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Abstract

In this paper we describe recent developments in the application of mathemat-

ical and computational techniques to problems in di�ractive optics, particularly to

problems involving spatially periodic structures (gratings). Many of the techniques

are also applicable to other scattering problems involving periodic structures. We

focus on variational techniques, �nite element approximations, inverse and optimal

design problems, and nonlinear materials.

1 Introduction

Traditional optical devices have structural features that are much larger than the length
of a typical visible light wave, say 0.5�m. One consequence of this great disparity in
length scales is that geometrical optics approximations to the underlying electromagnetic
equations are generally very accurate. Thus the behavior of traditional optical elements
can usually be predicted by ray-tracing methods that have been in use for hundreds of
years.

With the advent of high precision micromachining techniques, it is presently practical
to fabricate optical devices with complicated structural features on the order of 0.25�m.
Such \di�ractive optics" devices have great advantages in terms of size and weight, and
can often be designed to perform functions unattainable with traditional optical elements.
For example, structures with spatially periodic features (di�raction gratings) are used
as spectral �lters, polarizers, waveguide couplers, etc. The development and application
of this new technology increasingly relies on accurate mathematical models and numer-
ical calculations both for the prediction of device behavior and for the determination
of \optimal" device designs. In contrast to the case of traditional optical structures,
geometrical optics is generally not su�ciently accurate for these di�ractive devices. The
computational problem is much more challenging, requiring the solution of a full partial
di�erential equation model.

In this survey we describe some recent progress in the application of variational
techniques to wave propagation problems associated with spatially periodic di�ractive
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structures. We discuss weak formulations and �nite element approximations of the time-
harmonic Maxwell's equations in such structures, with both linear and nonlinear optical
materials. We also discuss the inverse problem of determining shapes from scattered �elds
and we describe some recent work aimed at �nding optimal shape designs for surface-
relief gratings. Although this work has been motivated by di�ractive optics applications,
many of the techniques presented are applicable to other periodic scattering problems in
antennas, acoustics, crystalline materials, etc.

Much of our discussion on the solution of periodic scattering problems is centered
around our own work, which follows a variational formulation of the problem. We empha-
size at the outset that there are many other important approaches which are applicable to
problems in di�ractive optics. Of particular signi�cance are the methods of variation of
boundaries (MVB) of Bruno and Reitich [22, 23], the coupled-waves method of Gaylord
and Moharam [38], and the integral equation approaches of N�ed�elec [47]. The method
of Bruno and Reitich has the advantages of speed, accuracy and conceptual simplicity,
and is probably the best known method for the solution of problems involving relatively
simple, smooth surface-relief structures. The coupled-waves approach of Gaylord and
Moharam is also conceptually simple and is particularly well suited for typical structures
manufactured by \mask-etch" production techniques in common use in industry. Vari-
ous implementations and modi�cations of this basic method have been in wide use in the
engineering community and in industry for the past decade or so. The integral equation
approaches of N�ed�elec are mathematically attractive and of quite general applicability.
Our focus on variational methods is due mainly to their 
exibility, robustness, and math-
ematical simplicity. Careful numerical (�nite element) implementations of the underlying
variational approach, combined with iterative linear systems solvers and preconditioning
techinques result in methods which are very competitive with those discussed above for
most practical problems. In summary, as is often the case with numerical techniques,
there is no one \best" method. Each approach has distinct advantages and disadvantages
for di�erent types of problems.

For periodic structures of �nite extent, the asymptotic matching techniques of Kriegs-
mann [46] can be applied with any of the above methods.

The reader is referred to Petit [48] for various aspects of the electromagnetic theory of
gratings up to the early 1980s, including numerical methods and a comparison of various
approaches. Descriptions of several mathematical problems which arise in industrial
applications may be found in the books by Friedman [35]{[37].

2 Di�raction in biperiodic structures

The general geometrical con�guration for the scattering problems we consider is illus-
trated in Figure 1. The basic problem is to predict the scattered modes which arise when
a linearly polarized electromagnetic plane wave is incident on the biperiodic structure.
In this survey we consider only the in�nite periodic geometry. The important case of a
periodic structure of �nite extent can be analyzed using a �eld-matching technique due
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Figure 1: General geometrical con�guration. The periodic pattern is assumed to extend
in�nitely in the (x1; x2) plane. Each cell contains some structure, de�ned by the dielectric
coe�cient �(x1; x2; x3).

to Kriegsmann [46], provided the in�nite periodic problem can be solved. Thus the in�-
nite periodic geometry represents both a practically useful limiting case, and a \stepping
stone" to the analysis of �nite structures.

Scattering from in�nite periodic structures is a classical problem, dating back to
Rayleigh, Floquet and Bloch. A fundamental feature of these problems is that in ho-
mogeneous regions, the �eld can be expanded as an in�nite sum of plane waves. In its
simplest form, say for a re
ected �eld u of two variables with normal incidence and a
2�-periodic structure, this expansion can be written

u(x1; x3) =
1X

n=�1

ane
i(nx1+�nx3); (2.1)

where the an are unknown coe�cients. This is sometimes called the Rayleigh expansion.
In the case of a medium with real refractive index k > 0, the coe�cients �n in the sum
(2.1) are de�ned by

�n =
� p

k2 � n2 if k � jnj;
i
p
n2 � k2 if k < jnj. (2.2)

Since �n is real for at most a �nite number of indices n, we see from (2.1) that only a
�nite number of plane waves in the sum propagate into the far �eld, with the remaining
evanescent modes decaying exponentially as x3 !1. The number of propagating modes
and the direction of propagation for each mode is determined by the frequency of the
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incident wave, the refractive index of the material, and the period (cell dimension) of
the structure. In engineering problems, the usual quantities of interest are the energies
in each propagating mode as a proportion of the total incident energy. The ratio of the
energy in a given mode to the incident energy is called the e�ciency of that mode. A
typical problem to be solved is: given a description of the structure and the incident
beam, �nd the e�ciency in each mode.

