zqr]nei%a(g—v,g—v).
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Expanding, we have

a(g, 9) +a(u, u) - 2alg, u) = min{a(g, g) + a(v, v) - 2a(g, v)}
= %a(u,u) —{p,u) = Ivré% {;a(v,v) - (<p,v>} )

Theorem 48 (Lax-Milgram) Suppose that a : H x H — R is bilinear, continuous, and coercive.
Then for every ¢ € I, there exists a unique u € H such that a(u,v) = (p,v) for every v € H.
Moreover, if a is symmetric, u is characterized by

%a(u, u) — (i, u) = min {;G(U» v) = (e, v)} ~

veEH

The equation above is the Euler-Lagrange equation for F(u) = 1/2a(u, u) — {p,u).
Proof : By Stampaccia’s theorem (take K = H), there exists a unique u € H such that

a(u,v —u) > (p,v—u) Vv e H.
Since H is a vector space, we have that
a(u,tv —u) > (p,tv —u) Vv € H, t € R.

If the quantity a(u,v)—{p, v) is not zero, then we may solve the above inequality for ¢, and then let ¢
approach either positive or negative infinity to obtain a contradiction. Thus a(u,v) = (p, v).

Functional Analysis 4-3-06
Hilbert Sums, Hilbert Bases
Definition 16 Let {E,} C H be a sequence of closed subspaces. We say that
H=E,
neN
(H is a Hilbert sum of the subspaces E,, ) if
(i) The sets E, are pairwise orthogonal ((u,v) = 0 whenever v € E,, and v € E,, with m # n)
(#i) The vector space (over R) generated by {E,} is dense in H.
Theorem 49 Let H be a Hilbert space such that
H= @ E,.
neN
Let w e H, and let u, = Pg,u. Then
(i)
o
=3
n=1
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(i) (Parseval’s Identity)

[eS)
ul® =D Junl®.
n=1

Conversely, given a sequence {u,} C H such that each u, € E,, and Y " | |un|? < oo, then

)
u = E Unp,
n=1

converges, and u, = Pg_u.

Definition 17 A family {e, }nen C H is said to be a Hilbert Basis for the Hilbert space H if

(i)
@<en>-

(Here (-) denotes span)
(i) |en] = 1 for each n € N
Corollary 19 (of Theorem (49))If {e,} is a Hilbert basis of H, then each uw € H can be written as

o0

U= Z(u, €n)en,

n=1

and -
u = |(u, ).
n=1

Theorem 50 Any separable Hilbert space admits a Hilbert basis.

Proof : let {f,,} be a dense subset of H, and let F}, be the vector space generated by f1, fa,..., fk-
For each k, we may pick an orthonormal basis for Fg, and then complete it as a basis for Fy41. It
is then easy to see that the result is a Hilbert basis for H.

Compact Operators

Throughout the following, let E and F' be Banach spaces, and denote by Bg the set {z € E :
z]|p < 1}.

Definition 18 A linear and continuous operator T : E — F is said to be compact if T(Bg) is
relatively compact in F. (i.e. T(Bg) is compact.)

We denote by K(F, F) the set of all compact operators from E to F.
Proposition 18 K(E, F) is a closed subspace of L(E, F) (considered with the norm || - ||z(g,r))-

Proof : Let 71 and T3 be elements of C(E, F'). Then T1(Bg) and T»(Bg) are relatively compact,
SO
(Ty + T»)(Bg) C TA(Bg) + T»(BEg)
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is relatively compact in F' (this follows from the continuity of the addition operator). Let {T),}
K(E, F) be such that | T, —=T'||z(g,7) — 0, where T' € L(E, F'). We want to show that T € K(E, F
It suffices to show that for every e > 0, there exists a finite set I such that

C
).

T(Bg) C |J B(fire).

icl

where f; € F for every i. Let ¢ > 0. Choose n > 1 such that ||T}, — T||z(g,r) < €/2. For such n,
there exists a finite set I such that

€
T.(Bg) C U B (fi, 5) :
icl
If € B, then there exists ig € I such that | T,z — f;,|| < €/2. We then have that

€
1Tz = fioll < 1Tz = Tozll + [Taz = fio| < ITn = Tllllz] + 5 <e.

Thus, Tx € B(fi,,€) and
T(Bg) C | B(fi e).
il
Functional Analysis 4-4-06
Definition 19 We say that an operator T € L(E, F) has finite rank if dim(R(T)) < oo.

Note that it is clear that a continuous operator with finite rank is compact.