2.1 The time-harmonic Maxwell equations

A very accurate model for the underlying light propagation problem is provided by the
classical time-harmonic Maxwell equations

r� E � i!�H = 0; (2.3)

r�H + i!�E = 0: (2.4)

Here E and H denote the electric and magnetic �eld vectors, respectively, � is the
magnetic permeability, � is the dielectric coe�cient, and ! is the frequency. Most optical
structures are made from nonmagnetic materials, so � is safely assumed to be constant.
The physical structure is then completely described by the dielectric coe�cient �(x),
x = (x1; x2; x3), which is in general biperiodic as indicated in Figure 1. Thus there are
two constants L1 and L2, the axis lengths of each cell, such that

�(x1 + n1L1; x2 + n2L2; x3) = �(x1; x2; x3);

for all x 2 IR3, and all integers n1, n2. The structure is assumed to have �nite depth,
i.e., there exists a number b > 0 such that

�(x) = �1; for x3 � b;

�(x) = �2; for x3 � �b:
Here �1 and �2 are the (constant) dielectric coe�cients of the transmission medium and
the substrate, respectively. The transmission medium is assumed to be nonconductive,
so �1 is real. The case Im �2 > 0 accounts for a substrate which absorbs energy.

Assume that a plane wave (EI ; HI) = (s; p)eiq�x is incident on the structure from
above. Here q = (�1; �2;��) is the incidence vector, and s, p are constant vectors that
satisfy

s =
1

!�1
(p� q); q � q = !2�1�; p � q = 0:

Given q, one can reduce the original problem of solving Maxwell's equations in all space
to a problem involving only one periodic cell, by considering so-called quasiperiodic so-
lutions. De�ne � = (�1; �2; 0), and let

E�(x) = e�i��xE(x);

H�(x) = e�i��xH(x):
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Assuming that solutions to equations (2.3){(2.4) are unique, the �elds E�, H� are spa-
tially periodic in (x1; x2), with the same periodicity as �(x).

Substituting E = ei��xE� and H = ei��xH� into the Maxwell equations, one obtains
a new set of equations for E�, H�,

r� � E� � i!�H� = 0; (2.5)

r� �H� + i!�E� = 0; (2.6)

where r� = r + i�. Since all quantities in (2.5){(2.6) are periodic in (x1; x2), the
equations can be taken to hold on one fundamental cell, say (0; L1)� (0; L2)� (�1;1),
with periodic boundary conditions in the x1 and x2 directions. To complete the statement
of the problem, a radiation condition is enforced, which states that all re
ected and
transmitted waves are outgoing and remain bounded as jx3j ! 1. In a weak sense,
equations (2.5){(2.6) are equivalent to the decoupled system

r� � (
1

��
r� �H�)� !2H� = 0; (2.7)

r� �H� + i!�E� = 0: (2.8)

Let �c be a constant which satis�es inf Re 1
�(x)

� 3
4�c
. When considering the variational

form of this problem over the Sobolev space (H1)3, a natural coercivity condition leads
to the problem

r� � (
1

��
r� �H�)�r�(

1

�c�
r� �H�)� !2H� = 0; (2.9)

r� �H� + i!�E� = 0; (2.10)

as an alternative to problem (2.7){(2.8). It can be shown [11, 28, 12] that the system
(2.9){(2.10) admits a unique weak solution, and that the scattering problems (2.7){(2.8)
and (2.9){(2.10) are actually equivalent, except possibly at a discrete set of parameter
values.

2.2 Variational formulation

In the variational formulation, the domain of the equations (2.5){(2.6) is reduced from
the periodic fundamental cell, which has in�nite extent in the x3-direction, to a bounded
periodic \box" with �nite extent in the x3-direction. To do so requires the derivation
of appropriate \transparent" boundary conditions; this is done by establishing arti�cial
plane boundaries fx3 = bg and fx3 = �bg and matching the Green's function solution
and Fourier expansion of the �eld on these boundaries. Doing so, one obtains nonlocal
operators which map the traces of the �eld components on the arti�cial boundaries to
their derivatives.

Since H� is periodic in x1 and x2, we can expand H� in a Fourier series:

H�(x) =
X
n2Z2

H(n)
� (x3)e

�i�n�x; (2.11)
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where n = (n1; n2), Z = f0;�1;�2; : : :g,

H(n)
� (x3) =

1

L1L2

Z L1

0

Z L2

0
H�(x)e

i�n�xdx1dx2

and
�n = (2�n1=L1; 2�n2=L2; 0):

Let 
0 = fx 2 R3 : �b < x3 < bg, 
1 = fx 2 R3 : x3 > bg, 
2 = fx 2 R3 : x3 < �bg.
Denote

�1 = fx 2 R3 : x3 = bg ; �2 = fx 2 R3 : x3 = �bg:
De�ne for j = 1; 2 the coe�cients

�nj (�) = ei

n
j =2

���!2�j�� j�n � �j2
���1=2 ; n 2 Z2; (2.12)

where

nj = arg(!2�j�� j�n � �j2); 0 � 
nj < 2�: (2.13)

We assume that !2�j� 6= j�n � �j2 for all n 2 Z2, j = 1; 2. This condition excludes
\resonance". Note that �nj is real at most for �nitely many n.

In particular, for real �2, we have the following equivalent form of (2.12)

�nj (�) =

8<
:
q
!2�j�� j�n � �j2; !2�j� > j�n � �j2 ;

i
q
j�n � �j2 � !2�j�; !2�j� < j�n � �j2 : (2.14)

Observe that inside 
1 and 
2 the dielectric coe�cients � are constants, Maxwell's
equations then become

(�� + !2�j�)H� = 0 ; (2.15)

where �� = �+ 2i� � r � j�j2.
Since the medium in 
j is homogeneous (� = �j), the method of separation of variables

implies that H� can be expressed as a sum of plane waves:

H�j
j
=

X
n2Z2

anj e
�i�nj (�)x3�i�n�x; j = 1; 2; (2.16)

where the anj are constant (complex) vectors.
Next, since �nj is real for at most �nitely many n, there are only a �nite number

of propagating plane waves in the sum (2.16). The remaining waves are exponentially
decayed (or unbounded) as jx3j ! 1. We impose a radiation condition, i.e., H� is
composed of bounded outgoing plane waves in 
1 and 
2, plus the incident incoming
wave in 
1.

From (2.11) and (2.16) we deduce

H(n)
� (x3) =

8><
>:
H(n)

� (b)ei�
n
1
(�)(x3�b); n 6= 0; in 
1;

H(0)
� (b)ei�1(x3�b) + pe�i�1x3 � pei�1(x3�2b); n = 0; in 
1;

H(n)
� (�b)e�i�n2 (�)(x3+b); in 
2;

(2.17)
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where p is the polarization vector associated with the incident wave H0. From (2.17) we
can then calculate the derivative of Hn

�(x3) with respect to �, the unit normal, on 
0:

@H(n)
�

@�

�����
�j

=

8><
>:
i�n1 (�)H

(n)
� (b); n 6= 0; on �1;

i�1H
(0)
� (b)� 2i�1pe

�i�1b; n = 0; on �1;
i�n2 (�)H

(n)
� (�b) ; on �2:

(2.18)

Thus from (2.16) and (2.18),

@H�

@�

�����
�1

=
X
n2Z

i�n1 (�)H
(n)
� (b)e�i�n�x � 2i�1pe

�i�1b; (2.19)

@H�

@�

�����
�2

=
X
n2Z

i�n2 (�)H
(n)
� (�b)e�i�n�x ; (2.20)

where the unit vector � = (0; 0; 1) on �1 and (0; 0;�1) on �2.

For functions f 2 H 1

2 (�j)
3, de�ne the operator T �

j by

(T �
j f)(x1; x2) =

X
n2�

i�nj (�)f
(n)e�i�n�x; (2.21)

where f (n) = 1
L1L2

R L1

0

R L2

0 f(x)ei�n�x, and equality is taken in the sense of distributions.
Similarly, one could derive the following tangential transparent boundary conditions:

� � (r� � (H� �HI;�)) = B1(P (H� �HI;�)) on �1; (2.22)

� � (r� �H�) = B2(P (H�)) on �2; (2.23)

where the operator Bj is de�ned by

Bjf = �i X
n2Z2

1

�
(n)
j

f(�(n)j )2(f
(n)
1 ; f

(n)
2 ; 0) + ((� + �n) � f (n))(� + �n)gei�n�x; (2.24)

where P is the projection onto the plane orthogonal to �, i.e.,

Pf = �� � (� � f):

Therefore, the scattering problem can be formulated as follows [12]:

r� � (
1

�
r� �H�)�r�(

1

�c
r� �H�)� !2H� = 0 in 
0 ;

� � (r� � (H� �HI;�)) = B1(P (H� �HI;�)) on �1 ;

� � (r� �H�) = B2(P (H�)) on �2 ;

(T �
1 �

@

@�
)H�;3 = 2i�1p3e

�i�1b ; on �1 ;

(T �
2 �

@

@�
)H�;3 = 0 ; on �2 :
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It follows from some simple vector dentities and an integration by parts that the
scattering problem has an equivalent variational form: �nd H� 2 H1(
0)

3 such that

B(H�; �) = R(�) ; for all � 2 H1(
0)
3; (2.25)

where

B(H;F ) =
Z



1

�
r� �H � r� � F +

Z



1

�c
r� �H r� � F +

Z
�1
��11 B1(P (H)) � F

+
Z
�2
��12 B2(P (H)) � F �

Z
@

��1c r�t �H � � F �

Z
�1
��1c T1(H3)F3

�
Z
�2
��1c T2(H3)F3 � !2

Z


H � F

and
R(F ) =

Z
�1
(� �r� �HI � B1P (HI)) � F +

Z
�1
2i�1�

�1
c p3e

�i�1bF3 :

2.3 Simpli�cations in two-dimensional geometries

Substantial simpli�cations of the full Maxwell equations occur when the periodic struc-
ture is constant in one direction. This is the case for \classical" di�raction gratings and
many other useful structures.

Let us assume that the underlying structure is constant in the x2 direction, that is,
�(x1; x2; x3) = �(x1; x3). There are three fundamentally di�erent situations which arise,
depending upon the direction and polarization of the incident wave:

1. TE (transverse electric) polarization: the incidence vector is orthogonal to the x2-
axis and the E �eld is parallel to x2,

2. TM (transverse magnetic) polarization: the incidence vector is orthogonal to the
x2-axis and the H �eld is parallel to x2,

3. Conical di�raction: the incidence vector is not orthogonal to x2.

These situations are essentially listed in order of increasing di�culty. In the �rst case,
Maxwell's equations reduce to a simple scalar Helmholtz equation

(4� + k2)u� = 0; (2.26)

where 4� = @2x1 + @2x3 + 2i�1@x1 � j�1j2, k2 = !2��, and u� represents the component of
the E� �eld in the x2 direction. In the second case, Maxwell's equations also reduce to
a simple scalar model, this time of the form

r� � ( 1
k2
r�u�) + u� = 0; (2.27)
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where u� now represents the x2 component of the H� �eld. The regularity of solutions
u� of this model is reduced relative to the Helmholtz equation case (2.26). In both
cases, transparent boundary conditions that take similar forms as (2.19)(2.20) may be
derived. For the third case, the full vector equations generally need to be retained, but
the problem can be solved over a \two-dimensional" domain.

In each of the three cases above, a variational formulation can be derived in a manner
analogous to that for the full Maxwell equations described in Section 2.2.

2.4 Well-posedness

Here we give a brief summary of recent results and approaches dealing with issues of well-
posedness of the grating problem. For Maxwell's equations in a biperiodic structure that
separates two homogeneous materials and is piecewise C2, the existence and uniqueness
of the solutions were established in [32] by an integral equation approach. Using jump
conditions, the authors reduced the problem to an equivalent system of integral equations
and then applied Fredholm theory. In particular, it was shown that there exists a unique
solution at all but a countable set of frequencies. The result generalized the earlier work
[24] for 1D gratings, see also [47].