Corollary 20 Let {T,,} be a sequence of continuous operators with finite rank from E to F and
Let T € L(E, F) be such that | T, — T z(g,7) — 0. Then T € K(E, F)

Remark : The celebrated approximation problem of Banach and Grothendieck concerns the con-
verse of the above corollary. Given a compact operator, does there exist a sequence {T;, } of operators
of finite rank such that |75, — T z(g,7) — 07 In general, the answer is no, even for certain closed
subspaces of /P, (1 < p < oo, p # 2). However, the answer is yes in many cases, for example if F
is a Hilbert space. To see this, let K = T(Bg). Then given € > 0, we can cover K by

UB(flve)

i€l

for some finite set I. Let G be the vector space generated by the f;, and let T, = Pg oT. Then T,
is of finite rank. We want to show that ||T. — T||z(g,r) < 2¢. If z € Bg, then there exists ig such
that

||T£l7 — f’Lo” < €.

Therefore, since the projection operator is Lipschitz with constant 1, we have that
[(Pa oT)x — Fafill = |(Pa o T)x — fi,ll <e
Combining the two inequalities above, we find that

|(PgoT)r —Tx| <2€¢V z € Bg,
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and therefore,
|Te =Tz, < 2.

It is also easy to show this result if F' has a Schauder basis.

We will also demonstrate a strong technique used in nonlinear analysis that permits the approxi-
mation of a continuous (linear or non-linear) function by non-linear functions of finite rank. Let X
be a topological space, F' be a Banach space, and T : X — F be a continuous function such that
T(X) is relatively compact in F. For every € > 0, there exists a continuous function T, : X — F
with finite rank such that

ITe(z) —T(x)|| <eVzelX. (21)

To see this, note that if K = T(X), then K is compact, and can be covered by a finite number of

balls, say
€
iel

with I a finite set. Let

Zie 14 (CC)f i

Yierti(z)
where ¢;(z) = max{e — |[Tx — f;||,0}. Then T. defined in this way satisfies (21), since T, is a
convex combination and B(Tx,€) is convex. This method can be used to establish the Schauder
fixed point theorem and the Brauer fixed point theorem. Recently, this technique has also been
used with much success to demonstrate the existence of relatively invariant subspaces of certain
linear operators.

Proposition 19 Let E, F, and G be three Banach spaces. If T € L(E,F) and S € K(F,Q)
(respectively T € K(E,F) and S € L(F,G)), then SoT € K(E,G).

T (x) =

Proof : Obvious.

Functional Analysis 4-5-06
Theorem 51 (Schauder) Let T € K(E,F), where E and F are Banach spaces. Then T* €
K(F',E").

Proof : To prove the theorem, we want to show that If {v,,} C Bpr, then there exists a subsequence
{T*vp, } € {T*v,} which converges in E’. Note that since T is compact, the set K = T(Bg) is
compact. Let us define

M = {‘pn K —R: (Pn(x) = <vnam>F’,F}'

We will think about K as a compact metric space. Then M C C(K). We claim that M is relatively
compact in C(K). To see this, we must recall

Theorem 52 (Arzela-Ascoli) Let M C C(K), where (K,d) is a compact metric space. Assume
that

(i) M is uniformly bounded in C(K),
(1) M is equicontinuous (V € >0 3 6 >0 st d(z1,22) < = |f(z1) — f(z2)| <eV feM).
Then M is relatively compact in C(K).
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First we will show that M is bounded in C(K). We have that

lenllcx) = sup |on(x)| = sup [(vn, 2)| < sup [lonllp |lzllr < [T e,
reK zeK zeK

(Recall that ||v,}r- <1 and that K = T(Bg)). To see the equicontinuity, let € > 0. Then

lon(z1) = on(@2)] = [(Vn, 71 — 22)| < Jvnllr 21 — 22|l F < (|21 — 22| P
Thus we take § = e.

The Arzela-Ascoli theorem now implies that our claim holds, so there exists a subsequence {yy, }
and a ¢ € C(K) such that ¢, — ¢ in C(K). In particlular

sup [@n, (u) — @(u)| — 0 as k — oo.
ueK

Therefore, we have that

sup  [@n, (u) = on,| = sup |on, (Tu) — @n; (Tu)]
u€ K=T(BEg) u€BEg

= sup |(Un, — Un;, Tu)| = sup [(T"(vp, —vn,,u)| — 0ask,j — oo,
u€EBE u€EBE

which implies that
| T* 0y, — T" vy, ||pr — 0 as j.k — oo.
Thus, {T™v,, } is a Cauchy sequence and convergent in E’.

Lemma 12 (Riesz) Suppose that (E, ||-||) is a normed vector space, and let M be a closed subspace
of E such that M # E. Then for every e > 0 there exists u € E with ||u|| = 1 such that dist(u, M) >
1—e

Remark : This lemma still holds with ¢ = 0 if either dim(F) < oo or F is a reflexive Banach
space.