Another approach is based on the variational method. It has the advantage for dealing
with extremely general di�ractive structures and materials. The basic idea is to establish
coercivity for the bilinear form of the variational formulation then apply the Lax-Milgram
lemma and the Fredholm alternative. Existence and uniqueness results were proved in
TE polarization [27], in TM polarization [10], and �nally for biperiodic structures [11].
The general result may be stated as:

Theorem 2.1 For all but a countable sequence of frequencies !j, j!jj ! +1, the di�rac-
tion problem has a unique solution.

Abboud and N�ed�elec [3] independently developed a variational formulation for Maxwell's
equations in a nonperiodic bounded inhomogeneous medium. They were interested in the
more general problem where the magnetic permeability is nonconstant. Their approach
was further extended by Abboud to the periodic case in [1] and [2].

In general, the result in Theorem 2.1 is the best possible. There are examples which
indeed exhibit the existence of singular frequencies (the sequence f!jg). We refer to
[19] where explicit examples are constructed and nonuniqueness is shown at the singular
frequencies in the TM case. It was also shown that in general the sequence in Theorem
2.1 is unbounded. It is interesting to note that, in addition to Theorem 2.1, Abboud [1]
showed that

Lemma 2.1 If Im �1 > 0 or Im �2 > 0, then the di�raction problem has a unique
solution.

Thus, for media that are absorbing either in 
1 or 
2, the di�raction problem always
has a unique solution.
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Continuous dependence of solutions on material parameters was studied by Kirsch
[43] in the two-dimensional TE case with gratings that separate a dielectric medium
from a perfectly re
ecting medium (conductor). The model equation takes the form

(� + k2)u = 0 ; (2.28)

ujS = 0 (2.29)

together with the radiation condition, where S is the grating pro�le. It was shown
that the solution depends on k and the angle of incidence � analytically, provided that
(�n + k cos �)2 6= k2 for every integer n, where k2 is real. However, the dependence of
solutions on the grating pro�le turns out to be a bit more complicated. In fact, using a
variational approach, it was shown [43] that

jjuf � ugjjH1 � Cjjf � gjjC1 (2.30)

where the constant C is independent of uf ; ug and f; g. Here uf and ug are the solutions
of (2.28){(2.29) generated by grating pro�les f and g, respectively, for a �xed incident
wave.

3 Convergence of �nite element methods

In this section we present some recent convergence results for the �nite element method
in solving the di�raction problem in various geometries and polarization modes.

For each h 2 (0; 1), the domain 
0 is discretized with a quasi-uniform mesh of size
h. Let fSh : h 2 (0; 1)g denote a family of �nite dimensional subspaces of H1(
0)

3, for
example the continuous piecewise linear functions.

We de�ne the �nite element approximation of the solution H� of (2.25) by the fol-
lowing equation: for each vh 2 Sh,

B(Hh; vh) = (f; vh) : (3.1)

Thus the problem is reduced to �nite dimensions. Solving the resulting matrix equa-
tion gives rise to a �nite element approximation of the solution.

3.1 Convergence analysis

We analyze two types of errors in the �nite element approximation. We consider �rst the
discretization of the continuous problem. The goal is to show that Hh, the solution to
(3.1), is a good approximation to H�. We then analyze truncations of nonlocal boundary
operators Tj Bj (j = 1; 2) given by (2.21)(2.24). The fact that these boundary operators
are nonlocal follows immediately from the in�nite series expansion. In practice, it is
essential to obtain error estimates when truncations of these operators take place.

The following well-posedness results for the discretized problem and error estimates
have been recently obtained in [11].
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Theorem 3.1 Suppose that (2.25) has a unique solution H� 2 H1(
0)
3 for each f 2

(H1(
0)
3)0. Then for any given � > 0, there exists h0 = h0(�) such that for 0 < h < h0,

jjH� �Hhjj0 � �jjHjj1:
Moreover, if f 2 L2(
0)

3, there exists an h1 = h1(�) such that for all 0 < h < h1(�),

jjH� �Hhjj1 � �jjf jj0 :

Since h0, h1 are independent of H�, the estimates are uniform with respect to H�.
It is also important to establish error estimates when the truncations of the nonlocal

boundary operators Tj and Bj for j = 1; 2 are made. In [11], we show that the dis-
cretized variational problem is well-posed for N (the number of terms used to represent
the boundary operators) su�ciently large and h su�ciently small. In other words, the
convergence properties of Theorem 3.1 remain valid when N is su�ciently large.

Remark. In general, the convergence results may not be improved. This is essentially
due to the fact that the solution H� 2 H1(
0)

3 but 62 H1+�(
0)
3 for any � > 0, without

assuming some additional regularity on �.
In the two-dimensional geometries, the situation becomes more interesting. In the

TE case, since discontinuous coe�cients only occur in the lower order terms, the solution
is in H2. It follows that improved error estimates are possible. In fact, it is shown in [8]
that for appropriate approximating subspaces Sh,

jju� � uhjj1 � Ch ;

jju� � uhjj0 � Ch2 ;

where u� solves the problem (2.26) and uh is the �nite element approximation of u�. On
the other hand, no improved regularity on the solution is available in the TM case. The
singularities caused by the discontinuous coe�cients in the principle part of the operator
can spread more destructively. As a result, the solution is only in H1. Thus one can
only expect similar uniform convergence results as the estimates in the above theorems
[10]. Our numerical experiments support that although the �nite element method does
converge in the TM case, the convergence is slower than in the TE case.

3.2 Numerical experiments

Finite element methods based on the variational approach described above have been
implemented. In our implementations, the domain 
0 is discretized with a uniform rect-
angular grid, and the �elds are approximated with piecewise bilinear or trilinear elements
in two or three dimensions, respectively. In the case of the full Maxwell equations, the so-
lution space corresponding to the variational form (2.25) is simplyH1(
0)

3, so there is no
need to construct special vector �nite element spaces as with H1

div or H1
curl formulations.

The key disadvantage of the nodal element approach is the possibility of \spurious
modes" developing, particularly in problems involving high conductivity materials with
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Figure 2: Prototypical di�raction grating. Gold strips are placed on quartz substrate.
The structure is assumed to extend in�nitely in the (x1; x2) plane.

corners. This phenomenon is well-known in the computational electromagnetics commu-
nity. It is generally understood that \edge element" formulations eliminate the problem
of spurious modes, and our own experiments are in agreement with that �nding. The
nodal approach does however have some advantages in terms of simplicity of implemen-
tation, and often gives good results. The question of edge versus nodal elements is not
an issue of course in the cases of TE or TM polarization in two dimensions, since the
problem is then scalar.

The boundary operators are calculated by truncating the Fourier series represen-
tations. The resulting scheme is consistent with the assumptions of the convergence
estimates in Theorem 3.2. The discretized linear system is solved using the Orthomin
iterative solver. Convergence is robust, but generally slow without preconditioning. Var-
ious preconditioners can be applied for greatly improved convergence. Development of
e�ective preconditioners is a topic of current research interest.

These methods have been applied to various practical problems involving modeling
di�ractive optical structures. As a simple example of a prototypical problem, consider
the structure illustrated in Figure 2. The grating period is 2:0�m and the height and
cross-sectional width of each gold strip is 1:0�m. Such structures can be fabricated
with microlithographic mask-etch techniques. To study the scattering characteristics of
this structure it is necessary to accurately solve Maxwell's equations for many di�erent
incoming incidence angles, polarizations, and wavelengths. For incidence vectors which
do not lie in the (x1; x3) plane, the full vector equations must be solved on a two-
dimensional domain (the conical di�raction case described in Section 2.3). Figure 3 shows
a cross-section in the (x1; x3) plane of the real and imaginary parts of each component
(H1; H2; H3) = H� of the magnetic �eld vector, for an incoming plane wave at a skewed
30 degree angle. The incoming wave is visible light (wavelength 0:46�m), polarized out
of the TM direction. The computation was done on a 84� 85 grid and required several
minutes on a Sun Sparcstation. In the �gure, one can clearly see the penetration of
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Figure 3: (x1; x3) cross-section of the H �eld through structure. Note the penetration of
the �eld into the gold strip.

the �eld into the metal strip. The scattering behavior depends quite sensitively on the
complex dielectric coe�cient of the metal. Modeling the gold strip as a perfect conductor
would be very inaccurate here.

Structures of practical interest are often substantially more complicated than the
example presented above, involving detailed features and possibly several di�erent mate-
rials such as �lms or coatings within each unit cell. In addition, fully three-dimensional
geometries give rise to very large computational problems. We have successfully applied
these methods to prototypical three-dimensional problems [28], but such computations
are generally quite expensive. Signi�cant improvements in e�ciency can be expected with
improved preconditioning techniques. The calculations described above used no precon-
ditioner for the iterative solver. As the length scale of practical fabrication processes
continues to decrease, the demand for more accurate computations on more complicated
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Figure 4: Geometrical con�guration for inverse and optimal design problems.

devices will only increase.

4 The inverse problem

Given the incident �eld and the desired outgoing �elds, the inverse problem concerns the
determination of the grating pro�le. Closely related is the optimal design problem of
determining a pro�le which optimizes some performance criteria.

4.1 Determination of a grating pro�le

We describe some recent progress in the study of inverse di�raction problems and optimal
design problems. We discuss only 1D gratings, i.e., surface pro�les which separate two
homogeneous materials and which are constant in the x2 direction.

Consider a plane wave incident on a periodic structure from above as shown in Fig-
ure 4. The structure separates two regions. In one region, above the periodic structure,
the dielectric coe�cient � is a �xed constant, so is the index of refraction k. The other
region contains a perfectly re
ecting material (or conductor). Given the incident �eld, an
inverse di�raction problem is then to determine the periodic structure from the scattered
�eld. Let the incident wave be of the form

uI = ei�x1�i�1x3 (4.1)

where � = k sin �, �1 = k cos �, and ��
2
< � < �

2
is the angle of incidence. As discussed

in Section 2.3, the direct model equation has a simple form

(� + k2)u = 0; (4.2)

ujS = 0; (4.3)
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where S is the grating pro�le. We again seek quasiperiodic solutions to this problem,
i.e., solutions u such that ue�i�x1 are L-periodic for every x3, here L is the period of
the grating. Using the quasiperiodicity of the solution and the radiation condition that
requires the boundedness of u as x3 tends to in�nity, we arrive at the boundary condition
as in Section 2.2

@u

@�
jx3=b = B(ujx3=b)� 2i�e�i�b+i�x1 ; (4.4)

where
B(f) =

X
n2Z

i�nj f
(n)ei(�n+�)x1 ; (4.5)

and �n and �n are de�ned in Section 2.2. The inverse problem is to determine S from
the information ujx3=b.

A closely related problem is to determine the grating structure on some nonconductive
optical material. In that case, one places optical detectors both above and below the
material. Consequently, the measurements consist of information on the re
ected wave
and transmitted wave. Note that the boundary condition (4.3) should be replaced with
a nonlocal boundary condition that is to (4.4). This inverse problem was proposed and
studied in [17].

4.2 Uniqueness and stability of the interface

By counting the dimensions of the unknowns and data, it is easy to see that the inverse
problem is underdetermined. Thus, in general, properties on uniqueness and stability are
very hard, if not impossible, to establish. But because of the important impact of these
properties on applications, characterizations of uniqueness and stability are required.

Here, we present a uniqueness result for the inverse problem. Let us assume that for
the given incident �eld uI , u1 and u2 solve the direct problem (4.2-4.4) with respect to
S1 = fx3 = f1(x1)g and S2 = fx3 = f2(x1)g, respectively. The functions f1 and f2 are
assumed to be su�ciently smooth, say C2, and L-periodic. Let b > maxff1(x1); f2(x1)g
be a �xed constant. Denote T = maxff1(x1); f2(x1)g �minff1(x1); f2(x1)g.
Theorem 4.1 Assume that u1(x1; b) = u2(x1; b). Assume further that one of the follow-
ing conditions is satis�ed:

(i) k has a nonzero imaginary part;

(ii) k is real and T satis�es k2 < 2[T�2 + L�2].

Then f1(x1) = f2(x1).