Proof : Let v € E\M, and let d = dist(v, M) > 0. Pick mg € M such that d < |[v—my]| < d/(1—¢),
and take

v — My
U= —-:.
[[o = mol|
Then |lu|| =1 and if m € M, we have that
v —mg [v = (mo +mflv —mol))ll _ d
w- = | | > 4
[[o = moll [[o = moll e

We now pass to the infimum over m € M to find that dist(u, M) > 1 —e.

Theorem 53 (Riesz) Let E be a normed vector space such that B = {x € E : ||z| < 1} s
compact (in the topology of the norm). Then dim(E) < oo.

Proof : Assume that dim(E) = co. Then one can construct a sequence of closed subspaces {E,, }
such that E, D E,4+ and E, # E,; for each n € N. By the previous lemma, for each n, there
exists u, € E, with |lu,|| = 1 such that dist(u,, Fp,—1) > 1/2. Then {u,} is bounded but not
Cauchy and has no Cauchy subsequences, since if m < n then

[t — wml|| > dist(wn, Em) > 1/2.
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Functional Analysis 4-7-06

Theorem 54 (The Fredholm Alternative) Let E be a Banach space and T € K(E) = K(E, E).
Then

(i) dim(N(I —T)) = dim(N(I —T*)) < oo,

(ii) R(I —T) = (N(I — T*))* is closed,

(iti)) N(I-T)={0} & RI-T)=EFE.

Here I : E — F is the identity and T is the adjoint of T

Remark : The theorem tells us something about the equation
u—Tu=Ff, fekE. (22)
Either (22) has a unique solution, or the homogeneous equation
u—Tu=0 (23)

has finitely many (say n) linearly independent solutions, in which case (22) admits solutions if and
only if f satisfies n orthogonality conditions. This is called the Fredholm alternative. Indeed, either
R(I-T)=FEor R(I—-T) # E. In the first case, for every f € E, there exists u € F such that
u—Tu = f, and part (iii) gives uniqueness of u. If R(I —T) # E, by (i) dim(N(I —T)) < oo,
so (??) admits n € N linearly independent solutions, and the orthogonality relations are given by
(ii).

Remark : Part (iii) of the theorem implies that

[I — T is injective < I —T is surjective.]

Recall that if dim(E) < oo, a linear mapping is injective if and only if it is surjective. This is false
in general if dim(F) = oo. For example, let S : /2 — (%) where

= {{un} : Z lun |? < oo}

and
S(ul, Uz, . . ) = (O,ul, uz, . . )
We notice that S is linear, injective, and an isometry, but not surjective.
Spectral Theory
Definition 20 Let T € L(E), where E is a Banach space. Then the set
p(T) ={NeR:T — A is bijective}
is called the resolvent set for the operator T, and
o(T) =R\p(T)

is the spectrum. The number X € R is an eigenvalue of T if N(T — AI) # {0}. If X\ is an eigenvalue,
then N(T — M) is the eigenspace associated with .
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Remark : If A is an eigenvalue, then A\ € o(T), since N(T' — AI) # {0} implies that T — A is
not injective. The converse is false. Consider again the shift operator S defined before. We see
that S — 0 is not injective, but 0 is not an eigenvalue of S. In finite dimensions, the converse is
true. If dim(F) < oo and A € o(T'), then T — AT is not bijective, and therefore not injective. Thus
N(T — M) # {0}, and X is an eigenvalue.

Proposition 20 The set o(T) is compact and

o(T) C [=IT]lce) 1Tl ) (24)

Proof : First, we show that (24) holds. Let A € R be such that || > ||T'||z(g). We want to show
that A & o(T). Let us look at the equation Tu — Au = f, which is the same as u = (1/A\)(Tu — f).
We will denote the function u — (1/X)(Tw — f) by S. Note that S is continuous, and

1 T
||S’LL1 — S’LLQ” = H)\(Tul — T’LLQ)H S wﬂul 7U2|| v Ui, u2 c F.

Since ||T]|/A < 1, we have that S is a strict contraction, to by the Banach fixed point theorem,
S has a unique fixed point. Thus Tw — Au = f has a unique solution. Next, we must show that
o(T) is closed, which is equivalent to showing that p(T) is open. Let A\g € p(T'), and consider the
equation Tu — Au = f for A close to Ag. We may rewrite the equation as

Tu—Xou=f+ul—X) = u= (T = I)(f +u(X— X))

The open mapping theorem implies that (T'— A\gI)~! exists and is continuous since (T — \oI) is
bijective. Now let S be defined by Su = (T — M\gI) " (f + u(A — \g)). We calculate that

[[Sus — Sual| = [|(T" = MoI) ™ (A = Xo) (u1 — u2)) || < (T = XoD) "M [[IA = Aol[Jur — ual|,

so S is a strict contraction if ||(T — AoI)|[|]A — Xo| < 1, which means that for

1 1
A A — ———mmM———. _
© < O T a0 ||T—Aof>—1>

we have a unique fixed point, so p(T) is open.
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