Thus in the case when k has nonzero imaginary part corresponding to a lossy medium,
a global uniqueness result is available [7]. In the case with real k corresponding to
a dielectric medium, one can only prove a local uniqueness result, i.e., any two surface
pro�les are identical if they generate the same di�raction patterns and the area in between
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the two pro�les are su�ciently small. Moreover, the smallness of the area is characterized
explicitly in terms of a condition which relates the index of refraction k, the period, and
the maximum of the di�erence in height allowed for the two pro�les, see [9] for details.

Uniqueness for the inverse di�raction problem in periodic structure was also studied
in [44] for a dielectric medium, where a uniqueness theorem was proved by a approach
for the general inverse scattering problem. The main idea was to prove by using many
incident waves the denseness of a set of special solutions. For the optical applications we
are interested in, one is only allowed to use single or a small number of incident plane
waves. See [41] for some additional results along this direction.

More recent results on uniqueness for the inverse di�raction problem in biperiodic
structures may be found in [18] and [6].

In applications, it is impossible to make exact measurements. Stability is crucial in the
practical reconstruction of pro�les since it contains necessary information to determine
to what extent the data can be trusted.

Before stating the stability result, let us �rst introduce some notations. For any two
domains D1 and D2 in R2, de�ne d(D1; D2) the Hausdor� distance between them by

d(D1; D2) = maxf�(D1; D2); �(D2; D1)g (4.6)

where
�(D1; D2) = sup

x2D1

inf
y2D2

jx� yj : (4.7)

Denote D = fx; f(x1) < x3 < bg, and a sequence of domains Dh = fx; f(x1) +
h�h(x1)�(x1) < x3 < bg for any 0 < h < h0, where �(x1) is the normal to S = fx3 =
f(x1)g. Assume also that the boundary Sh = fx3 = f(x1) + h�h(x1)�(x1)g is periodic of
the same period L. Further, the function �h satis�es j�h(x1)j � C. Furthermore, for h0
su�ciently small, the sequence of domains is assumed to satisfy

C1h � d(D;Dh) � C2h; (4.8)

where C1 and C2 are positive constants.
For the �xed incident plane wave uI, assume that u and uh solve the scattering

problem with respect to periodic structures S and Sh, respectively. Then we have the
following stability result.

Theorem 4.2 Under the above assumptions,

d(Dh; D) � Cjjuhjx3=b � ujx3=bjjH1=2 ;

where the constant C may depend on the family f�hg.
The result indicates that for small h, if the measurements are O(h) close to the true

scattered �elds in the H 1

2 norm, then Dh is O(h) close to D in the Hausdor� distance.
This result as well as stability results for other models were proved in [17].
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4.3 Relaxed optimal design

The general form of the design problem we consider is: �nd a di�ractive structure which
generates a speci�ed output for a given incident beam, or range of incident beams. The
\output" usually consists of the far-�eld intensity pattern of the scattered �eld. Until
recently, most approaches to this problem have depended upon approximations to the
underlying pde model in order to simplify the \pro�le-to-di�raction pattern" map [34,
39, 40].

In [27] and [29], the variational formulation of the full pde (2.26) was employed to
model the direct problem, and the design problem was solved by a relaxation approach.
This approach is described next. The variational approach was introduced in [4, 5]
for solving optimal photocell design problems; while the relaxation method for general
optimal design problems was �rst proposed in [45].

We retain the same geometrical con�guration described earlier, with a TE wave inci-
dent on a structure as shown in Figure 4. For convenience, from now on we assume the
period L of the structure is 2�. The periodic curve S � 
 de�nes the grating pro�le.
The material above S has refractive index k1 and the material below S has index k2. To
make explicit the dependence of the refractive index on S, de�ne

aS(x) =
�
k21 if x is above S;
k22 if x is below S:

We then consider the problem

(4� + aS)u = 0 in 
; (4.9)

(T �
1 �

@

@x2
)u = 2i�1e

�i�1b on �1; (4.10)

(T �
2 �

@

@x2
)u = 0 on �2: (4.11)

With all parameters except the surface pro�le �xed, there are a �xed, �nite number of
propagating modes (each of which corresponds to an index n for which the propagation
constant �nj is real-valued). De�ne two sets of indices of propagating modes

�j = fn 2 Z : Im (�nj ) = 0g; j = 1; 2:

The set �1 contains the indices of the re
ected propagating modes; �2 corresponds to the
transmitted modes. The coe�cients of each propagating re
ected mode are determined
by the Fourier components of the trace uj�1:

rn = un(b)e
�i�1b for n 6= 0, n 2 �1; (4.12)

r0 = u0(b)e
�i�1b � const: for n = 0;

where un(x3) =
1
2�

R 2�
0 u(x1; x3)e

�inx1dx1. Similarly, the coe�cients of the propagating
transmitted modes are

tm = um(�b)e�i�2b for m 2 �2: (4.13)
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Writing the re
ection and transmission coe�cients as vectors

r = (rn)n2�1
; t = (tm)m2�2

;

we denote the pair (r; t) = F . The coe�cients rn and tm, and hence F , are functions
of the interface pro�le S. Denote this dependence by F (aS). Suppose that the desired
\output vector" of di�raction coe�cients is q, i.e. we wish to �nd S such that F (aS) = q.
One plausible way to formulate the optimal design problem is then

min
aS2A

J(aS) =
1

2
kF (aS)� qk22:

The choice of the admissible set of coe�cients A is important. To achieve a well-posed
optimization problem, there are two general routes. The �rst is to choose a relatively
small admissible set, compact with respect to the topology induced by the map J(aS)
and thus ensuring that the problem has a solution. This has the possible side-e�ect of
introducing \arti�cial constraints", which could result in sub-optimal designs.

The other route is to begin with a large class of admissible curves, and \relax" the
problem, enlarging the admissible set to include appropriate \mixtures" of materials.
This can be accomplished as follows. Denote the set of all continuous simple curves
contained in the domain 
 by S. We allow any pro�le S 2 S as admissible. The set of
admissible refractive coe�cients is then

~A = faS : S 2 Sg:
We want to �nd the closure of ~A with respect to the functional J(aS). Consider

A = fa = k22
 + k21(1� 
) : 
 2 L1(
); 0 � 
 � 1; g;
which could be described as the set of all mixtures of the two materials.

Under the assumption of low-frequency waves, it can be shown that problem (4.9){
(4.11) has weak solutions for any refractive index a 2 A. Furthermore, one can bound
kukH1(
) independent of the particular mixture a 2 A [27]. We can then de�ne for each
mixture a 2 A corresponding re
ection and transmission vectors r(a), t(a). Using weak
convergence arguments, it can be shown that for each a 2 A, there exists a sequence
an 2 ~A such that r(an) ! r(a), and similarly for t(a). In this sense, A is the closure of
~A with respect to F (a).

We then arrive at the \relaxed" formulation of the design problem

min
a2A

J(a) =
1

2
kF (a)� qk22: (4.14)

Such problems are studied in [29], where numerical results are also presented.
One could of course generalize and specify a range of incidence angles, or a range of

frequencies (or both). One such problem involving the design of antire
ective structures
was studied in [27], where existence of solutions to a minimization similar to (4.14) is
proved, again under the assumption of low-frequency waves. Several examples of optimal
antire
ective structures are also illustrated.
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4.4 Optimal interface shape design

In di�ractive optics applications, the relaxed optimal design approach can generate struc-
tures which are prohibitively expensive or di�cult to fabricate. One remedy is to use
total variation constraints on the pro�le a 2 A in the minimization in an e�ort to gen-
erate \simple" designs [29]. This approach can generate simple designs composed of
homogeneous \blocks" of material. Still, this is not the most satisfactory approach in all
cases, since the incorporation of intermediate-index materials into the structure can be
costly.

The relaxed formulation was obtained by taking a relatively large class S of admissible
interface pro�les and passing to the limit as the pro�les became oscillatory. Another
natural route is to instead restrict the admissible interfaces S to those given by the
graph of a bounded function s(x1). This suggests the problem

minJ(s) =
1

2
kF (s)� qk22; subject to: kskL1 � b0 < b (4.15)

where F (s) is the di�raction pattern corresponding to the grating pro�le given by the
graph of s. Without further constraints on s, one would not expect that a solution to
(4.15) would exist in general, due to the possibility of oscillatory minimizing sequences.
\Smoothness" constraints on s would not be appropriate, since mask-etch type manufac-
turing processes generally produce pro�les with corners. Thus requiring that s is smooth
eliminates manufacturable designs from the admissible class.

One convenient quantity which measures oscillations but allows corners is the total
variation seminorm

TV (s) =
Z
js0(x1)j dx1:

Thus we are led to consider the problem

minJ(s) =
1

2
kF (s)� qk22;

subject to: TV (s) �M; (4.16)

kskL1 � b0 < b:

The following result is proved in [30].

Theorem 4.3 For su�ciently low-frequency incident waves, the constrained minimiza-
tion problem (4.16) admits a solution s 2 BV .

A simple numerical approach to the shape design problem is to discretize the interface
pro�le as the graph of a sum of step functions

s(x1) =
NX
j=1

sj�j (4.17)
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where �j is the indicator function in the interval [(j � 1)h; jh) and h is the cell width
in the x1 direction. Any s in the form (4.17) with jsjj � b0 automatically satis�es
TV (s) � 2Nb0, so one could proceed with the numerical minimization without explicitly
enforcing a total variation constraint. Of course, for N large, minimizing sequences could
still be \too oscillatory" to be useful in any practical design. In this case TV (s) � M
should be explicitly enforced.

Consider application of the gradient descent method to �nd local minima of problem
(4.16). For now, assume that the total variation constraint is not enforced. The gradient
of J(s) can be found using an adjoint-state calculation as follows.

Let us view J(s) as a map over some subset D of L2(0; 2�). Let �s be a small per-
turbation to a continuous \background" function s, and consider the linearized response
DJ(s)(�s) of J(s) to �s. Formally, DJ(s)(�s) = RefDF (s)(�s) � (F (s)� q)g, where
DF (s)(�s) denotes the linearization of F . The components of DF are

Drn(s)(�s) =
e�i�1b

2�

Z
�1
�u e�inx1 ;

Dtm(s)(�s) =
e�i�2b

2�

Z
�2
�u e�imx1 ;

where �u solves the linearized problem

(4� + as)�u = ��s (k22 � k21)�su in 
;

(Tj � @

@�
)�u = 0 on �j; j = 1; 2:

Here �s is the measure de�ned by
Z


f�s =

Z 2�

0
f(x1; s(x1)) dx1:

for functions f on 
. Taking the domain of DF as L2(0; 2�), the adjoint DF �(s)(�) is
de�ned by

DF (s)(�s) � ��q =
Z 2�

0
�s �DF �(s)(�q) dx1;

for �q = ( ; �) with  = ( n)n2�1
and � = (�m)m2�2

. Let w 2 H1(
) solve

(4� + as)w = 0 in 
; (4.18)

(T �1 �
@

@�
)w = �e

i�1b

2�

X
n2�1

 ne
inx1 on �1; (4.19)

(T �2 �
@

@�
)w = �e

i�2b

2�

X
m2�2

�me
imx1 on �2; (4.20)

where T �j f = �P i��nj fne
inx. Notice that this adjoint problem for w represents waves

propagating into 
. With an integration by parts calculation, one �nds that

DF (s)(�s) � �q = (k22 � k21)
Z 2�

0
�s(x1) (wu)(x1; s(x1)) dx1
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We then make the identi�cation DF �(s)(�q)(x1) = (k22 � k21)wu(x1; s(x1)), and the gra-
dient of J(s) is given by G(s) = Re fDF �(s)(F (s)� q)g, or

G(s)(x1) = Ref(k22 � k21)wug(x1; s(x1));
where w solves (4.18){(4.20) with ( ; �) = F (s)� q. Since both w and u are in H2 and
hence have continuous representatives, G(s)(x1) is well-de�ned pointwise. In [30], the
di�erentiability of F is proved under mild assumptions.

A gradient descent step de�ned by s1 = s0 � tG(s0), t > 0 does not necessarily lie in
the computational domain 
. Thus we de�ne a projection operator P by

(Pf)(x1) =
�

minff(x1); b0g if f(x1) � 0;
maxff(x1);�b0g if f(x1) < 0;

where b0 < b.
Straightforward gradient descent would then proceed as follows:

1. Choose an initial guess s0.

2. For j = 0; : : : ;convergence, set sj+1 = P (sj � tjG(sj)) for a suitably chosen step
parameter tj.

In practice, this algorithm is slow but generally e�ective. Techniques to improve the
e�ciency of the basic algorithm have been developed for the relaxed design problem [29].
The general idea is to take advantage of the underlying pde model by viewing it as a
constraint and performing inexact solves following infeasible point techniques from con-
strained optimization. The same ideas can be applied to the shape optimization problem.
Further details, as well as a description of the incorporation of the TV constraint into
the algorithm can be found in [30].

One useful modi�cation of the problem is to allow the speci�cation of \intensity
only" far-�eld data. Often in applications, the phase of the di�racted orders is irrelevant.
Specifying them arbitrarily, as required by the formulation above, may preclude a viable
solution. An obvious remedy is to reformulate the cost functional as

J(s) =
1

4

X�
jFj(s)j2 � jqjj2

�2
;

where the Fj represent the individual di�racted modes. The general approach described
above is easily adapted to this new cost functional.

Numerical experiments in which optimal shapes are obtained for several di�erent
di�ractive structures can be found in [30, 31]

4.5 A sampling of other approaches

An approach to optimal design of gratings also based on the variational formulation of
the problem, but restricted to the case of binary structures, has been formulated by
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Elschner and Schmidt [33]. By considering only binary structures, the authors obtain
a simpler, �nite dimensional minimization problem which avoids many of the technical
issues encountered in the more general approach described above.

Simulated annealing and simulated quenching algorithms have been applied by Prather
[49] for the optimization of di�ractive optical elements of �nite extent and with nonpe-
riodic geometry, using boundary element and hybrid �nite element{boundary element
methods to solve the underlying di�raction problem. Very good �nal designs were ob-
tained. One advantage of these approaches is that no derivative information on the cost
functional is required, so that implementation is relatively simple. However, simulated
annealing type algorithms are well known to be very computationally intensive, so that
rapid solution of the direct problem becomes even more important than in methods based
on derivatives.

A very interesting grating pro�le reconstruction (or design) method based on the
method of variation of boundaries (MVB) has been recently introduced by Ito and Reitich
[42]. This method uses a minimization approach, but uses the analytic continuation ideas
inherent in MVB to enable a global line search at each step in the minimization, thereby
overcoming possible problems with nonconvexity in the cost functional.

4.6 Conclusion

To summarize this section, inverse and optimal design problems in di�ractive optics is an
interesting and very active area of current research. Methods of practical use for industrial
problems have already been developed. New methods are currently being introduced and
re�ned. The area is by no means mature and it is thus di�cult at this stage to summarize
all important work or to make meaningful comparisons between methods. However the
importance of these techniques is large and immediate. The area will continue to grow
as methods are adopted by more industrial researchers.

5 Second harmonic generation in gratings

In addition to the linear structures described in the previous sections, variational tech-
niques can be productively applied to study certain nonlinear devices. Here we describe
some recent work on the phenomenon of \grating enhanced second-harmonic genera-
tion". In physical experiments, a nonlinear optical material is either applied over a
(usually metallic) di�raction grating, or a grating structure is etched into the surface of a
nonlinear optical crystal. Materials with relatively large second-order nonlinear suscepti-
bility tensor (eg. GaAs, GaSe, InSe) are used. When an intense \pump" beam is applied,
a second-harmonic �eld (at twice the pump frequency) is generated. Thus for example,
coherent blue light can be generated from a red pump laser. In most cases, the nonlinear
susceptibility is very small, and thus the intensity of the second-harmonic �eld is weak.
It has been found experimentally that the grating structure can signi�cantly enhance the
second-harmonic conversion e�ciency [50]. The enhancement occurs when the grating is
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operated near a resonant point, for example, when a di�racted mode is directed parallel
to the structure. Presumably the enhancement is due to increased pump �eld intensity
within the nonlinear material.

Previous approaches to this problem relied on either the \undepleted pump approxi-
mation", which linearizes the problem and tends to lose accuracy as conversion e�ciency
increases [21] or the \slowly varying approximation", which tends to be inaccurate in
the small structures we consider. Without making these approximations, in the simplest
two-dimensional case the model equations take the form

h
4+ (!k1)

2
i
u = �1u

�v; (5.21)h
4+ (2!k2)

2
i
v = �2u

2; (5.22)

where u and v are the \pump" and second-harmonic �elds, respectively, and �1 and �2
are components of the second-order nonlinear susceptibility tensors. Using an exten-
sion of the approach described in Section 2 this system can be cast in variational form,
with transparent boundary conditions similar to the linear case. Estimates involving
Schauder's lemma combined with a contraction mapping argument yield the following
result.

Theorem 5.1 Given a �xed nonresonant geometry and �xed incident wave, there exists
a constant � > 0, such that if jj�1jjL1jj�2jjL1 � � then the problem (5.21{5.22), supple-
mented with appropriate radiation conditions, admits a unique solution (u; v) 2 H1(
)2.

Thus for small nonlinear susceptibilities (a very physical condition), the problem has a
unique solution. This was established �rst for the case of nonlinear �lms in [14], then for
the case of grating structures in [15].

In the same papers, a numerical approach was employed which combines �nite ele-
ments with a �xed-point iteration, and several numerical experiments were carried out.

The model described above is valid only for certain types of crystal structures in the
nonlinear medium. If the crystal is such that the second harmonic �eld is generated in TM
polarization, or is only excited by TM pump beams, then the model is more complicated
and proof of results like Theorem 5.1 is more di�cult. Additional complications occur
for other polarization modes, and for parameter values near a resonant point. In fact,
each of these complications represent cases of great practical interest, see [13] for some
recent results. Improved analytical and computational techniques are currently being
developed with the hope of tackling these di�culties.
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